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3.1 a1 (perturbative matching)
4. Heavy particle decouplingin - 3 scheme

5. © %1 QP (why skyisblue , = d1 P

Landau liquid and BCS )

yJ

S AME w B



iBJﬁhﬁ

K J. Polchinski, Effective field theory and Fermi surface hep-th/9210046
K H. Georqi, Effective field theory, Annu. Rev. Nucl. Part. Sci. 1993

K D. Kaplan, Effective field theories,nucl-th/9506035

K A. Manohar, Effective field theories,hep-ph/9606222

K P. Lepage What is renormalization, hep-ph/0506330

K S. Davidson et al. €d), Effective field theory in particle physics and
cosmology, LedHouches2017



+

~d

Sectonl .1 as (EFTY "t 6



A

K-PE" RA

* N LyTeX]
* \'sDt Di
* N sD/ FNX]J
* ¥ TeVk NXj

Ka®K + " uvp
I "arv A

B~ Pl

"Hu

A

H

\ 4

ORn B=PuNT wi

n3RP Jjus”

I_

1

~

~

W

SDBEE  J_

OFrNXj

H "Qiss

r 3 ab-initio

A

DATn

© QCD3>A/l n
- d 3 Higgs 08 '

(string theory?)

N e HI

NAE"QzHm

~

A®

a 1 :)

~ "Ha a A

|-€3 ?A’Y =



L W RA (multipole expansion)

<
Q:x

<!
-
(O

test charge

O W : QLY




: DYV W RA (multipole expansion)
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monopole/charge dipole quadrupole

Wilson Y Ao g, p, Q, encode short-distance physics
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t sD:2D> D ) AT édam M 6 0
= Hydrogen Atom
9 0 [ = -13.6eV
electron prpton \
4 4d_ 6 2Ds "1 T, Darwin M M WN* | @
9y Y U QED mW* (Lamb shift) \
What about proton?
0 R dv o)
W s " Nd,QVcH, =0 ("YEZ€D)
D {8 s '35 J_(C da , ° D u) charm/bottom -

d,A” WA7T ,z wn w3 U (irrelevant)
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binding energy (eV)
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Underlying theory: Dirac equation in Coulomb potential

4No
"QT _ B D¢ Gl w/
P o 1|
D p oIt = DT 13 ,5\)( Darwin, Gordon (1929 ) . ( )
a
O
0 |
e P J D )
\ (8 ac J(@g)
(’](I) | | £ 0) =
P CE (& g R T

Bohr fine -structure 12
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10w oo " e -
_ Qoo O O
W . A ¥y .
2 where O — -
"0 0 2 g0 0 2 ¢O
y i y T U y o
W o td r W o
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HVY™ o . needs going beyond point -
particle approximation for proton

YoM o8 YU/ DGIr ° @z (G T )I
4 4 ¢ hyperfine  J _ (21cm 41) a D ~

4V Ne a D O A &
proton charge radius puzzle:
alarming discrepancy between ep scattering measurement
and muonic hydrogen atom spectroscopy

Hb G atomic parity violation 1 AAT A~ ! 14



Kwi dwf ?
Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M
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Kwi dwf ?
Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M
y G ®h T %» E<<M

M £ : Ocutoff <M1 "HA® Df° & OG> » H (O< WA

~

~ *

HT r N H=" LW H [ %iGreen Q' " bi 1 & |—° é X

~

O] 7 % %'QC M) ()

(0" X%%0 (62) 8 %o (62 )} 170 ﬁ( %)8( "%)z[*]
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Kwi dwf ?
Wilsonian perspective

~~

M7 0 R f yX=0®, Kpi & B AalL 6Cl @ O
NTp EM  AME (integrating out)

NOlk . "™ %Q ¢ ). ()

TA S ( )M A Wilsonian effective action

Q () "% CNh)

FY x Wilson®@®@AT1 T~ 8 O
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Kwi dwf ?
Wilsonian perspective

Mst :®@®AT T non-local onthe scale Y o< pf
WA oise H

MZ: T 4N
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a N M A A local operators 8= :
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Running couplings/Wilson coefficients

W [ b 4D1I T®ZpHI | | @G= integrate out
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% p, []1 ofg, [6] ph [O] ph [Q m

L Q WA 071 - AN Y Qe NTS
Only Lorentz invariant renormalizable interactions
(with O 1) are

O mg 1

0O pd %o O orelevant operators
0O cd %o Super-renormalizable
O od %hr .

O 1d % %[ H 07" OO

O 1 marginal: renormalizable -
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AN 'HM B [,  (regarded as non -
renormalizable in the old days)

Effective Lagrangian:

soinQ T,

T

fl fl

An infinite number of terms (and parameters)

O h0 d Non-renormalizable interactions

O 1 Irelevant operators
Wilson coefficients have negative mass dimensions
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i Power Counting

a AHT rn Y1 280 wWp,b"' X0
A ANWOs ™ N Y, EFM: W @ T

\\

Ah ACGENYQ T & 15 BQ Ch

A nonrenormalizable theory is just as good as a
renormalizable theory for computations, provided one
IS satisfied with a finite accuracy.

Usualrenormalizabl&FT given by taking) © H=3

25



i Relevant, marginal and irrelevant

Relevantoperators ('O 1 : E© OH, ' 7
irrelevant operators (O t :EC OH, ' [ 1

Marginal (O t : kVbae

VY K GEWilson v "QCN mrelevant, irrelevant, and
marginal parameters/couplings

26




Examples for relevant parameters
QEDA m, 1 OAI AOADOch D 1 relevant

QED T Qm VY1 2D ' §X1 HHT Hwé

Ve

T~y

1 nts  wmOT”™ D C3 relevantv Q
%o Interaction is also relevant coupling

pH VY C3 relevant operators, F He WQI relevant
parameters.

subject to fine -tuning problem

T
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eD:2 % [ Y3 A relevant coupling

Two types of real scalar fields, one light, and one heavy

L = %{r)m) (ri)(Ii') — jmgmz UZ*II} — —h{,‘) 2P |
Assuming m~rk < M
T T
6] = [@] = [x] = 1 dji relevant
a ¢ — oo "Qm (M D | O [ vé1 ! 6xm)
|
02624 Ey>m,M,x X (E- )4Eg
@ ’
Euwr A aH

ko4 1
026—2¢|m< Eycn,M X ( M) 2
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Example for irrelevant interactions: A1 D ™Q

mA
T WNWAT BEh ADOON X
. T 0 - > p
U —(F v’ (T v’ e
2T S g
B A TWQ Awm 1 [O]=-2 irrelevant interaction

o, ~G?s

EC OH, I N : thus irrelevant

Characteristic of high dim. operators in any EFT 29



Myth of marginal coupling: 1%0 %3 mae

I Wm0, + %marginal coupling at classical level
L=100)? - Lm?p? — irr‘ﬁ“
— 3 \vd 11t ¢ T

01 Ao ©i1PI ne Green function ( A =4-n):
Lo (Pt e Pm, A)
%y wQi X [plsprm.\) = s T, (pim/s, \)

s<<1 case m is relevant, 1 is marginal
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RAT T Ol Al IEAHAE T |

Cron = 1(00)? = Lm2¢2 — 2048
ren — 9 20 2?’”-{] on _1| @0
A
12 1. 22 2e I-f—l

A
2

Lo =1A4(00)° — Lm*Bo* - ;_PEG@ .

MJ 1 = TWQY Qp

po=V1I+Ao=\/Zy0 . ma =m?(1 + B)/Zy .

4

No=\N1+0C)/Z3 .
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1% %3 » @ Qp~ A

reen function and renormalized Green function )

T2 (P1.eees P No. 0. €) = Z;”’&Fn (P1s ooy Py A, [0, €)

T drY/dp =0, &

J :;J J
- YV— —ny| [, =0
’”:;J,u +F r_)/\ T dm ]

B = poN/ .  Ym = pom/op. 7= %;.J.E? InZy /0.

