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Section 1 . ῑᾇᶊ (EFT)ᶡ῞⁭ồ
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ײַ ҅Ḫ
Κїᵂ  ( βҹᵑ♪֦ᾚַײ◓Ᵽ♪ ; 

Κӈ  α β◓Ᵽḽ  αּת β◓Ᵽַײ ẉїᾈỖ

Κ◓ⱣḘַײ ṜẤ ᶇӭᴿⱣ Ӆַײᶡ︠ѕ

* ╙ӌדḙẊј ᴝḒ￼ỉ ‗;

* ᴝḒι֫Ḓι ỗⱶתẊј ҃ QCDᴣּכẴ ת ;

* ᴝḒ⁄ⱶתẊј ᷅ԀᴣHiggs￼ ;

* TeVⱶתẊј Ḣᾯ￼ ḒẬתד (string theory?)

Κּג₦Ҡ῏ᶡ῞ַײⱣ ‘῾֦ᴦӭab-initio εΉוῑᾇַכֿײ ᾛẩᾴ
ӈײԊַגּ῏҇▐ ⱶẘ ᾇẓᴴҧײḘַגח  ῑ ѥᴟᾎΎֽꜙ



Ṝấשᶹῴּײַם⸗ (multipole expansion)
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≠ ὶ ḐὨḺὙ̆ ẠTaylor expansion in 

ὠὙ
ρ

Ὑ
Ὠὶὶ”ὶὖ ὧέί—

= Ễ

monopole/charge dipole quadrupole

ᶺ ṝẦι ᾭᾠᾩỄồ

ⱶתḾ ⱶת￼ εᴏ”ᴆὶ￼ԏӌẻẪζẊјᾧỵ,
ᴱᾧỵ҈ּכ ◊￼ Ҏbulk properties:   q, p, Q, ...

Ṝấשᶹῴּײַם⸗ (multipole expansion)

Wilson ᾎσ q, p, Q, encode short-distance physics 



₮ᴜḑ
↕ᴝḒ: Ḓᵙכּ Ḓ כּ Ӑּזẻἄ￼ Ḿ ớ​ ỗ

ᶢỗ​ = -13.6 eV

‗ Ḓכּ ᾿ι᾿ ᵀ, Darwin Ḿ Ӣ⃰,

῭ ẙ ὐQEDץ ṃӢ⃰(Lamb shift)

What about proton? 

ᵩ רּ ḑַײ σ

ᾢ ײ₆ַ ḑ, ὩṽᴄӇ₇⸗ (ὝӖẒҾם)

Ḓ￼ ᾿ᴣԓ ‗(᷅Ԁἄ֫, ֫Ḓ֫ṵ)ιcharm/bottom ᷅
Ԁ, Ẵ ҊӐּז, ᶎѭῂԋӡỤ(irrelevant)

8



₮ᴜḑ
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Ԇẩ
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Ḧ ᾛ σ

☼Ἕӿᾛ σ

Quite accurate , but missing the O( ά‌ ln ‌) Lamb shift
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₮ᴜḑᾴᶹ ẘַײ ḽגּ Ῠ

ᶢỗ​ Ὁ ͯά‌

Virial theorem

Ὕ ὠ ͯάὺ

ͯ‌ Ḻ ρ Ḓῗכּ Ḿ ớ￼ή

טḒ￼⸗ềכּ טṉד) )χ ὴ
ᴐ
ͯάὺͯ ά‌

₮ᴜḑᵌῑєѥ֪Ệểấַײ◕Ề  σ

□ḻ □○ḻ □○
ἙἭἤ ἕἭἤ Ἥἤ
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☼Ἕӿᾛ ӏѬᶡ῞Ᵽ
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Underlying theory: Dirac equation in Coulomb potential
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Ḓק￼↕ᴝḒ ԇẪχDarwin, Gordon (1929 )
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ῑᾇⱣ σ SchrÏdinger -Pauli equation :  ḽDirac ᾛ ӭ ḽגּ Ṝấ

valid at p Ḻ □▄ Ὥᴐ
‬

‬ὸ
ɰ ὌὩὪὪɰ

ɰ • ἆⱴ▼▬░▪

ὌὩὪὪ Ὄ Ὄ

where Ὄ

=Leading + O(v 2)

ὌӐ ỉἣιᴵҨ DiracΆא ￼fine structure :  

Ὄ
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Rel. Corr. Spin-Orbital Darwin term
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Ή ײַ︢ : needs going beyond point -
particle approximation for proton

῭ ￼ ὐ⁄Ḓ￼ᴦ֗ᾦẔ(ἱᵀץ )ι Ԅ Ḓ

εhyperfine ζ ‗(21 cm ) Ḓ

῭ ẙּה Ḓ￼⸗ ᴀề

proton charge radius puzzle: 

alarming discrepancy between ep scattering measurement

and muonic hydrogen atom spectroscopy

Ẵ ҊӐּזḾ Ꞌ

ṇֹᴵҨổּצј χ

Ӈḅ atomic parity violation ιẴӐּז ֧ ᷃ Ꞌ 14



Ҝѱῗῶᾦᶋ ? 
Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M

ỵԌ ￼ḫ ‰◑ E<<M 

ℓ: Ὅcutoff <M ι ἫἍῶ Ḓᶋ֫ ἄ (Ȏ> )ᵙӉ (Ȏ< )₩Ẫ

15
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Ҝѱῗῶᾦᶋ ? 
Wilsonian perspective

Consider a QFT, with characteristic (fundamental) UV scale M

ỵԌ ￼ḫ ‰◑ E<<M 

ℓ: Ὅcutoff <M ι ἫἍῶ Ḓᶋ֫ ἄ (Ȏ> )ᵙӉ (Ȏ< )₩Ẫ

Ӊ ⱶתḢԅּי L ὼ Ӊ ᶋ￼Green֩ᾭᴵּיḅїּוἄ┌֩ệֹχ
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Ҝѱῗῶᾦᶋ ? 
Wilsonian perspective

҇ℓ: ᵼѭ ᶋ HẊ≡ῶ֧אᶈּוἄ┌֩￼ῳ ẪѧιἅҪᴵҨ Ὅ
ṄԎᶈ Ể ֫ѧ ὲ(integrating out)

ԎѧS ( L) ӐWilsonian effective action

├ỴχWilson ῶᾦӐּז Ῐ Ә Ǭ

17

ὤὐ ḳ᷿꜠ ‰Ὡ ᷿

Ὡ ꜠‰ Ὡ ȟ



Ҝѱῗῶᾦᶋ ? 
Wilsonian perspective

ѕℓ:  ῶᾦӐּז ῗnon -local on the scale Ўὸͯ ρȾ , ḾẔ҈Ṱ ￼
₩Ẫ￼ҽᾘ

ῘẪӠּפӉ ᶋ￼ Ȏ< ֫҈יּ̆ ꞌῶ ι ḧᶟ￼ῶᾦἾ→ ᴵҨṝẦ
ἄѭῂ ᶺѦlocal operators ￼ᵙ: 

Wilson ᾭ

18

fl ὧ ὕ fl
ὧυ ὕ

ὓ

ὧφ ὕ

ὓ
Ễ

ẬԄ҃҈יּ ι ᶚ￼QFT` ẍ┌ ѭ ѭ
ῗјᴵ ᾯ￼,  ᵼ℅јῗӰẞ￼(ԏῶ ớ)ת .

Ὓ ‰ Ὠὼfl ὼ



Running couplings/Wilson coefficients

Ẃ ᶋ HҦ ḒιԎᾦẔᶈӉ ιᴵҨḠԅ integrate out

HѼᴵҨҦ Ḓ￼ ☼ᴧιᵼ℅ѼẔ ᶈӉ EFTѧ ὲ

ӉἈᾸ (ј Ḓ Ӫ), ῶᾦἾ→ ѧᶶᵀ ὕÉ
￼ ‗ӠὙјᴪ ҈יּ ᴨјᵃӪẊјẽᵠⱶת ιᵼ℅ ӉἈᾸ

￼ᾦẔọ Ḣԅ ᾠ ῶᾦἾ→ ѧ￼ ᵀẂᾭὧѧ

ᵼ℅ιWilson ᾭὧ= ὧ( )ῗ ￼ט ᵀẂᾭή

19



20

֫‘

d Ὴ ιῶᾦἾ→

fl ὧὕ fl

ҿԑјᴪ╒יּ јᴪ￼ḧᶟ ἄ

┌֩ ֫ѧ╧ᴣ Ὡιᵼ℅Ӑּז Ὓ ѭ0
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d Ὴ ￼ ᶋיּ χ
Ὓ Ὠ᷿ὼ‪ὭὈ֗‪ȟ Ὓ Ὠ᷿‬‰‬‰

ἍҨ
π Ὠ ς‪ ρȟ π Ὠ ς‰ ς

‰ ᶋι᾿ ᶋιᴃᴪṀᾭι ᶋ￼ ѭ:  

‰ Ὠ ςȾςȟ‪ Ὠ ρȾςȟὈ ρȟὫὃ ρ

ᶋẶắ Ὂ ‬ὃ ‬ὃ Ễᵼ℅ὃ ᵙ‰ ᶋ￼
‾ι ᵀẂᾭ￼ ѭ

Ὣ ρ Ὠ ςȾς τ ὨȾς

d Ὴ ѧᶋᵙ ᵀ￼
ᵅḾẔ￼ⱶת:      ‰ẙᴪὭ
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ẸὨ τ̆

