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OUTLINE

ü The first round PK: / FAC/PMS/BLM /

ü Summary and Outlook

ü The second round PK: / seBLM/PMC/

ü The QCD scale- setting problem  ññvery important

ü Examples ð/ Resummation/Differential/UHO /

ü The Principle of Maximum Conformality
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Ṉῌ/ṑῌשׁ ,1953 Ὕ֦᷇Ầ ḑᾎ

ṈῌὝ֦Ҟḑԅשׁ ḑױ σ1961.01 ᴌ῞-1961.03 ὓᾁ-1962.02 ᴦ -1969 ⁸
ṑῌαḿṶ ἝḈβ Ӆṩӏε1960 ẈẔḡởεΊᴦ ᴌ῞ε1961.08 ᴦ -878⁸

ṈῌὝ֦᷄ӿ⁴ᶙ(2שׁ )- ◓ⱣỒἒ -4536 ⁸σ
1964.01 Ἃ ε02ᴦ τ Ὕᴢ1963.03 ṯῑ ←-ᾩ Ὕ׀

Ḍ―Ὕ֦ Ӆ⁴ᶙσ1964.01(26 )ᵘ.02(80 ) ᴌ῞
(CERNѭҮ ᶿ◕ ₆Ἃ ᶁεᾄầἋ ?!)-900⁸

ẾỉῌὝ֦ Ӆ֪ᾎ⸗ ḑσ1963 ẈẔἋ ε῏ᾨὝ֦
ӆ1965.03 ᴦ ҇ –◓Ᵽ(← ) -ᾢẼᵟ21⁸-ג

᷄ӿ⁴ᶙ ⱳ σ ┼ Ṉῌשׁ
ɇɇ ỏ

ἵѲҧ εἐᴈӽῡ
ở₇Ὼ

1962 Ẉԉᵂᴟҹε W- ?

ḘῠᴦṜ PK
ᴵᶼỞεᶹ ᵎ

҄ ὕ׀ח

PK1

PK2
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Ѳ

Ḅӌ Ệᴴ њ ỈἀQCDⱣײַ︢ ө

ẵּ҉גӏⱴ QCD

 ֜⁴ᶙ
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Ệῑ ẘỈἀ єײַ

ᴦṜ ᾇỈἀ ᾛ← ϊϊᶡ︠

῭χḢἄ אָ ỉἣ ι ᶼ ӡỤψḢἄ⸗ḧ ᶴתᶴת

ὐץ Ẅ Feynman ק֫ ᶺӌ קט ẑ ∂ᵙ  ֺ

҇ ἄָ₇ַ︢ײ ᾐצ   Ḧᾛ’ ϊϊ–ị

χῳᶽ אָ ẙᶊ ệῶ ї￼

љ ᾯק ‰ᴣ ᾯקΆ⁮ῂԋ￼ ‰ ḧΆ⁮‖Ԏ

ѕ ἄָӁ Ίּר ♅ᴴ ᾛ← ϊϊẢἣ

χᶢ҈Ṱ אָ ỉἣẑ֯ιӂ ῾ ꞋιẁֶיᾸῶῂᾺⱶת

Ṱ ẑ֯ ԏᶵ῭Ḅỉἣᾠᾩớιῶ҈יᴙӉ῾ ἍṀ ת￼ ј ḧớ

ӠỈἀגὝσּ׀

↕σјᾛ’ ἬᾢԊεїḇ￼Ḕᶇᾁᾊ ῏ḃַײᾛ’



6

ü The QCD scale- setting problem
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Ὠ„ ὪὪṧ „ṧ Ὂ

Parton Distribution Functions

Perturbative partonic
cross section

(virtual & real radiation)

Fragmentation Functions

„ „ ρ ‌ ‌ Ễ

Contains  ‌ of 
tree level process 

NLO NNLO

QCD╓ ⱶ

ӟ Ỉἀᴴש

Factorization Picture 
for the Fixed - order pQCD predictions at hadronic colliders
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כֿ ᾛᵆ

כֿ ᾛᵆ҆

Ԋ↕σỈἀẐ֮῞ ײַ
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ꜚ № ᴦᾌ
ꜚ ­ ¤ Ý ̂UV- ̃