50 — 32 ) YRS
S T 6w? ™ 16m2 12 \ 1672
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1% %3, Qp AN

a DU | hwt A A Gy

b %%y w03 A W

Iy (spim, Ay i) = s, (psm/s, A, ju/s)

ANV QY Qp T %P

%%y wQ3 AM Y2 @7 0 AN
) ) )
[“;j T ?F?ﬁ +/ f;—,“ — (4 — H-)] C(spsm, A\ 1) =

JT RGEAY ,! @& M%y+t DI M(z MPI M)A Y x

) ) )
: : + (Ym — 1)'-*?'?_r— —ny+4 — 'H] 'y (spim, A ) = 0.
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D" X %y aq(r W A)
0 s-independent renormalization scheme ( such as E 1)
B.ymandy E @9 27211 Xj © m/ P.Qi RGEE:

D (sp; m, A, 1) = 47T (p7(s), X(s), pr)e ™ Jo 47/

IN(s . _ T ( <
TA i ai) =B(As)), Al =A JImls) (Ym — Dyma(s) ,  m(1) =m

s

At tree level, 3, 7., and v mO01 t ~ classical scaling rule

Dt Wi b"E3DA OhS T WQ eYQ Dwiw s 7

N~ 4 € Biengineering dimension 4 -nin ,5:4_'”:

‘AQ@N m anomalous dimension o



i 1% %3 A 88 0 T WQ

Q

xt° Q @a b T WQx
| 3)\2 - A
B(\) = N(s) = -
B(A) 1anr2 (5) 1 —(3X/1672) In s
AS) ||
),
log s

Quantum correction turmsarginalinto irrelevant
Similar pattern also occurs in QED



E)g f.}B :4\} b:] lj'g
(g) = e = =g |—11 S
W) =np, 16?:2[ T3 > "
1 1

log(WAgep)

as(p) = 1/avg(p0) + 4mho In(1/p10) ~ 4A7hg In(p/Agep)

Agep = puoEY/Awboa(uo)

In this case, quantum correction changesginalto relevant!
Similar pattern occur in 2D NR contact interaction and BCS



i Lesson

Qi eeD -~ az"a relevant3 irrelevant T
marglnal mteractlon I3 5 W) M h osiw
ooa DWU* a | marglnal T ywd

irrelevant, Y v mrelevant.

GAz BMN &3t
Super Yang -Mills)

Q0 w0 (N=4
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[ as YE#HS XU )»HP

R EFT “T1 nxyr oA "~ "9 @BUVFNIL aCOt ! QY. W3nNH
081 4 mT Y UVE N ZT vy hs B h n EFTA ©iWilson Y Aa

Nonrenormalizablitys no longer an issue

Nonrenormalizabl¢éheories areenormalizablforedictive, provided one is content with a
limited accuracy. (power counting is key)

Wilson ¥ Al @
K H = HR: WEI & /SMEFT Bottom -up approach

K& Kt 2 underlying P 0 m(Y )o HQET/NRQCD/SCET/ LaMET
top -down approach




Wilsonian approach vs. continuum EFT:
jntegrating out vs. matching

Wilsonian approach ( using hard momentum cutoff or lattice
spacing as UV regulator ) is conceptually very clear, but
practically difficult to do analytic calculation

In practice, it is much simpler to adopt the continuum EFT
(using mass -independent subtraction scheme such as
with power counting much more transparent

In principle , these two approaches are equivalent



TaP Ga=-PED~ v )H'Ho : R

N,

PENU e E WY ~PA 4

J

P " Vo

1. A " :identify UV and IR scales of the system
( HR&A3A)

2.7 HP A 3 u” v active(T &) F W
3. " Hl 1v o HQa Yy EFTKn Hi sJ] ¢

4.'Q EFTATI v |~ .
(I %T mU: - i ,l ’ bl v U’T H Ao R{:}l ’V) e

5. A . o power countingrule f
aByVUu1 Nedecs N3IARAvT HUWB

TaP O g3 JunderlyingUv P v a OB VY DK



Y1 aP Youi

1. Every theory is an effective theory

2. Greatly simplifies the calculation by including only the most
relevant interactions.

3. Deals with only one scale at a time

4. Makes symmetry manifest
chiral symmetry, heavy quark spin/flavor symmetry

5. Sum large logs
6. Efficient and model -independent way to characterize new physics

7. Including nonperturbative  effects



-Vl aP

A tower of EFTs of fundamental physics theory

Examples of EFTs

High-energy theory | Fundamental scale | Low-energy theory

11-d M theory (?) ? String theory (?)
String theory (?) Ms ~ 1018 GeV QFT
GUT (?) Maut ~ 1016 GeV SUSY (?)
SUSY (?) Msusy ~ 104+ GeV SMEFT
SMEFT Mw ~ 102 GeV Fermi theory
QCD mb ~ 5 GeV HQET, NRQCD
Myss ~ 1 GeV ChPT

am 4! DATRNn (string/Mtheory) j Wi local QFT
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H Z
> > -
contract W R
propagator ¢

to a point

‘0 ) )
v (0Q ') (\/_E> é(r‘] )F bon oMYy v’ n

)

W B & L 0 ho bosonis highly virtual, can not propagate far,

h ) o ° "
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Al d (dim -5 operator)

he lowest dimension operator in SMEFT which gives a neutrino
mass is dimension 5 (Weinberg operator),

(00
fiX ——
U
This gives a Majorana neutrino mass of

C'XX—

or aseesaw scaleofgp p m GeVford x p 1t eV.
Not far from GUT scale

Figure 6: Three ways the dimension 5 operator for neutrine masses in eq. (83) could arise from
tree level exchange of a heavy particle: either from exchange of a heavy SU(2) x U(1) singlet
fermion N, a heavy SU(2) x U(1) triplet fermion 1, or else from exchange of a massive SU(2)
triplet scalar &.

46



d P (dim -6 operator )

The lowest dimension operator in the SMEFT which violates
baryon number is dimension 6 (but conserves B -L),

- Sbutco
o o
U

This gives the proton decayrate n©°© Q*“ as

(‘+);_

Or Z (—) P TU years

47



Ad-2Ad (dim -9 operator )

In some BSM theories, B is violated but lepton number is
not. Proton decay is forbidden. These theories do predict

n — 7 oscillations, which only violates baryon number

The lowest dimension operator inthe ~ SMEFT which violates
both B and B -L is dimension 9:

L]’G
M3,

which gives oscillation amplitude

My 2
o~ (ﬂL;—;) ‘

L~

48



i §AXd-%d AM
N \\/

O T Y A
>
P4
wO,X OL
- Y L QED® 1 [Euler, Heisenberg, Kockel 1936]

iR )ofl B
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i g AXd-Xd AM

" pn " | T " v " "
5 00 d—[oo(o 0) &(o0)]
0'0x0 8 (E)
n~N A a " 0
00 x O¢d

Terms with only three field strengths are forbidden
by charge conjugation symmetry.

Q from vertices, and pfp ¢ from the loop.

50



i g AXd-Xd AM

An explicit computation gives

6 SR 6 Ls
Tt W T
Scattering amplitude
o |
o~ —
a

and

X(H)ppxm puvv Oy
\a J1 petped cggXU

First observed in heavy -ion collision experiments , ATLAS, Nature Phys 13(2017)852 4



i Y u BCS

arge class of metals (conductors) can be described by
Landau liguid model: ground state is the filled Fermi
surface; low energy excitation are fermions (quasi-
particle) with a complicated dispersion relation but no

Interaction!
Why this happens? EFT can give simple explanatior

AT 6" ) Polchinski , hep -th /9210046

Stree _/dr fdi Z JLJ'IL (p) — (e(p) —FF]LTHJ]I [g{]]

52



i i yu BCS

v 00 l scaling behavior?
Different from famlllar relativistic QFT

Like HQET,Ne p=k+¢

Scaling transformation: £ — r£.

If an object scales as I'"", then say it has dimension n

Bl =0, [f] =1, and [ [ d*p = [ d*kdf] = 1.
Fermi velocity Vr(k) = Vie(k)

é(p) —ep = £-vp(k) + O(F?) e —ef] =1 @] = 1. )



i yu BCS

AT ©F A®O,. &  AND[ @ A W) = —=

Auth AD WAT X
Sint = /dt/H d*k;d0;)6° (P ot ) C (K1, - - -

~
7

k™ & [0%(Ptot)C] = —1.

For generic, not head -on collision
[63(Pot)] = 0.

So [C]=-1, hence irrelevant, HT I i

Svstem can be well described in terms of free fermions

Landau

54



i yu BCS

More interesting things happen for head -on collision
ki + ke = 0.