‰ ρ,      ‪ σȾς,     ὃ ρȟ Ὀ ρȟ Ὣ π

ᴵ ᾯ ҊӐּז ∂Ἶ→ ѧ ᾭ￼ πȢ
Only Lorentz invariant renormalizable interactions
(with Ὀ τ) are 

Ὀ πȡ 1
Ὀ ρȡ ‰
Ὀ ςȡ ‰
Ὀ σȡ ‰ȟ‪‪

Ὀ τȡ ‰̆‰‪‪ȟ‪ὃ֗‪̆ Ὂ Ὂ

4 Ὴ ￼ᴵ ᾯᶋ

Ὀ σrelevant operators
Super-renormalizable

Ὀ τmarginal: renormalizable
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ᴵ ᾯ ҊӐּז ∂Ἶ→ ѧ ᾭ￼ πȢ
ẸὨ ςȟ

‰ πȟ ‪ ρȾςȟ ὃ πȟ Ὀ ρȟὫ ρ

үỴ￼֩מᾭὠ‰ isᴵ ᾯ￼ 4 ԑᵬ ‪‪ Ѽᴵ ᾯ

ẸὨ φ,

‰ ςȟ ‪ υȾςȟ ὃ ςȟ Ὀ ρȟὫ ρ

‰ ת ῗᴵ ᾯ￼

ԎḜῊ ᾭ￼ᴵ ᾯᶋ
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Effective Lagrangian:

ὒ
ὕ

ὓ
so in Ὠ τ,

An infinite number of terms (and parameters)

4 Ὴ ￼ῶᾦᶋ (regarded as non -
renormalizable in the old days)

fl fl
ὧυὕ

ὓ

ὧφὕ

ὓ
Ễ

ὕ ȟὕȡ Non-renormalizable interactions

Wilson coefficients have negative mass dimensions

Ὀ τirelevant operators
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Power Counting  

ѦӉ ⱶת ι⸗ềט ѭp, ḅ‛ổּצῶᾦἾ→
ѧ ѭὈᴣ῭ ￼ ιֱEFTḾ҈ Ẅ ￼ Ṯῗ

ὴ

ὓ

ḧ Ὀ￼ ᾭ ῗῶ ￼, Ἱ╦ ￼ᾭ Ѽῶ

A non-renormalizable theory is just as good as a

renormalizable theory for computations, provided one

is satisfied with a finite accuracy.

Usual renormalizableQFTgiven by taking ὓ ᴼ ЊȢ



Relevant, marginal and irrelevant  

Relevant operators ( Ὀ τ :  Eᴼ0 Ὴ, Ꞌ ‎

irrelevant operators (Ὀ τ : Eᴼ0 Ὴ, Ꞌ ‎ ї

Marginal (Ὀ τ : ҟѶѣ ѳ

Ӄ ￼Wilson ᾭѼ ѭrelevant, irrelevant, and 
marginal parameters/couplings

26



Examples for relevant parameters

QEDѧ me‪‪ ÒÅÌÅÖÁÎÔ(Ὀ σȟּכḒ ῗrelevant ᵀ

QED ᾫṃ ιּכḒ ᴵổּצιӇӉ Ὴᴪệ

ӆι ᾿ѭ0ד Ḓ Ѽῗ relevant ᴠᾭ

‰ interaction is also relevant coupling

ᴅӈ Ѽῗrelevant operators, ḞḦḙẂᾭῗrelevant 
parameters.

subject to fine -tuning problem
27



ӕḒ: ᴥ‰ ᶋ₩ᶚѧrelevant coupling

Two types of real scalar fields, one light, and one heavy 

Assuming 

Ƣῗ relevant ᵀ

ᾫṃ ( ᴅ ι ừẻιᴵổּצm)

28

E ɰ Ἀ ,ז ᴙӉ



Example for irrelevant interactions: ѧỉḒᾫ
ṃἈ

Ẵ ҊӐּז￼ᵺ Ḓῶᾦת χ

ᵼѭ ᵀẂᾭ ѭ ι irrelevant interaction

ѧỉḒᵙṾּכ ḒᾫṃἈ ῶḅї￼ Ә

29

ὒ
τὋ

ς
ӶὩ‎ὖ’ Ӷ’‎ὖ‘ ײַ

ρ

ὓ

Ὃ = -2

Eᴼ0 Ὴ, Ꞌ ‎ Ṇ:  thus irrelevant

Characteristic of high dim. operators in any EFT



Myth of marginal coupling: ʇ‰₩ᶚѭӕ

ʇ ѭ0, ᵼ℅marginal coupling at classical level

ḻἈ ￼1PI n♇Green function ( =4 -n):    

‰ẙᴪὭїχ

s<<1 case: m is relevant, ʇis marginal 30



RÅÎÏÒÍÁÌÉÚÁÔÉÏÎÏÆʇ‰₩ᶚ

Ḿᶋι ᵙ ᵀẂᾭӮ ᾯק

31



ʇ‰₩ᶚ◑ ￼ ᾯק Ά

Green function and renormalized Green function ◑

זַּ ệֹ

ᴅᶅ↨Ẉιệֹ

32



ʇ‰₩ᶚ, ᾯק Ά

ḒӢ⃰ιҺᶭז ѦᾺ￼ᵍ ᴠᾭχ ᾯק ‰Ƥ

ᵼ℅‰ẙᴪὭԇẪ ᾡ֒ѭ

℅‰ẙᴪὭԇẪ Ү҈Ҩїỉ֫Ά

ᵀRGEΆ , ᴵҨệֹḾ‰ẙᵼḒ∂Ṁ(╦ ḾƤ∂Ṁ)￼Ά χ

33



ḒӢ⃰χ‰ẙ ᶐ(ᴦẂ ) 

ᶈmass- independent renormalization scheme ( such as Ἑἡ)

ᴱӘ ҈ʇιẊјӘ m/ Ƥ. ҨіRGE￼ ѭ

Ԏѧ
At tree level,                     ѭ0ιᵻֹclassical scaling rule

Ḓ↨Ẉιḅ‛ᴱӠּפƛ 0ћӬ ῗẂᾭι eὝᾭᵼḒᴪѭ

Ӣᾡ҃ Ԑ￼engineering dimension 4 -n in

ἍҨ ѭ anomalous dimension
34



ʇ‰₩ᶚѧ￼ ט ᵀẂᾭ

ҡƚ֩ ᾭᴵҨ∂ ט ᵀẂᾭχ

Quantum correction turns marginalinto irrelevant

Similar pattern also occurs in QED
35



Ḓ ￼ḙѧדט Ặט ᵀẂᾭ

ҡᴅᶅQCD ƚ֩ᾭε ᵄ￼ ᴺζᴵҨ∂ Ặט ᵀẂᾭχ

In this case, quantum correction changes marginalto relevant!

Similar pattern occur in 2D NR contact interaction  and BCS
36



Lesson

ҨіӕḒ ῎, јᵃ҈relevant ᴣirrelevant ᵀ
marginal interaction ᶴ҈ Ẃј ḧ￼ừ
֙ ḒӢ⃰ᵅιmarginal ᵀ ѱᴪἄ
irrelevant, ѱᴪѭrelevant.

ῶẶᶽ￼Ḿ ớӠ , ƚ֩ᾭởѭ0 (N=4 
Super Yang -Mills)

37



ῑᾇᶊ ὝӖ҂Ԋ҇ ᾐײַצ♪ҥⱣ

ᶈ EFT⁭‟їι ᾐצỴᵖ ᴏӔј҃ ῭ᶢ ￼UVⱶתιἅҪӘⱡᴵҨӮ֧₩ᶚῂԋ
￼ , ᵼѭ UVⱶת￼ᾦẔῗ ẙḧᶟ￼, ћ ᶈEFTѧ￼Wilson ᾎѧ

Nonrenormalizablityis no longer an issue.