ᵥ ⌠ ̙ ‗ №ң

̇№ №
̇⅞№ ̂ ̃
̇ ҍ ̂ ῀ ṿᵬҹ ‰ ̃

Ҭ ̂ ȁ ȁ ̃ Ҍ ԍ
̆ ױ Ҍ

ҹҍ ῏ ̆ Ȃ

ᶛ ̆ ̂ ̃̆ ץ ԍ ҩ
ӈ

ױ ̆ ҈

Ḧ₇︢ ᾐצ  

k

ᵺῗᴖᴶ
Ḿ₱ᾚַײ

k

k

ӟ Ỉἀᴴ
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The Glorious Days of Physics - Renormalization of Gauge Theories
-- Gerard 't Hooft

¸ 1953 Peterman ҍ Stueckelberg ͠ ₮ ᾐצ ᾐצ їᴩ

= ᵞ gren + ḱ + Dĝ ̃

gren ҍægӊ ⅞№ ᴋ ̆ ̂ ̃Ҍ ᶭ ԍ ⅞№Ȃḡᾐ ẃј֞ ᾛẩ
ᾢԊײַ ζζ Ѭ ᾐצ їᴩ

hep-th/9812203

↕σ₈ᶂҜѬ
ᴄ ổᶂ +

+

ᴿẁᾎ   ח
ẃј֞ ᾛ’ᾢԊ

òThis is a one-dimensional subgroup of the renormalization group, 
and it is all that is still in use todayó

http://arxiv.org/abs/hep-th/9812203
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¸ 1954 ̆M.Gell - Mann ҍ F.E.Low̆ ₮QED a

̇̇ ῀ ̂ḃ ₱ ̃

ὓᴨ ᴿẁᾎ   ח
ӆἷ֦   ח ṇᾴ҆ ᾇẓ

ῶẁᾎ

GM -Lᾛ’ζ
QEDїḔᶇᾭᾶ ᾐצ   Ḧ

Ɏ1/137 -῞ ᾎөṆɏ

₱ᵘỨῑּט ῴצᶂ
♅ᴴ  ᾢԊ Ὼ
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¸ 1954 ̆Landau ҹ̆QEDҬb-₱ ₱ ̆m
׆̆ ₮ ̇̇

̇̇ ̔ ҉Ҍ

¸ Gell - Mann ҹb-₱ ᴪ₮ ̆ ᴪ ԍ ̂ ̃
̇̇ ̇̇ Ȃ

̔ QED ̆҉ ΐ ӈ̆the Landau scale ~10286 eV

¸ 1954 ̆C.N.Yang R.Mills ₮ Ҍ ̆

¸ 1961 ̆S. Glashow ҉ ԑᵬ

ặᾩ Ѭ ḑᶊַ҉גּײӏⱴᶇּת іַײẵẘᶍјQED Ӆε
Ѭᾢ ᶼτẺở ḑᶊ ῑ ײַ ồ

ῶ

ᾚ
ᶙ

ᴴ

ᾐ
⁴
ᶙ

Ԉ

῀
̇Ҍ

ꜚ ῀
̇Ҍ ̆ Ҍ

Ή┼ֽ

ῑ ᶸᾌ
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¸ 1961 - Goldstone ᴪ֟ Goldstone

¸ 1964 ̆P.Higgs Goldstone ᴪ
F.Englert̕ף R.Brout

¸ 1964 ̆A.Salam YM+Higgs └ ԑᵬ

¸ 1967 ̆Weinberg ҍ ԑᵬ ҹѿ

ᵂᾩε ײַ֗ ζ ᾭ⁴ᶙַײᴴ ᾐ

¸ 1961 ̆ ԍS. Glashow ̆Veltman ῒ ̕
ᵖ ⌠

¸ 1970 ̆tHooft ⱴ῀Veltman ̆ №ң ‗

Ĩ ᵥ Yang-Mills ᵣ Ҭ ̙̗̗
II ̃ ᵥ ѿ℗ҍ ̙ ̗̗≠ Higgs 

¸ 1967 ̆L.D.Faddeev V.N.Popov №
ⱴ῀ ᴆ̆Ḡ Ҍ

ᵣ

ῶ

ᴴ

ᾐ
⁴
ᶙ
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¸ 1971 ̆tHooft ῀ ԓ Yang- Mills ̕ҹ ╠ Ȃ

