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1. EFTEARHS

2. Relevant, irrelevant, marginal interactions (Landau liquid and BCS)
3. i tEL (perturbative matching)
4. Heavy particle decoupling in MS scheme

5. ES g IRt (why sky is blue, EBFEHIEIL, A SEEET ZEXRIR )
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¢ ARBEIR(EER ) SEMLFAAVIIEIMSR;

¢ {RaerR (IKEE ) MIENIEEENR (7812 ) YIRRYH D HA B

¢ PEFAEREYEMSIERVAE]

* AR AR N EFH AT EE R A RNES;

* ARET , 9T BERSYBEHAETE THQCDNEFESR—IEIL;
* HREFIZIIEBEHAEZENEINS e HiggsHIrEHEEhg;

* ARTeVIIEEHAEZEENEREZENEF 5|18 (string theory?)

O HHELMBREANIBICIESRR N R Mab-initioitH , EINEHHARAZR
EFREXNEEERE. SeiRmNFRERNAILES BRI SHRZIE



i%ﬁ%ﬁﬂgﬁwﬁﬁﬁﬁ (multipole expansion)

EEHEB IR , BEEE e ()
p(7)

|
\/ R test charge
7
B,

A= RIEEIT: d < R
d >

BHRIRT /3d

Qu

REZNEATIIFESHR |
p(T) j ; p(7T)
=|d

V(R) = Jd37’ - r
|al VR?2 + 2RrcosO + R?




SRR BAIZIRIERFF (multipole expansion)

FHIF| ~ d « R, fiTaylor expansion in — ST
g 2;'-3*:? '//,

g o
PR TR T

Q

V(R)

p Q

| 2 | 3 | e Fig. 2.1 The electric field and potential lines for two point charges of the same sign. The
R R right figure is given by zooming out the left figure.

o 1

an+1jd3r rp(7)P,(cosO)
n=0

a

R

monopole/charge  dipole quadrupole

WilsonZ#%{ : q, p, Q, encode short-distance physics

SRFERETT | REUEURIR

KISYIEERSFEIIERYAR TS ( Blp(MBIEMHZTN ) FAEUE,
QFURTBATER—bulk properties: g, p, Q, ...

~l



ART

SURF BB R ERIRZ A YA FEXTIE e RS

Hydrogen Atom

HSREgE = -13.6 eV G/\
X
electron oton \

pr
[FREEEERETONE , FEhiSa, DarwinEERISIETE, ( @
ESREEREIEQEDIEHETE (Lamb shift)] -

What about proton?
E—REAIE S FRITERS :

ZSE, FIEMSRT, EERAIERR (RILELD)

BRFHIRE. EB@&P\J“B%W(K%EJZD, 5893F93%8) , charm/bottom=
52, S5HHBEAER, AT KIE (|rrelevant)

8



iF
g
a7
|.N

77227 A2

= C
K22 =38 3s 3p 3d
> k
o n=2 2s 2p 28172 2P1/2 2P3/2
()
(@)
c
=
c
£
L2 e n=1 1s 1810
Bohr Schrédinger Dirac
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HER ATV

o AV Za
E§ "ETJ-*E [ om — ]LpSch(r) =E LpSch(r)
e
m a? 13.6eV
E,
2n? n2

N o _ A0
ﬂhﬁﬁh . (—lfla -V + pm — T) Yoirac = E¥pirac

mc?

j (ns-be 0o )

Quite accurate, but missing the O(m a® In a) Lamb shift 10

Enj -




zu?%s%h\r“ HIFEHERTIE IE?E*@.L.

'U‘;E Ebmdmg ~ ma? }”
Virial theorem ‘?
Al Y~a=Ll«1 mzEEdsHm)

/, — = - =] h
DFIMSENRBRAND) © p = ~mv~ma

SEFEE =1 ERAINSIEEERT -

m > mv > mv?

MeV KeV

eV

11



‘_L BRI FAESIEIC

Underlying theory: Dirac equation in Coulomb potential

5 Vs 4B
. a .
[lha + ? Ypirac = [—ihca -V + mCZ,B] Yoirac
K
%?1{59%}??@%2&@;& . Darwin, Gordon (1929) Fbirac = (/J\)
. mc?
N 1+ a
1 . 2
Vo)
o2 a’? a* n 3
smell e T C 1P
J+5

12



‘_L EEIS-ERAEEAREESIES

BXIBIL : Schrodinger-Pauli equation: ¥JDiracHiEMABICEF

validatp< A<m,| ., 0 A ®s 2% i & =Leading + O(v2)
th—Wsen = Hef f Wsen
ot H, = Hy+AH
Wsen = Qospace® Pspin 32 .
29 & where Hy = o T T
p* eh . - o eh? S
all= 8m,3c2  4m,2c? o-ExP - 8m,?c? v-E
ReI._)Corr. Spin-Orbital Darwin term
P @ 5™ som
8m,3c? 2r3m,? 2m,?c?

A HYE—BN3E | aTLAETIDiracHEFR=Hfine structure :

P Z%a%? Z%a*/ n 3
nj = m[1— 2n2  2nt|.,1 4 + o]
J+3

13



HISiHAYTES: needs going beyond point-
particle approximation for proton

FERNIMSFERR A ARTNGTERE) , FERANRTFHRE

TBfsdl ( hyperfine ) £13(21 cmisk ) EEE B R FHIE

EeREEERFTEL SR FABTEE
proton charge radius puzzle:
alarming discrepancy between ep scattering measurement
and muonic hydrogen atom spectroscopy

SStHE{FRIXIRER STMA
INEFTLABESASLT

(B30T & Eatomic parity violation , S5{EFZE H4TSLRN Tk 14



Tt 2ARBUmE?
i Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M
RS GIRYSCIG eI mE E< <M

F—: ikFcutoff A <M, BFFEEFaDRAEM(w> A)FIMER(w < AR

¢ = ¢+ Py Ao
(x) = d°k —ik-x 4 T _ik-x !
P(x) = (2m)32E, (aie a,e”" ™)
E
w=E, = \/k2 + m?

15



Tt 2ARBUmE?
i Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M
RS GIRYSCIG eI mE E< <M

F—: ikFcutoff A <M, BFFEEFaDRAEM(w> A)FIMER(w < AR
(REEYIIE= SR ¢, iR, (RIAMNGreenREaT AN NEMZREER

Z[]L] — ngbLquHeiS(qu;cpH)*‘if de]L(x)¢L(x)

1 o) o)
(0T{ep,(x1) ... . (x)}|0) = m(—i 5]L(x1)> (‘i 57, Cx )> Al

J1L.=0

16



T4 RBImE?
i Wilsonian perspective

EB_E BT, B HIMEENZ RIGERIAT |, Bl JRTLAUGRE
BEAERZIRD PR (integrating out)

Z[J;] = f@¢Lei5A(¢L)+if dPx () (x)

HAS, (¢p,) FR{EWilsonian effective action

piSa(PL) — j D ¢y, eISAGL bm)

T2 . WilsonBERZEZE~MKE A

17



T 2A2BRme?
i Wilsonian perspective

== BYEEAEREnon-local onthescale At ~1/ A, SN FELFEREY
SR EREIEE

ZEIVRBUZHEEW<A, BToHWEREIR |, IFEENERRKET LR
Fk 87552 M ocal operatorsfyFQ:

WilsonZ#4 Sa(pL) = d°x Lf\ff(x)

L/e\ff = z c;(A)O;(A) = Lpey + s (A?VIOS (4) + 6 (AA)/1026(A) 4 ..

A BT5INTEENSF | XIERENQFTEER iZIAIAS
G FACTEEN, AEAE2ERNEBSMSIEL .

18



Running couplings/Wilson coefficients

BEEiize NREEN T , RN E(KEEERE | Al T £#integrate out
b AR ETEERFINEAERE . EI % RALEF T
& FERE(REL A (RIS RI F (), B8 REhS 850, A M

HIEIRISAZE. BTARAREEFARIRYIEINS | EIpEEEkT 3l A
A HIRN A e E IRBOH BN EEFHIFE S FE 4, &

It , WilsonZisie,= c(A)EHEAHATIE A B4 E

19



i BT

FSdgET , BX0IERE

LzzCiOi ZELD

BfC2EAZE. LB AZRIEEE THR

SERIASTER o , F/ERESEMA0

20



difEAfZST

5 e XTI N YR

i SRS
S d4ERZTHIE

S=[d%xyiDy,
0=—-d+2[y]+1,

=7, EET , RS,

e

PTlA

JiﬁFD%)wB%%AEI’JE?\X

h‘i

S =[d%,¢po"
0=—d+2[¢p]+2

K=IZRIEN

[p] =(d-2)/2, [¥] = (d-1)/2,[D] =1, [g4,] =1

iﬁgﬁg{xiF = 0,4, — 0,4, + -
N—tF %)”JB"%%

BHRIENS

A

Ity A, FtFESZRIE

gl=1—-({d—-2)/2=04-d)/2 21



‘L AUERESRRT BRI

Ld = 4,
[d)] — 1/ [lp] — 3/21 [Ali] — 1, [D] = 1, [g] = ()

o EEEHEFANEXN KEFERRIHIREEN= 0.
Only Lorentz invariant renormalizable interactions
(with D < 4) are

D=0 1

D=1 ¢ D < 3relevant operators
D=2 b2 Super-renormalizable
D=3 ¢ Yy

D=4 ¢* ¢pPpy, Y AP, E, F*

D = 4 marginal: renormalizable -



i N L T

SIS MBS L AT
\/d=2,

}:lﬂ

=2=40> 0.

[pl=0, [¥] =1/2, [4,]=0 [D] =1 [g] =

ESRIBREY (@) ISFTERM. 4ZKMEAFH W)* BAJEEE

i

[p1=2, [¥] =5/2, [A,]=2 [D]l=1, [g]=—-1
2 EAVSYSEIIELELN

>

il

<
w

23



AERTZIBE AL (regarded as non-
renormalizable in the old days)

Effective Lagrangian:

Op
Lp = MD—d
soind = 4,
Cs Os Ce Ug
Leff —_ '[’DS4 + M + MZ + .-

An infinite number of terms (and parameters)

Oz, O¢: Non-renormalizable interactions

D > 4 irelevant operators
Wilson coefficients have negative mass dimensions

24



i Power Counting

2 — MEAEEIE | HIFNE P, RIS
HRAD RERAIES , NEFTHRIERSIRES

G

e EENDRIFFTE B EERAY, IBIAVE R AR

L

A non-renormalizable theory is just as good as a

renormalizable theory for computations, provided one
Is satisfied with a finite accuracy.

Usual renormalizable QFT given by taking M — oo.
25



i Relevant, marginal and irrelevant

Relevant operators (D < 4): E— 0 B, SRkt EE

irrelevant operators (D > 4): E- 0 B, SagAHRHAE

IX”[.UHI:i

Marginal (D = 4): NFHEZIE

B ERERIWilsonZRKZ{ 3 FR Arelevant, irrelevant, and
marginal parameters/couplings

26




Examples for relevant parameters

QE m Yy serelevantB 5 (D = 3), BFhERrelevantiis

QEDERERGIIIIE | BFREN B , (BRI REEE

=MLl , B H0IRBFREDLE relevant=4]

¢3 interaction is also relevant coupling

B{yERtBErelevant operators, FEHFEEZErelevant
parameters.

subject to fine-tuning problem .



FArelevant coupling

i Bl WrEDERE
Two types of real scalar fields, one light, and one heavy
L = %(r)m) ()(Il') — EmEc 2 U?(I:- — —h{:} 20 |

Assuming m~rk <M
9] =[®] = [x] =1

iR 00 — 00 85 (BREN , FEEREER , nlR2Em)

Y 4 1
02¢4—2¢ Ey>»m M.k X (E,,j) Ei o v\ _
1 E iEJ][I, Ekﬁlﬂl%EEﬁE

K,
{'.Tzqa—;2¢5|m<:{5¢<{ﬁ;ﬂf X ( M )4 E2

K &£ relevantig&

28



Example for irrelevant interactions: R8N
S
S5tEEERRNINE X FEIXIEL -

L 46;’L’(— 1P vo) (VP + O( !
=———> e v, ) (V —
\/E V5 Ve [,Ly[,t LU Mﬁ/

K HEKFBESEHNEN T, [Gr]=-2 irrelevant interaction

P AR FEETEE A U FHIBEE K

o, ~G?s
E— 0 BY, Samkekskik)y: thus irrelevant

Characteristic of high dim. operators in any EFT 29



Myth of marginal coupling: A¢*t&EEL 4

72X /90, Hltkmarginal coupling at classical level

A
_ 1 1,2 ;2 (4
L= j(dm) — 5m Q7 — —._]—_!H

ZZREVBEAY1PI nmaGreen function (E44=4-n):

Lo (Pt e Pm, A)

RETRT . [,(sprm.\) = s T, (prm/s, \)

s<<1 case: m is relevant, A is marginal

30



Renormalization of A¢*f=EY

L‘-ren. = L+ £gt
Cror = L(060)2 = Lm2¢2 — 20 4
ren — 9 0 QT”'D Do _1| D
A
_ 19142 1, .22 2e 7 4
L= E(dfﬂj L O~ — | E(, .
1 A

J{:Ct — lfl(d{:})g

2 2

X157, REMNBSEIUNEREM

po=V1I+Ao=\/Zy0 . ma =m?(1 + B)/Zy .