Nonrenormalizabletheories are renormalizable/predictive, provided one is content with a 

limited accuracy.           (power counting is key)

Wilson ᾎᴵҨ

Κ Ḫ ≡ Ἠᴿ:  ừỀỈἀ /SMEFT     Bottom -up approach

ΚỡҠṯּרunderlying Ᵽ ὕḿ(ר )σ HQET/NRQCD/SCET/ LaMET

top -down approach



Wilsonian approach vs. continuum EFT: 
integrating out vs. matching

Wilsonian approach ( using hard momentum cutoff or lattice 
spacing as UV regulator ) is conceptually very clear, but 
practically difficult to do analytic calculation

In practice, it is much simpler to adopt the continuum EFT 
(using mass - independent subtraction scheme such as Ἑἡ), 
with power counting much more transparent

In principle , these two approaches are equivalent 



ῑᾇⱣ ᾴ◓ⱣḘֿכ ←ҥᾛ♪ײַ : ᴿ
ᶳⱣḔᶇᶹѥ◕Ề ẘַײ◓Ᵽ

ῑᾇⱣ Ҋײַ σ

1.   ֪ : identify UV and IR scales of the system

(︢ḦṜấᴟᾎ)

2.  ︢ḦⱣ Ѧ ӟꜜַײ῏ )activeײַ ῑᾇ) ⱶẘ

3.  ᾜו ᶸợᾘǬαҮӌEFTҜᶇ Ḧ ᵿԒ ⱴβ

4.  ᾭ︢EFTѦԎᶴַײḽ

(ӏѬἷḿᴜְ֑іḽ Ӹ Ứῑᴴײַ (ӏⱴ҉גּײַ

5.  ᾎ ְαpower counting rule β

αḄӌ εӓԍ╤ ṆᴟᾎṜấַײἷḦ ẘβ

ῑᾇⱣ Ọ ḡԄ ♪underlying UV Ᵽ αײַ ῷβ ᶸ Ѭ



ӓⱴῑᾇⱣ ᴜᵻײַ

1. Every theory is an effective theory

2.   Greatly simplifies the calculation by including only the most 
relevant interactions.

1 

3.  Deals with only one scale at a time

4. Makes symmetry manifest 

chiral symmetry, heavy quark spin/flavor symmetry

5. Sum large logs

6. Efficient  and model - independent way to characterize new physics

7. Including nonperturbative effects



ѓ◓עѬῑᾇⱣ
A tower of EFTs of fundamental physics theory

42

‖ ḒẬתד (string/M theory) јԜῗlocal QFT



ḑ ῑᾇᶊײḘַגח

43

₩ᶚῂԋ￼Ά│
ҡQCD ớᴝ֧תᴧ

ḑ Ḙגח

ἐềῶᾦת

Ԋ ῶ

ᾦת I

Ḹẙῶ

ᾦת

Ԋ ῶᾦ

ת II

⁄Ḓ-⁄Ḓ

ῶᾦᶋ
᷄ӿῑᾇⱣ

αHQETβ

ј ḧ Ḓῶᾦ

ᶋ

ẴᵟḸכּ

♬ ᶅ

ẶḒἐềỉ

ἣ

ḽגּ ḑ

Ḙ(NRQCD)גח
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יִ ‘ᴼὩ’ Ӷ’
Ὣ

ς
όὴ ‎ὖόὴ όὴ ‎ὖ’ὴ

ҹ Ð ά Ḻὓ ȟὡ boson is highly virtual, can not propagate far,

ρ

ὴ ὴ ὓ

ρ

ὓ

ẳӏⱴѦַײᵹ ḑῑᾇᶊ

contract W 
propagator 
to a point
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יִ ‘O Ὡ’ Ӷ’
τὋ

ς
όὴ ‎ὖόὴ όὴ ‎ὖ’ὴ

ᵀẂᾭ

ệֹẴӐּזѧ ᵄ￼ᵺ ḒῶᾦᵟḸ χ

Ὃ

ς
ḳ
Ὣ

ψὓ

꞊ fl
τὋ

ς
Ӷ’‎ὖ‘ ӶὩ‎ὖ’

ẳӏⱴѦַײᵹ ḑῑᾇᶊ
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ѦỈḑ (dim -5 operator)

The lowest dimension operator in SMEFT which gives a neutrino 
mass is dimension 5 (Weinberg operator), 

flͯ
Ὄὒ

ὓ

This gives a Majorana neutrino mass of

ά ͯ

or a seesaw scale of φ ρπ GeV for ά ρͯπ eV. 

Not far from GUT scale
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ḑ ᴩ (dim -6 operator )

The lowest dimension operator in the SMEFT which violates 
baryon number is dimension 6 (but conserves B -L), 

ὒͯ
ήήήὰ

ὓ

This gives the proton decay rate ὴO Ὡ“ as

ῲͯ

Or                    ʐͯ ρπ years
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Ѧḑ-ᴥѦḑ (dim -9 operator )

In some BSM theories, B is violated but lepton number is 
not. Proton decay is forbidden. These theories do predict 

which only violates baryon number  

The lowest dimension operator in the SMEFT which violates 
both B and B -L is dimension 9:

which gives oscillation amplitude



ӈ Ӿḑ-ӾḑᾌṂ

‎‎O ‎‎

ᾣ ҹὉ, Ẋ Ὁ Ḻά

ױ QEDᵬ׆ץ Ҭ [Euler, Heisenberg, Kockel, 1936]

fl ‪ȟ‪ȟὃ ᴼfl ὃ
49



ӈ Ӿḑ-ӾḑᾌṂ

ὒ
ρ

τ
Ὂ Ὂ

‌

ά
ὧ Ὂ Ὂ ὧ Ὂ Ὂ

ҹ

Terms with only three field strengths are forbidden
by charge conjugation symmetry.

Ὡ from vertices, and ρȾρφ“ from the loop.

Ὂ Ὂ Ὁͯ ὄ

Ὂ Ὂ Ὁͯɇὄ

Ὁ

ά

50
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An explicit computation gives

ὧ
ρ

ωπ
ȟ ὧ

χ

ωπ
Ȣ

Scattering amplitude

ὃͯ
‌‫

ά

and

„ͯ
‌‫

ά

ρ

‫

ρ

ρφ“
ͯ
‌‫

ρφ“ά

ρυυφψ

ςςςχυ

ӈ Ӿḑ-ӾḑᾌṂ

First observed in heavy - ion collision experiments , ATLAS, Nature Phys 13(2017)852
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A large class of metals (conductors) can be described by 
Landau liquid model: ground state is the filled Fermi 
surface; low energy excitation are fermions (quasi -
particle) with a complicated dispersion relation but no 
interaction!

Why this happens? EFT can give simple explanation 

Ӑּז ( יּ ֫) Polchinski , hep -th /9210046

ῖ ӋᵘBCS
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ᵥ∞ scaling behavior?
Different from familiar relativistic QFT

Like HQET, № ꜚ

Scaling transformation:

If an object scales as rn , then say it has dimension n

Fermi velocity

ῖ ӋᵘBCS
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∂Ӑּז ￼ ѭ0, ֱệֹ Ḓᶋ￼

ẬԄᵺ Ḓ ҊӐּז χ

ḳ῏ệֹ

For generic, not head -on collision

So [C]= -1, hence irrelevant, Ӊ ‖ їᴵổּצ

System can be well described in terms of free fermions

ῖ ӋᵘBCS
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More interesting things happen for head -on collision 

= 

So [C]=0 , hence marginal

Cooper pair/BCS superconductor

ῖ ӋᵘBCS
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Marginal (BCS) χץὐ ḒӢ⃰ι∂ ᾯק Ά

A repulsive interaction (V>0) grows weaker as  Eᴼ0

An attractive interaction ( V<0 ) grows stronger as Eᴼ0

Cooper pairis indeed attractive-> BCS: marginal coupling becomes relevant

Similar to QCD

BCS: marginal turn to relevant                          



Section 2.  hard momentum cutoff 
vs mass independent subtraction 
scheme (-3scheme)

57



Hard momentum cutoff

ḻҝᵍῶ Ḓ￼EFT

Ӣ⃰

ט ἈᾸ ᶐ power counting:   4 Ḓ ῗirrelevant ή



ῂԋ￼ ᾯקΆ⁮(-3scheme )

Ӣ⃰

=

Ἱ╦ χ

Is small

◑ power counting

ᾭ ᵌԍᶀ ֫

֫ᶭ ԍ‘
ᴱ log ‘



Section 3.  Ỉἀר

(perturbative matching)

60



Ҝѱῗש ό

ḅ‛UVת Ṱ ιὸṀEFT￼Wilson ᾭ￼ἐ
ѭש (matching)

ש ‍ҭχ

Ӊ EFT ֧ᵙUVת ᵃ￼ⱶת , order by 
order in small EFT expansion parameter

61



Ỉἀר ᵘ Ỉἀר

Underlying theory Ṱ (⅝ḅQCDῗẶ ҊӐּז￼ᶢ ת )     

top -down approach ‎ḧ֧Ӊ ῶᾦᶋ ѧ￼Wilson ᾭ

ḅ‛ỉἣ                        ,זּ

ΚỈἀר σ HQET/NRQCD/NRQED/SCET / LaMET ʮ

ḅ‛ỉἣ ᷂ᾦ(Ӊ ẶӐּז), 

Κ Ỉἀר :    chiral perturbation theory            lattice QCD ᾭӪ₩Ὁ



A toy model with two scalar fields

Two types of real scalar fields, one light, and one heavy 

fl
ρ

ς
‬‰ ά ‰ ‬… ὓ … ‖‰…

Ԏѧ‰ῗ ᶋι …ῗ ᶋ Ƣῗ relevant ᵀ

Assuming ά<< ὓ,    ‖Ṏὓȟ … π

ς‰O ς‰ᾫṃι Ọ E Ӊ҈ὓ

‗ ᴱᵍ‰ᶋ￼Ӊ EFTι integrate out heavy …field:

Ὡ
ה

Ὠ…Ὡ
ה ȟ



The key terminology of EFT:  Matching and Running

64Matching Running Ὧ ᾠַײ



Matching is a loop expansion

Loop expansion is ᴐexpansion 
loop   prop   vert

ᴵҨ ₰ἾԇẪ L = P  ïV + 1

ᴐ+ 1 ᴐ-1

L- loop Feynman diagram contributes  ᴐL

The structure of EFT can be expresses as 

fl fl ᴐfl ᴐfl Ễ



‍ᶂר
Write down the most general operators in EFT 

Symmetry: ‰-> -‰

fl
ρ

ς
‬‰

ρ

ς
ά ‰ ὧ

‖

ὓ

‰

τȦ
Ὠ
‖

ὓ

‬‰‰

τ
Ễ

ש ‍ҭ(Ặⱱ ):  equating  1LPI (one- light -particle irreducible) diagrams 
in full theory and EFT