4
S = [ dt [ [](@Kidt)8* (Pro)C(kir.. . Ka)ul(pr)w (Pl (P (p)

| [53{_13;5;}5*] —\ N

P (Prot) = 62(ks + Ka)l 6(£ror),

So [C]=0, hence marginal

N

Cooper pair/BCS superconductor BCS

55



BCS: marginal turn to relevant

Marginal (BCS)X Y 0 DW* 1 4 Qp~ AN

p"E -p'"E
p"E P"E
L (E) — . plE+E p'E-E
1+ NV In(Eo/E)
AV, E Ry
: P p, P.E

A repulsive interaction (V>0) grows weaker as EC O
An attractive interaction ( V<0) grows stronger as EC O

Cooper pairns indeed attractive BCS: marginal coupling becomes relevant

Similar to QCD
56
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Section 2. hard momentum cutoff
vs mass independent subtraction
scheme (- 3 scheme)

57



ard momentum cutoff

| K9 & A DBOEEFT

L = iy — m) —

i d*q m

A2 [ (2m)t g2 —m?2

_ b=
A4

{I- — 2
— (U
A2 (vy)

(-q,.-'f!-g";)g — ...

0.

om ~ (m/A?) x A% ~ m.

O AA @ powercounting: 4

ADV YT irrelevant V Y n



1 .|
I

N rBE Qp A7 (- 3 scheme)

(D

’{LEE .
: d*q m
A / (2m)t ¢ —m? AQ . 3eh ¥

m’ L m? MW g
= Torear ¢ Tt inp2|) BT g

m?> 1
. (__ + Y — 1 — lﬂilﬂ')

=l
=

1672A2 \ ¢
U -9 )
AT~ {1?’?: 5 In [%] ' am m?2 Is small
— X
L6m=A H m  1672A2

» power counting



Section3. | &1
(perturbative matching)

60



:LIK\pT T

b' UVN T~ 1 06 MEFTEMWiIlson v Qg
AN Y (matching)

v T 17X

HT EFTN . = UVNn ~ a &% n . order by
order in small EFT expansion parameter

61
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a1l U

Underlying theory T~ (%b QCDi A~ AT @i n )
top -down approach 1 h, HT ®@®f A BWisonJ Q

b' 11 T,

Ki &7 o HQET/NRQCD/NRQED/SCET /LaMET 'LI

K [ &2 : -chiral perturbation  theory lattice QCD Q6 WO



toy model with two scalar fields

Two types of real scalar fields, one light, and one heavy

p 14 (4}
fl E((T %o o %o (T ). U ... | %o..)
TA% L1 .1 f dapi relevant T
Assuming & << 0, 1 O0h . T

a ¢ % ¢ %Qmi Oi E H™2 0

E 9 % 9iH1T EFT integrate out heavy .. field:




The key terminology of EFT:

Matching

Large Scale
di, X
Lylx,¢)+L(g) fm“fggg{,igaﬂm
p=M )
particle mass MATCHING
L(¢)+6L(9) m%ﬂhsﬂtim
Low Energy
;

and Running

Running

64



i Matching Is a loop expansion

Loop expansion is 2 expansion

loop prop vert

~

@ 313 A L=PT V+1
O+1 O-l
L-loop Feynman diagram contributes

The structure of EFT can be expresses as

fl fl ofl 0 fl

[Th



i 0

Write down the most general operators in EFT
Symmetry:  9%o0> -%o0

0] P, + % T %o%o -
fl — % -0 % W—— Q= E
CG B C > L TA L T

el R

w I T (Av ): equating 1LPI (one-light -particle irreducible) diagrams
in full theory and EFT

w I 1T (Av ) equating on-shell amplitude in full theory and EFT

Equivalent, connected by field redefinition: lead to the same S matrix






Some remarks

fl

P . ) p(, + ~ O )
— W = %o —|a W—— W— %o
c(p po U 0% G

(oo— W ) it e
* Loop expansion is equivalentto 4 ¥ Z 4 <<1 |
where perturbation theory works;

* Matching coeff. depends on regularization scheme.
However physics does not depend

* In loop calculations in both full and EFT sides, the non -
analytic terms depending on light particles such as In p?, In

M¥ must cancel, so the matching condition is a local

expansion in 1/M -



id

Some remarks

)%HOT wa* _ & Al

A

WYL @ he%° p
NMAT TCh® Zow
CID  Guaranteed by LSZ reduction formula, any field

redefinition does change Green function, but never changes
the physical S matrix!

r-=-n

ADEFT o | @id ¥
EFT XUVN @AYV w (Y OAY AQ)

7 ~~ =

TaP O §= JunderlyingUv P v & SRVVAL ®



pD| M mwmael ~ matching

4 4x 4D m; I x 4D M; ad << U
N Q0 p

o I+ = g* ~ — _

\'/ F g ,i' (C l) 'Q a ‘Q U

Q a | 1o
2P e 1% 0
PO | 0 0 a
YUMT A= | M° K2 Xj M7
AN V" B23 k~m<<M XMintegrand Y AWM
IEFTZQ‘EH‘EE QQ7 p' “p “Q E
9 Q a U U
Q[ p &
PO

. L a
m ; m —1 | = 7
T U a ) a ) a
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one-loop matching vy 1 ~

4 4x ADm  4x A

D M: a << 0

Ing =Ir +1Fct.] — IeFT + IEFT C 1.

9 -9 2

ig T} m
_ 1 1

1672 K Bz T ) R

C_Seneric feature of EFTs:
HQNn = don UVA Qf |

9
[
(lngﬁ,ﬁ —|—1> —|—] .

R's y Qpu
b AN TR U “ Inm?H=
Matching ' T m?@ ‘" Qi | @MTY local /M A .

Wilsord QA 9 @ log M/e. Matching point

P around M to avoid 2 MQ
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A s

v

>V

Qa/ Q ¥ "i'Y Y QY'Y E

H " Y € Einstein-Hilbertb ¥
Y L Qw/ Q i'Y I O
| 0G
VARV "0 | Z
1 Yt Y g'Y‘Q P “0O°Y
CGCXj T s @ DATN 1 H!' @_ DATN ©&H
I ®@®N  (symmetry: diffeomorphism = X © d %ow QMM & )X

=
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EFTAS: 1 Aa HEv d 34

Xwal & daavygAtrapr

A Symmetry: general coordinate transformation invariance
A In the spirit of EFT, write down the most general interaction terms allowed by
symmetry also in matter sector.

A Onel oop corrections to Newtonds | aw
a a
waas N aa d (graviton)
il il
Post Newtonian Genuine quantum Correction
. 04 G g0 & & ‘
w1 — P — w O] 3]
l | W 0

[J. Donoghue,1995] non-analytic 73



Ky +&CXj ™ dI DATNn 1 Hi L he®AThé

Vi XTGP O § =3 »underyingUv P v = p Wu
p

HE :
I:].:' . ]'_)',D_'.Ij v.pa }L J Dy
4 2m LLU ( ) [E.D“ ( ) + 1 DHP EHM nA D7 } vf ( )2?'?12

i K2 127 2 (my + m
= 4WG-m.1mg[ E— [— 0 ﬂn(qg)—k (m + 2)] —I—CD'H-St]

q?  32m? 2v/q?

1 1 43 1
5.13° T 92,2 ; e " 1TIng’ 2..3
(2m) q 27 er (2m)3 ~ on2y




Decoupling of heavy particle

A Heavy particles decouple from low energy physics.
A Obvious?
A Not explicit in a mass independent scheme such as0 Y

P’\/\O%P
N wp

- P N O
&—(n N Q)[cﬁ Qafp @1 -6
=i (pupv — P’ ) I(p*)

and we wanttolookat n L a .

A The graph is UV divergent.
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Momentum Subtraction Scheme
(MOM™

A Note that renormalization involves doing the integrals, and then
performing a substraction using some scheme to render the
amplitudes finite.

A Substract the value of the graph at the Euclidean momentum point

n 0 (the pjT drops out)
o . . N ap (.))
P

Q coup oo)llé(\, 5 oo )

2 2 2
Hmom (P , 1, -“M) —

. Q Q Q s w0 nap
—U0 ——— Q Wl 11— :
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MOM

A @a L 0 (lightfermion)
Q@ —, Qufp

O L a (heavy fermion)

1@Q —, Qup

(12 n2/e?)
o o
o (s
|I T I|
| Lo |

0.4 - / —
0.2 —/ -
D _I 1 1 I 11 1 | 1 1 1 | 11 1 | 11 I_

0 2 4 B 8 10

Ble) x
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n L Qp AT (- 3 scheme)

® 0

A Inthe 0 ™¥cheme

Q Q0Q nap o
—_ —_— C
T (Q ¢ O [ Quwip wl I-6 ]
—, Qow(p @ —nh
Beta Qj O A D Y AQtop” d=3D n

C -~

FTN1 U h N
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" Af X integrate out heavy particles and go to an EFT
plm+l) _ colm)
Full theory : Includes fermion with mass &

EFT : drop the heavy fermion (it no longer contributes to

1)
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i Full theory calculation:

Present in theory above a , but not in theory below a .
Assume thatnL a, so

Hﬁ(ﬂ,ﬂlz,ﬂg): ’Q(‘d_(p (b)l I (; r]‘(*(p )
Qe &l 1% noxdp ) &

. )
| -6

P
¢ o1

e

80



i Full theory calculation:

So in theory above & d,

Q. P p. .0 N ]
el o)|l= EiiZe _ E| 88
T " n )LPT o % oa

Counterterm cancels 1f term (and also contributes to the |
function).