¸ 1971 - 1972 ̆Taylor Slavnov ₮Slavnov- Taylor Ȃ

¸ 1972 ̆tHooft Veltman ₮ / - ΐ̔4- Ŵ ̆
ȁ № № Ȃ Ŵ ῀ Ҍ
Ȃ

ᾎ₇ Ᵽצ ᴴ₇︢ᶉὛ ӏⱴ҉גּײַָ≡
і ₉ε ᾐצ ᾇẓ

ᾭ
ᴴ

ᾐ

¸ 1970 ̆Callan Symanzik ₮ ̇̇ ₮

̇̇ľ b₱ ҍQEDѿ ԍ Ŀ

Bjorkenԍ1969 ̇ Ȃ

¸ 1973 ̆Politzer Gross Wilczek ₮QCD ̆ ԅ Ȃ
̔1969 - SU(2 ) ; 1972 - tHooft Ӟ ⌠ᵖ
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ỈἀQCDⱣ ɆἸasṜấӁ ◓Ᵽ

Ỉἀ ẓјҙѬẫԃַײᴟᾎᾢԊ
α1953 Ẉ Peterman ј Stueckelberg β ᾐצ їᴩ

k ­ ¤̆ḿ ᶸᴦᾌ
ᾐצⱣ ┌ᴦᾌ

ȁ ȁ   Ḧ

‰ ΐ

ẘỈἀ ψ

ếếỔꜝ

ᴄ
Ṇ

ᴰῑ ḡỨῑ ỡ ᶻ
Ửḽẓ◓Ᵽ Ḫөטּ
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Standard RGI

The initial fixed - order QCD series is non - conformal, its prediction 

must be scheme - and - scale dependent due to mismatching of as

with its coefficients for an arbitrary choice of scale

0; 0;
R

n n

R

n
r r

m

µ µ
¸ ¸ -

µ µ
Equivalence to: Ȁ perturbative order,R-sc heme

Then how to estimate the magnitude of initial series ψ

ҭ

0; 0
R

r r

m

µ µ
¹ ¹

µ µR

◓Ᵽ ≡

ῑ
ᴜḉẐ֮
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ñ♄ò ̇̇ Conventional scale - setting approach

=> ñChooseòthe scale Q to be typical momentum transfer ,

or to eliminate large/dangerous logs or to get more convergent series or to agree with data

=> ñKeep it fixedò throughout the calculation

=> ñVaryòin a certain range, e.g. [Q/2, 2Q], [Q/3, 3Q], 

to discuss its uncertainty or to test its sensitivity to not -yet computed high -order contributions

ᾎ

₤ өײַ ֠ ԏᶙַײᴩצ ֘
ᵂ іַײөε  ᴩצṬᶼ
ѥΈ Ӌ♪ỈἀẐַ֮ײԒ ṝ ψ

m=Qm=Q

m=x 1Q

m=x 2Q

LO NLO NNLO NNNLO
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Re+e-
Q=31.6GeV

Q 2Q

In lower orders, we do not know which scale 
range is enough for estimating the 

uncertainty

We have to finish enough high - order 
calculations, which are complex and time -

consuming

I t is only an order estimation,
depressing predictive power of pQCD theory

ᴾ  ї︢Ḧ Ἐ┌ӏⱴεײַ ᾩᴴ ֛αṆβ   ṭ

ѥԏᶙַײḪӔ

ᾁᾊ ẵᾩε ֫OK
їẵᾩεӈ ֜︢ ᾶ



20

Question

Is it possible to achieve scheme - and- scale invariant pQCD prediction  
by using an improved series from the initial fixed - order series ?

ᶯ ạ 1̦ ỳ ḩ
ɼ ̦Ṙὐ ᾒ ɽ
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ḘѼּר ᵰ҇ ε εԛ ɖɖ

Vḛᾴᵊ ᴿḬ Ễψ
Vḛ ᵊᶇḪ Ѧ ψ
Vḛḽ ֗ ᾴᵊῑᵎᴦ ψ

ﬞḱ҄ εﬞ ᾄ
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ѕћ 80Ẉҥε ↓ ε
ⱳBLMεPMSεFAC ԏᶙᾛ’

Ỡҩַ֦ײᴦ ᾴᶡ҇ɎּגӠỈἀ ɏ
Ỉἀ QCDⱣ Ὕ֦їѯεҙҩṎṯᶇ ᾴᵊᴴ ֗ לּ 

ᾨῙ σᶡ҇  ᴜⱣỡ  ⱣồΎ︢Ḧ῏ҷ ᾐצ  

? ỈἀṜấᾴᵊ ῑᾇψבּ
`tHooft , Can We Make Sense Out of QCD ψ

We understand how to renormalize the theory to any finite order in the 
perturbation expansion, but it is expected that this expansion will 

diverge badly, for any value of the coupling constant. 