ש ‍ҭ(Ẵⱱ ):  equating  on -shell amplitude in full theory and EFT

Equivalent,  connected by field redefinition: lead to the same S matrix



ᴄᶄᶂר

ᴐfl ὥ ‬‰ ὦ ὦ ‰

Â ὧ
Ȧ
Ὠ Ễ



Some remarks

fl
ρ

ς
ρ ὥ

‖

ρφ“ὓ
‬‰

ρ

ς
ά ὦ

‖

ρφ“
ὦ
ά

ρφ“
‰

ὧ ὧ
Ȧ
+ é

1. *  Loop expansion is equivalent to ⱥȾ Ⱬ╜ << 1 , 

where perturbation theory works;

2. *  Matching coeff. depends on regularization scheme. 
However physics does not depend 

3. *  In loop calculations in both full and EFT sides, the non -

analytic terms depending on light particles such as ln p2, ln 

m2  must cancel, so the matching condition is a local 

expansion in 1/M
68



Some remarks

ẂӮᶋ￼ ḧѲ‰ᴼ ρ ὥ ) ‰Ἣט ᴪἄֱ⃰ẻẪι

ҊӐּז ᵀѼҺῶ Ẕᾡᴪ

Guaranteed by LSZ reduction formula, any field         
redefinition does change Green function, but never changes 
the physical S matrix!

ἍῶEFT ọ Ỉ￼ớ χ

EFT תUVא ￼ ᶹ ѭ ὐץ) ᶹᴧᾫ)

ῑᾇⱣ Ọ ḡԄ ♪underlying UV Ᵽ ӗײַ ҇ ⱶẘַײ ῷ
69
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ᴅᶅ ֫ѭӕṝ matching

ὨὯ

ς“

ρ

Ὧ ά Ὧ ὓ
Ὥ

ρφ“

ρ

‭
ÌÏÇ
‘

ὓ

ά ÌÏÇά Ⱦὓ

ὓ ά
ρ

ῶᾦת Ẹ҈Ӭ k ~ m << M, ӾḾintegrand ӮṝẦԜ ֫

ὨὯ

ς“

ρ

Ὧ ά

ρ

ὓ

Ὧ

ὓ
Ễ

Ὥ

ρφ“

ρ

‭

ά

ὓ ά

ά

ὓ ά
ἴἷἯ
□

‘

ά

ὓ ά

ά<< ὓ

Ὗ1/M ṝẦᵙᶅ ֫₭ẑẊјḾ῏

χ Ḓ m; χ Ḓ M;
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one - loop matching ԏӌṝ
ά<< ὓ

Generic feature of EFTs:
Ḣᾯת ᵙῶᾦת ￼UVᴧᾫј ‾ι
ᴿ Ӯ ᾯקψ

ѣѦת ￼ ᶹ ‘ ln m2Ḣԅ ‾

Matching Ꞌῗm2￼ ‘֩ᾭιᴵҨḾԎӮlocal 1/MṝẦ

Wilson ᾭѧᵍῶ log M/ɛ. Matching point Ƥaround M to avoid ᶽḾᾭ

χ Ḓ m; χ Ḓ M;
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ӈ Einstein-Hilbertᵬ׆ץ ₮

Å ׁἅҪẊј ￼ ḒẬתד ιӇᴵҨ‗ ḒẬתד ￼Ӊ

ῶᾦת (symmetry: diffeomorphism = ẍѲᶑ‰ᴪὭḾ ớ)χ

Ὓ Ὠ᷿ὼ Ὣ ɤ
ς

‖
Ὑ ὧὙ ὧὙ Ὑ Ễ

Ὓ Ὠ᷿ὼ Ὣ
ς

‖
Ὑ

Ὑ

‖ σς“Ὃ

Ὃ ҆ ⱬ

Ὓ‏ πᵼὙ
ρ

ς
ὙὫ ψ“ὋὝ

Ὓ Ὓ Ὓ

ѓῑẫגḦỄַײ ḑӡ₇



EFTӔ5:  ѓῑẫגḦỄַײ ḑӡ₇
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Ẍѱּגḽ ᾴ ḑẫײַגӈ ῑᾇⱣ

Å Symmetry: general coordinate transformation invariance
Å In the spirit of EFT, write down the most general interaction terms allowed by 

symmetry also in matter sector.
Å One-loop corrections to Newtonôs law

ף ẫגḑ(graviton)

ά ά

ὠὶ
Ὃάά

ὶ
ρ
σὋ ά ά

ὶὧ

τρ

ρπ“

ᴐὋ

ὶὧ
ὧὋ‏ ᴆὶ

Post Newtonian Genuine quantum Correction

non-analytic[J. Donoghue,1995]



ѭҜѱ ⱡἅҪẊј ‖ ḒẬתד ιӇ ḧєῶẬדḧễ
￼ ḒӢ⃰ό

⁮χῑᾇⱣ Ọ ḡԄ ♪underlying UV Ᵽ ײַ ⱶẘַײ
ῷ Ѭ

74

ѓῑẫגḦỄַײ ḑӡ₇



75

Decoupling of heavy particle

Â Heavy particles decouple from low energy physics.

Â Obvious?

Â Not explicit in a mass independent scheme such as ὓὛ.

Ȣ

Ὥ
Ὡ

ς“
ὴὴ ὴὫ

ρ

φ‭
Ὠὼὼρ ὼ ÌÏÇ

ά ὴὼρ ὼ

‘
Ȣ

and we want to look at ὴ Ḻά . 

Â The graph is UV divergent.
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Momentum Subtraction Scheme 
(MOM̃

Â Note that renormalization involves doing the integrals, and then 
performing a substraction using some scheme to render the 
amplitudes finite.

Â Substract the value of the graph at the Euclidean momentum point  
ὴ ὓ (the ϳρ‭drops out)

Ὠὼὼρ ὼ ÌÏÇ
ά ὴὼρ ὼ

ά ὓ ὼρ ὼ
Ȣ

‍Ὡ
Ὡ

ς
ὓ
Ὠ

Ὠὓ

Ὡ

ς“
Ὠὼὼρ ὼÌÏÇ

ά ὴὼρ ὼ

ά ὓ ὼρ ὼ

᷿Ὠὼὼρ ὼ Ȣ
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MOM
Â άḺὓ (light fermion )

‍Ὡ ᷿Ὠὼὼρ ὼ .

ὓḺά(heavy fermion)

‍Ὡ ᷿Ὠὼὼρ ὼ Ȣ
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ῂԋ￼ ᾯקΆ⁮(-3scheme)
ḒẊј

Â In the ὓὛscheme

᷿Ὠὼὼρ ὼ ÌÏÇ Ȣ

‍Ὡ
Ὡ

ς
‘
Ὠ

Ὠ‘

Ὡ

ς“
Ὠὼὼρ ὼ ÌÏÇ

ά ὴὼρ ὼ

‘

᷿Ὠὼὼρ ὼ ȟ

Beta֩ᾭјӘ Ḓ ψἍҨtop ᷅ԀᵙּכḒ ‾ ή

ⱶתι ҃ ḧת
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֘Ά⁮χ ὲ Ḓ

Ὠὼὼρ ὼ ÌÏÇ
ά

‘
ȟ

ῶ ᵍῶᶽḾᾭ

֘Ά⁮χintegrate out heavy particles and go to an EFT .

Full theory : Includes fermion with mass ά.

EFT : drop the heavy fermion (it no longer contributes to ‍)
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Full theory calculation: 

Ὠὼὼρ ὼ ÌÏÇ
ά ὴὼρ ὼ

‘

Ὠὼὼρ ὼ ÌÏÇ
ά

‘

ὴὼρ ὼ

ά
Ễ

ρ

φ
ÌÏÇ
ά

‘

ὴ

σπά
Ễ

Present in theory above ά, but not in theory below ά. 
Assume that ὴḺά, so
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Full theory calculation: 

So in theory above άȡ

Ὥ
Ὡ

ς“
ὴὴ ὴὫ

ρ

φ‭

ρ

φ
ÌÏÇ
ά

‘

ὴ

σπά
Ễ ὧȢὸȢ

Counterterm cancels 1/‭term (and also contributes to the ‍
function).

Ὥ
Ὡ

ς“
ὴὴ ὴὫ

ρ

φ
ÌÏÇ
ά

‘

ὴ

σπά
Ễ
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Threshold correction

The log term gives 

ὤ ρ
Ὡ

ρς“
ÌÏÇ
ά

‘
So that in the effective theory,

ρ

Ὡ ‘

ρ

Ὡ ‘
ρ
Ὡ ‘

ρς“
ÌÏÇ
ά

‘

One usually integrates out heavy fermions at ‘ ά, so 
that (at one loop), the coupling constant has no matching 
correction. 
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Threshold correction

The ὴ term gives the dimension six operator  

ρ

τ

Ὡ

ς“

ρ

σπά
Ὂ ‬Ὂ

and so on.