N
o1

Q p; .0
(ol 0 il iZe
T nn N )[ o 178

[T
—
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i Threshold correction

The log term gives
Q

X Q@
PG |
ry,

W p

So that in the effective theo

0 0 Q" . .a
— |
R A B
One usually integrates out heavy fermionsat * @, so

that (at one loop), the coupling constant has no matching
correction.
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i Threshold correction

The n term gives the dimension six operator

PQ p

—— — O71 O
1I¢Y OoT

and so on.

yi_ €@ Ui % [ GeDl ! @M [ Y field

*

redefinition, + =~ * _ ®@iMaxwell UT , ~ h"H 4 D3

Z ® EFTa B T WQ
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Part 2.

NdT QP

(i, HQETHRAE)
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A4

s cik \NdyY 1 py e E

BKde B de DKde DKd e q)

Voloshin , Shifman 87; Isgur, Wise 89

Bravmmmecick Colini
1. A1l ADonlytalkkswith T D,E30 N~y LI
2.0 O Wbl 71 ~d VE wwe T D32AATET ow DT yIN

K @ soft i f QCD® Z (interacting with brown muck) 1| velaoifyy®] iy #5168
E—EbFEFH  (Wamningy: BFIFERBEFEEN ESRE R, 06 EHWRelsn)

3 a Ol i1 T ds sty W B

4 & O W i ,ANx. AGGE T dpr s " MMO&

Emergent symmetryv: combined spin x flavor SU(2Nff) symmetry 85



S dMN & B N

ds ~ MM & mi. — mi =~ m}. — m} = const.
h ©: m2. —mk ~ 049 GeV?,  md. — m} ~ 0.55 GeV2.

~ d p I\,/I\-l (’); . mﬂg_mnﬁmns—mD%lUUMeV, mnl—mﬂﬁmnl mDNSS?MﬁV
mg; — my & mp; — mp ~ 593 MeV, ;

\ B mp

v . 0lg+* 0y | P —_ " /8 _ |MD

P KD wWQ: Oy wsCOIPp) =—ifept. =

1+ (D(pHIV¥|B(p))

_ Y (e T N gty
B->DA wé i = ) @ ) =

*( ol VB
. = (p‘ F;)f!mp‘lag[m} hy(w)e!"Pelv,vp, (
{D*(plrﬁ €}|A“|B(p)> — H { * & v]l]#

NZo o = —iha,(w)(w + De™ + iha,(w)(e

+ihg,(w) (e* - v
hy(w) = hy(w) = h,&l(u’} = hﬂ;(ul] — g\wy,

h_(w) = ha,(w) =0. Isgur-wise Q &(1) = 1. N
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d®wn

E. Eichten, Hill, PLB 1990:

(HQET)

H. Georgi, PLB 1990

al A )°/= s 0B dn a v Qr mL with @y e HD'
N
‘Q n a "Od U a 1 p U Q
n & Of ca vtQ Q O ¢ 0EtQ Of
"HQCDA @i =~ d [ ‘ 2 s n- X
0@ Q@ ' 0@ . @
0@ 9 '—0@ @ Q@ '—0@ K |
. , - N . i —  —— W 'J!.'Elz_vajl
M 1#% pfa [ A | HQET1 - E ® )
¥ [ , ~ T e TN T , i io= ig(Ta)le“
fl._0(Q & )o [0 (QbO)b v & E
a,a
S dp MMNE=s T MNO! @i

HQETYX H3:

o5ff A1 T QCDA w\M D SEEFT
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HQET

The full theory is QCD, the heavy quark part is
0 (@ & )0

Inthe limit & © Hy the heavy quark does not move when

Interacting with the light degrees of freedom.
Even though for finite & , the quark does recoil, the EFT is

constructed as a formal expansion in powers of pfa , expanding
about the & © Hblimit. Recoil effects are taken care of by
pXa corrections.

Quark moving with fixed four -velocity 0

n a0 Q QL a
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i Heavy guark propagator

A Look at the quark propagator:

>
r] ~
.. N a L. a0 «a Q
Q , = @
n o Qr ca vtQ Q O

A Expanding this in the limit QL & gives

. p U Q\ .. 0
O Q T e, I-I e Q e, I-I 4
CuQ Q a VtQ O

A  With a well defined limit

0 k

C

Q

a

)
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i Gluon Vertex

A The quark-gluon vertex
wa

QY ©° QWY
A using the spinors and keeping the leading terms in pf&
A Inthe rest frame: the coupling is purely that of an electric charge.
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i HQETH

HQETLagrangian:
fl="Q w QO Q
A "Q w is the quark field in the effective theory and satisfies
0 QE Q w

A "Q annihilates quarks with velocity 0, but does not create
antiquarks

A Mainfest spin-flavor symmetry of fl
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i Dividing up momentum space

A L appears explicitly in the HQET Lagrangian.
A "Q describes quarks with velocity v, and momenta within ¥ of
a v o

’k/

/va

—-
Apep

A quarks with velocity b & 0 are far away in the EFT.

A EFT: look at only one box. Full: All of momentum space.
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d®d®on (HQET)

E. Eichten, Hill, PLB 1990; H. Georgi, PLB 1990

- 0y, GHY

To 1/m order, L=Lo+Ly+---, —_Qu lQU g0, Q..
0

U fIavor and spin symmetry

3 3 @
To 1/ m3 order, L » D 0,56 VDG w6 (DD o,6)
see Manohar , EU_QU ID'UchE‘l‘C;‘W*CFg Am —Cpg 81’;"1’2 +]C.Sg 8m2 +(’W1g 16??’}'3
PRD 1997

J_)ﬁcraﬁ(;ﬂfffﬂl)u+ oY DYGy D, y+ D, 4G\ DY =DYGogD,y) DD, 4G+ [D, 4,G**ID,,
_CW’ng Cp'p€ S’ TICyE P

G ;G G puG P 0 (GG G G 0 AG*.G P
Yo g2 0B L. o pame” @B 2 Yool GpaG"va0p 2 Japl™ > Tu ]
Ci18 16m° Ci28 167 ¢3¢ Tt 16% cugTr 1673 —icpg” 16m°

—~ LY 11}‘3
_ L K Ca Gl [N
_ICBZgQ l6m3 - QU’ (7)
vi Bv1 HQETé@ Ai = NRQCDé Ai ~ HT + A EF®ipower counting Wj a

HQETT iz —— @i A ¢ NRQCDI w2 vic@i A NRQCD % HQET 93



pl] " g ynNn HQET=soft interaction

W @ slightly off-shell heavy quark one-loop self-energyn a u 1
Obeying N<<< a

av n/ \

O I QQ P
CM T a0 5 @ & @

@f gawn n Q| 5 _
S _
T o T Thit Th—

@ (p Ltn p>p 3p 73 p ¢T(qun
(T 9 P G a p ¢gi/a 37 a

raY

W Y y

94



i pX& Lagrangian

. ~ ~  Q
fl "Q(QO)Q _p MNM(O)Q w——70, 0O 10
ch 10

A The ('@ ) term violates flavor symmetry at order pfa

A "Q O term violates spin and flavor symmetry at order pfa

A The coefficients @ h are fixed by matching, and are one at

tree-level.

