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U The QCD scale- setting problem







Factorization Picture
for the Fixed - order pQCD predictions at hadronic  colliders
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The Glorious Days of Physics - Renormalization of Gauge Theories
-- Gerard't Hooft

hep-th/9812203
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ol his is a one-dimensional subgroup of the renormalization group,
and it is all that is still in use  today o
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Quantum Electrodynamics at Small Distances
M. Gell-Mann and F. E. Low
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The Initial
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Standard RGI
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Equivalence to:

o

must be

scheme -and -scale dependent

W

fixed -order QCD series is non -conformal,

_0;A n perturbative order,R-sc

due to mismatching

hemg¢

Its prediction

of a,

with its coefficients for an arbitrary choice of scale

Then how to estimate the magnitude of

Initial series Y
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"~ Conventional scale - setting approach

=> NCh 0 0 S ®eBcale Q tobe typical momentum transfer :
or to eliminate large/dangerous logs or to get more convergent series or to agree with data

=N Keep it tfrolghsuehdcalculation
=> 1 V a r w dxertain range, e.g. [Q/2, 2Q], [Q/3, 3Q],
to discuss its uncertainty or to test its sensitivity to not -yet computed high -order contributions
£ ve | T ooyvpX
W I e A PXT2x
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~
b

NLO NNLO NNNLO
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0.0s+} . In lower orders, we do not know which scale
: Re+e- range is enough for estimating the
= ooaF T Q=31.6GeV - uncertainty
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= . Treia . . .
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Question

Is it possible to achieve scheme - and- scale invariant
by using an improved series from the initial fixed

PQCD prediction
- order series ?
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- ‘tHooft , Can We Make Sense Out of QCD y

We understand how to renormalize the theory to any finite order in the
perturbation expansion, but it is expected that this expansion will
diverge badly, for any value of the coupling constant.
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FAC ¥
4 Effective charge

@ Minimize unknown higher -order contributions

Resum all

| Resum all nf -term
higher - order terms { i | Simply require series  to satisfy the RG invariance | &
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Three typical and different ideas Goal: using initial series to find

optimal scheme and  scale,
forming new improved series




First round: BLM/PMS/FAC

Sense anin the Renormalization Scheme Dependence Problem Stevenson's Optimized Perturbation Theory Applied to

*
i i h D d
P. Stevenson (CERN) (Feb, 1982) @ /-_.Ectorlzatlon and Mass Scheme Dependence
H. DAVID POLITZER

Published in: Nucl.Phys.B 203 (1982) 472-492
California Institute of Technology, Pasadena, California 91125

Scale Schemin the Brodsky-lepage-mackenzie edure July 1981

W. Celmaster (Northeastern U.), Paul M. Stevenson (CERN) (Dec, 1982) A serious shortcoming of PMS procedure,

Published in: Phys.Lett.B 125 (1983) 493-496 common to all applications, is discussed

|NTERPRETAT|ON OF THE BRODSKY_LEPAGE_MACKENZ' _ OPTIMIZED PERTURBATION THEORY APPLIED TO FACTORIZATION SCHEME DEPENDENCE
Paul M. Stevenson (Rice U.), H.David Politzer (Caltech) (May 19, 1986)

Published in: Nucl.Phys.B 277 (1986) 758-763

G. Grunberg (Ecole Polytechnique) Politzer N 5 Fg!
Published in: Phys.Lett 5135 (1984) 455-456  OnSome Ambiguitied)in the Method of Effective Charges s H “hd oL
Published: 1984 =
DOI: 10.1016/0370-2693(84)90314-9 G Grunberg TECOTE Folytechnique) (Feb, 1989) On the@elfconsistency)of scale setting methods
View in: ADS Abstract Service Published in: Phys.Rev.D 40 (1989) 680

Stanley J. Brodsky (SLAC), Hung Jung Lu (Maryland U.) (Nov, 1992)
e-Print: hep-ph/9211308 [hep-ph]

Jet production rates at LEP and the scale of alpha-s
5. Kramer (Hamburg U.), B. Lampe (CERN] (Jul, 1950)

Published in: ZPhys.A 339 (1991) 189-193

OdSky and Lu's letter: 'On the selfconsistency of scale setting mej Commensurate scale relations in quantum chromodynamics
Paul M. Stevenson