ұⱢֲἑώֹ￼ᴥ‰ ᶋ￼ӕḒιᴵҨḾּכ ᶋӮfield 
redefinition, ᵻֱֹ⃰￼Maxwell ט , ‾ҺἫ Ḓ￼ᾦ
Ẕ ᾠֹEFTѧ￼ּכ ᵀẂᾭ



Part 2.  ḑῑᾇⱣ (ҧHQETѬӔ)
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ᵌᴄѥ ḑῨ ԏᶙ◕Ềײַ
(BҞḑεB ḑεDҞḑεDҞḑεɖ)

85

Brown muck

1. ​ ỗѧι Ḓonly talks with Ḓ, Ԑᶚט ~ɤ ḺÍ

2. ‖ їι ᷅Ԁ ẙỄ ᾡᴪε ḒᴣּכẴӐּזἑ ᾡᴪԎ ẙζ
ҝ soft ỉἣQCDᾦẔ(interacting with brown muck) ιvelocity ᴴҧ Ѭ
ᾴ ѥḃ ḑᾎ (Warning: ḽ҇₇ ⸗ḑӰ ỡ ᷄ӿӰ ε ѥᶂӴẉїở )

3. ά ᴼ Њ‖ їι ᷅Ԁ ᾿ ẙיּ ψ

4. ά ᴼ Њ‖ ї, ╨֧אᾺ￼ ᷅Ԁᵖ ᾿Ḿ ớ
Emergent symmetry:    combined spin x flavor SU(2Nf ) symmetry

Voloshin , Shifman 87; Isgur, Wise 89

ά ᴼ Њ



᷅ԀḾ ớ￼ⱶת

86

᷅Ԁ ᾿Ḿ ớ
ḫ Ӫ:

᷅Ԁᵖ Ḿ ớ:

ᵖҟḒ ᴪẂᾭ: 

B->DẴ ᴪẻꜛᵼḒ

Isgur-wise֩ᾭ



᷅Ԁῶᾦת (HQET) 
E. Eichten , Hill, PLB 1990;       H. Georgi , PLB 1990

87

᷅Ԁᵖ Ḿ ớᵙ ᾿Ḿ ớᴵҨ ὶ ֧

HQETχ ԋ҈ ￼ṝẦιῗQCDѧῳ ᴅ￼EFT

ḻ Ѧ ẙ ᶳ￼ ᷅Ԁὴ ά ὺ Ὧ, ׆ӎט with Ὧͯ ɤ . ҽᾘḒᴵ
ӆѭ

Ὥ
ὴ֗ ά

ὴ ά Ὥ‭
Ὥ
ά ὺ֗ ά Ὧ

ςά ὺẗὯ Ὧ Ὥ‭

ρ ὺ֗

ς

Ὥ

ὺẗὯ Ὥ‭

ὗὼ Ὡ ẗ ὗ ὼ ὼ

ὗ ὼ Ὡ ẗ ֗
ὗὼ ὼ Ὡ ẗ ֗

ὗὼ

Ҧᵻ1#$ ̆ ρȾά ṝẦ ᷃ ιHQETἾ→ ᴱῶ :

fl ὗὭ ά ὗ ὗ ὭὺẗὈὗ άײַ

ἫQCDѧ￼ ᷅Ԁᶋ֫ ѭᶽ֫ ᵙṇ֫ χ
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HQET

The full theory is QCD, the heavy quark part is

In the limit ά ᴼ Њ, the heavy quark does not move when 

interacting with the light degrees of freedom.
Even though for finite ά , the quark does recoil, the EFT is 

constructed as a formal expansion in powers of ρȾά , expanding 

about the ά ᴼЊlimit. Recoil effects are taken care of by 

ρȾά corrections.

Quark moving with fixed four -velocity ὺ

ὒ ὗὭὈ֗ ά ὗ

ὴ ά ὺ Ὧ ὯḺά



Heavy quark propagator

Â Look at the quark propagator:

Â Expanding this in the limit ὯḺ ά gives

Â With a well defined limit

89

ὴ

Ὥ
ὴ֗ ά

ὴ ά Ὥ‭
Ὥ
ά ὺ֗ ά Ὧ֗

ςά ὺẗὯ Ὧ Ὥ‭

ᴼὭ
ρ ὺ֗

ςὺẗὯ Ὥ‭
ײַ
Ὧ

ά
Ὥ
ὖ

ὺẗὯ Ὥ‭
ײַ
Ὧ

ά

ὖ ḳ
ρ ὺ֗

ς



Gluon Vertex

Â The quark-gluon vertex

Â using the spinors and keeping the leading terms in ρȾά .

Â In the rest frame: the coupling is purely that of an electric charge.

90

ὭὫὝ‎ ᴼ ὭὫὝὺ



HQET fl

Â HQET Lagrangian:

Â Ὤ ὼ is the quark field in the effective theory and satisfies

Â Ὤ annihilates quarks with velocity ὺ, but does not create 

antiquarks

Â Mainfest spin-flavor symmetry of fl
91

fl=Ὤ ὼ ὭὺẗὈὬ

ὖὬ ὼ Ὤ ὼ



Â ὺappears explicitly in the HQET Lagrangian.

Â Ὤ describes quarks with velocity ὺ, and momenta within ɤ of 

ά ὺ

Â quarks with velocity ὺᴂὺare far away in the EFT.

Â EFT: look at only one box. Full: All of momentum space.

Dividing up momentum space

92



᷅Ԁῶᾦת (HQET) 
E. Eichten , Hill, PLB 1990;       H. Georgi , PLB 1990

93

To 1/ m 3 order, 
see Manohar ,
PRD 1997

vᴨ ₿ ιHQETẻẪіᵙNRQCDẻẪі ‾ Ӈῗ ѣѦEFT￼power counting Ẃјᵃ

HQET ῗԋ҈ ￼ṝẦψNRQCDῗԋ҈v/c￼ṝẦ NRQCD ⅝HQETᶶ 

To 1/ m order ,

ԅflavor and spin symmetry



ѿҩslightly off-shell heavy quark one-loop self-energy ὴ ά ὺ ή

Obeying ή<<< ά

Ὂ άȟήȠὨ ᷿
ὨὯ

ς“

ρ

άὺ ή Ὧ ά Ὧ

Ὥɜ‭

τ“

ςάὺẗή ή Ὥ‭

ρ ‭
Ὂ ‭ȟ‭Ƞς ‭Ƞ

ρ ‗

‗

Ὥɜ‭

τ“

ρ

ρ ς‭

ὺẗή

ά

ρ

ρ ς‭

ρ

ά

ɜρ ‭ɜ ρ ς‭

ɜ‭

ςὺẗή

ά

94

ᴅᶅ ΅ᶃ ẙת HQET = soft interaction

Ὧ

άὺ ή

ŵ Ŷ ŷ



ρȾά Lagrangian

Â The ὭὈ term violates flavor symmetry at order ρȾά

Â Ὣ„ Ὃ term violates spin and flavor symmetry at order ρȾά

Â The coefficients ὧȟὧ are fixed by matching, and are one at 

tree-level.

Â One can carry out the expansion to higher order in ρȾά .

95

fl Ὤ ὭὺẗὈὬ ὧ
ρ

ςά
Ὤ ὭὈ Ὤ ὧ

Ὣ

τά
Ὤ„ Ὃ Ὤ
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│ᶟṝẦΆתזַּ א ᷅Ԁᴅᶅ ᶃ

Ṅᶅט k֫ѭhard (Ὧͯ ά )ᴣsoft (Ὧͯ ή ᶟת Beneke and Smirnov NPB 1998

ᶟת Ꞌ

Ὥɜ‭

τ“

ρ

ά

ρ

ρ ς‭

Ὥɜ‭

τ“

ὺẗή

ά

ρ

ρ ς‭

ᶟת Ꞌ

& ᷿
ὨὯ

ς“

ρ

Ὧςάὺẗή Ὧ
Ễ

Ὥɜ‭

τ“

ςὺẗή É‭

ά

ɜρ ‭ɜ ρ ς‭

ɜ‭

ŵ Ŷ

ŷ
Ѣ εוגּ ♪ѕ ḡᾐᶄ ╓ײַ֪ Ṝấ Ὼ

Wilson coeff .
=hard mode

HQET contrit .
= soft mode
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HQETἾ→ ѧᴅᶅ↨ẈWilson ᾭ

ὧ ρ

ὧ ρ
‌

“

ψ

σ
ÌÎ
ά

‘
ὅ

ρ

ς

ς

σ
ÌÎ
ά

‘
ὅ

ὧ ρ
‌

“

ρ

ς
ὅ

ρ

ς

ρ

ς
ÌÎ
ά

‘
ὅ

ὧ ρ
‌

“
ὅ ρ ÌÎ

ά

‘
ὅ

Ὁ ά ᴆὴ ά
ᴆὴ

ςά

ᴆὴ

ψά

ὧ ςὧ ρ̆ ὩὼὥὧὸὶὩὰὥὸὭέὲ

c2=1 to all orders, protected by SRdispersion relation

ᴟᾎצїᴩ (Reparametrization invariance)       Manohar and Luke 1995

ט

ṉᾰ

᾿ ᵀ



ᴅᶅHQETש ￼ᾺΆ│χ┌֩ ֫

Â Requires knowledge of a basis of EFT 

operators

Â Amplitudes needs to be computed twice from 

the UV theory and the EFT

Â Breaks symmetries in the intermediate steps

Å No need to know the EFT operators 
in advance

Å Direct derivation of the Wilson 
coefficients

ÅManifests the symmetries in a 
transparent way

Cohen, Freytsis and Lu, JHEP 2020



Matching condition:

Calculation of supertraces:

Covariant Derivative Expansion (CDE)

ᴅᶅHQETש ￼ᾺΆ│χ┌֩ ֫
Cohen, Freytsis and Lu, JHEP 2020



HQETѲẓⱴ

Why sky is blue

100
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ᴴ Ӿᵘᶼ₭ѦַײᴜḑᾌṂε┐ᴢᶹѥ ẘṐẘ.