A One can carry out the expansion to higher order in pfa
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TNt AA|l KX

N

lesTg,

N| 0 Kk mhard (® & )3 soft (@1 ns
ns !
Q8 p p Q8 0t p
9 a p ¢ (9 P Gf
ns ! W Y
& Q0 P E
(¢ Qcad g Q
Q8 (qun EY 3p fT3 p Gf
(T 9 o} 3 f
LY L
B Al g »s onk . "y Ra1Q

Beneke and Smirnov NPB 1998

Wilson coeff.
=hard mode

HQET contrit .
= soft mode
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HQET!1 -~ A D] t WWilsonyv Q

. . N A
o b s (o 19)s) o

c,=1 to all orders, protected by SRdispersion relation
W CW P QWG OO Qf ¢

SAXT P (Reparametrization invariance) Manohar and Luke 1995
v—=>v+e/mp,
A Y Co 4+ Ly, is reparamerenzaunn invariant
Po =mgpv + k

Q, — eis'x (l—i-m)gv O 4a a ‘ a :ﬂ)r’v -Iri)97




<

pD| HQETw ©#AA | x r M

Cohen, Freytsis and Lu, JHEP 2020

Amplitude matching Functional matching
(with Feynman diagrams) (our prescription)
pi < Mo
Luv[®, ] —— {Auvv(pi)} Luv [P, ¢]
! / \

Pe[p] — K, X

Equate to derive {c¢;} f) l Enumerate

Functional
supertraces

l Evaluate

v v

{Agpr(pi)} £lree) 4] Lo (4]

Lerr (9]

w/ IR regulator

Requires knowledge of a basis of EFT A No need to know the EFT operators

In advance
operators . o :
A Direct derivation of the Wilson
Amplitudes needs to be computed twice from coefficients
the UV theory and the EFT A Manifests the symmetries in a

Breaks symmetries in the intermediate steps transparent way



p| HQETW BiA

AA|X ¢ M

<

Cohen, Freytsis and Lu, JHEP 2020

Mafiching condition:
‘_
| EFT —/d4$ZC SUV[qba(I)”cp el
|
EFT = /d4$Z (Cl(}x)cavy + Cz(lrr)uxcd) Ol(¢)»

SE%I}I-‘local [¢] — SUV [¢a (I)] ‘(I):q)c[(b]

Calculation of supertraces:

/ dda L010P) (] = % log Sdet (K — X)| =

/(14 Z C: huu\

fd41 Z Ci.}nixc(l O‘ (U) -

Lqocp 2 Q (i) —mg) Q,

- % STrlog K

1
hard 2
n

52 SU [(D (I)]
dP?

" ) ’

i 52 SlElj‘IJT‘I’lI-‘local [¢]
Eln Sdet (ﬁgqﬂ ! y -

2 onon-local .
Sdet (W) - %lnsdet (

5

Sgrrl?] )

52

E}lf’cgé%c"ll > hy (HJ D+ TEJ_

1

D +2mg

lDJ_) hy .

(Pi.,} Piy

Pig Viz

Covariant Derivative Expansion (CDE)

STrQ(P,, Uy) = ifdd f

& (=i)m o
- Z m (D{al"" *}G“")a 8;0 O D{Ml

= tr Q(py + 1 G 84, Uk(a))

| Z /1'0'(1) ' .u'a(n) "

n gES,




i

HQETO z ¥

Why sky is blue
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i 2 K W& v -Rayleigh"Qm

H XuzKAUYUdAMezYv e WOW.

Al x L xummwiht D@0 | x" Av,t %sD! QA
we 4Dl n;
Al xDI L oDS®IxAT ,+ E 0 xD= A 06>

AsD" Vi B®jt1a r 1! @t HQETw
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i 2 K W& v -Rayleigh"Qm

TaP Y ®° wvoudu Xdas:

SsDOAGL OXTr

AV Y %M X 0 (phtrim)
f %0 ("QBT %o TE"O 0

% (V)% -0O0°0
Symmetry:
SDf BUQ) )] wo1 D

V.

MM & 3 Parity
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iZ_ Kk Wa -~ v -Rayleigh

fl 0 %% 00 0 % %0 OO0 O

~
=

fl D %% (WO @6 ) E T > DO |
Val
dimensionless Wilson coeffs.

\’
¢
RS

O o &
& B

fil th ] ph [O] ch [%] g
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‘_Lz_ K W~ v -Rayleigh

0 () O

HQET, symmetry, 3 M D @& A
Rayleigh ™ QmBiQOmA © 7208 %

~N g

3 M K w1 08N

P
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Part3B) N di aP O selected
topics
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dY)DMwnN (HEET vs. HQET)

6 2D-23DQm Y1 ! @K vy Y~ unresolved x DY
e (p1)+e (p2) > e (p3)+e (pa)+ Xs(gs)

9  x DEOT X E, < m,

Goaly _ uEEFT GQ® \ 07f AvQl A=E,/m,
I+ 1 NDDE HouMe@ ] Q@QH&G%yN,+ mJym=, md> DA
®ws ' yo [ Aygp EF
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x D m & eilkonal n

M, Md D40 % p““=me7)'”’ O p+d  p+g P
x DI 71 v 4D DeHD! @ 5w
AF@Jrq):i(qu;gjm?:io:izf-ZTZOZ%Zle-qurz'o “E B
EP%.;H.O,
TAHEN Y w p_1F?

2
mr A x DB W @ 5 M(P)Pvﬂ(—zeS-v)va.—q,(—zes 0)....
TadDD> xD@i T L —1evt
X i <eHD= i " 7T& 1 XKeAEFTA 1 OM. [ 6

~

V1 x Yes, 2 D&O®N (HEET) exactly fulfills this goal ! 107



HEET w 2D2>D™Qm Y @i x D m

Ve Ve L = Vo

Heavy Electron Effective Theory (HEET):

4
- ' 1 _ :
Lot = ) o, ()i - Dhoy() = 2 Fun F* + ALine, D = 0+ 10y
=1
h, : HEETT . 3 GHQETT b &
" 4a b - 4" F v, =1 /me
Supen-selectivpnruleie: s  velocity Ra kb dA
Expansion parameter: A=E,/m,
Underl ying symmetry: U(1l) gauge i n
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MAT X 4 A D contactinteraction

~

eDb a oy y6 4 contact interaction:

ALing =Y Ci(v1,92,03,045 M) by (¥) Tty (%) Ity ()T iy () 5
i

Wilson C (>m,), EFF- v E, <« m,
7 7 Al 12:7 Yy QUK b (with covariant derivatives
or more fields),p i lambda 4v A

‘4w Hb”’ 1 W 3 bi (~ He )?

AL, = Cop(v1,v3) h2, (OB, (x),

F&la vinobequaldbv8y3, R IEREITE N Isuperr-selectionrrulel e 257 ! 105



(soft Wilson line)
D AT

R~ K1 HQET 21s nHwos: 4D= 7T

semi-classical picture: M Yz'z soft Wilson line

0
dsv; - A(x + sv,-):| .

—0Q

S;(x) = exp |:—z'e f

nNM 4ADQ@ '=p;/myYD ~ 1 0I 1Y) =xt st T )
(232 DT AMz1j a m xDA @ @QZ)
G bi® M-pxD~ Fi1 XNWilson4 i A edsiv 11 @ ¢ D
x D mieieikonal J _ x
0
(v (R)1S:(0)]0) = —ief ds vy (y (k)| Ay (s0:)]0)
0
. . isv;k v; - €(k)
= ze-[_oodsvz e(k)e _e—'oi-k+i0'
l'@QoXx yY*"A xD m 110



[ G AhO/ w70

(Field redefinition/decoupling transformation)

D D[ Y field redefinition: ho () =Si@) HY (%), A Usterile HEETf, h_v~0

HEETI - A @ K3zwds * [ (O@D=xD )

~ ~

P, (%) 10; - D by, (x) = hi) (x) ST(x) iv; - DSi(x) K (x)
= 1 (x) ST () S;(x) ;- 3 hQ ()
= IE;?) (x)10;-0 hg?) (x).

v; - DS;(x) =0

FYBADDf @ y %M ~ 1 A@Wilsond ¢ T 1 s
DD-2DQmM YA xD®ZH=' WAT 45D WAT 121X
UWXpr 4Aj a Yo Wilsond a)
7(0) Q 0) 7(0) C 0
AL =Y  Ci(v1,v2,v3,04) KO SIT:81 1O 7Y ST 1:.8, hY
i

111



D>D-2DQm Y @ Dp 3 A

VoS VoS

v wQO3D->DQmMB T yYQ xD m)

MZ i W' @t Dpmbi & Ax

M = Z C;u(v3) ' u(vy) u(vg) I'; u(v2) (Xs(k)|§?; S 5‘1 $210)

= Mo (X,(%)|SE 81 5T 5510),

W' @t Dp mWilsony Qxs + AD~ § x
Wilson 4 8™  F

1 nEio M @QOX QCDA 1T D mit ve @0 Wilson4 T h
ep~° M B
112



@ Dp 3 A3z p AN

'@+ Dp m o =H(m,{v}) S(Es, {v}),

.« . 1 ik d?
Ta " Q Hme{oh) = B b
2E12E> |01 — v2| m)°2Es (2m)°2E,

IMeel?Rm)*8@ (p1 + p2 — p3 — p4) 5

a - - 2
Q Sate) f [x45151 85210 08~ Ex).
X
TR T Q9 Y %M X {v} ={v1,...,04]}

QEDM* T " 1. " QY9 Av A Q1 ° Qv 9 v AQ Hinclusive A h3 &

QA BNV AQE © QAN v ATQ) ! @I n, HEETEMWilson v 'QMZ EHN v A Q

( Np. QA ) TM Qpi %O & H»pAY1I &' @ 9=2MQ
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Part3C) Ndi1 aP O selected
topics