?"J"E'-EBQ'JQ o ﬁ_LQEEqu-}:i ‘

Ao =A1+0C)/Z3 .

31



IR

AP TREY,

dr? /dp = 0.

M -+ |/

O

e nm R YA (-
ERERMRE TR
#RGreen function and renormalized Green functionj#/E
T2 (P1.eees P No. 0. €) = Z;”’&Fn (P1s ooy Py A, [0, €)
155

. 3,

3 N m— —ny| T, =
N — ’mmﬁm n ] [, =0

7K

A=
z 153

a2
sy =

T 1672

= pndm/op. v = %ﬁ-fﬁ InZg /0.

32



AP TR, BEMEE 5F_J—c
o= ZIE , RIEMN— MRS ENSE . ERLEEIRY
S AANER NG SRS

Iy (spim, Ay i) = .9;4_'”Fﬂ(p:-n'rfs. A, Jt/s)

HARE IR ATUE N TIA MAD 512

9, 0 ‘)
o o — — (4 — [’ A,
[%rj‘a + mrj‘m + | rd,” ( r)] (spsm, A1) =

EERGEFE, FILISRNIRERFRE (BRI URE)INATE :

5 5 O
[_ ;T + n’;)\ (Vom — Umﬂ —ny +4 — sf] Lo (spym, A, ) = 0.



%¥1I§J__E . 1:/3_3
HMass-indepenc
3, Ym and 7y /E\lﬁgﬁﬁj__'}\ ’ H

ERIA(E =)

ent renormalization scheme (such as MS)

Ly (sp;m, A, )

ON(s)

5 B(A(s)) .

iL;

]

I=K=
N

A(1)

AR m/ p. LA ERGERIRR S

A=, (prma(s), X(s), pye " o 47AEN/s
= A s UTEHJ = (Vm — 1)m(s) . m(l) =m

At tree level, 3, 7., and v 790 , [EFlclassical scaling rule

EF7KF , MRRRBYIFORRIRZEREE . elg&l@AFES

(&M T 2B fengineering dimension 4-n in
FRLAFR/9 anomalous dimension

g~ Y

4 —

‘.: ?1 -

34



i A TREAPREERFE S AL

MPBERE AT LUK AR EFR S B 24Y
3)\2 _ A

B 1612 (5) 1 —(3X/1672) In s

A(s)

_/

log s

Quantum correction turns marginal into irrelevant
Similar pattern also occurs in QED



EF B IFHHEEE SRR

MEEBQCD B RE] ( FBHRS ) AILUKEFHIIBERSEEL -

| g g° 2Ny bog”
Blg) = o 1672 [ H 3 2
1 1
as( o) =

T Jaus( o) + 4mbo In(ge /o) ~ drhyg In(p/Agep)

Agep = puoEY/Awboa(uo)

}

||] log(W/Agep)

In this case, quantum correction changes marginal to relevant!

Similar pattern occur in 2D NR contact interaction and BCS

36




i Lesson

L E5IF54BR, A<EFrelevantFirrelevantig &
marginal interaction{bF—FIEEAFREERE

. BISEIZIER , marginallB5 &2 AR
irrelevant, E/ijjrelevant

BRIEB SR ABIXIFRIELRIE, B RZELEH0 (N=4
Super Yang-Mills)

37



BinciRE 7 X FEERIIMCIERE

£ EFTIEZE T , EEUERENEATHEEERNUVIIE | F(IRATLUSEREITR
HIFS, RREREUVYIIERIN 2SEEERY, BEREEFTHRIWilsonRE .

Nonrenormalizablity is no longer an issue.

Nonrenormalizable theories are renormalizable/predictive, provided one is content with a
limited accuracy. (power counting is key)

WilsonZ#ie]LA
O BESEISMEMS: FERINIE /SSMEFT  Bottom-up approach

¢ kM EHIunderlyingiBigiES (ILEe) : HQET/NRQCD/SCET/LaMET
top-down approach



integrating out vs. matching

iWilsonian approach vs. continuum EFT:

Wilsonian approach (using hard momentum cutoff or lattice
spacing as UV regulator) is conceptually very clear, but
practically difficult to do analytic calculation V _N

In practice, it is much simpler to adopt the continuum EFT
(using mass-independent subtraction scheme such as MS),
with power counting much more transparent

In principle, these two approaches are equivalent



BHIEICEYIEERRAMNAKEEE: &5
MEEFEESMFHTERNIERSR
SR EE -

1. EEIF9E: identify UV and IR scales of the system
(RERFSE)

2. HEECPEFRENREEZNactive(BX)BHE
3. HEINLEIMERRA ((EAEFTIRE—ECEMNIEH )

4. BBHEEFTrhESARIERIE w0
(eSS RS FERIEAVFRIFTETTREAIEELER) | P

5. #iE#N ( power counting rule)
(WMEABRHE , FEBEDSHRANEERE )

BBt w2 EMunderlying UVIEiCHS ( IERFIR ) LI9MT



iﬁmﬁ%zﬂiemlzl

1. Every theory is an effective theory

2. Greatly simplifies the calculation by including only the most
relevant interactions.

1
3. Deals with only one scale at a time

4. Makes symmetry manifest
chiral symmetry, heavy quark spin/flavor symmetry

5. Sum large logs
6. Efficient and model-independent way to characterize new physics

7. Including nonperturbative effects



P& AREIELE

A tower of EFTs of fundamental physics theory

Examples of EFTs

High-energy theory | Fundamental scale | Low-energy theory

11-d M theory (?) ? String theory (?)
String theory (?) Ms ~ 1018 GeV QFT
GUT (?) Maut ~ 1016 GeV SUSY (?)
SUSY (?) Msusy ~ 104+ GeV SMEFT
SMEFT Mw ~ 102 GeV Fermi theory
QCD mb ~ 5 GeV HQET, NRQCD
Myss ~ 1 GeV ChPT

E%m ZikE 5138 (string/M theory)A~BElocal QFT



SFaNFHNEARIE

IEfEYicEEFE | EAEE
§173%(NRQCD) B
BEER
RN/
&
ERTFFE % <
Hie e e
— - domiel
e FER —_ - revs
»,\\\_iﬁ_lﬁ_// A — E;@BD”* -
i RHEEEW
gl

REIFTRATTIE E
MQCDE—ERIBHA

!

FE3IAE
= ESHENE
~ i€ (HQET)
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/1t

‘-ﬁEVEFHFFEIgE%K?rﬁW%iQ

1L

W

pe M pe
> > -
contract W R
propagator ¢

to a point

2
M(u - ev,7,) = (%) [u (pvﬂ) vEPLu(p)][u(pe) v, PLv(py,)]

1

(p”_pvu)Z_M‘gV

X

K4 p2 = m2 « MZ,, W boson is highly virtual, can not propagate far,
1 1

(p“ B p"u)z - My _M_‘%V 44




ié‘:ﬁ’ﬁﬁﬁ*ﬂ‘]ﬁ*?ﬁi&%iﬁ

4G
M = evte) = = [7(py, ) 7 Pl @@y, Py (s,
mrEany O 9
V2 8My,
SRS ERTERNNEBK T ERAERE |

4Gr _
Hz}—fermi = —Ly = ﬁ [V/,LVHPL.U] [eyuPLVe]

45



i+ R=E (dim-5 operator)

e lowest dimension operator in SMEFT which gives a neutrino
mass is dimension 5 (Weinberg operator),

r (HL)?
Mg
This gives a Majorana neutrino mass of

UZ

M3
or a seesaw scale of 6 x 10> GeV for m,~1072 eV.
Not far from GUT scale

m,,~

Figure 6: Three ways the dimension 5 operator for neutrine masses in eq. (83) could arise from
tree level exchange of a heavy particle: either from exchange of a heavy SU(2) x U(1) singlet
fermion N, a heavy SU(2) x U(1) triplet fermion 1, or else from exchange of a massive SU(2)
triplet scalar &.

46



[GFE=3E (dim-6 operator)

The lowest dimension operator in the SMEFT which violates
baryon number is dimension 6 (but conserves B-L),

[
. CICICZI
Mg
This gives the proton decay rate p — e*n” as

5
mp

4
167TMG

~y

Mg 4 30
Or T~ X 10°% years
1015Gev

47



i H+-RAFIR7 (dim-9 operator)

In some BSM theories, B is violated but lepton number is
not. Proton decay is forbidden. These theories do predict

n — 7 oscillations, which only violates baryon number

The lowest dimension operator in the SMEFT which violates
both B and B-L is dimension 9:

6
q
L~
M,

which gives oscillation amplitude

My 2
o~ (?) ,

48



i (REENT- T

NN

Yy = vy Y A

AT AN

T HEENE,, BKE, < m,
AT LLANQEDE H &= H AR #2 F8 1% [Euler, Heisenberg, Kockel, 1936]

LoEp (1/J: 1/3» Au) — Lpy (Au)

49



i e e

2
= _ZFMVF v‘l‘_ Cl(F[,LVF ) +C1(FH,VF ) ]

me
2
F, FMV~E? — B2 s Ey
B o o SN .
F.F*~E -B e

Terms with only three field strengths are forbidden
by charge conjugation symmetry.

e* from vertices, and 1/16x? from the loop.

50



i (REENT- T

An explicit computation gives

B 1 _ 7
‘1790 2790
Scattering amplitude
a?w*
~ o

and

(a2w4)21 1 a?w® 15568
o~ )
me

~ X
w216m 16mms 22275

First observed in heavy-ion collision experiments, ATLAS, Nature Phys 13(2017)852



ERER{FFIBCS

arge class of metals (conductors) can be described by
Landau liquid model: ground state is the filled Fermi
surface; low energy excitation are fermions (quasi-
particle) with a complicated dispersion relation but no

interaction!
Why this happens? EFT can give simple explanation

{EFRE(BHEZD) Polchinski, hep-th/9210046

DOk

Sfree :/dt /dgp Z [ (p}hdtt «(p) — (e(p) —FFJLT:IU} [p:]]

S=T=

52



ERER{FFIBCS

A 1) Wi 377 A1 4% 0 A5 & ) scaling behavior?
Different from familiar relativistic QFT

Like HQET, #fi#she P=k+¢

Scaling transformation: £ — rf.

If an object scales as ", then say it has dimension n

Bl =0, [f] =1, and [ [ d*p = [ d*kdf] = 1.

Fermi velocity Vvr(k) = Vie(k)

e(p) —er = £-vp(k) + O(F) mel=1 =1 53



ERER{FFIBCS

KICRBNBOTN0, NSEIZKFHORA 1] =
3| \IUEK FAREEFRIR

S = [ at f H APk d6)5% (Pt C (K1, - -, k)0 (p1) s (P2) 0, (P3) o (P)

b)
=5153 [53{Ptﬂt}{-_j] — —1. / __\p:

For generic, not head-on collision
[0%(Ptot)] = 0.
So [C]=-1, hence irrelevant, {KEEM IR T 0] Z2RE

Landau

Svstem can be well described in terms of free fermions >4



‘L BEETRISFIBCS

More interesting things happen for head-on collision
ki + ke = 0.

4
Sint = f dt f [ [(@*kidt:)5° (P o) C (ki . . ka) vl (p1)vs(p2) ] (P3) s (pa) -
i=1

[} (Peat)C] = —1.

_ﬁg{Pmt} = {352{1{3.4— k)l {’.ii;fmt}f
So [C]=0, hence marginal

Cooper pair/BCS superconductor

55



BCS: marginal turn to relevant

Marginal (BCS) : BiEEFEIE , KFEBRBUWELHTE

p"E P"E
p"E Pp"E
L (E) — . plE+E p'E-E
1+ NV In(Eo/E)
AV, E Ry
: P p. P.E

A repulsive interaction (V>0) grows weaker as E— 0
An attractive interaction (V<0) grows stronger as E— 0
Cooper pair is indeed attractive-> BCS: marginal coupling becomes relevant

Similar to QCD
56



Section 2. hard momentum cutoff
vs mass independent subtraction
scheme (MS scheme)

57



ard momentum cutoff

ERNSEEAKFHIEFT

o _ a — b
L = Pihy — mib — — (D))? — —
Digh VY — 5 (VY)7 = 45

i d*q m O

() — ...

il

>
sty
®
F

BE

A2 ) 2m)t g2 —m2

om ~ (m/A?) x A% ~ m.