Åᴵ ӿ└ ‗ͯ υπππᴠḻᴝḒ￼ṑḽͯ֡ Ѧᴠ, ᵼ℅ᴝḒᴵҨӐ

ѭ♇ Ḓᶴת;

Åᴵ ӿḒ ḺᴝḒ￼☼ᴧ , ᵼ℅ᴱ ӿḒᵙѧớᴝ

Ḓ￼ẵớᾫṃ; 

Å Ὁ ḺЎὉḺὥ Ḻὓ

ÅᴝḒ֡Ѷῗ ₿￼, јּז ᴦ֗ιᴵҨּזHQETὼ

ᶽ ѬқѰᾴ Rayleighᾫṃ-ײַ



102

ῑᾇⱣ Ὓ ᾢ ᴜḑᵘײַ Ӿḑּ҉גӏⱴ.

ᴝḒּכѧớιổּצԎᴦ֗

ẬԄ ẙ‰ χ

Symmetry:

ᴝḒᶋ￼U(1) ӈјᴪớιּכ Ḿ ớᴣParity

‰ Ὥ‬ ‰ Ὂ Ὂ fl

ᶽ ѬқѰᾴ Rayleighᾫṃ-ײַ

ὺ ρȟπȟπȟπ

fl ‰ Ὥὺẗ‬‰
ρ

τ
Ὂ Ὂ fl



ᶽ ѬқѰᾴ Rayleigh-ײַ
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fl ὅ‰‰Ὂ Ὂ ὅ‰‰ὺὊ ὺὊ

fl τȟ ‬ ρȟ Ὂ ςȟ ‰
σ

ς

fl ὥ‰‰ ὧὉ ὧὄ Ễ

Ὂ Ὁȟὄ Ὁͯ ᴆὃ

ὄͯ ​ ᴆὃ

dimensionless Wilson coeffs .

ὥῗᴝḒ￼ṑḽ



ᶽ ѬқѰᾴ Rayleigh-ײַ

HQET, symmetry, ᴣ ᴅ￼ ֫‘

Rayleighᾫṃ￼ᾫṃἈ Ә ҈ὉȢᵼ℅
҃ᶾ ѭҜѱῗ ￼ή

104

„ ᶿὥὉ



Part 3B) ḑῑᾇⱣ Ѳselected 
topics 

⸗ḑῑᾇⱣ : Ӿḑ Ṃ

105



תḒῶᾦכּ (HEET vs. HQET)

Ḓᾫṃכּ-Ḓכּ ιᴵҨӃ үỴᶺunresolved ӿḒχ

Ӭ ӿḒ￼Ở ◑ ֺχ

Goalχ ‗ ụẸ￼EFT‎ῶᾦὼ ∂ṝẦᴠᾭῗ

ῘⱡιṄּכḒᶋḢԅ ὲ￼fl ј ҨḢἄ℅үח,  ᵼѭԄṃᵙ֧ṃּכḒӐѭ
ῶᾦ ẙọיּ ῘẪץᵍᶈ EFTѧ

106



ӿḒ ṃ & eikonal ӆ

107

ҧ֧ṃּכḒ4ט ѭ

ӿḒ‖ їι ᶹ ḒҽᾘḒᴵҨכּ￼ ӆѭ

ԎѧἮẽ ѭ

ṃᶺѦ ӿḒ￼ ẄᴵҨ ӆѭ

ԎѧּכḒᵙ ӿḒ￼ ᵀ ᴵ ӆѭ

χ і ҽᾘḒᵙ ￼ ΅ ֱ ᵋ ὶҡ•ѦEFTѧ ὶὸṀ֧‎ό

⁮χ Yes, ּכḒῶᾦת (HEET) exactly fulfills this goal !
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Heavy Electron Effective Theory (HEET):

: HEETҬ , ᵌԍHQETҬ b ᾥ

῀4ҩҌ ̆ 4ҩ῀ ₮

Super -selection rule: ᶊַײvelocity   Ѭᾴ ѥḃ ḑᾎ

Expansion parameter:

Underlying symmetry:            U(1) gauge invariance + heavy electron symmetry é 

HEET̔ ὼ ḒᾫṃכḒּכּ ￼ ӿḒ ṃ
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ҊӐּז χ4 Ḓcontact interaction

ԑᵬ ҹ ҹ6 4 contact interaction:

Wilson C (> me),  EFT┴ ᵞ

Ȃ ↕҉ ΏҊᴋץ Ҍ (with covariant derivatives 
or more fields),ᵖῒ lambda ᵞ Ȃ

̔ҹָӇҌ Ҋ ҹ3 Ҍ (ֽ ңҩ )?

ᴜᵻσv1 not equal to v3,  ⸗ḑ ẘ  superײַ -selection rule Ϊ
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(soft Wilson line)

ᶈ ᷃ ₭ιHQETנּ־ ᾿ῂԋ￼ Ḓᵙ ד Ḓ ҊӐּז

semi -classical picture:  Ү҈soft Wilson line

ῂ ḒҨ Ӯפ ιט יּ נּ־

Ḓכּ҈יּ) ῂ ᶽιј ṃ ӿḒẬ ￼ᴦ֗ᾦẔ)

ḅї￼ -ᴅӿḒ ӺιẊṄWilson ṝẦֹe￼ ιᴵҨ ᶶᴅ
ӿḒ ṃ￼eikonal ‗χ

ᴵҨὸẍֹүỴᶺѦ ӿḒ ṃ
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ᶋ￼ ᾺḧѲ/ ᴪὭ
(Field redefinition/decoupling transformation)

ḒᶋӮfield redefinition:                                  ẬԄsterile HEETᶋh_v^0כּ

HEETἾ→ ѧ￼҇₭ᶚᴪἄ ᶋיּ ḒᵙӿḒכּ) )

├ỴѣѦּכḒᶋ￼ ẙ‰ ‾ιἍҨWilson ἑ Ἱ╦

Ḓᾫṃכּ-Ḓכּ ѧ￼ ӿḒᾦẔḢԅּי ҊӐּכ4ּזḒ ҊӐּז χנּ־

(ӌאᶈ⌐ 4Ѧјᵃ ẙ￼ Wilson ѧ)
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Ḓᾫṃכּ-Ḓכּ ￼ᵼḒקԇẪ

ᴪὭ, ּכḒ-ּכḒᾫṃ(Ӄ үỴᾭ ӿḒ ṃ)
ḾẔ￼ ẄᴵҨᵼḒקѭḅїẻẪχ

ẄᴵҨᵼḒקѭWilson ᾭ x ּי Ḓ Ӻ x  
Wilson ￼ Ӻ

ӆ￼ὸṀᴵҨὸẍֹQCDѧ Ḓ ṃι ᶹᶶ ớ◊҈Wilson ῗḧ
Ѳᶈ ￼
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Ἀ ￼ᵼḒקԇẪᴣ◗קΆ

Ẕ￼Ἀ ᴵҨᵼḒקѭ

Ԏѧ ֩ᾭ

֩ᾭ

֩ᾭᵙ ֩ᾭ Ә ҈ ẙ‰ χ

QEDӢ⃰ṝ ι ֩ᾭץᵍ ᶹᴧᾫι ֩ᾭץᵍ ᶹᴧᾫιӇinclusive Ἀ ḧӠ ῶ

֩ᾭѧ￼ ᶹᴧᾫ(ἆ ֩ᾭѧ￼ ᶹᴧᾫ)ιᴵҨἺᴨ֧HEET￼Wilson ᾭḾẔ￼ ᶹᴧᾫ

ᶈא֧) ֩ᾭѧ) ԎḾ ᾯק ‰Ә ệֹ◗קΆ ι ᴵҨ ∂ᵙᶽḾᾭ



Part 3C) ḑῑᾇⱣ Ѳselected 
topics 

QCD ם (QCD static potential)

114



ᾢײ₆ַ ᷄ӿᵘᾢ ᴥ᷄ӿѲ ײַ ᴄ ם

(color -singlet static potential)

їᴩַײ ỈἀḦѱ-- rectangular Wilson loop טּײַ Ῑῗө:

ῌ ְԎῑeikonal ῶ ~ identical to HQET with v^mu =(1,0)



תᶇּם αᶼח βᴴ Ỉἀ
ặ׀ћꜛ Ẹ: єᶄ ῷ

Anzai , Kiyo, Sumino, PRL 2010;  Smirnov , Smirnov, Steinhauser , PRL 2010
Lee,Smirnov,Smirnov,Steinhauser , PRD 2016