QCD D (QCD static potential)
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6 ' T xU T 20 x6© vic D/

(color -singlet static  potential)

T 7 pv [ &Hwy-- rectangular Wilsonloop "0 11 e:
1 | S
V(r) == lim _In(trexp ;ggﬁpA# D

H Tt eikonal 1 & ~identical to HQET with vimu =(1,0)

1, a
1.1 i —1g, 1% : Z
Y ig % ig 40 ) : ootid)
W, a
)

(b)

y

r

(a)

Feynman rules for (anti-)source propagator and (anti-)source-gluon vertices.
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DA azn

B H [ N

8| hT"NE:ek &

Anzai , Kiyo, Sumino, PRL 2010; Smirnov  , Smirnov, Steinhauser , PRL 2010

Lee,Smirnov,Smirnov,Steinhauser

vuy" Hf (upto three loop)

pvl aRa((n . )
https://mediatum.ub.tum.de/doc/1121280/1121280.pdf

o) - -0l {2l (0D,

q? T 4m

s

+(@) ( +87TQCAln'ZIR)+O( )}

a; = 39—ch 29T0Tan; (33)
4343 s 1798 56
ar = (g +an— T+ 2e®) 0 - (T2 + 4D ) CuTien
55 2
“\3 - 16¢(3) CpTpns + ngnf 5 (3.4)

where Cr = 4/3, Ca = 3, Tr = 1/2 for SU(3) and ny is the number of light
quark flavors. At three-loop order, infrared-singular contributions proportional
to In(p2,/q?) start to play a role (see, e.g., [22]). The accompanying constant

a3 = 64 (209.884(1) — 51.4048n; + 2.9061n% — 0.0214n?}) (3.5)

has been calculated independently in [23] and [24].

, PRD 2016

P >
Q Q
= =
= 9
3 b=
3 3
= e
< b=
S b=
S 3
o ( o

-~
o

0000600000
‘1(;%: y
TOUORUUUTU

Z€nzaec d3-

V(g|) = %‘;M[ =2 (2.5833 - 0.2778n)

N 2
- (a?) (28.5468 — 4.1471ny + 0.077217)

, 3
+ (a_) (209.884(1) — 51.4048n,
m

+2.9061nf — 0.0214n7) + - --




11 4

1 C nD:& [ a u — QCD=
"YE# ~ ~ Halpha s" U ¢

A
. . | | . | . o
3
-] - 0.07
(b) o tem—r—]=
Sim-3}
&
|
= « JLOQCD
%,5- & Takahashi et al. _ _ .
— o Necco. Sommer Anzai , Kiyo, Sumino, PRL 2010
-6t
-7
0.05 0.1 0.15 0.2 0.25 [
& 3-loo . T‘[]
T ;"me r = ?

renel s 2 |~ Upsilon(1S) v a &

v
N~
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i AME o
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3 AMY o ¢ \ d R &

1909: Geiger & Marsden: alpha4 D =~ \ h
1911: 3~ KA UTAE, r°Y, 3 "~ 3deswadvd-vt o

a Jbmd DI 'z s D/ | T Qi x DAVE @il | A
EJVLn | w T A DO 4 J_
I =~1F A

Gell-Mann= Lowp 50wlh YV~ 37
© A = 4ADs TR AT

d§Cal k QmosH T |

Jia and Zhang, 2303.18243
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t R Ndv:"'"Eot+ d( "HKO 2)

m

Vg Ty DA Q=2s+1
(N (0, X) [N (p, A))amo =2P*Fi g (i) Fi000=2:0> (@ewmbDy)

M?

(N (0" X)) [JHIN (p, M)

00 i (G ) <ot (G5 ) |0 0| R 00, (0):3 11 (@

M%) 2M? M?

(5 (1 W) LN (5 W)t = — el X {2 |

o (i)_ﬂm (i) e/(2M)Y*2 %D H )

(94" = g"*¢" ) Fag (i) }E(x(ps A)s F00). = (@e/(2ZM)wD 4 )

M2

(N (0 X) [N (p. V),

3
2

- ﬁrt’(p’: A’){QP“ q

(i) SE ()] R 0,0 31T (@

2 al o 2 N
| ata q 0“q g e/(2M)"3 mD
‘|‘?-O"( qv |G FQ‘I) (m) INM2 Fl,l (1]2)] }ucx(p: )‘) ( ) U )
2 ol o 2
n L (IIIY (X,(IQ q q lq ! (Y’(X l?
(N p )\l ‘ﬂ |A P, /\ } u (x (p A ){QPJ |:(] ! l.q 2 Fl,[} (‘112) - Qﬂfz q 2 21_‘ (E\IQ)

q(xlq(n qt.22q(x3 qz L .
o e (F)] = (o =)

2 af oo 2
) o ; q q lq ! q
X [9 M Ey0 (_Mf?) EVE 5 I21 (—M.z) ] }E}nm(p:/\)-

Cotogno , Lorce et al., PRD 2020 " 120




M\ d

| I, o 3vicz 1/M Ra
do  ma*Z%cos®§ 1/M R & b
lcosf  2k2sin? (£ :
deost 2k sin (3) universal
s=0 o
do o 20 1 _, 1
= — | F| ,Z -+ =2 20 - =7
(d (:(159) NNLO M2 sin? % ( 1,0 cos’ 2 3 8 cos o) ) (
1 _
do )'5_5 Ara’ 1 1 5,0 , 2 3,
= —— | —F},(cosf — 3) + —cos® = (4F1‘“Z + FooZ + Z7cosfl — =Z (
(d cost / ynio M?2 sz% |16 4 2 2
do \'7 o _dma® [1 . (cosf—3) + L co2 S (4F 72— 2P 12 + 2Fy0Z + 22 cost — 2 22
d (:059 NNLO - “II;' hinz % 24 2.0 COs . _1 cos 2 1.0 3 1.1 3 20 COs ‘_';
(
do_\"* dra® [ 5 o (cosf—3) + S cos L (4F! 7 — 2R 172 + FooZ + 22 cos 6
= - ; COSs —{[)") — = costt — —
deost ) ynpo ~ M?sin® 2| 1447 20 4 2\ e 3t 20
(
s=2 o ¢
do ey 1 1 5,40 2 2 ; 7
= —————|=F 0 — - AF{ Z — =P\ 1 Z + =Fo0Z + Z%cos — = Z°*
(d‘:ﬂﬁﬂ)NNLo ;"I-fzﬁil'lzg 39 50 (cos 3) + _1(0% 2( 0 3411 —i—3 2,04 + 47 cos 3 )]
8 8 unlversallty Na( \d 'Hé
L1/ ~ 121
B QaH m ' pattern(why?)




HA Al v "H1/2 LM\ d

| 1. 0o 3vicz1lMvez RA

2

2 7202 m2 (M + m)2 (\/ﬂfﬁ — m2sin? 0 + m cos 9)
K4

2
M+/M? — m?2sin? 6 (ﬂ-f — cos 0/ M2 — m2sin? 0 + m sin? 6‘)
8 ZQ '}TZQ 2 ._r-l ._8
a?m? a“m O ( m )

k4 sin® 2 T M2KA M4k

2

Z%m cos %

finto =16F] o+ Z cost — Z, : :
o | Universality 8 n
fanto =16F] o + Zcost + 4Fy o — 3Z

8’ 1| O(vr2/IMA2) N a €
|nel En bR ®Q

8
fisto =16F] o+ Z cosf — EFl 1 +

i

8
f\\L() =16F] , + Z cosf — ?Fl 1 +4F30 — ?Z ! pattem(Why?)