FESNEERTIR power counting: 4EKFERFRirrelevant&EFF |



ELKANEEWFZEMS scheme)

EEEIEIE O
2e

H

W

t . d*q m
A / (2m)t ¢ —m? HERUT AL R T RS
m? (1 m? 1\ BT
= TereAz \ ¢ 77 L+In A7 12 Heg@Eilog u
am? 1
HEEIN : W (—; ‘|—’T_1—11‘14W)
om ~ a’rf 5 In [m; ] : om m? Is small
— X
16m2A [ - 6272

WEpower counting



Section 3. #i}iPTHg

(perturbative matching)

60



i HARIT

IC ?

“Q

ANERUVEE

2R, EESEFTARIWilson &S

£EFRAIPLEE(matching)

TURRLR A -

{FKBEEFT

4L

=

HFIUVESHERVYIIEFNS, order by

order in small EFT expansion parameter
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*@W?ﬁﬂﬁﬁuﬂﬁfﬁﬁﬁﬂﬁﬂ

Underlying theory2%1 (EbIQCDREEEIEFRRIEARIER)
BT top-down approach EHEEEERUAICFRIWilsonFE]

ANERFFICER,
O {M#EPCE : HQET/NRQCD/NRQED/SCET/LaMET \/

ANERFHUIC R (RBERIER),

O JEREECES: chiral perturbation theory Eidlattice QCDEYEREHL



toy model with two scalar fields

Two types of real scalar fields, one light, and one heavy

1
Lyy = 5((5(15)2 —m?p® + (0x)° — M*x* —k ¢ )()

Hpo2i2% , x2E% kK 82 relevanti®4
Assumingm << M, k=3 M, <xy>=0

IS 2¢ > 20 55T, BUOEEEE imin(ETM

fE R 2 pmBUKBEEFT |, integrate out heavy y field:

_i“S‘E'F—T(gb) —iM
e h o= f[d)(] e h



The key terminology of EFT: Matching and Running

Large Scale
di, X
Lylx,¢)+L(g) Fﬂlarétl}g{liﬁatim
p=M )
particle mass MATCHING
L(¢)+6L(9) ‘“"’@";.%Esﬂtim
Low Energy
;

Matchmg A LRt hRAYELE Running
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i Matching is a loop expansion

Loop expansion is A expansion

loop prop vert
AT LU BRAL T L=P - V+1
htl pl

L-loop Feynman diagram contributes Al

The structure of EFT can be expresses as

Lopr = Left+ hL;ft+ hzﬁeﬁ



JELEC

Write down the most general operators in EFT
Symmetry: ¢-> -¢

2 414 2 2 42
£y = 2 (09) —mig? — coey o dy i OV

M2 4! OMme 4
=X
0

PCEC {4 (38hAS): equating 1LPI (one-light-particle irreducible) diagrams
in full theory and EFT

PCEC 14 (38 A): equating on-shell amplitude in full theory and EFT

Equivalent, connected by field redefinition: lead to the same S matrix



i B E LA
M:éft (a1 16n2M2) (0¢)* — 2 (b1 1:; + by 17:n2) ¢

G (167}SM4) Cib: —d (167’:M6) (ad)é)t =

N - L .
0 1

[T 1 o=
AN

= + | | + |
00 | '
0 0
_|_
P




Some remarks

1 K2 , 1 K2 . m? ,
Lepr =5\t qgrapge ) O — 5\ M T hiqga thigga | ¢
KZ K4- ¢4-
B (CO wz T 167t2M4) T
* Loop expansion is equivalent to k?*/16m*M?*<< 1,
where perturbation theory works;

* Matching coeff. depends on regularization scheme.
However physics does not depend

* In loop calculations in both full and EFT sides, the non-
analytic terms depending on light particles such as In p?, In

mM? must cancel, so the matching condition is a local
expansion in 1/M 63



Some remarks

BREBHIEENL S > (1 - 0, ) HIEFBIREREN L
E B A EENNE
JANN

tmb  Guaranteed by LSZ reduction formula, any field
redefinition does change Green function, but never changes
the physical S matrix!

FTEEFTERINEBRIIERR
EFTEIIUVIEICRIZIIM T (BIRLLINRED)

BBt iz 2EMunderlying UVEBISRIKIRF 2B AV ERBIRITR



i RS HEIERmatching

MREL: : 3RF m; EBREL | BN M; m<< M
‘ ; d% 1
s IF — QQHQE
"o (Zﬂ)d (kz —_ mZ)(kZ MZ)
i1 u?  m?log(m?/M?)
l 1
~ 16m2 L Tt T

21/ MEF B RFAAS 2
BRI EREI TR ﬁ K ~m << M, f&3dintegrandiEFFBERS

2 2 d 2
Ippr = g°p*c [ 4K L
(2m)2 (k2 —mz) Mz M*
_ [ 1 mz + mZ 1 mZ m2
~16m2| eM?—m2?2 M2 —m?2 Og,uz M? — m?
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one-loop matchingB{KE~
MREL: : 3RF m; EBREL | BN M; m<< M
Ing =Ir +1Fct.] — IeFT + IEFT C 1.

. 9 9 2 )
g T} m i
~ 162 Kl”g ME T 1) T (l”g Ve 1) T ] '

Generic feature of EFTs:

SEIEPTIERIEICAUVARA—E
ZEEEMEEM ;

FANERICHILLIMERETIAIN m? ST2—#F
MatchingZRkEm? FIRBITEREL , TTLART Eiflocal UMBEFF——

WilsonZZF 28 log M/u. Matching point p around M to avoid AXI#IR -



:iIJEEﬁﬂiﬁimimﬁiﬁqgiE

I~ AR 83 5 #2 AT PA M Einstein-HilbertfE F &# H
2 R Hi bR &
SEH = f d4x‘\/ _g(_ﬁR) K =.32nGy
G R T 47 51 135 4

S =05y + S1lnatter
0§=0=>R,, — ERgW = 8nGynTy,

HeiF(IHFAREEENEFS|IHEE |, (BELEEE S5 | DECHE
BEERERIS (symmetry: diffeomorphism = |~ N ARFRESHAITFRILE)
2
Serr = J d*x=g[—A—— R+ c1R* + 3R, R*Y + -+ ]

KZ
72



EFT 15: BESIADERNSESFELE

[~ X iEXieREF 5| DR REERSEEe

« Symmetry: general coordinate transformation invariance

« In the spirit of EFT, write down the most general interaction terms allowed by
symmetry also in matter sector.

« One-loop corrections to Newton'’s law

my m,
wars UK Bl73F(graviton)
Post Newtonian Genuine quantum Correction
Gymym, 3Gy(my + my) 3) /=
Vi) =-———[1+ - c1Gy6 3 ()
[J. Donoghue, 1995] non-analytic 73



‘_L FES RN ETHEE

ST ABRBNAAFEZREFS|DEE | (BeeE LB 0ER
HIEHZIE ?

ZX . gEicwm2£EMunderlying UVIBiCRIEZ B HERIE
BRiR1T A

k2 1 |
- ——V® i DHv-al DY  Hnral V
4 2my; * (9) [?‘ (q) +1 tlpomal } 5(q )ng
! ik 127 2, T(my +my)
~ ArGmmg [q-z 2972 [_ 60 In(q”) + 5 f—qg + const
/ d’q E—i@'-r‘*’l 1 d3q T —1
(2m)3 g 2mr? (2m)3 ngrg

74



i Decoupling of heavy particle

= Heavy particles decouple from low energy physics.
= Obvious?
= Not explicit in a mass independent scheme such as MS.

P/WQNP
2

m? — p?x(1 — x)
27.[2 (pu,pv p guv) [_ — dx x(1 — x) log _

12

=i (pupv — P* 9 ) 1(p?)

and we want to look at p? « m?2.

= The graph is UV divergent.
75



Momentum Subtraction Scheme
(MOM)

= Note that renormalization involves doing the integrals, and then
performing a substraction using some scheme to render the
amplitudes finite.
= Substract the value of the graph at the Euclidean momentum point
= —M? (the 1/€ drops out)
1 2 2
2 9 92 m* —p“x(1—x)
Hmom (P , T ‘-“',"II) - [JO dx X(l _ X) logmz + sz(l — X) .

m? — p?x(1 — x)
m2 + M?x(1 — x)

B(e) = ——Md—MZ—U dx x(1 —x)log

M?x(1-x)
m2+M2x(1-x)

3
= %foldx x(1 —x)

76



MOM E #4Y, 7 ZiE 57 1B #il e HH

= m < M (light fermion)
£(e) ~—f dx x(1 —x) =
M « m (heavy fermion)

3 1 M?x(1- 3 M2
Ble) = [, dx x(1 —x) g2 = =

m?2 T 60m2m2’°
08 L ]
0e L N

0.4 - /f
0.2 —/ -
D _I 1 1 I 11 1 | 1 1 1 | 11 1 | 11 I_

0 2 4 B 8 10

12n2

® (12 n2/e?)

Ble)
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R TRAE

2 FEA

5'7|‘_LJ

SEE

i T

= In the MS scheme

HZ(MS scheme)

_ 2_p2y(1-
[ys(p®, m* %) = [fol dx x(1 — x) log™ pﬂf(l x)].

Ble) =

e
2 M du 27‘[2

2712

f dx x(1—x) =

U dx x(1 — x) log

127'[2

m? —p?x(1 — x)
PE

BetalREIAMKEIZ K FRE ; FilltopT il F—iFEE |

e | B8 T EREE

78



o B AT

. 1 m?
Hﬁ{ﬂ,m‘?,ﬂz] = Uo dx x(1 — x) logﬁl,
BRI B AXIEIn
R ZE : integrate out heavy particles and go to an EFT.
plutl) _, gplm)
Full theory : Includes fermion with mass m.

EFT : drop the heavy fermion (it no longer contributes to )

79



i Full theory calculation:

Present in theory above m, but not in theory below m.
Assume that p « m, so

| | 1 rn2 — Zx 1—x
Hm(ﬂ,mz,ﬂ‘z)z f dx x(1 —x) log ? 2( )
Jo “
= dx x(1 - x) log m2

1
|
6872 T 30mz "

80



i Full theory calculation:

So in theory above m:

o2 m2 pz
an (pﬂpv p gw — — = ogu 3Omz+---]+c.t.

Counterterm cancels 1/e term (and also contributes to the g
function).

2 mZ pZ
an (pupy — P290) [——log BETT Y ]

81



i Threshold correction

The log term gives
82 2

7=1 log —
~ T 12n2 082
So that in the effective theory,
1 1 ef(1n), m?
> — > 1 — > log_z
er (u) emz(u) 12m U

One usually integrates out heavy fermions at u = m, so
that (at one loop), the coupling constant has no matching
correction.

82



Threshold correction

The p* term gives the dimension six operator

and so on.

1 e? 1
4272 30m?2 P

F 02 FH

(BN 1R 2RI RE AR T _ILJ\SUE

redefinition,

o] 21

IR WTEIEFTH

FE

EMEgMaxwellz8E
e R

Eﬁﬁiﬁﬁﬁfleld
R

5 R HIRN
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Part 2. EAFAUIEIE(LIHQETAHI)
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AE"E*J??E@UEGHEH"‘?IE
(B/r=+ , BEE+F , D7r =+, DI+, ...)

VoIoshln, Shifman 87; Isgur, Wise 89

momentum ~Aqcp << mp

Brown muck ™
1. RESH , BRI Fonly talks with 3Rk, BBIFIEHEFZ~Aqcp < mg

2. mo = oRIRT , BT EERERNER (B FNESBIERTENEERE ) &
(E FEsoftIERMHTQCDRMZ (interacting with brown muck) , velocityBILA#EIA R
E-1MFEFE. (Warning: NFEREFERHESHESR , RMRRFHRRLL)

a-B
mq

3. my— ofRfRT , ESBIeEHERS ;

4. mg — ofRfRT, M EHFTHIES REBIEIFRIE

Emergent symmetry: combined spin x flavor SU(2Nf) symmetry 85



B =5 HIEXIFR

BSREXIARIE:

BSeXIMRERYIIES

mi. — mi =~ mh. — m} = const.

SCIGE: my. —mk =~ 0.49 GeV?:,  mi. — md ~ 0.55 GeV-.

— mp X mp, —mp ~ 100 MeV,  mp, — my ~ mp, — mp = 557 MeV,

mn —m5~mn —mD~593 MeV,

lml

B->DS5=THIAEF

t<to t>ty

h+(m] — h]"{tﬂ} — hﬂl(u]] == hﬂ;(u]] — g,
h_(w) = hg(w)=0

{D(pl‘;:li(m} = hy(w) (v 4+ V) + h_(w) (v — V)4,
(D*(p', ©)|V¥|B(p))
N
(D*(p', €)|A¥| B(p))
N

=h V(w)e‘”’”""ﬁf:‘v;vﬁ, (

= —iha,(ww + De™ + iha,(w)(e* - v)v*

+ihg,(w) (e* - v

Isqur-wiseRE &(1) = 1.