ḽỈἀ ῞ ײַ ꜡ҠΊӮ₆
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BLM
Resum all

nf - term

PMS
Minimize unknown higher - order contributions

Simply require series to satisfy the RG invariance

Three typical and different ideas

ҷ῏ײσḾἄỈἀẐַ֮ אָ  ᵘ
῏ҷᾛ’

Goal: using initial series to find 
optimal scheme and scale, 

forming new improved series

FAC
Effective charge

1980õs attempts to remove the ambiguity

Resum all 
higher - order terms

Ḫ
ᵆ

қѰ‒ַײẐ֮ ᴿRGI╟҇ ₦
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First round:  BLM/PMS/FAC

A serious shortcoming of PMS procedure, 
common to all applications, is discussed

ᴾᾶ εᴎῑᴿ
ѻῑ ⁵εẦẁ▌

Typical PK works

Politzer ̆ Ӟ ₮Ṣꜛ
ᵌ Ҥ ‗̆ᵖ ᶫ

₮BLM

ᴾ ᾑѦεѻῑỠ₦ӐΉớӐַײ Ӡ
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Commensurate relation among different as

їᵂᾛ’іַײῑᾇẵ ᴿẁᾎөї ‒εӆ ᴿᴾ Ṝấײַ
ᾎε῏ Ệјᾛ’ᾢԊַײ Ὼ

--- ᾴẓḽSteverson ᵺײַ꜡ ---

◕ₔ ֘ᴴҧṃỨῑ ᾎѻ ᾁ ῑᾇẵ ᴿẁᾎḦѱ

One -loop CSR ensures 
scheme invariance

ᶇỠּזΎε PK Ῠ҇1995
αṯᾴ ҊẈѲᵄβױ

ᵺẓḽї ֗ ᾐצᾛ’їᴩ ײַ ꜡
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S.J. Brodsky

P.M. Stevenson

G. Grunberg

95Ѳᵄεṩӏểṇ҂

ṩӏ ҝ59Ẉ
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Maximum

Suggesting two extreme pQCD
examples to show PMC does not work

є ᴥ֧
↓ ԛ

ẫⱴ҂FAC
⅍ẫ BLM ᾑ
⅍ẫ PMC ᾑ
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But Stevenson  s two extreme examples 
inversely show the success of PMC

Improved as an article

Stevenson s papers emphasize the 
importance of scheme -invariance

We do agree
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P.M. Stevenson ḽRGI

Nucl.Phys.B 203 (1982) 472 -492

Strong coupling has dual nature

ⱶᴟᾎ ᵘ Ṝấᴟᾎ
free parameter expansion coefficient

ᵬҹ ⱶᴟᾎ̆ ץ Ҋ Ḡ
↓ ṿҌ : 

῀ (Extended 
RGE) Ҍ Ҋ
׆̆ ⌠ҍ ῏

Possible to achieve scheme-invariant 
predictions under fixed orders

Ỉἀ εɎ₱ ɏַײẵ ᷆Ᵽ

Ẕ₭ᶇײַ꜡ ψ
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ẵ ᴿẁᾎᾴ ⱶᴟᾎ ᾴPeterman ᵘStueckelberg Ὕ֦

↕σӏѬỈἀṜấᴟᾎεְᴜḉỈἀẐ֮ Ḧјᾛ’ּגԊα ᴿRGIβεᵻ₈ᾢ←ֵᾘ ѥ  ᵘᾛ’
ᾴ₇ַ︢ײτӆᶡ҇῏ҷ  ᵘ῏ҷᾛ’іַײᾚỈἀẐ֮ᴴҧ ɇɇ ᵻ₈εᴴ ѬPMSᾴ ῑᾇᾛ’