. 8 8 19
S0 =16F] o+ Zcosf — =F11 + =F0 — —Z.
fRNto =16F] ; + Z cos 3 Ll T 3720773 122




Ndi aP (HPET)H ry ) soft limit

HPET® g5 * 1/2¢ T 4D= x Do NAT Uptol/M2 |
TS (A 1 i HQET, H F Lj Wi e4D)
D? B V-E| . (DxE-ExD
LupeT = hy (ID(;—ngﬁ—l—frf’ﬂ;ﬂf —}—r:pr:'[&wg]—{—m_qﬁg ( xgﬂ_{g . })f'a..,,-{—(i?(l/ﬂfﬂ]
Wilsonv Q= 2. & T+ DB cr =Fpo,
cp :21‘_‘2.(] + SFI.(] - Fl_(,,

KHPET A1 ! QKT 1 QEDYT VT Ao é’ @',
XN WKy 4Ds ' 8 kKp NNLO . N

f p? €2 ol
Muper = —\/l+c2 mq—z{ - Z'H-_\‘RTLNR?-E(k’)'}"nu(i.) - Wu\nu\nufk P’ - yul(k)

c , €D
——FuNn [g ~t ] unr@(k" )y u(k) — 8?'.1{2 unrunr(k’)y u.(i.‘)}

4M
e’ g’ 0
= ZUNRUNRU(K u(k) + —u vl ungu(k" ) vou(k) + uNruNrU(k" )y u(k
q{ NRNR()r()“INR[Q ]NR(};()SM,QNRNR(} }}
do JI.(J.QZQ(( 2% ’TQQZQ(OHZ%
deosf |gpr  2k2sin’ % M k| 51112%

2
T . .
—m [Z2 (cos20 — 1) + ecpZ (cos + 1) + % (cosf — 3)] 123




+

Part4. @~ | Y4 v NREFT
(b NR scalar field theory,
NRQCD/NRQEDKFAI A)
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Wiy NREHTT (7

K+d3i *t 6 o QFT = Special Relativity + Quantum Mechanics

Al ds 1 T n far-reaching consequences:
SR+QM © 2N d, "H-4 HP,CPTHPEe (
Nd=-P(Y A \Ndfw booo)ws T os |
Ki 4,20V A=-P 337 x 2l 41 NB--P,uvd, d

~Pg dXEe N ~PddW fi-~ g2 / wRm ArL M,
GPS " ( NRGR3e» 1,/ d

* 7 M I YP taking c© & limit
* NREFT w1 Relativistic QFTEHT ( )®
* NREFTEF Av QU vict orsimply 1/c



O A NREFTA & v a P

M & QFTA wunderlyingUVtheory: + ' ¢ 04D>r 4Do Q@
W BAAYOPRN A:

Q' Td=BEg i1 1D>r 4DeMN L éQi

>2mezp M MHI M i1 4D=sr1r 4D
1 € %
M I T4DQ=r4ADMN)Q 0o ° _ f &
Dirac No
Q 1ip .
® @o Q f o b QF
|q ZD Cu /CO b b
M I 7, s + Y | T [, oF = ‘1o 1D ADMN\)
‘ [ Q ‘ Qi -
o ( ‘)w 28 a6 LAY
O oz G 1o z S 126



‘-Lom HM R [ Gi%y w'Q

YYOHQQOQ  6oflop,

Scaling transformation: b

00 ‘Q oh WO Qch  %° Q %o

Recall scaling transformation in relativistic QFT

Klein-Gordon: ®° Q ch%® Q — %o
Dirac: ®° Qahl © QT
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i Warm -up: H S " NREFT

Jia, hep -th /0401171

b1 % [ toymodel T underlying theory:

1 . 1 A ™ —
£=350u00"¢—gm*d" — 1o, AVANLYE
. < § 1 —imi it T, * N 7
Nb% [ w o= mGm(™r+e™) vy 5D L
EEO 'H &%  (exp(£2imt)), o € b T NREFT:
V2 02 C C!
Lypepr = U (ldz o, Z‘UH) 0 — T”(\IJ*IIJ)E — {‘E{x};*xpj V(D) + - ]
"M Il T 4ADQf & ->UQ1) Hj wo
& ~ ) - feen v 5y , . 2
ol ¢ H MQ NY[ @ AhRhO v- (1+4_+32m4+..)@:(m) v

X 7 UVAYI ! é& bi*_  é&A®NREFT:

. \V& \VA Ve
= o U
[ (& et 2m + Sm? + 16m? + ) + ]
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Field redefinition and NREFT

lagrangian

) 1 7
2_ 24 OmE_ K B2
k m=* -+ 1€ 2m F — o+ 5 e

2m  2m 16m?2

v A
L= (fat LY ) v — (V)2

2 -rv74 )
\I’—(lJrv Jr-,:)V +---)\D’—( m

4m?  32m4

2 2 J
Lxrerr = U° (iaa + v O )‘If _G

oM, 2Mjy 4

1/2
v

(U2 — %‘U(qx*xp)

V(W) + -
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‘L Tree-level matching

To = 4m? Ao . ><

A = —Co = (k1 = K + (ki = K)?) = -
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‘LOneIOOp matching
Y>3
XX XXX

Full theory:

N T[2-D/2] . D/2-2
ml1-loop . 1 - ) o farn 2 .
Tl-loop — o Y mA-D (17)D/? /0 dx {[l —x(l —z)s/m” — ?.-E]

+(s=t)+(s—u)}—0A,
NREFT (Swave amplitude):

AT — 0y = Co(Ty + Iy) Co — Co k* = 5Cy — Cy k2.

R R



2+1 _ zero-range Interaction
(W 1 083 M &~ Y WAT)

D=3 rich physics occurs
Point particle coupled withernSimons gauge field:
AharonovBohm effect, Fractional Quantum Hall effect

o0& At v [ 1 Qe i ndxy
Quantum scaling violation,

dimensional transmutation ( 1)
Just like QCD

[ ]
—.‘
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3D one-loop amplitude in Full theory
and EFT

j|a, hep -th /0401171

Full theory one-loop: UV finite (super-renormalizable)
A2 i 2m\  im k2
i-loor — 24 (1 [1 (—) —] _ |
0 - 167mm [ +( 2;112) N k o 2 12m?2

NREFT oneloop: UV logarithmically divergent

L__m evp?\° / d*~%¢q 1
YT 2 Udn (2m)272¢ g — 2mE — i€
m [1 , }

—— | =+ Inpg? — In(—2mE —i€)| .
ST Le

P 1 (e p? 6/ d*%q  3k* — 2k2q?
"7 T8m \ 4r (2m)%72¢ (q® — k? —i€)?
m k2 1 L 1

_m Lo (™) wgn e L
c) = 3 (2_??12) L +2111(k>+z.7+2} )
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i One-loop matching in 3D:

One-loop amplitude iIn NREFT

Jo2 T
== (1) (1 g8) [ () + 5] -
/| :

qf m C'3
. i’SC-'D — \
Counter-terms in MS scheme: ST €
SO 1 C‘?
( —
b )( )M €
A
Wilson coefficients at = Co() = - (4;?1-) E [Hm( )] +O(N),

one-loop order L2 o
Co(p) = | - ( - +In
4m? “%‘rm G



Renormalization group in 3D

i NREET

o m C? m\2 C3
CE]B = l(b +——+ ( ) L ]

ST € S €2

#IQECG
1 — mCo

BT €

Using the chain rule, we find the following beta function:
2¢ C2(Cly, €)

m
— —2¢Cy + — CJ‘UQ .
4

f} ( C‘TD , E) —
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‘L Dimensional transmutation

Colp) 1 AN AT
To(pt) = — —
o\ Co(A) A4 [

Similar to the Lambda_QCDin QCD, we introduce a new
characterisic scale

47
p:Ae}ipl - ]

m Cp(A)
A7 [ p
Colp) = éln ! (L)
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RGE for higherdimensional

op

|
C‘*rB

) 2

1 (3 1 Cy ~ 3m Cy B
E@)Q 2(8m)m € (8m)2 e 2(87m)3 €3
8w €
+ c2
% Cy — ‘2(8’}r}m TO
-
(1-&%)
m C'?
8((12 E) — —2¢ CTQ + Cj{]c‘g — = 0 .
T ST
;2 o 1
C2)  8mm
In the g — 0 limit,
,
_ C"Q(p) 1 1 In P c _ 2??1 (P
C2(p) ' 8tm  \ p alp) —gn |
0 /

erator
' &

¥4



‘L Binding energy (attractive)

>< >©<>©©<

- - {ln :
(0 + Oy 112 2m? ) “.

~ —— exXp |— |
b m P m|Co(A)|

i E ) + — +O(p*
More precisely %~ m 2o " T (P7)
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s NREFTY €7z ¥ (Justforfun) o
bkesVNIdO YR a

Feng, Jia, Sang, 1312. 1944

~

SM Higgs sector A wsunderlying theory:

Ly —{6 H)? - —1IHH2 — £H3 — iH‘-‘ 20y m— 1

2
UZ —Zzr7,H + U?z ZrZ,H* — HH 4
2v v

MWoH + U“ —WHrW o H?