SR FRFAEE 00y 0O [P() = —ifp . o=\

86



S S 5eaR0EIE(HQET)

E. Eichten, Hill, PLB 1990; H. Georgi, PLB 1990

lml

ER—NMNIEBEFTNESTT p = myv + k, RISREHEwith k~Aycp. (EEFH
A
. ¢+mQ Iy mQ1/f+mQ+k _ 1+4+v [
lpz—m(22+ie_l2va-k+k2+ie B 2 v-k+ie
HEQCDHNES DB NARDENNDE :
Q(x) = e™™e"* [Q,(x) + Q,(x)]

Qu(x) = e™MeFIEQ(x) R, (x) = e ¥ 2 Q(x) "
e—— = S
REIQCDH K, 1E1/m, BFLY , HQETH EEERB—IT: ,

— — i b= ig()®
Lo = (i = mg)Q =|0, (v - D)@y + O(mgh) E g

EEFREI RN BRI FR AT A B
HQET : %7 A;;jf FIEFF , EQCDHSRESAIEFT .




i HQET

The full theory is QCD, the heavy quark part is

L=Q(ih —my)Q

In the limit my, — oo, the heavy quark does not move when

interacting with the light degrees of freedom.
Even though for finite m,, the quark does recoil, the EFT is

constructed as a formal expansion in powers of 1/m,, expanding
about the m, — oo limit. Recoil effects are taken care of by
1/m corrections.

Quark moving with fixed four-velocity v,

p=movt+k kLKmg,

88



i Heavy quark propagator

= Look at the quark propagator:

—=—
p

=i
p?—md+ie 2mou-k+k*+ie

l

= Expanding this in the limit k¥ « m, gives

149 k , P,
-1 —+0l— | =1 — 4+ 0
2V -k + i€ mg v-k+ie

= With a well defined limit - 1+ ¢

P, =
+ 2

k

mg

)

89



i Gluon Vertex

= The quark-gluon vertex
wa

—igT*y* - —igT%v#

= using the spinors and keeping the leading terms in 1/m,,.
= In the rest frame: the coupling is purely that of an electric charge.

90



i HQET £,

HQET Lagrangian:
L = h,(x)(iv-D)h,
= h,(x) is the quark field in the effective theory and satisfies
P, hy,(x) = hy(x)

= h, annihilates quarks with velocity v, but does not create
antiquarks

= Mainfest spin-flavor symmetry of £

91



i Dividing up momentum space

= v appears explicitly in the HQET Lagrangian.

= h, describes quarks with velocity v, and momenta within Ay¢p of
va mo

- —

/va

—-
Apep

= quarks with velocity v' # v are far away in the EFT.

= EFT: look at only one box. Full: All of momentum space.
92



lml

85 AXEEIE (HQET)

E. Eichten, Hill, PLB 1990; H. Georgi, PLB 1990

Ly
_ JMG

To 1/m order, L=Lo+Li+--, —_Qu J_Qu 20,

Q-
18 Tflavor and spin symmetry

3 ) a a
TO 1/m Order, . D7 Di o ﬁGaﬁ UQ[DEGQ,'}] - UAUQB{DL,GA’?} ’ {Di ,U'Q,QG ﬁ}
see Manohar, £Lo=Qu|iDv-erytesg 3 -cpg— ——opg g 1 ticsg S’ temg— 05—
PRD 1997

j_)icrmst;mf”,l)u+ oY DYGy D, y+ D, 4G\ DY =DYGogD,y) DD, 4G+ [D, 4,G**ID,,
CW’ng Cp'p€ S’ TICyE P
G, .G G. Gy v G 5GP G GMy v [G*.G,F]
af « B « av p QB
+€A1gZW+C‘4zQ2ﬁT+%3g2TF( Tom’ )+C‘44g2TT(#1T) icg g’ T

. 2 O-G,B[G#QBGW{}]U#UM
a2 16m°

VEGERLEZR , HQETH,ZIN EFOINRQCDH I E—HF. {(BERIXFAEFTHIpower countingdFEAR[E
. HQET BXF “2 MR | NRQUDEXTFv/cHIRFF, NRQCDIZHHQETEA 93

Oy (7)




HEEEE

IR HQET = soft interaction

7% & —>slightly off-shell heavy quark one-loop self-energy p = mQZ +q

Obeying g<<< m, -

- ~

/ \

mv+q \

d%k 1 U
Fl"(m'q; d) = f

2m)2 ((mv + q — k)?—m?) k?

_il(e) (=2mv-q—q®—ie) ; > —1+2
o (41)2—€ 1— ¢ 2 F1[—¢€,€; €, 1

il'(€) ( 1 wv-q 1 )1 F(l—E)F(—1+26)(—2v-q)1_26]

N (4m)2=€"\1—-2¢ m 1-2¢)m? I'(e) m

@ @ €)
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i 1/m, Lagrangian

_ 1 - g -
L = hv(w . D)hv + Ck%hv(lDl)zhv — Cp%hvﬁa’g(;a'g hv

= The (iD,)* term violates flavor symmetry at order 1/m,

o gaaﬁG“B term violates spin and flavor symmetry at order 1/m,

= The coefficients ¢, cr are fixed by matching, and are one at

tree-level.

= One can carry out the expansion to higher order in 1/m,,.
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ol
Jap
aYaY
IR

MAXISER D ZENES R

EBlEiEks Ahard (k~m ) soft (k~q) Xt Beneke and Smirnov NPB 1998
FER X 3 2k
if'e) 1 1 if'te) v-q 1

- (4m)2-€m2€1 — 2¢ B (4m)2-€mlt2e] — 2¢

Wilson coeff.

X I3 sk D @) =hard mode
d%k 1
Foore =1 (2n)4 k22mv - (q — k) o
iT'(e) (—2v-q—ie)™2¢T(1 — )T (-1 + 2¢)
~ (4m)ze m 0 HQET contrit.
= soft mode

(3
FRLtENN , M E—R=EEIR M EEH SR 9%




HQETHIFEE BRI WilsonFRE]

Cz = 1 E}Jﬁglﬁj
< m 1 2 m
cp =1 +? <§lnﬁ> Cr + <§+§ln;) CA] IR/RIZTIN
a, |1 1 1 m

_ “s |- - - %\/Iﬁ
cr= 14— _ZCF+<2 >In )CA] KA

— as - m
cs =1 +7 Cr+|1 —ln; Ca S)ind3|EE =il

C,=1 to all orders, protected by SR dispersion relation
cs = 2cr — 1, exactrelation

B2 AZEM (Reparametrization invariance) Manohar and Luke 1995
v—=>v+e/mp,

- b — k — e Co + L1, 1s reparameterization invariant
. isx (14 210, _ >y p p
Q, —e ( +2HIQJQ E = m2+p2_m+')m_gm%7




FE B HQETILACAIHT /5

% ZBRAfH

Cohen, Freytsis and Lu, JHEP 2020

Amplitude matching

(with Feynman diagrams)

Luv[P, @] Lo, {-AUV (Pz‘)}

w/ IR regulator

Equate to derive {¢;} f)

v

{AEFT (P;)}

LerT Q]

w/ IR regulator

Requires knowledge of a basis of EFT

operators

Amplitudes needs to be computed twice from

the UV theory and the EFT

Breaks symmetries in the intermediate steps

Functional matching

(our prescription)

EUV [(I)~ Qb]

/ \

Pe[p] — K, X

1 Enumerate

Functional
supertraces

l Evaluate

v

Lop (] Limi® (9]

« No need to know the EFT operators
in advance

« Direct derivation of the Wilson
coefficients

« Manifests the symmetries in a
transparent way



EEHQETILARAIHTTA | IZHS

+ Cohen, Freytsis and Lu, JHEP 2020
Matching condition:

4
EFT = fd xZC = Suv|o, ‘I’]|¢>=q>l;[¢]’ /(14 ZC, heavy Oi(0) = 5 In Sdet ) _
: b=P.[]

1 (1) (1) 2 gmon-localf 4 . (})
EFT = /d € Z (Cl heavy + Ct mlx(}d) Ol(¢) ) fd4;z Z Ci(.}nixud 0i(9) Sdet ((SSEFT[O]) _ %]I]Sdet ( EFT[‘>]

52 .SU [O (I)]
P2

Sch? 52

non-loca 6251]0}1—100;\1 |
SO 0] = SUV[¢,‘I’H¢):¢C[¢] = - InSdet ( Eggz 9]
Lgcp D Q (IID — TTIQ) Q, El[l[oéll—zl%cal > hy (H “D+il)p, ﬁ lDJ_) hy .
Calculation of supertraces:
d (1-loop) { 1 (Prf:n ©i
/d xLppr @] = 5 log Sdet (K — X) b §S’I‘rlog(K - X) - R 1
i A I BT —
N 2 STr IOgK hard 2 ZI n STI'[(K X) ] hardr . (’0
= Pis 2
Covariant Derivative Expansion (CDE)
STrQ(P,, Uy) = j:f ddz f e Q(py + i G 0%, Un()) .
_ - ( 2)n 1 (827
= Z n + 2)71' (D{al an}G.u'V)a 617 I D‘{Ml Mw | Z /‘rr(l) ' .u'o(n) :
n=0 (TESn
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HQETZ R

Why sky is blue
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i XAt AREER-RayleighEEd

a] WA SPRIFEFEET

SRETKERE.

« AIDYGREEA~5000 A » [RFHIRT ~JLMA, BEIEFRILE

9 RRI R,

55

- Iyt FEEE < RFHIEIREE
FHYSERMERRET;

E, K AE K ag" < Mgiom

- [RFILF

earlERY, A~

=S

s, BILA

, B RFE= S5 65

L
<

(E2
V2 AN

JHQETHA
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i XAt AREER-RayleighEEd

BBIEeHIR TS ERRFHIRSFHEHEE

R, BRSERT

SINEEIRE

1
eff_¢v(lv d), __F vEHY + Lige

— ¢v (lat)qbv
Symmetry:

JRF IRV (LIBALAZEE

v#=(1,0,0,0)

__F F +LlTlt

, BRI ERIFRIAE

.

M Parity

102



XA 2IERT-Rayleigh i 4/

Ling = C1d3 dpFn FY + Cob) o, v¥Fy  vg FFH

['mt = Qo ¢v ¢v(C1E2 + CZBZ) + - Ao %J??EI}JR?—
vl
dimensionless Wilson coeffs.

Ew = (E,B) E~— 4
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I_LEE.‘EEJ:I:’AE

6 4
ORayleigh X a Ey

EITHQET, symmetry, K&

Rayleighgiis:

7R ARER |

ENFEENE:Y

AT

HERY-Rayleighfi

A

HHIEN DT
“E?2.

lig:2
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Part 3B) &EfuFBiiE e Zselected

topics

ERFEUIEC: K5 FiReY
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hml

YS(HEET vs. HQET)

i EEEl J/ .‘&&I:

Z B F-BFEENIRE | AfLM#ME{EEZunresolvedikytF -
e (p1)+e (p2) = e (p3)+e (pa) + Xi(gs)
BIRPOEFREEERERS : E, < m,

Goal : MISEIAMNEFTREXEIAZIIE. BXKRASEHE =L/ /m.

EA  BEFATERIRNIL gy A ELATSAILESS, Iﬁ)\%ﬁﬂ HETEEFF/
Ex&ﬁ REVIEN B SEZEFTH N

P

Y23 1 : /
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iiﬁ@%?ri%%ﬁ & eikonalif{il

SistmFasgEsn PP = mot O pid _pta
AFIRIRT |, Bt SBIMRAVER FHERBF R LURLS g %
. PrHgt+m. . p+m, p+1
Arpt+o=¢ = = CE) o)

— =1 — = :
P+q2—m2+i0 2p-q+1i0 2 v-9+10

EHS N YOLTRIRIBIILNELy AP (e 0 Py (e o)
BRSO FHOMaTAmail et
R RSB TR AN R BNEE A E RN A EFTARE ST ?

&2 . Yes, BEEFBRIEIL(HEET) exactly fulfills this goal!
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HEET: fEARE B e iZfvaRscFiasy

Heavy Electron Effective Theory (HEET):

4
- ) 1 . .
Lot = ) o, ()i - Dhoy() = 2 Fun F* + ALine, D = 0+ 10y

1=1

hy @ HEETH LTI 5H5F, SR THQETH b5 52 1s

B NAAR R R BT, AN ST O =8 /me
Super-selection rule: iBivelocityizEIAIE—MNFEFE

Expansion parameter: A=E,/m,

Underlying symmetry: U(1) gauge invariance + heavy electron symmetry ...
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B{ERIn : 4&K+Fcontact interaction

7 AR BAE FHL B T S B N B 4N N6 4 B F-contact interaction:

ALing =Y Ci(v1,92,03,045 M) by (¥) Tty (%) Ity ()T iy () 5
i

Wilson 2 #(CH & = Retr (> m,), MILEFTZIERREERYE  E, < m,
RAEEWSLMERF. U ERT IS MEEMUEAR X mENHERT (with covariant derivatives
or more fields),{H %4 M 2 lambdaZs I B AR .

B2 Nt A AT EHN 3K MEA RN ERT(I S A 515)?