ľ ꜚ ᴰ ̆ ԍQCD ̆
⌠ ѿҩ ̆ ểᴴ ᾴ ᾛ←ַײᵩ ẓⱴᶊᾼȂĿ

ῃ ԍ ѿ
̔ ȁ ԍᴋ

̆ᴴ ổᾂᴩ ᾐצᾛ’Ύḽ
ԍ Ȃ
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Key assumptions of PMS
Because {bi>=2 }- functions are different for different schemes

==>>Assum : one can use {bi>=2 }- functions inversely to label different scheme
==>>Assume : the pQCD approximant can be scheme invariant under scheme transformations

The expansion basis and coefficients 
can be transformed simultaneously to 

ensure the scheme invariance

ᶒἵỈἀ Ṝấַײ εPMSַײɎ₱ ɏỌ ᶡ҇Ḅіӫ Ử ở

==>>ӫ ỨῑΊ ײַ ♅Ѭ α↕σḿ ῑᾇ ῴẘӗ Ԓᶇᾁᾊ β
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‍ὥ ‘
‬

‬‘

‌

τ“
‍
‌

τ“

”
ρ

τ
ὴ‍† ꜟ

” ꜟ
ρ ὴꜟ

ςὴ

‍ꜟ

τ‍

ὴ‍

ρφ‍

” ςꜟ
ꜟ‍

τὴ‍

ꜟ‍

ψ‍

ὴ‍

φτ‍
ꜟ ꜟꜟ

At n -th order, 2n+1 parameters 

n PMS Equations  
‬′

‬‍
πȟά ς

‬′

‬†
π

One Basic RGE (‍-function) 

n RG invariant coefficients

ὥȟǿ†ȟ‍ȟȣȟ‍ȟꜟ ȟȣȟꜟ

2n+1 ᾛ ₱ 2n+1 Ίּרᾎᴴ ⱴᾎө₱

Iβ︢Ḧῑᾇ ᴿẁᾎ -- ᾢLQCDї︢Ḧ
IIβⱣ јֳḉ   Ἤҧᴢֳḉᾛ’ ἬᾢԊ

Phys.Rev.D97,036024(2018)

PMS: the scheme - dependence and scale - dependence
are treated by using the extended RGE

֪ẁᾎѬїᴩ ɇ ҭ҇ɇ ᾐצ  ᵘᾛ’ᾢԊẁᾎ

ӫ Ѳі
︢Ḫᴴҧ
ḽẓ
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PMS prediction ̂limitations ̃

Lower- order predictions are generally incredible

weak perturbative nature

PMS cannot predict contributions from 
unknown higher -order terms

One-loop

summary

The useful is 
Extended RGE 
but not PMS
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The idea of BLM

GM -Lσ ₱ᵘ→→ᶂᴴ Ệַ֜︢ײaө BLMσ ₱ᵘ→→ᶂᴴ Ệַ֜︢ײasө

Q0 ɆInitial scale

Resummed to 
achieve a 

scale - invariant 
prediction 

-- it is infact
the chain - loop 
approximation

╟҇ Ḻ
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BLM- approach > 1300

PMS- approach > 1200

FAC-approach ~600

Who wins the first round PK  ?  It s surely the BLM
--- almost all of its citations are for scale -setting

ẫⱴ⁸ᾎ ε
ẉї Ḧᾛ←Ṏḃ
џ їҗε җ
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I)  ♄ᾴɎᾢ᷈ɏַײ Ἤ

II) ḾἄɎ῏ҷ  ɏᾴ ₉εӆ ֗ εᴰᾴ┼ẘ
ҡ ᾯתק ‎ ι ᾯק ‰ᴱῗҚѭẬ ᴠᾭ
ᵼ℅ιἅҪᴵҨ ὍүỴ ᾯק ‰‎ӮᾭӪӂ

ḅ‛ῳҸ ‰ἑ ḾẔ⃰ ỉἣ ι ѱ ᾯק ‰￼ ᴞיּ ҃ό

III) Ửᾴּײ₇ַט ֗ᾛ’ ψ

BLMּגḽ ֦τӆ ֦Ѳᵄε ᴠᶇӌᾛψ
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Why is BLM so successful ? 
What underlies it ?

How to extend it to all orders ?