(Y

I N%UVN i Qv ~ bi BNREFT,Xh, K Wilsond QC,and C,

72 2
Lyperpr = ¥ (ia + v a

C |
‘T oMy, 21!;;)11 - _(II’ 0)? = S V(T) - V(TD) + - ]

Tree-level matching: e i e
’, A L4 ~ A / A
FIG. 1: The tree-level diagrams for HH — HH in SM.

A{S{?w;wc: NREFT — _C[] - Cﬁkz T [ C{{H _ Cf 8 ]
MZu2

QD
>

'BAUT AT’ De épn a 139



aa:sl v Avy, 5(;])"/’\ly: x YA

(heavy quarkonium )
x VNGr ~ xue ~xEdv al v

YA Z VA
M2 TA/ D, A, B, B".

" xYYVYAQCDA Mcvrad,uyN QEDAv, :=dV¥YA,

N: pion and nUCIeon VI C I Charmonium — the Positronium of QCD
 Positronium « Charmonium
“x¥YNad37QCDH P O, T T
+xP T av 1T adazBy :::bi /:&-l*‘t
interplay b o &

xYAn A-=-PAOT &vzv NBe M2T vxssuhvvl
| MQGPY P 0O 1 M2 T photoproduction v~ 0 =-—

F(QCDtrace anomaly) T &  su nNnK AY™ x AR
140



Rule ofthumb: XN ~ xYAUuveiwko EA

éeelru+ " a X[‘)() Dyﬁ)()[‘) Q@ Tt QW
frovs o 21 X0 0y D 0 T mitQc
nAOBAmWX | Oo U
t 8 o —— —for charmonium
o —— - for bottomonium
cC bb tt 01 Ool Do

M 1.5 GeV 4.7 GeV 180 GeV | Thusvcanacts
“ywx | Mo 0.9 GeV 1.5 GeV 16 GeV egf;:gfer;
Mv2 | 05GeV 05GeV 1.5 GeV | P

Curiously, auv x ¥ for charmonium and bottomnium
141



SA

Rule of thumb: XN newkoeEA
Ava N

Qa
A
=

large M limit (Coulomb -dominant):
¥

LL X - hix — + 0x| 00

pv pdoolmmR (assume linear potential dominance ):

LA T\ A p LA
00X lihx s—+ lIx¥y x{07
VRV
If Coulomb and linear is equally impbrtant, plausibly both scaling

Rules hold simultaneously

cC bb tt
as(M) 0.35 0.22 0.11
as(Mv) | 052 0.35 0.16
as(Mv?) | >1 >1 0.35

Application of pert. theory  at charmonium momentum scale 0 Uis questionable 142




d A NRQCD/NRQED A e v = P/

T f NAVS (@) @ ADLE= [ Ti1 QED/QCDA mUV
n . —
Lqocp = Liight + lP(i’}/“DM — ?ILQ)\I‘,

P Q' Td=BEg, 41 AD>1 4DeMN L épi

>2mezp M MHI M i1 4D=sr1r 4D
1 € %
M I i4DQ=r4ADM\N)Q o °  f &
Dirac No
Q p
® 0,0 Q °F
s zp ¢ ° /CO °
M I 7, s + Y | T [, oF = ‘1o 1D ADMN\)
. [T w of ox
& L) —F b, o f O L A R
) 19 z G 8 z G 143



QED/QCD vertex vs. NRQED vertex
By construction, NRQED v Hilbert DAD3 yA=zd,z2duygaAX
d , K a QED Hilbert v ked

Feynman rules in relativistic QFT such as QED is deceptively simple!
A simple QED vertex captures 2° = 8 different kinds of physics

YN YN

e —e +7 e +v—e T4y—et

ete v — nothing hing — ete

In the 2nd row, photon is too energetic, must be forbidden in NRQED ,



T

NRQCD:t d X o~ 0a| (~ mca)r  d As

Caswell,Lepage(1986); Bodwin, Braaten Lepage(1995)

A Integrate out relativistic (hard)
guantum fluctuation
QCD . . .
m —Or F,l & Hmsl
perturbative marching perturbative marching

" “This scale separation is

mv usually referred to as

NRQCD NRQCD factorization.
-------------------------------------------- ul

Hu_;__.:.‘c}fr—per'.-‘.'e'f'bﬁ.-‘h'e matching | perturbative matching The NRQCD ShOFﬂiS’[_

coefficients can be computed in
perturbation theory, order by
order

PNRQCD
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Foldy -Wouthuysen -Tani
transformatio n (FWTpP O) 1950s

0 1 0 0 o
. - . - 1) 77\ -0
d Diracf, ¥ FWT transformation : (DO ) ( _U)
: irac-Pauli basis
0 Q& @grId Q0N @ rTd ( )
FWTw Q081 %ol M p = dsector®QCD’ - 1
0 N ébr .iL ..[ ®ioff-diagonal™ K 3

NTV+ QCDIQEDl -~ 1 ~ d H Nl WYX

O\' [ —mg +iDo + D2/2mq 0 Y
X 0 mg + 1Dy — D?/2mg X

| M[ ¥ rephasing w "Qexp(-i m 9 \
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y %oy ' (velocity scaling rule) ze
P. Lepage, P. Mackenzie, 1992

X | 0O E.Braaten, hep-ph/91702225
3 ,
Operator Estimate (H|H) =1, ‘/d T
U (Mv)3/2
X (ijU)3/2 <H / A3zt H> ~1 =1~ (Mv)*?
Dy (acting on v or ) Mv? ‘
D Mv 3.t D7\ a2
JE V207 <H/(l T Q‘HL H> M1
9B M= = D ~ (Mv)*/?
gAp (in Coulomb gauge) | Mv?
; o 2
gA (in Coulomb gauge) | Mv (1D{, B %) b —0 = Dy~ M

AC (potential )more important than
Fock state in H)

" \Y
(l()u —gAo + ;

|e gamma> higher
~ [ VAN
£ Z . C

U U

(85 — V?)
gE ~ —gV Ay ~ M?%v3,

A (dynamic)

[ LAY
) a0 = gl ~ Mv?

2

M

gA — gAoVgAp — :q;z.ij ~0 = gA ~ Mv*
gB ~ gV x A ~ M?v*
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NRQCD Lagrangian

William E. Caswell and Peter  Lepage, 1986

L‘NRQEID — ﬁlight + L‘hea\f}' + oL.

: : P
1 ) Q& & ———
ﬁlight = —Etl‘ (;#”(;“y + Z{TEEQ, uu
. D2\ | _ D? 0 N
[ﬁ = ot (Do gg) o+ (i 37) X] —
TR 9l 1fl [H:W Q wfl DU ]
1l @
gp | T Lo

5o TESE QefrT . rf% Sefr o OO

1 U
T A e A T et
d) “ “ \ ) \
H‘)f Q| ear Q| ¢d ... [H:>v 0 63 f O ]
Bilinear sector E & s u HQET — , i1 power counting rule g ui W
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NRQCD Lagrangian x 4 A DV

Such terms are absent in HQET

“QT ) ‘
1 fl = () vy L U
0)
( fl )
QY QY QY QY
] ] Y — 1 Y 11 Y
0) 0) 0) 0)
U r vy 7 Q.g.a

-
<«

Q0000
Y
00000
@

4 A DV Y @Wisonyv Q' @T ¢ Q0 NRQCD Hamiltonian j T & A 0
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‘L NRQCD f SMY 6
R Su(g)é M & Braaten, hep-ph/9702225
A D] wo
ADd H | wo
b — i(x'ea)',  x — —i(¥Ter)
AM T mjwo
Y(t.r) — Pt -r),  x(tr) — —x(¢ —r)
A~ d HMMGEeADQ r4ADQ  f &l
Y = e, x — ey
Ae Nl T ds C MMOMU VR YSUQR™ )
Y — Uy, x — Vx
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NRQCD/NRQED H

Ze i Adeidz xasx xBeid

/ 1 =& WO GBI N | W T M & el ) n %
. T 1 AC(potential) %AH

r--a

— time
temporal gluon spatial gluon
_______________ “O0000000000000000000000000 —
10 b 10ab (5";3" — Z”":’[j/IZ)
12 [2 + i€
quark antiquark

S > - -

i 7
po — P?/(2m) + ie —po — P?/(2m) + e

Single pole only. In contrast to relativistic QFT propagatofs;



T oxoar xpB-Ad

‘_L NRQCD/NRQED H

J
Leading in v

P.A
vA Y
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