AL, = Cop(v1,v3) h2, (OB, (x),

REA : v1 not equal to v3, HRFEEITERIsuper-selection ruleffht !



HHSEEE (soft Wilson line)
FRLER | HQETZ BB e X B PR R B T E

semi-classical picture: Z&{/}Fsoft Wilson line

0
S;(x) = exp |:—z'ef dsv; - A(x + sv,-):| .

—00

o BERIFLA v =p; /me IRE LIS , HULH »©) ="+ ZIE
(ATEEFREETH K | AHEEEEIINCT 5 RIS PRNT)

E e THES -8B FIERTT , HEWilsonZEFlefIE—/ , AL ESR
St FiEEIReikonal &1 -
(y (k)|S:(0)]0) = —ie f_ : ds v (y (k)| Ay (sv;)|0)

v; - £(R)
—v;-k+10°

0 .
= —z'ef dsv; - e(k)e"Vi*F = ¢
—00

AL BERS N PO RS 110



SR EEFTE X /1R MG LR

(Field redefinition/decoupling transformation)

Xof izftefield redefinition: 2, =Six) AP ), 5| A\sterile HEETigh _vA0
HEETH FREAHIZIRBITZ R B B371E (BB FFIEFERE)

P, (%) 10; - D by, (x) = hi) (x) ST(x) iv; - DSi(x) K (x)
= 1 (x) ST () S;(x) ;- 3 hQ ()
= ﬁ;?) (x)1v; -0 hg?) (x).

TR FIPINERERE R, FTLAWilsonZ 8EfIRIH

FE - B F RS iR A s 3 so 2 B B F 4B FHE B /FRRINZIE :
(RIE D EAN A EREEAVE WilsonZ )

AL =Y  Ci(v1,v2,v3,04) KO SIT:81 1O 7Y ST 1:.8, hY

v; - DS;(x) =

111



‘_L 7 - F ST RIE TR

RITIRFER R, - BT (FREE RSB FHER)
XIRIHIHRIER] LA FAL /99 AL

M = Z C;u(v3) ' u(vy) u(vg) I'; u(v2) (Xs(k)|§1; S 5‘1 $210)

= Mo (X,(%)|SE 81 5T 5510),

IRIBAT AR AL AWilsonZRE x BHREAXFBGTT x X
WilsonZzA9%EF% 7T

SRS LIET BIQCDEREFIEST , BIMEZRERT WilsonZ25E
NEGBZERIAERE
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HRNRFHRIUNE TR

RN EYEE AT IR L9 o = H(me,{v}) S(Es, {v}),

1 d>p3 d>p4

H bR E H(m,, {v}) = -
= MoV = S B8 — 3] (2m)32E; (2)2E;

IMeel?Rm)*8@ (p1 + p2 — p3 — p4) 5

ERERZL S(E,, {2} =j ‘ (XI55, 51.5,/0) ‘ZO(Es —Ex,).
X
TERREFNER R EEB IR R EARE - {2} ={v1,...,04}

EMQEDIZIERT , BRI SIINRE , MEHMBEZRINLEL , BinclusiveEE—ERIESIR.

BT AR PR LR HIZT A B (B R R PRI RGN A RY) |, AT LAHEN B HEETRYWilson R &I RIAIERINAER
(HIERRREF). BEENERNREMREYERIEWIE | ST AR AT AR
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Part 3C) EafuFHWIE g Zselected

topics

QCD#5E8 (QCD static potential)

114



RIEN TS ES RIS ERES R ZEEESHEEE

(color-singlet static potential)

e AZRIIERIREN - - rectangular Wilson loopAIEHREE(H:

— o — — — e — — — — —

1 |
V(r)=— lim — 1n<tr93‘exp(zggsdx“A#)> T r
r L

T—)m ___________

ZSNBBeikonal&fd ~ identical to HQET with vAmu=(1,0)

p

pa
1.1 i —1g, 1% : i. :
Y ig % ig 40 ) : ootid)
W, a
(a)

(b)

Feynman rules for (anti-)source propagator and (anti-)source-gluon vertices.



S AERE ( KEIEEE ) aiEdiinieiTs
S RLR: =EIfEh

Anzai, Kiyo, Sumino, PRL 2010; Smirnov, Smirnov, Steinhauser, PRL 2010
Lee,Smirnov,Smirnov,Steinhauser, PRD 2016

o Ei ] ¥
HBIAYZEEE (up to three loop) J ’ ] Q

SRR G B ) i~ O

https://mediatum.ub.tum.de/doc/1121280/1121280.pdf

7O = -7l 0ol (DY, BECHERHESHEL

(S sy o]

00|
‘Véh y
[telele o lelolelo)

s

. 4WCFQS(|Q |) S : ,
o — 3;)ch 29_0Tmf @.3) V(7)) = q—2 - (2.5833 — 0.2778n;)
4343 mt 1798 , 56
ay = +4m? — — + 7«3) C(3) CaTpny oy 2 )
(i e )oi- (5 : ) +(22)7 (28,5468 — 4.1471m + 0.0772n7)
= (3 = 164(3)) CrTeng + (ngnf) , (3.4) m

N
X
+ (—) (209.884(1) — 51.4048n,
where Cr = 4/3, Ca = 3, Tr = 1/2 for SU(3) and ny is the number of light m
quark flavors. At three-loop order, infrared-singular contributions proportional
to In(p2,/q?) start to play a role (see, e.g., [22]). The accompanying constant + 2 9061?‘13? -0 0214?‘1?) + ...

a3 = 64 (209.884(1) — 51.4048n; + 2.9061n% — 0.0214n?}) (3.5)

has been calculated independently in [23] and [24].



BESEHSE: ILRGINCMSfIE=QCDNE
?ze1,\?—ﬂﬁﬁ;"§alpha_sﬂgiﬁ¥ﬁz

A
-1 : 0.14
3
- | 0.07
(b) ,._'_'.—?i_'—_-'..';_-:.:T:- e ﬁ"\-\.
! #g! ] 0035
fp-
= |
= * JLOQCD
_%—5' ¢ Takahashi et al. o ]
- e Necco, Sommer Anzai, Kiyo, Sumino, PRL 2010
_Gt
—7t
0.05 0.1 0.15 0.2 0.25
T "L T E
\.[‘:' — 9

rEIEUEEE LR AT F Upsilon(1S) Y=
Warning: rfRKRY , iE=iSlE TS, SEEREEH, filitRTeRW 117
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Part 3D) hiFEBIIEiE Zselected

topics

R ERaTET Z IR
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i AR IR — SR TR R

1909: Geiger & Marsden : alphafiFZthE AL
1911: FEENEHDFERREFSEAT | ASINRFZIIBRE

FERNGEFREI/NTIRFZRE | SRRV CAETRIKINRK | HR3H1E
ARG , FoiAPnl S S RBA AR N EREH
PR = SR

Gell-Mann#ILowfES0F- U5 7 RETREETHVEIRIR. $ERAF RERTTR
KK (0 BEANRERL T BEASK A I, R ERA R

LA 1B R A EEEET Y RRERER

Jia and Zhang, 2303.18243
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8 SChFRIMBHAZNEF (HiE 0%l 2)

IRSTAIFARER T =25 +1
(N (' N)[JHIN (p, A))s=o =2P"Fy g ( < ) F1'0(0)=Z: R (LAe 9 ERL)

q

s =u(p',N) {QP“FLU (1—;) +io™aq (%)] u(p A); F1,0(0)+ Fl,l(o): %IEW&%E(U

(N (", N) [JHIN (p, )

Ty (%) ¢“a” ( ¢ ) e/(2M)A 259 Ba1xT)

T oa T\ a2

- (QW,Q“ - QWGQ’) Fap (%) }E(x(ps A, leo(O): E%%E(L\)\e/(z M)%$1ﬁ)

()5 ()] F, o0+ (0): BRSO
9¥ Fyy (f—;) — %Fu (%)] }-uu(p, A, e/(ZM) A 3j3$1ll)

(Jr\; (p."‘ /\l) ‘Jp,u\,r (p. /\)><,-—2 :E¥f , (ﬂ’. /\’) 2}3;1, qu’ltnqn’;ag Fl 0 G_Z‘ . q”lq(‘xl qﬂ’gﬂ'QFl . i
’ s= ajal g . : ' M2 M2 - ! M?

q(x,lchI qu:_;q(!z q2 .I(Y’ (a3 LCY: l’x’
+ 2411.2 2:“_2 Fl,z (F)] — (q,‘ -2q 2 _g! -Zq 2)

2 ol o 2
alon q q-tq ! q
X [“7 a0 (Mz) ~ oz Fa (W)]}E‘“”?(p”\)'

Cotogno, Lorce et al., PRD 2020 | 120

(N (p", N [J*IN (p, A))s=1 = — 2/ (p', )\’){QP“'

(N (p", \)|J"|N (p. A)s=g = — o (P A'){?P‘”’

+ 'iO"ILVq;:




{REEREL/2ZRENFIRLIF

XS EmEMv/ R 1l/MIWERFF
1/MEFRISLARR

deos ~ 2k2sin’ (§)  MIk|sin (%) M? universal

2 2

i} 2 72 i
5 T 2 < cos 5

dea ra? 72 cos

{ ) 1 1
= — — (Fan(m E—I_ 82'2(0& H_EZ) (

2

V2 ainl 8
NNLO _"II s111 3 _1(‘

Ara® |1 1 0 2 2 . 5
a 1_'2“ (cosf — 3) + Etmz — (ilFl_“Z EFI‘IZ + =Fs 02 + Z2 cosf — %ZQ> ]

3

]

112 2 8
NNLO M < sin 5 _2'-1

1 > dra® [ 1 1,6 . 3,
( °7 ) - e —F3, (cosf —3) + ](_‘052—(lel'_“Z—i—ng{]Z—l—chnsﬁ—532)] (

(
dra” [ 5 pe (cosf—3) + S cos L (4F! 7 — 2P 172 + FooZ + Z2 cosf — zz
=— : COS ~ cos® — = cos —
NNLO _"‘Ifl‘zﬁil'lzg _1"1:"1 2,0 ‘-1 2 1,0 ? L1 2,0

(

§=2 s
do dmex 1 1 , 0 9 9 2
( )NNL{):_:"IIQ‘-iiIlE% ﬁrgﬂ(((;“':ﬁ—?} jm"’ D) (“lF 0Z — ?Fuz—}- qf‘gnZ-l—Z cosfl — EZ )]

XXk Fruniversality I (FCRLF EEERER), (BI&IATFE—
LA S vl s B pattern(why?) 121




{EREFHERTCIERYBhEL/ 2 N IR F

P EmEmEMv/ Bk l/ MBI ERF

, 2
27202 m? (M + m)g (\/i"-fg — m2sin? 0 + m cos H)

1 : , 2
K VM2 — m?2sin? 6 (_M — cos 0/ M2 — m2sin? 0 + m sin? H)
8wZ%a? rZ%a? °
N a?m? a‘m? O ( 1m )

kigin? & M2k! M4k

2

Z?%m cos? %

f{:(i() =16F} , + Z cosf — Z,

o | Universality&iR{E
fanio =16F] o + Z cost) + -;Fg 0— 382_}' . O(VA Z/M A Z)Bj\mww
f\\m =16F} , + Z cosf — ?rl 1 grﬂ,—?z, 1E1§g*rﬁ—“bjldﬂﬂﬁﬁ

fisto =16F o+ Zeost - 2Fu + 4520 - = 7, | H3RIRAYpattern(why?)

& & 19
=16F" Jeos) — =Fy 1+ =Foy — —27.
fio Wy g+ 4 cos 3 1,1+ 3420~ 3 19




ShiFEMIEIE(HPET)aJ LIS soft limit

HPETHHIABRIBREL/ 28 SR AN FHIEE(ER. Up to 1/MA 2T,
AEREN N ESRUHQET, (BiXEYIBug A B R RALF)

D? o B V-E] . o¢-(DxE-ExD) ‘
LyupeT = hy (aDn +eagar +ere—a e + cpe—am ticse e ) hy + O(1/M?)
WilsonZ AN REFHIKER T
cp =285+ 8F o — Fl.0,

MHPETHA , AJLIEESRERQEDE NI EREARIEEING

HIEE A 2EBRF B e E R ENNLOR T HIL
Muper = —\/1+ e %%{ — Zunrunru(k )y u(k) + %M\nu\mtfk )p’ - yu(k)

_f'_r”Nn [g ~t ] unr(k' )y u(k) — cod unrunru(k’) “u.(i.')}

4M 8?2

4M

2 72
- = Zunpunru(k' )y u(k) - —ILNR g , ] unra(k")y u(k) + uNRuUNR (K )
q2 8 UQ

deo ra?Z? cos? g walZ? cos? %

dcost

EFT 2k2 sin* g M k| smz g
2

- (2% (cos20 — 1) + cpZ (cosf + 1) + ¢ (cos O — 3)]

8M2sin* & *

(b}
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Part 4. ZIEFHEXISIERFARINREFT
(BANR scalar field theory,

NRQCD/NRQEDH &)

124



$Why NREFT ?
O EAANDRBIBES: : QFT = Special Relativity + Quantum Mechanics

ExdiCESEFiFIEB A Lfar-reaching consequences:
SR+QM - [fiiF, BhE-FitEE, CPTEE , ...
RFPIE (A SEe. BiE. NFFEEZRNS)NEFRIHEES

O PAMn, KSEWNIBETURAFTIIRIIAIENICERSR. IR, RFHDF
g, EFHFE  BESYHE.... EEBYE , WERASSHEIiRES,
GPSHIHE(EIINRGRIEBFHHHELL), ...