ᶇӌᾛѲ σBLMѲ
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ü The principle of Maximum Conformality ̂PMC̃

Ҟ ҝ῏ ῏┼ԃַײẢἣᾛ’



39

1981 ̆Brodsky - Lepage- Mackenzie ₮BLM └
1992 ̆Gruberg - Kataev ₮̂ ̃ ҹBLM └
1995 ̆Brodsky - Lu ₮ ῏ CSR̆ BLM └⌠ң
1997 - 2011 ̆Brodsky ₮ b-₱ BLMҬnf - ̆ᵖҌ ᵥẠ
2011 ̆Brodsky - Giustino b-₱ ̆ PMĈ BLM̆2012 ̃

2011 ̆Brodsky - Wu ₮PMĊ BLM ̆ PMC ̂ ̆PMC ̆PRD̃
2012 ̆Brodsky - Wu PMC ԍ ᾥ ֟ Ҍ № ̆ ⱳ̂PRL̃
2013 ̆Wu- Brodsky - Mojaza PPNP ̂ ̃
2014 ̆Brodsky - Mojaza - WûBMW̃ ₮ ̆ PMCῈ ᵣ

PMC ӈľ Ŀ̂PRL̃
2015 ̆Bi- Wu ῏ ȁPMCң ᴇ ̂PLB̃

Ma- Wu ԍ Ҍ PMCҍPMS ῀ ̂PRD̃
Wu- Ma- Wang- Brodsky RPP ȁ ῤFOP

2016 ̆Shen- Wu- Brodsky ₮PMC ̆ Ҍ ᴇ ̂PRD̃
2017 ̆Shen- Wu- Brodsky ῏ CSR ⌠ᴋ ̂PLB̃

Deur- Shen- Wang- Wu- Brodsky ∆ PMC ԍᵞ ̂PLB̃
2018 ̆Shen- Wu- Brodsky PMC ԍᴋ ῏ ̂PRD̃

Du- Wu ₮ ԍPMC̓̀ ץ↓ PadeT ̂PRD̃
2019 ̆Wu- Shen- Brodsky PPNP
2020 ̆Leonardo- Brodsky - Wang- Wu ₮PMC¤ ̂PRD̃
2023 ̆Huang- Yan- Wu- Brodsky PMC ̂NPB̃

Shen- Wu ₮PMC̓̀ ץ↓ Bayesᵀ ̂EPJC̃
2024 ̆Leonardo- Brodsky - Ratcliffe - Wu- Wang PPNP

Yan- Wu ₮ ꜚ PMĈ JHEP̃
2025 ̆Wu- Yan- Wu ₮ ᵀ ̂arXiṽ

Yan- Leonardo- Brodsky - Ratcliffe - Wang- Wu Stevenson ̂Symmetry)

ᴦṜ ₡

From BLM to PMC

RMP- 2026 ?

₡
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2024

2019

2015

2013

Solving QCD scale- setting problem
PMC ññstep - by- step forward

Fix as-value, the new series 
naturally satisfy RGI
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The idea of PMC is simple

It is b- terms that are most important, but not nf - terms

So it is important to finish correct transformation of nf - terms to b- terms

At the NLO - level, there is no ambiguity to make such transformation

as
Ԋ↕

Ỉἀ ╟ј–ị
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The RGE itself is used to determine the running behavior of as, thus 
can also be adopted for fixing scale ambiguity.

I) Using RGE to determine the beta -terms at each order.

II) Resummingall the same type beta -terms, determining the exact 
value for exach perturbative order.

In this sense, PMC is like a way of resummation , which resums a 
kind of large log -terms to form a steady pQCD prediction .

But different to a pure resummation to improve the reliability, 
PMC also tends to solve the scale -setting problem.

PMC satisfies RGE-properties: symmetry, reflexity , transitivity

Phys.Rev.D86,054018 (2012)

0; 0;   We cannot get exact constraints from those inequalities
R

n n

R

r r

m

µ µ
¸ ¸

µ µ

PMC tries to solve scheme - and- scale ambiguities simultaneously

Basiṡrenormalization group equation (RGE)
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Can We Make Sense Out of Quantum Chromodynamics ?

Gerard 't Hooft , 1977

It has already been realized that, ``t he pQCD theory is invariant to the 
choice of subtraction point (m) under a simultaneous change in alphas and 
mprovided that alphas satisfies RGE ! ò

Conventional treatment of the initial series, alphasṿ ↓ ṿ ◓
. At present, the RGE has only been used to fix the correct alphas value at the 

chosen scale m, but the RGE - involved b- terms of the series itself have not been 
adopted to determine the exact value of alphas for the considered process ! 