ԏᶙַײ ῌᶂ(up to three loop)

ח)ỈἀṜấײַם )

https://mediatum.ub.tum.de/doc/1121280/1121280.pdf

ẒҾםᴢԍ ḑӡ₇



ᴄ ₦ :ם Ỉἀ ᵘ― QCD≡
ὝӖ҂ ︢Ḧalpha_sַײ ừ₡

117

rַײᴧө ᵿѕ ᶼ ḽ҇Upsilon(1S) ᴀềײַ

Anzai , Kiyo, Sumino, PRL 2010

Warning: r ểᶼᾩε― ⁴Ἠ ֦ לổᵕּ ,ם , Ỉἀ ḡԄ᷁ᾇ



Part 3D) ḑῑᾇⱣ Ѳselected 
topics 

ᴊ ᾌṂѲ ῴ

118
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ᴊ ᾌṂַײ ῴ ɇ ḑ Ṝấ

1909: Geiger & Marsden : alpha Ḓ ֨ ḫ

1911: ᴊ Ҡ ԏגḘ֦ᴦὝ֦ᴊ Ԇẩεẉẫԃᴜḑ–ַײ⁭ồ

ԄṃּכḒ ṇ҈ᴝḒ⁄ ιҐὭ￼ ӿḒᾊṾỄ ￼└ ιή
Ẹ ιῂ│ ָᶶᵀ Ḓ￼ ԓ ‗

‖ = ᶺ ṝẦ

Gell-Mann ᵙLowᶈ50ẉҦ ҃ẞ῞ ᾫṃ￼ ‖ Ḓ ṝẦ
᷃ , ỉ֫Ἀ ᵙ Ḓ ᾿ῂԋ;ṝẦї , Ә ҈ Ḓ

ἅҪ ḻᴋ ᾫṃ￼Ӊ ‖

Jia and Zhang, 2303.18243  



ᶵᴿ ḑַײ⸗ Ẻ◦ᵻḑ( ᾟҠ0ָ2)
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F1,0(0)=Z : Ởּכ (Ҩeѭᴅӈ)

F1,0(0)+F1,1(0): ‖ᵺכּ (Ҩ
e/( 2M )^2 ѭᴅӈ)

F2,0(0): (Ҩe/( 2M )ѭᴅӈ) 

F2,0(0)+F2,1(0): Ԇ‖ (Ҩ
e/( 2M )^3 ѭᴅӈ)

꜠ ￼ẻꜛᵼḒѦᾭ=2s+1 

Cotogno , Lorce et al., PRD 2020 



ӈ ᾟ1/2 ԃṂ ḑ
ḽỈ֪ợ ӭv/c ᴢ1/M ᴤײַ Ṝấ

121

⁸⁸ ᷂ universality )ᶏאל ḑ ᾟӗ ), ӆӗ▒Ḕᶇ
ҍᾭᾶᴴҧ pattern(why?)ײַ

1/M Ṝấַ᷂ײѢ
universal



ӈ ḽגּ ײַ ᾟ1/2 ԃṂ ḑ
ḽỈ֪ợ ӭv/c ᴢ1/M ᴤײַ Ṝấ

122

Universality ⁸ᶇ
O(v^2/M^2) ᶏεאל
ӆӗ▒Ḕᶇ ҍᴴҧᾭ︢

pattern(why?)ײַ



ḑῑᾇⱣ (HPET)ᴴҧ ♪soft limit

123

HPETὼ ￼ ᾿1/2ᶶᵀ Ḓᵙ ӿḒ￼ ҊӐּז Up to 1/M^2 ι
Ἶ→ ѭ(ẻẪі ӆHQET,Ӈ ⱶ ᶋјԜῗ♇ Ḓ)

Wilson ᾭᵙּכ ẻꜛᵼḒ￼ԋ

ҡHPET֧ ᴧιᴵҨѤ⁪ ᶶׁ דQEDῩזּ ṝẦᵅệֹ￼ ‛, 
Ẋת ѭҜѱ Ḓ ᾿Ә ₭ᶈNNLO א֧



Part 4.  ֽꜙ ḽגּ NREFTײַ
(ҧNR scalar field theory, 

NRQCD/NRQEDѬ Ӕ)

124



Why NREFT ψ

Κ┼ԃҙịַײ⁭ồσQFT = Special Relativity + Quantum Mechanics

ḽגּ ḑᶊ ῑїṇfar -reaching consequences: 

SR+QM ᴼᴥ ḑ, ᾟ- ḦⱣ, CPTḦⱣεɖ

ḑ◓Ᵽ(Ὓ ḑҒⱳ ♪ ᶡ῞ṩӏײַ(

Κ▒ ,ᶼᶹᾎ◓Ᵽ ᶞֿכ ḽ ᶍѬ ḽגּ ₦Ḅ–◓Ᵽ, ᴜḑ֪ḑ
◓Ᵽε ḑצḘε ◓ⱣɖɖⱲ ῆ◓ εᴤ ∕ẉᴿḿ ẫג↓ Ṃ, 
GPS֜‏( NRGRӭᵄ◑ Ӆ,/ ɖ

*  Ḿ ‖ Ỵᵖ taking c ᴼʭ limit

* NREFTI ѭῗRelativistic QFT￼Ӊ ( )ῶᾦᶋ

* NREFT￼ṝẦᴠᾭῗv/cιor simply 1/c



ῶẤNREFT ᵄַײ◓Ᵽ
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Ḿ ớQFTӐѭunderlying UV theory:  ᵼ‛ớ ∂ Ḓᵙᴦ Ḓọ Ҩ
Ẉ ￼ΆẪץὐᶈת ѧ:

⁞ὯꜞἾԀ╤￼ᶃӵι Ḓᵙᴦ Ḓε ζḕᶈ
>2 m c2; ᶈ Ḿ (Ӊ )‖ їι Ḓᵙᴦ Ḓ

ιế℅

Ḿ ‖ ї Ḓᾭᵙᴦ Ḓ( )ᾭ ọ ָ֫ḟở

Dirac №

₇ ֪ ֪

 ὼ
ᴆ ẒḐ

Ὠᴆὴ

ς“ ςὉ
ὥᴆό Ὡ

ɇ ὦᴆὺὩ
ɇ

 ὼ
‪ὼ

…ὼ
‪ὼ

ᴆ Ẓ

Ὠᴆὴ

ς“
ὥᴆ‚Ὡ

ɇ …ὼ
ᴆ Ẓ

Ὠᴆὴ

ς“
ὦᴆ–Ὡ

ɇ

Ḿ ‖ ї, ῳ ⱡ￼Ӯ│ῗ ᶋ￼⃰ ᵙ ֫ιᴏ Ḓᵙᴦ Ḓ( )
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ὛὛὧὬὶ᷿Ὠὸ᷿Ὠ ὼflSchr

flVfku‰
ᶻ
Ὥ‬‰

​

ςά
‰

Scaling transformation:  Ҍ

ὸO Ὡ ὸȟ ὼO Ὡὼȟ ‰ᴼὩ ‰

Recall scaling transformation in relativistic QFT

Klein -Gordon: ὼO Ὡὼȟ‰ᴼὩ ‰

Dirac: ὼO Ὡὼȟ‪ᴼὩ ‪

d Ὴ ḧ ᶋ ￼‰ẙᴪὭ



Warm -up: Ḫ  ᶊַײNREFT
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Ӭ ḅї‰ ᶋtoy model ῗunderlying theory:

Ṅḫ‰ ᶋ֫ ѭ ṾᵻᴝḊἾ→ ,
ἕὲồ Ὴ ￼ (                )), ᴏệֹḅїNREFT:

ט ᵍ҇ Ὴ Ṁᾭ Ӯᶋ￼ ᾺḧѲ

Ẋַּז Άט ιᴵệֹḅїֱ⃰ẻẪ￼NREFT:

Ḿ ‖ ї Ḓᾭḟở -> U(1) ӈјᴪớ

Jia, hep -th /0401171



Field redefinition and NREFT 
lagrangian

129



Tree-level matching
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One-loop matching
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Full theory:

NREFT (S-wave amplitude):



2+1 zero-range interaction
(Ẉ і￼ Ḿ ớ ҊӐּז)

D=3 rich physics occurs

Point particle coupled with Chern-Simons gauge field:

Aharonov-Bohm effect, Fractional Quantum Hall effect

ᴏӔјᾼזᶹᶋιѼῶῶ ￼ⱶא╨תχ

Quantum scaling violation, 

dimensional transmutation ( )

Just like QCD
132



3D one-loop amplitude in Full theory 
and EFT 
Jia, hep -th /0401171
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Full theory one-loop: UV finite (super-renormalizable)

NREFT one-loop: UV logarithmically divergent 



One-loop matching in 3D:

One-loop amplitude in NREFT
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Counter-terms in MS scheme:

Wilson coefficients at
one-loop order



Renormalization group in 3D 
NREFT
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Using the chain rule, we find the following beta function:



Dimensional transmutation

136

Similar to the Lambda_QCDin QCD, we introduce a new 
characterisic scale



RGE for higher-dimensional 
operator

137



Binding energy  (attractive)
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More precisely