* JEEXTIeIRFREIREtaking ¢ — oo limit
* NREFTEIAIERelativistic QFTEY{KEE(ER) BUZIE
* NREFTRIRF=EZV/c, orsimply 1/c



ZENREFTERRIMIEZES

BEXNSEQFT{EIunderlying UV theory: ESRMERNFFIRIFR7RLA
N A EREERIS:

RGBS |, RIFFIRAIF ( =71 ) F1ERE
B5i>2 mc?; EARERTIC(RBE)IRBR T , MIFFO/AIFPH
PEAEDR | 1RILLERS

EEXTICIRIRE MR FEF IR AL (27 V& H e mn 5l<FiE
Diracz 111 47 fi#

up —ipx 4 bS 1l oip: x)
1ESRER Y 1735115
EREXTICIRIE T, sREARMMERIERIZRVIESFIFINERD , RNERBA FAIRALI T (V)

L 2
Y(x) = v(x) P (x) =f b 2 aés e~ (x) :f d3p zbST s eip-x)
x(x) NGO * l<n (2)° s=1 7

126

Y(x) = fp|</\~m (2n)3\/ﬁz(




i e N
SSchr = [dt [ d*1x Lo,

. V2
*CSchr — (P (latcp T % )(P
Scaling transformation: & A%FR

Klein-Gordon: x - etx, ¢ - e 2 *¢

d-1
Dirac: x »etx, Yy 5 e 2 ¢

127



Warm-up: SCHRE1FRINREFT

. _ . Jia, hep-th/0401171
BRiZaN T REiHtoy model2underlying theory:
1 1 A

L = 59 D M — 3 m? ¢? — i bt Vv \\\,,,,///

ESRRIFOMER 0= o (U | S EEARIE,
Y AR B S T oxp (£2imt 1), BNSEIAT FNREFT:

Lyrepr = U° (-i'c"‘ + v & )IIJ - %(ID*\P)E - %‘F{II:*II;] V() + - ]

“TOMy oMy

EFERXICIRPR FRIFETE -> U(L)MBERAZESE
RS MATEISH, EHBEFEY - (- D v ()

FHRIRizzNGE |, AJS RN FIENAZZUAINREFT:

VA v Ve
L=y | io R I\ /A T
[ (& o 2m i 8m? i 16m?° i ) + ]

128




Field redefinition and

+ Iagranglan

mz + 7€

) \V& 0? A
L= (0 U — U2
(? t T 2m Qm) 16 'm.-z( )
(14 V2 V4 T — m 1/2 ,
4m?2  32m? vm? + k2

\Vi 2
2My

B\ G
oM, 1

Lyperr = V° (iaa +

NREFT

(U —%v(qf*xp) V(U) +

129



‘L Tree-level matching

To = 4m? Ao . ><

A = —Co = 22kt — Ki)? + (ka = Ky)?] = -

130



‘L One-loop matching
X o>K Y K
P2 X 200X

Full theory:

N T[2-D/2] . D/2-2
ml1-loop . 1 - ) o farn 2 .
Tl-loop — o Y mA-D (17)D/? /0 dx {[l —x(l —z)s/m” — ?.-E]

+(s=t)+(s—u)}—0A,
NREFT (S-wave amplitude):

AT — 0y = Co(Ty + Iy) Co — Co k* = 5Cy — Cy k2.




2+ 1 4B} 25 ffjzero-range interaction

i (T R T B R )

D=3 rich physics occurs
Point particle coupled with Chern-Simons gauge field:
Aharonov-Bohm effect, Fractional Quantum Hall effect

|11

RIEANEINS NG , B EEHRIIE BRI -
Quantum scaling violation,
dimensional transmutation (4 & i A%)

Just like QCD

132



3D one-loop amplitude in Full theory

and EFT
12, hep-th/0401171

Full theory one-loop: UV finite (super-renormalizable)
A2 i 2m\  im k2
ml—loop . 9 1 - — | —
Lo = AT 16mm [2 " (l 2;112) [hl( ke ) N 2] 127}12] '

NREFT one-loop: UV logarithmically divergent

L__m evp?\° / d*~%¢q 1
YT 2 Udn (2m)272¢ g — 2mE — i€
m [1 , }

—— | =+ Inpg? — In(—2mE —i€)| .
ST Le

P 1 (e p? 6/ d*%q  3k* — 2k2q?
"7 T8m \ 4r (2m)%72¢ (q® — k? —i€)?
m k2 1 L 1

_m Lo (™) wgn e L
c) = 3 (2_??12) L +2111(k>+z.7+2} )

133



i One-loop matching in 3D:;
One-loop amplitude in NREFT

l1—loop m ;‘2 L LT v 7.2
i (2) (- ) B0 5o

qf m C3
. (5(.-‘0 == — —,
Counter-terms in MS scheme: 8w €
opo LGB
SCT, —
2 2(87)m €

Wilson coefficients at  ¢o(p) = 4)‘ = ( 4;\@2) ( _‘ffr) [ +1n(°;”)] + O,

one-loop order > ,
m 3
( ) { 111( )] O(A?).
4Am? “%‘rm 6

H




Renormalization group in 3D

‘_L NREFT

o m C? m\2 C3
CE]B = l(b +——+ ( ) L ]

ST € S €2

#IQECG
1 — mCo

BT €

Using the chain rule, we find the following beta function:
2¢ C2(Cly, €)

m
— —2¢Cy + — CJ‘UQ .
4

f} ( C‘TD , E) —

135



‘L Dimensional transmutation

1 m AN
Co(pt) = —In | —
o#) [(J’U(A) " A (,u)}

Similar to the Lambda_QCD in QCD, we introduce a new
characterisic scale

47
p:Ae}ipl - ]

m Co(A)
A7 [ p
Colp) = éln ! (L)

136



RGE for higher-dimensional
‘L operator

(B 9 Cy 1 3 1 3 3m  Cy
Sy =1 R — _ _ _
2 =/ (1 _E@y 2(8m)m € (8m)2 e 2(87m)3 €3
8w €
- 1 C?
2 Co — 2(8m)m TO
—# m Co\?
(1-%2)
| m (2
8((12 E) — —2¢ CTQ + Cj{]c‘g — = 0 .
T 3TM

In the g — 0 limit,

Ca(p) — Calp) | 1 p )
: = — In | — )~ (2
Ce(p)  Cgp) TR I Calp) ~ g In (,u)

7




i Binding energy (attractive)

>< >©<>©©<

— {ln :
Co + (Y AQ 2m? ) “.

~ —— exXp |— |
b m P m|Co(A)|

i E ) + — +O(p*
More precisely 2~ o |1 ceip) P T e TOWD
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IREIHNREFTHI—/BIF (just for fun)
A LHRFZERYEET]

Feng, Jia, Sang, 1312.1944
SM Higgs sector{Egunderlying theory:

Ly = —{6 H)? - —1IHH2 — £H3 — iH‘-‘ 20y m— 1

2
”ZZ“Z H+ ”ZZH.Z H? - — TURH -

MWoH + U“ —WHrW o H?

(Y

AR UVIR SR ILECEIZ0 FRINREFT, FHEHWilsonZRE1C, and C,

\%& a2 Ch .
Ly = U*| 10 U — —(U*0)2 — —=V(I*0) - V(I ) + - - -,
NREFT (1 e+ 3T, 2”H) ( )" — g V) - VTT) A ]
Tree-level matching: meeees!

FIG. 1: The tree-level diagrams for HH — HH in SM.

A{S{?w;wc: NREFT — _C[] - CQ‘[':E + - C‘{{} _ Cf B
"L.'i"”-i.

ﬂ’éﬁ‘%ﬂ‘%ﬂﬁﬂfi@?Zl‘EﬂﬁEﬁE&Eﬁﬂ&%I7J 139




(heavy quarkonium)
SrameHESRIIRES R MRIIEEICERES

%, 9% @9 u.
)W, n. Y. np B. B

ESREREQCDHREEMEF, RELFQEDRMIEHREFEE,

ittpion and nucleonigjEe !

i’&'ﬁ*ﬁﬁﬂiﬁﬁﬂlﬂﬂg "IERBEFER" : ESREER

Charmonium — the Positronium of QCD

BSRERTMRQCOMMEERE, ™7 .
SRR AT LS R E
interplay

S nERESMEZIERtEERSMA. Ll
1FHQGPRYIERBIRET ; J/ ik photoproduction AF RN FIR
Siktil5(QCD trace anomaly) ; iBEIBFIREEIN RPRHNS=EE ...

140



Rule of thumb: ({8 EER(BERN=MFIEEEIR

E—ERHEMESHRESEZ © Myes) — My, Myes)— My = 600 MeV
E—MEMERMESHRESR | My, cp,)— My My, ¢p,) — My = 400 MeV
EFIOMEIFAfEL , mv? = 500 MeV

= 500 1 o
2= 500 1
Eit v e for charmonium
= 500 1 .
2 = -
2700 = 5 for bottomonium

cC bb tt m> mv > mv?

M 1.5 GeV 4.7 GeV 180 GeV | Thusv can acts
el Mo | 0.9 GeV 1.5 GeV 16 GeV e’;':::‘se'fe':
Mv2 | 05 GeV 05 CGeV 1.5 GeV | P

: ) : :
Curiously, mv* ~ Aycp for charmonium and bottomnium 141



Rule of thumb: {(4EE=MSIIGEIRAYRES B
AIR

large M limit (Coulomb-dominant):

4as(1/r 1
Mv2~§ S(r/),rva—v = v~ a,(Mv)

“small” M limit (assume linear potential dominance):

Mv? ~ Kk?r 7"~i = K~Ayrn~Mv
" Mv Qcb

If Coulomb and linear is equally important, plausibly both scaling
Rules hold simultaneously

3/2

cC bb tt
as(M) 0.35 0.22 0.11
as(Mv) | 052 0.35 0.16
as(Mv?) | >1 >1 0.35

Application of pert. theory at charmonium momentum scale Mv is questionable 142




ZNRQCD/NRQEDEFHIMIEE S

HIIEBHNEBETEER)TNEX AN EiES . QED/QCDIEAUV
IH1e:

Locp = Liight +§(i"}/‘“D — THQ)\I',

RSN ERIENR | AU FHIRALF (29N ) F(ERE

BE>2 mc?; FEIEFEXNS (REE)IRPR T , AUFFORi—FB
PEERR |, HRItIES

EEXTICIRIRE MR FEF IR AL (27 V& H e mn 5l<FiE
Diracz 111 47 fi#

up —ipx 4 bST oip: x)

TESRERSY £ERSY
FFFERTICRPR T, sREARRIMEARIRMEAVIESFISSRERD |, BIBRFERAL AR F(Z9N)

lIJ(x) _ Ip(x) l/}(X) — f d3ﬁ 2 asfs e—ip-x ( ) j d3ﬁ ibsf s ip-x)
= = > X)= 3 e
x(x) IBl<A (27'[)3$=1 ’ * Bl<A (2n)35=1 p 143

Y(x) = fp|</\~m (2n)3\/ﬁz(




QED/QCD vertex vs. NRQED vertex

By construction, NRQEDfYHilbert= {2 2566 2 K5 F, IEEB FHIERESS
F, (XEQED Hilbert=S[EfY—FE&

Feynman rules in relativistic QFT such as QED is deceptively simple!
A simple QED vertex captures 2° = 8 different kinds of physics

YN YN

e —e +7 e +v—e T4y—et

ete™ — v ete~ v — nothing hing — eTe ™y

In the 2nd row, photon is too energetic, must be forbidden in NRQED 4



NRQCDEFY : FREEMHEME(~ m)BNEFIH

Caswell, Lepage (1986); Bodwin, Braaten, Lepage (1995)

A Integrate out relativistic (hard)
quantum fluctuation
QCD . .
m IRIEMEE R, eI LITE
perturbative matching perturbative marching

" “This scale separation is

mv usually referred to as
NRQCD NRQCD factorization.
-------------------------------------------- ul
nu_;__F.‘r:}F.‘—pE?}'.".'e'F'EJ{'F:‘E"l'E? matching | perturbative matching The NRQCD ShOrt'diSt.

coefficients can be computed in
perturbation theory, order by

PNRQCD order
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Foldy-Wouthuysen-Tani
*transformation (FWTZEHE) 1950s
XJE

=5 ) (% 7)

SZ&HDiraciZftiFWT transformation: Diracepaull basic
Y - exp(—iy - D/2my)¥ = exp(—iy - D/2my) ()()

FWTZH B2 XM X B ES esectorfIQCDHIK=
BIEMNFERRFc a0y Ty , xTyRJoff-diagonal —iREY

BHEHEZFIQCD/QEDHIKE | ESTHEXIUAIZES :

()

RERNAESXAfrephasingZifexp-imt) BBk -

—mgq + 1Dy + D?/2mg 0 P
0 mg + 1Dy — DQ/QWLQ X

o




REREZR (velocity scaling rule)
{ v~ ags(Mv)
Operator Estimate
¢ (Mv)*7?
X (Mv)?/?
Dy (acting on v or ) Mv?
D Mo
gE M?v?
gB M?v*
gAp (in Coulomb gauge) | Mv?
gA (in Coulomb gauge) | Mv?