The importance of RGE has already been realized by Peterman etal , 
but not are throughly used

” ‘ ὧ‘‌ ‘
◑ҙΊṒַײ
RGEῑѢṕⱴ
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How RGE works for pQCD series

Basically, it gives the value of the concerned parameter at given scale
Secondly, it shows how to set the correct ``effectó scale of the concerned value
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Transformation nf -series into RGE-involved b-series 
--- Second step

Initial pQCD series --- First step

There are also bðterms that are pertained to Msbar running mass and etc., 
which should be treated separately

Comment: different to the 
wrong extenson of BLM: seBLM

PMC multi scale - setting procedure
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PMC single scale - setting procedure

Eliminate all b- terms

Basing on RGI:

The overall PMC scale Q* is also in perturbative form 

RGE- involved
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Demonstration of scheme independence
(Using the C - scheme coupling to characterize any scheme)

New coupling constant, all scheme -dependence 
are introduced into C -parameter ̕its scale and 
scheme running satisfies the same RGE, which is 

scheme-independent
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Second round ññPMC or seBLM or other ?

PMCᾴ῏ḃַײᾛ’ᵇψΪ
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Maximum

Still in PK ɇɇ ї nf֪ש -

҅Ḫѕε2013 ẈỠҩṎṯ ᴦ♪Ὕָ
ײַ εẉ҇2017 ẈὝ֦ᴄ   ֗
ᾛ’ ӆңҩ⅍ẫⱴε ᾴ Ὕ֦

Improved PMC approach

ᾑ σ ѬPMCᴰᾴᶳⱣnf - ε⅍
ῑổ ָ ₇︢ӓⱴRGEτwe need to use 

the correct RGE under the specific 
scheme to do b-resummation

ῴẘ ̔PMC Ҍ ̆ ԅȂAny approach cannot remove 
the theoretical uncertainties in physical predictions, since these 
uncertainties ultimately arise from missing higher orders in as.

Some criticisms on PMC
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The PK is still going on for PMC and seBLM

Ỡҩ҇2017PLB εᶡ҇ ẉԊ ᾭCBK₇︢εӆ Ԋײַ ᾴḄӌ₇ֶ︢ⱴb- ΎỆָ₇ַ︢ײPMCԉẺẐ֮
Kataev ᶒἵ їᾂεԍḪ ᾴ ѬңҩΉᾨὝ֦PMC Ϊ

2025 Ẉ7ῐ-῏ᾚַײἒᵒ

ӆPMCјseBLMᾴợ▒їᵂѢ ᾛ←

2012
1011.5248
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Ỡҩַײ ẘ

ᶒἵָẔ

! ᾩ Ύ ᾭ ֫ !

ᶼ ε אל҈
ᾥ֗ỏ ׀ ε Ҧ ─ỶṊεỏΊ
ҙ ѓ Ḅᾯ εᴾỳᶈ ≠╒
њᾄ ᶽѬ ─εᾤῐ ᶭỂѾở
ṟῐḄׂ֩ҿּטεᴭҝ ╩ ψ
џ∫їזּ ₯εײẈ ҹ ≠

ӌ εḼị ▓₴
ӆḞḗ ָẔεּבỂӾ ֵ
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S.J. Brodsky

ṩӏ ҝ59Ẉ

A.L. Kataev

ṩӏ ҝ45Ẉ

X.G. Wu

ṩӏ ҝ23Ẉ
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Ɏᶐ ῗ҆ɏεỈἀ ӗ▒ᶇ ѕ

ᶇӌᾛѲ҆σḄӌӁ Ỉἀ ṭ

¸How to reduce and estimate residual scale dependence
¸How to estimate magnitude of unknown terms

There are two kind of residual scale depenence
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After fixing the scale ambiguity, 
what we still have to do for perturbative theory ?
It is not the end of the story, but a new beginning

ᾴ ֦Ύַײ
The road always comes out

ᾚַײ
An important step forward

Conventional scheme - and- scale ambiguity ===> residual scale dependence due to UHO - terms

FACᵘPMSᶍᾢ←Ӂ Ίּר ♅
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Feynman, 1961, ``How to estimat e higher order terms in the perturbation 
series without having to laboriously calculate Feynman diagrams ɏ