  ᶊNREFTַײ ѥẓⱴ (just for fun) σ
ѢѥѕṼ ḑѲ תּײַ ג

139

SM Higgs sector Ӑѭunderlying theory:

Tree- level matching:

Feng, Jia, Sang, 1312. 1944

ᴵṄ℅UVת ỉἣש ֹḅї￼NREFT, Ẋḧ֧Wilson ᾭC0 and C2

ѣѦṸ⁪Ᾱד Ḓѳ ḕᶈּת ẳ ẫג



ẵּ҉גӏⱴѦַײɎ₇ ⸗ḑӰ ɏ= ᷄ ӿӰ
(heavy quarkonium )

᷄ӿӰ ᾴⱶ ᷄ӿᵘᴥ ᷄ӿẺởַײ ḽגּ Ῠ

140

᷄ӿӰ ᾴֿכ QCDַײⱣ ὒ , 
Ᵽצ┼ Ỉἀᵘ ỈἀᾇẓḄӌ
interplay

Bcε B*
cM2Ƭ/ ƛc 

Ɖ, ƛb

᷄ӿӰ ᾴQCDѦ῏ ᴄַײẵḑ, ₦҇QEDѦַ₇ײ ⸗ḑӰ ,
₦pion and nucleon ᴄΪ

Ӱ ẔӰ
╬ ╬ ╫ ╫ ╫ ╬

᷄ӿӰ ᶇ –◓ⱣѦѻῑểᶹẓⱴ ₦ḄεM2Ƭ vxssuhvvlrq
ӏѬQGPַײⱣ ὒ τM2Ƭ photoproduction ⱴ҇ὒ≡–ḑ
╟(QCD trace anomaly) τẵ ᶊᵘ Ҟח Ѧַ᷄ײӿӰ ɖ



Rule of thumb: Ӂ ᷄ӿӰ єѥ◕Ềײַ  

ềᵆ▌ᴦᵘᶡ ײַ ב χὓ ὓȾ ȟὓ ὓ φππὓὩὠ

▌ᴦᵘᶡ ײַ ב χὓ ὓȾ ȟὓ ὓ τππὓὩὠ

ᴨѧỌӪӐѭӂ ι□○ ╜▄╥

ᵻ₈ ○ for charmonium

○ for bottomonium 
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□ḻ □○ḻ □○
Thus v can acts 
expansion
parameter

Curiously, άὺͯɤ for charmonium and bottomnium

֠ӌẇᶍ



Rule of thumb: Ӂ ᶇєѥ◕Ề ẵײַ  ᴿẁ
ᾎַײᶼṆ

large M limit (Coulomb -dominant):

ɒvpdooɓPlimit (assume linear potential dominance ):

If Coulomb and linear is equally important, plausibly both scaling

Rules hold simultaneously

142Application of pert. theory at charmonium momentum scale ὓὺis questionable

ὓὺͯ
Ⱦ
ȟὶͯ ᵼ ὺͯ ‌ ὓὺ

ὓὺͯ‖ὶȟὶͯ
ρ

ὓὺ
ᵼ ‖ͯ ɤ ὓͯὺȾ

ȟ



ῶẤNRQCD/NRQED ᵄַײ◓Ᵽ
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ῶז῭ ￼ῗṄᾊṾ (כּ) ￼ Ḓᶋᵙ ᶋ ᵀιQED/QCDӐѭUV
ת :

⁞ὯꜞἾԀ╤￼ᶃӵι Ḓᵙᴦ Ḓε ζḕᶈ
>2 m c2; ᶈ Ḿ (Ӊ )‖ їι Ḓᵙᴦ Ḓ

ιế℅

Ḿ ‖ ї Ḓᾭᵙᴦ Ḓ( )ᾭ ọ ָ֫ḟở

Dirac №

₇ ֪ ֪

 ὼ
ᴆ ẒḐ

Ὠᴆὴ

ς“ ςὉ
ὥᴆό Ὡ

ɇ ὦᴆὺὩ
ɇ

 ὼ
‪ὼ

…ὼ
‪ὼ

ᴆ Ẓ

Ὠᴆὴ

ς“
ὥᴆ‚Ὡ

ɇ …ὼ
ᴆ Ẓ

Ὠᴆὴ

ς“
ὦᴆ–Ὡ

ɇ

Ḿ ‖ ї, ῳ ⱡ￼Ӯ│ῗ ᶋ￼⃰ ᵙ ֫ιᴏ Ḓᵙᴦ Ḓ( )



QED/QCD vertex vs. NRQED vertex
By construction, NRQED Hilbertײַ ᴰ ᵌӈפ ⸗ḑ,₇⸗ḑᵘӈ Ӿ
ḑ, ҜᾴQED Hilbert ײַ ѥḑ

144



NRQCDᵻḑצσ Ὅּגḽ (~ mc2)ַײ ḑẮ

145

Caswell, Lepage(1986);  Bodwin, Braaten, Lepage(1995)

This scale separation is 

usually referred to as

NRQCD factorization.

The NRQCD short-dist. 

coefficients can be computed in 

perturbation theory, order by 

order

Integrate out relativistic (hard) 
quantum fluctuation

—Ὂ╓ ⱶ, Ỉἀ ᴴҧṩӏ



Foldy -Wouthuysen -Tani
transformatio n (FWT ᴩὈ)  1950s

146

Ḿ ᷅ԀDiracᶋӮFWT transformation :

 ᴼὩὼὴὭ♬ɇ╓Ⱦςά   ὩὼὴὭ♬ɇ╓Ⱦςά
‪

…

FWTᴪὭ￼ ‰ῗ Ḿ ק ᷅Ԁsector￼QCDἾ→ ι
ᴏ ẻḅ‪…ι…‪￼off -diagonal ҇₭ᶚ

ṄԎṾᵻֹQCD/QEDἾ→ ι ᷅Ԁ ԋ ӆᴪѭχ

Dirac-Pauli basis

ᴵ ḾᶋӮrephasing ᴪὭexp(-i m t) 
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ẙ‰ẙꞌ(velocity scaling rule)  ẓҿ

ⱶ ᶋ Άט

ᶋ Άט
εẓ ζ

ὓ ὺ

P. Lepage , P. Mackenzie, 1992
E. Braaten , hep -ph /9702225

A0 (potential )more important than A (dynamic)
|e gamma> higher Fock state in H)

ὺͯ ‌ ὓὺ



NRQCD Lagrangian
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Bilinear sector ẺẩѕᵘHQET ‒, ӆpower counting rule ḡԄїᵂ

fl‏ fl‏ fl‏

fl‏
ὧ

ψὓ
‪ ╓ ‪ … ╓ …

ὧ

ψὓ
‪ ╓ɇὫ╔ Ὣ╔ɇ╓‪ … ╓ɇὫ╔ Ὣ╔ɇ╓…

ὧ

ψὓ
‪ Ὥ╓ Ὣ╔ Ὣ╔ Ὥ╓ ɇⱭ‪ … Ὥ╓ Ὣ╔ Ὣ╔ Ὥ╓ ɇⱭ…

ὧ

ςὓ
‪ Ὣ║ɇⱭ‪ … Ὣ║ɇⱭ…

ὓ ὺ

William E. Caswell and Peter Lepage , 1986

ὓ ὺ

Ὠ ὼͯ ὠͯ
ρ

ὓὺ

H= Ὠ᷿ ὼfl ὓὺ

H= Ὠ᷿ ὼ‏fl ὓὺ
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fl‏
Ὢɤ

ὓ
ײַ ɤ

fl‏
Ὢ Ὓ

ὓ
ײַ Ὓ

Ὢ Ὓ

ὓ
ײַ Ὓ

Ὢ Ὓ

ὓ
ײַ Ὓ

Ὢ Ὓ

ὓ
ײַ Ὓ

ײַ Ὓ ‪……‪ ײַ Ὓ ‪Ɑ…ɇ…Ɑ‪

ײַ Ὓ ‪Ὕ…ɇ…Ὕ‪ ײַ Ὓ ‪ⱭὝ…ɇ…ⱭὝ‪

NRQCD Lagrangian χ4 Ḓ
Such terms are absent in HQET

4 Ḓ ￼Wilson ᾭᴵҨῗᶶᾭ NORQCD Hamiltonian јῗᴕ ￼

ὓ ὺ

ᴼ
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NRQCD ḟ￼Ḿ ớ

Â SU(3) Ḿ ớ

Â јᴪớט

Â כּ Ԋ јᴪớ

Â ᴦṃјᴪớ

Â ᷅Ԁ ӈḾ ớε Ḓᾭιᴦ Ḓᾭָ֫ḟởζ

Â ε ӆ￼ζ ᷅Ԁ ᾿Ḿ ớ(U V ѭ꜠ SU(2) )

Braaten , hep -ph /9702225



NRQCD/NRQED ῌ ְ
ẒҾ ḑҼίḑᴢ᷄ӿαᴥ᷄ӿβҼίḑ

151Single pole only. In contrast to relativistic QFT propagator

ẓҿ ῗ≡ῶ ₩ỗ￼ⱶת ι Ẃ ᵀ Ḿ ớ￼​ ỗ ᶈ℅
їιA0 (potential ) ⅝AΉ
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ᴶ
Leading in v

ꜚ p.A
v ᵞ

ꜚ ═

᾿ῂԋ