[

ES[SYINED

P. Lepage, P. Mackenzie, 1992
E. Braaten, hep- ph/9702225

(H|H) =1, /:1

H

(
(i

A° (potential )more important than A (dynamic)

|e gamma> higher Fock state in H)

=TT HTE
(FEEAGE )
M3p°

(85 —
gE ~ —gV Ay ~ M?%v3,

(id() —gAp +

Vv?)

2M

72

[ APz i

/(l"i.r W
(1Du — o

YRI5 e
) =0 = gAg ~ Muv?

+D?

DE
2M

M

oM "

i T gl.’l!f“--'li

(Muv)

H> ~1 =9~ {JI:'}:]";‘E

of 1) ~ a1

= D ~ (Mv)*?

)L _[}:>D”W11rl

gA— g ANy~ T 55 0 =i g s M
gB ~ gV x A ~ M?v?
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NRQCD Lagrangian

William E. Caswell and Peter Lepage, 1986

L‘NRQEID — ﬁlight + L‘hea\f}' + oL.

1
1 d3 x~V~
ﬁlight — _Etr (_:p,z;(;m; -+ Z@EE’Q, f (Mv)?
D? D?
_ at s — s T = 4..5
[ﬁhem’y = W (3-Df+ 24?“,) v+ X (LDf QJI) X M 1%
— 3 — 2
0L = 5Lbilinear + 5L4—fermion [ H_f d>x L =Mv ]

C
8 Lpilinear = === (W1 (DH2Y — xT(D?)2x)
8SM

Cp + t 41,7
+8M2(¢ (D-g—gE-D)Y+ xy"(D-gE —gE-D)y) M*v
C
5372 WD X gE — gE X iD) - o + ¢ (iD X gE — gE x iD) - o)

C
+ﬁ(¢+(93 o) —x"(gB - 0)x) [ H=f d3 x 5£bilinear — MV4]
Bilinear sectorfizz{_EF1IHQET—#¥, {Hpower counting ruleE2A[E 148




NRQCD Lagrangian : 42X 8T

Such terms are absent in HQET

n(A
0L 4 fermion = Iéd(n_)‘} On(A) M4U6
(5L4—1fermion)d:6 3 L 3
S S
= f1](\/120) 0;(*Sp) + f11(w 1) 0:(°Sy) + fsl(wzo) 05 (*So) + fSI(VI 1) 05(S1)
01(*So) = YT xx™ 01(3$1) =ylox - xToyp

0g(1Sy) = Y17 - yTTop  05(3S1) = YTaT% - xToT

Pt = X

ATERFERFHIWilsonZRE T LAZEZ—-NRQCD HamiltonianA~Z/EKAY

Q0000
A ¥
00000
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i NRQCDESFHIRIFRIE

SU(3) BRISEXITRIE
AT
R e AZT M

b — i(x'o2),

B RFI A

Braaten, hep-ph/9702225

X — —i()lon)!

t,)(?fl") — ﬂ;’(t: —I‘), X(f},r) — —X(f;,—l‘)

BES SR EAIFRIE (

AL, RAIFEL7BIFIE )

i3,

Y — e, x — ex

(IEERY ) ES5
v — U,

FIEXIFRME(U, V AIEIZSU(2) 5B

x — V.

b%)
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NRQCD/NRQED Z2m|
EEHERFERFRSR (RSR ) EHEF

eASERI B RIESHYIIEIE , IFRESHRIAFEISHERRES, EULER
BT . A0 (potential YELVATREE

— time
temporal gluon spatial gluon
10 b 10ab (6"’;-?' — Zi[j/lz)
12 [2 + i€
quark antiquark
= > . —
i 7
po — P?/(2m) + ie —po — P?/(2m) + ie

Single pole only. In contrast to relativistic QFT propagatoks;



S5 (RS5%R ) -BRFINS

‘_L NRQCD/NRQED Z2m|

wTiPOd} — time HiDox
JEEAR T '
Leading in v
—igt, gt
ANESoK
%DT%%D —XT%X
SRETip.A % %
VIEAK - — 7
p p p
9"t b g
f‘jj HEIDEIAZ Wiy —x"2x
L AN M,

. i o ijtota+perm.
tg 2m tg 21 152



S5 (RS5%R ) -BRFINS

‘_L NRQCD/NRQED Z2m|

— time
wT 8]2:3 _XT 8]3:3 X
S B e = | —
P2 EERER i
EXSIZIE
Yiep GQ'%BID —x"cp GQ'%BX

l . R oKIN-H4FEAE l I
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NRQCD/NRQED Z2m|

i S5 (RS5%R ) -BRFINS

— time

D-gE—gE-D
’l([)TCD . STrLg l/J

————  ———— —— _— 1
CD

. 17t,
YCDI gm2 DarwinIk

Q,Z)TCD D.gE—gE-D T/J

S

. 17t,
—icpyg 8,2

1 D-gE—gE-D
X €D 8m2




Sr (RSR) -BRFR=
spin-orbitiis

‘_L NRQCD/NRQED Z2m|

— time
(iDxgE—gEx:iD)-o (iDxgE—gExiD)-o
chS 81,2 ?7D XT €S 8m2
| |
I |
| |
| |
I |
I |
| |
Cs Ccs
€ijkPiPiOkt €ijkPiPjTkt
LI R p 7 ] LTI R 2 ]
€sy Am? —Csyg Am?
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. B - RESTEXITEE
Beneke, Smirnov, NPB 1998

W

lml

2¢ d
Co (m*,m?, s,m*,0,m*) = - 5/2 / d T
im?/2rp W+pr—mﬂw—pr—mﬂu—@2

2 1 \'™r 1 3 1
IUJ ( ) (6)2F1 (— 1‘|‘€,—1‘|‘_2)
v

e\ m2v2 2 2’ 2’

_laf [ s R 2
U_E_ W_l Ao (m*) =m (GU—V"HHW-IJ)%—O(&)
\ 1 /_LQ
SHRXEERE By (4m?,m*,m*) = i S O (e)
C()(mQ m23m20m2):L i —9 iﬂ.ln'u—g_ﬁ2 _2111#_2_'_4
’ ] ) Uy 4m?2 €IR 4m2y2 m2
+ O (e,v)

=RRERC R
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NRQCDEE=FMKEEIRT\ : &k , 8K,

Beneke, Smirnov, NPB 1998

2e d ¢ 1+e

s .70 - h_ M d°l _op 4 1\ I'(¢)

hard region: | m,l~m I —md/zﬁ,/(12+p,l)(52_P,Z)lz = (5) ( 2) 1+ 2
B 1 2 ,u2

. 0 e dl

soft region: [* ~ muv,l ~ mv Ts/us _ / —0
. ixdl2rn | (P-0) (=P 1) 12
ultrasoft region: [ ~ mv?,1 ~ mv?
potential region: [ ~ mv?, 1~ mv
7o /’L26 / ddl
im2re J (12 4 POj0 | m2u2) (—12 — POIO 1 m22) [_ 1-q)°
p -1 41 _p 11 N\ A (124 ¢
/2= 17“p \/_ m202) (1—q)® o s\ m2u? 2e

— +imln
€I R 4m2’02

Zi’*ﬁﬁﬁ: “$" region 157

. e (6,02)]



‘L Sommerfeld i 5k

IR, (%) B R A 45 A S BT AR L T 354
B T AL — AR T -
Czarnecki, Melnikov, PRL 80, 2531

2 4 2

SRS (1) {1 4 Cp (%) (g—v —4) +COp (%)2 :OF (1;)2 . 2% + ) + ”

R C s 02 2.2
o = Ofo(0)]= oOf —CETAl Ly Crmas | Crmay
= 1 —exp(=Crmas/v) 2 12v
y Y R \ e

E IR 1) % B o )
Hisano et.al. PRD(2005); Nima et al., PRD 2008

XT TP BB WA DR T K AR \
WA LD L
BT, (EIRATRRE T,
ORI 2 % B RN, N . w,

b)
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‘-LNRQCDIZI?A’GE’:‘IEE'\E

EEEERE =D ERFNISEST ;[ M>>Mv>> M2
e ek

q\lRQCD%é}Eﬂﬂﬁ%ﬁE(ldl M). RHSADRTZ(1>1/M), EIE{'%&?JI’:WE\
. NRQCDEFtERXTERIEE VI ERAES B HWEREFH.
i\lRQCDEIﬂt#?FIXﬁ:\M v and M vZggiriYA R modes

J

Quarkonium is a QC D bound state involving several distinct scales

Olx"#ntp| H)
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Nonrelativistic QCD (NRQCD) factorization:
for hard process: quarkonium annihilation decay
and production

Caswell, Lepage (1986); Bodwin, Braaten, Lepage (1995)

A Integrate out relativistic (hard)
quantum fluctuation
QCD . . .
ml iREMEE R, FeELMSE
perturbative marching perturbative marching

" “This scale separation is

mv usually referred to as
NRQCD NRQCD factorization.
-------------------------------------------- ul
v 3__F’.‘CJ'.F‘.'—pE‘}'FEe'?'E?{FFf1-'E matching | perturbative matching The NRQCD short-dist.

coefficients can be computed in
perturbation theory, order by

PNRQCD order
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FT for Coulomb-Schrédinger atoms
Huang, Jia and Yu 2018

Coulomb-Schrdlinger EFT for atoms: (baby version of NRQED+HNET)

2 Field theoretical

2m

Schrodinger eq.

\ 1 2 ath
ﬁflmll—f-}{:hr — _I;-}Jr {fD(] -+ — }Lf + NTIDQN —+ 5 (VAD) _ realization of

Coulomb gauge (only retain instantaneous Coulomb potential)
No dynamic photons (set A=0): so will not see Lamb shift
No relativistic corrections included
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A celebrated example: Lamb Shift

Lamb
28, B ———————pssnres { = ¢ Shlft
\ 113-10° eV 22p,,
2% T | g
2 46-107% eV
4,53-107° eV ;
sar10°v || About 1058
| ' MHz
2280, 2 2Py, . 610" eV B
Schrédinger Dirac Lamb shift
theory theory quantum electrodynamics
without spin fine structure
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B8 KR FRIB R ES (BB
BERIT)

y Holstein, topics in advanced quantum mechanics

We calculate the decay rate of an atom in an excited state |B) and
spontaneously decay to the ground state |A). For simplicity we deal with a one
electron atom. Following Fermi s golden rule

( ZE)SZ 218 (E\ + wi — ES”) |{£]7]0)]°

where the initial state |i) is

i) = |B)|0)

while the final state |f) is

) = 14)|142)

The Hamiltonian is

_ —eA "
Hz(pzm ), e+ HY) = Hy+7 ]
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i B ERIEERT

We need now to evaluate the interaction matrix element

(A1(12]70)]B)
Note that the piece of the potential V involving A - A connects only states having the
same number of photons or which differ by a pair of photons. Thus 4 - A cannot
connect the vacuum to a single photon state and we shall discard it, keeping instead
only the ——A - p term for which

(£1710)] = ——(Al{1al4(r) - pIO)| B)
e 1

- T M2, (Aleize™*" - p|B)
The spontaneous decay rate is then given by
aw i x 2
a0 (2n)2 2' (1710} = T’ Z|(A|e kT e p|B)]
A

eise" T p|B)|’

or I

= 27tm2 wkdeZKA
A

164



FE (BN RB BRI REFET
<A Ze—ik-rg;;ﬁ-p B>

l

SR JR -7 BE LR 22 f eV I
S AY ) R F- ]ROST 72 Angstroms:

. 1 1
k- -r~1lelV x 1Ahc~2000 K1
A3 R L2 2 B T (multipole expansion):
e—ik-r ~ 1
PR P AR ARA o
BATHESS 2 THE a0 R T
(Alp|B)
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‘_L F{BRAEOEAT

T & T /122 000 55 & [Aaromic, 7] = —i—p

m

AT A
(Alp|B) = im(A||Haromic, T||B)
= im(E” — E,")(Alr|B)
HE|A) and |B) & Haromie MAEEAMES. FIAED —E° = 0, RAVEEZ LK
JE T ) FEAB AR AR ST A 2
aa)k
3~ 2w Ml -sialp)’

XA A2 N AL AN 3 ) B e
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=B . EFIIF e

= originally by H. Bethe

Imagine attempting an actual calculation of the energy shift due to

coupling of the radiation field
PZ (1, p|V|B, 0)]
E® O _

Lp B Wp
KR IEALT
k2dk ex2 |ewn-ps|” 1
0= G 9 2. ) 05 o

kadkd 2 pg; Pz — P kpip -k
@n)? " Fomz T g0 _ O _y

kadk e’ .2 Ipsl’
(2ﬂ)3 2m? " 3p@ _ @ _y

|pBI |2
I Z

Linearly UV dlvergent
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i R FRER I — IS IEIE

Since plane waves are eigenstates of the momentum operator, off-
diagonal matrix elements vanish and the sum over I reduces to a single term
with pgg representing the free electron momentum p.

2 « °°
AEp = —gﬁpzjo dk
The theory is, of course, incorrect for very large photon momenta. However,
we may suppose that due to additional effects the integral over k has an
effective cutoff K~m, since for k > K e.q. relativistic effects become
important.
% ~ — ia K1
E, 3
so that this represents only a tiny correction to the electron kinetic energy.
Since AE, « p* we may consider the energy shift to be associated with a
change dm in the electron rest mass
p’ p p
AEp = 2(m+ ém) 2m _2_m25m
sm=22%dk, m,,,=m+m

2 2
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= FHEE FBERAY _— P M2 L
HFRREEERMN

Rewrite Hamiltonian:
2
A= tepr)+AY) +7

am, p? 2
p (1) p
= H V+
2Meyp +ed(r) + Heap + (Zm 2(m + 6m))

=Hy+ V'
Here Hj is simply the usual Hamiltonian H, but with m,,,, substituted for the
electron mass. However, IV’ now consists of two pieces

P2
Vi=V+—6&bm=V,+V
+2mm 1 2

and both must be included in the energy shift calculation, as first done by
Bethe. From V; we find as before

2« dek (BlplI) - {IIp|B)
AEy = =503 © , 0
nm= Jg — k—Ep" +E|
while for the piece 1,
1
AE, = _25m<B|P p|B> 169
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S RERERUENRFE

[E1E

1
AE, = —
(using completeness of atomic states)

4a (K 1
= 22 ks Z<B|pu> (I|p|B)
1

3 J,

20 (K (BlplI) - (I|p|B)
=5 j dk E (k + E” — E) © o0

Adding the two contributions , we find
AEtOt = AEl + AEZ

J Z E@ — EOYBIplI) - (Ip|B)
k+E® —EY

PJK dk " K
ck—a al

37tm2

so that

K
2 (2 (0) _ (0)
(" - E )lnlEm)_E(o)l
I B

2N
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i Lamb shift

Since the logarithm is slowly varying with energy, it makes sense to define

> (B” - E) iwIB) Pl E® — B | = il = Elay ) (B = BSY) i IpI B2

I I
Now use the completeness property to write

> (B = E)(BIpID - (11pIBY = ) (BlpID) - (1|[Aaromic. p]|B)

I I
= (B|p ' [HATOMIC»p”B)
Here Hyromic = ﬁpz —% is the atomic Hamiltonian.
Thel"l [HATOMICJ p] - —lV%

(Blp - [Aaromc,p1IB) = = | s ()7 - a7

Since the integral is a real number, we can write

_ 1 1
(Blp . [HATOMIC'p]lB) = _Ej d*ripp(r)V - (1/JB(T)|7%) — —j A3rpg(r)V - (IIJE(T)V%)

2
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i Lamb shift

integrating by parts

N 1
(Bl - (Aaromic.plIE) = =3 [ *rps@)[7 - (wsI7 %) <7 () -7
1
= —%f d?’7”|l/JB(7”)|2|72 (;)

2 (%) = —4163(r)

However, we know that

SO

(B|p ' [ﬁATOMIC»p]|B> = 2ma|p(0)|?
Since the result is proportional to the value of the atomic wavefunction at the origin
so that only S-waves are shifted . Using

|¢nsl<o>|2 =

where a, = % is the Bohr radius.

33
mn3ag
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i Lamb shift

We find

1
AE = iasmln K 5 {ﬁ for S — states

B (0)
3T |E — Ep |AV 0 otherwise

For the 25.: state of hydrogen |E — El(;’) |AV is calculated by Bethe, Brown and Stehn as
2

|E — EéO)LW = 16.6Rydberg = 8.3a’*m

The Dirac theory of the hydrogen atom predicts an exact degeneracy for the 25, ,, and
2P, /, states of hydrogen. However, because of the coupling to the radiation field, we
expect the degeneracy to be lifted, with

4 1
Eas, ), — Ezp% = —gmas (In8.3a?) 3~ 1048 MHz

This splitting was first measured by Lamb and Retherford, who found
EZSl/Z - E2P1/2 == 10578 i 01 MHz
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Lamb shift : 5 i B w T
Welton 1948

Consider an electron in some state of the hydrogen atom ,,(r) with no photons
present. That is, the state vector is

|1)(0)

The meaning of |0) is that the radiation field is in its ground state. As we have
previously argued in this configuration the expectation value of the electric and
magnetic fields must vanish

(0|E[0) =(0|B|0) =0
at each point in spacetime since the vector potential A either creates or destroys
photons and therefore has a vanishing vacuum expectation value

(0]4]0) =0

On the other hand , the field energy is non-zero , namely

<OE(E2+BZ)‘ Z 5 Wk = j%w

modes

3
an . dwk Wi
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Lamb shift : IntU|t|ve Derivation

R T EEHIPERETSFRIEF50E

Since for the radiation field

(0[E?|0) = {(0|B?|0)
we have

(0|E2|0) = j dwy w3

For the high frequency components of the field fluctuations we shall ignore the
binding energy and will treat the electron motion classically. Let A r be the
displacement of the electron from its equilibrium " orbit " in response to the rapidly
fluctuating electric field E(t). Then
2
m% Ar =c¢eE
Now perform a Fourier analysis. Consider the x-component of the motion and write

“do .
Ax(t) = j > e Wt A x(w)

where
A x(w) =A x*(—w), A x isreal 175



i Lamb shift : Intuitive Derivation

Ex(t) = [7 2 e79t E,(w)

E.(w) = E;(—w), E.(t) isreal
2
From the equation of motion, m% A 1T = eE, we have

Ax(w) =

Consider the average value of (A x)? over some long time interval T
T

((A x)?) = l'[idt Ax(t) Ax*(t)

j__ j — e it Ax(a))J pl@'t A 4 (")

j d(,() * I)
T T). 2m ) 2m
“dw

1
:?j_ = ax(@) 5 %" ()
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i Lamb shift : Intuitive Derivation

However

or

Thus we find

(& %) >_——j ——E (@)E: (@)

A =382 =1 [ S E0)E@)

co

f —E(w)E (w)-%jo dw w?

1 1,
B (@)E(@) = —o

2 “d
(e =30t = [ =2
0

w
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i Lamb shift : Intuitive Derivation

The frequency integral diverges logarithmically at both limits. We have argued
however, that the electron cannot respond to the fluctuating field if the frequency is
much less than the atomic binding frequency. Thus take
a’m
Wmin ~ ERydberg = T
Wmax ~ M
since we have neglected relativistic effects. We thus have

2a Wmax

((a1)?) =—=In
mm Wmin
In order finally to compute the effect of these fluctuations on the potential energy,
we write

V(ir@) +ar®)) =V@) +ar-vV(r) +%(A r -V + -
Where r(t) is the (smooth) classical trajectory and
V(r) = -
is the Coulomb potential energy. 178



i Lamb shift : Intuitive Derivation

Since

(Ar)y=0
the second term in the expansion of the potential drops out. For the third , when
we take the angular average we have

d} 1
o ATiA (V7)) = 3 (4?72

Then
AV=Ur+ar)—-V(r)) = %((A r)%)\V2V

= 47153(7‘)0(%((A 1)?)

This may be regarded as a perturbation in the Hamiltonian for the atom.
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i Lamb shift : Intuitive Derivation

For a state with wave function vy (r) this leads to an energy shift
4t
A E =TT | drp@sdEpm

4
= (A PO

wmax

4or?
= WW(ONHH

min

T . W i
0 otherwise min

5(1
_4a {— for S — states} Iy max
which is very similar to Bethe’s result. For a numerical estimate, we have

N a51 8 a3< a )l 8
_ = m n = n—
25% ZP% 6m  a? 3m\2a, o’
3
a
=—X13.6eV x11.9~ 1.6 Xx 10°Hz

3
Which is the correct order of magnitude and sign! 180



Lamb Shift——Systematical treatment:
Potential NRQED ( modern EFT
framework )

Integrate out potential

p> »p*
p> D photon exchanged between  Loearn = [ d3x(4’*{m° ot Q}*!f
Z\RQED = ‘PT{I'DH +t—+ =

om 8’ nucleon and electron
o B [V-E]
+cpg—2m +cp g Py

Coulomb

|
+NTiD'°N — —F, F*"
4 "

1 fd"”.vc,aﬁx2 N'N(t,x,)

o-(DXE—-EXD)
+icg g 3 ,
8m ' potential Za ze’ (¢
R X X —x] + — ( +4d2)
x y-{N1iD'N) ol
1 d2 Cp Cg term - d-term X33(x —-X )+ic ﬁ0‘
——d,F,|F*™ + — F,, D*F"" 2 LT
4 i m frny : ; :
X — X
( v | ety (nx)
v lxl _x2|

Treat nucleon to be a Project this Lagrangian to one nucleon-
static heavy field one electron state. Since there is no
space derivative acting on nucleon we
can treat nucleon to be static at origin. 181



Lamb Shift——Systematical treatment:
Potential NRQED

Lonroep = [ d*x6'(1,x) (1'60 —e(1—2) 4y(1,0) L nroep = fd3xs*(z,x) id, — e(1 —Z) 4,(1,0)
. V? Za V: Za vt
—ex,4,(1,0) '_ol+ex-E(t,0) + 5 . = - =
24 2
A(t,0)-V f— : Ze*
) Jdtxelic AL0) Ve i (—C—D+4d,)63(x)
m m- 8 =
V¢ g . - fd“x(p{ieA(t,O) - [x,l;(,](p s 5
e gt z(—§0+4d2)53(x) +ics—»"'(_3xv) S(t.x)
m m = fd“xtp*eaﬂA(!,[}) ‘X Q@ 4m” | x|
Za X 1
oo | — N ’ where . B v
IC.S4m30 (|x|3 )(p(t X) A v2 e /d x4F#VF# o
O == T Explicit gauge
- [#x B, P, invariant so that
_ _ we can calculate
Note that we have done muti-pole expansion at any gauge

because ultrasoft photon(ma?) can’t detect the

inner detail of nucleon-electron system(1/mZa) 0
1



Potential NRQED

i Lamb Shift——Systematical treatment:

8°E, = 8>XE + 86°°E + 6°°F,,

1 v
O5KE, = = — (VI -
Zez Cp 3 Ze-?- 6.{) 3
3-‘9,5E}3=F(€—4d2)|¢”(0)| < 2 (—?+4d2]5 (x)

55 Za 3
5 E—cg4 J(_}+l)—f(f+l)——

ICS z'ﬂ'(_XV)

1
X(Hﬁl?lﬂéf) 4m |x[*

A direct contribution is potential
terms in pPNRQED Lagrangian 183



Lamb Shift——Systematical treatment:
Potential NRQED

d°k i KK i
W(?) =f(27r)D F(S K )P—k“Hn
1 1
= —fpmﬁff( Elog4w+log m——
5 v
NI IAIIII, T Ty T 1082) : (13)

(g,x):= [dx e < T{e(0)¢'(x)} >
( ) f {() ()} Note there is a UV

b, (0) ! b (0
_ (g,x) ~ 19O hi(x) _ ezid’”( ) pole, next we confirm
7= by 7= b this pole is

LSZ x 2 nlvlm)1,,(q - E,) proportional to 8-
v= _,,-v_/m. iel(x) function so tr_lat it can
X {mlv’|n) — be absorbed into
7% corresponding
potential terms 184
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Lamb Shift——Systematical treatment:
Potential NRQED

SE, =8°E + 6UF,

Then the remaining finite term is :

2 « 5 8°E,= 8" E, + 8%°E, + 8°°E,
Squn 3 E - 10g2) 1
ar BS’KEH= _—3<H9|V4|H%’}>,
8m
|¢’ ( )| 5,8 Ze* (CD ) 2
_ 83E = —|— —44d,|4,(0)",
X( ) ) m g |<H|U|m>| n m? ] 2 |¢'( )|
e Za 3
8°°F, = Cs 7 (j(j+ D) —I(I+1) - 1]
)
log ) Bethe Log |
><<m1f'|F|m3f>
log u dependence in self energy a8 N
correction and in ¢, cancel. The final co=1+13 cs=1+—
result is independent of log u and

agrees with the well known result
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Thanks for your attention
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