(Rice U.) (Dec 4, 1992) Stanley J. Brodsky (SLAC), Hung Jung Lu (Maryland U.) (Apr, 1994)
e-Print: hep-ph/9211327 [hep-ph] Published in: Phys.Rev.D 51 (1995) 3652-3668 + e-Print: hep-ph/9405218 [hep-ph]

: .
Method of effective charges aQd BLM criterion On Some possik ) rodsky-Lepage-MacKenzie approach beyond the next-

cd

to-leading order . - A X L1 4 RN
G. Grunberg (Ecole Polytechnique) (Feb, 1992 9 P rl A € O | O N A H 0} A l
G. Grunberg (Ecole Polytechnique), A.L. Kataev (Michigan U.) (May, 1991)

Published in: Phys.Lett.B 279 (1992) 352-358

Published in: Phys.Rev.D 46 (1992) 2228-2239 « Contribution




Commensurate relation among different a,

S.J. Brodsky and H.J. Lu, Phys.Rev. D51, 3652(1995)

TABLE I,| Leading order |-:t:-mmensural:e scale relations.
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Date of paper 403 results | [ citeall Citation Summary Most Recent
Citation Summary
Exclude self-citations @
Citeable ® Published ®
S-\J . BrOdS ky Papers 403 403
1966 2025
s | 59 W Citations 59,300 59,300
) : Number of authors h-index ® 125 125
Single author 29 Citations/paper (avg) 147.1 147.1
10 authors or less 387 5 . )
Date of paper 62 results | [4 citeall Citation Summary @ )  Most Recent
Citation Summary
Exclude self-citations ®
\ Citeable ® Published &
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1978 2024
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Renormalized
Perturbation
Theory and its
Optimization by
the Principle of
Mlmmg.l Sensitivity

Phys. Lett. B 847 (2023) 138288

Contents lists available at ScienceDirect
PHYSICS LETTERS B

Physics Letters B

P M Stevenson

a v + FAC
Asa M BLM 1

A4 M PMC 1
‘%" World Scientific

journal homepage: www.elsevier.com/locate/physletb

Letter

s
‘Mpxtmal conformality’ does not work
4 iJ.M. Stevenson

T.W. Bonner Laboratory, Department of Physics and Astronomy, Rice University, Houston, TX 77251, USA S u g g e Stl N g tWO e Xtre me
examples to show PMC dq

ARTICLE INFO ABSTRACT

Editor: B. Grinstein The so-called “principle of maximal conformality” is ineffective and does nothing to resolve the renormalization-

scheme-dependence problem. Some essential facts about that problem are summarized. It is stressed that RG
invariance is a symmetry and that any viable method for resolving the scheme-dependence problem should be
formulatable in terms of the invariants of that symmetry.

Brodsky ¢t al's defence does not work QCD Perturbation Theory:

It’s not what you were taught

<

P. M. Stevenson
P. M. Stevenson

T.W. Bonner Laboratory, Department of Physics and Astronomy,

University, Houston, TX 77251, USA T.W. Bonner Laboratory, Department of Physics and Astronomy,

Rice University, Houston, TX 77251, USA
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Stevenson s papers emphasize the
Importance of scheme -invariance
We do agree

flon P. M. Stevenson, “‘Maximal conformality’ does not work”,
Phys. Lett. B 847 (2023) 138288

Stanley J. Brodsky*
SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Leonardo Di Giustino! and Philip G. Ratcliffe
Department of Science and High Technology, University of Insubria, via Valleggio 11, I-22100 Como, Italy and
INFN, Sezione di Milano Bicocea, piazza della Scienza 3, 1-20126 Milano, Ilaly

Improved as an article

Sheng-Quan Wang?
Department of Physics, Guizhou Minzu University, Guiyang 550025, P.R. China

Xing-Gang Wu
BUt Stevenson S tWO eXtreme €xa ples Department of Physics, Chongqilf:lgg Unaiilisitytl Chongging 401331, P.R. China
inversely show the success of PMC

have since passed. Moreover, his successive comments
and assumed “PMC samples” given in Ref. [18] are un-
. symmetry

fortunately full of typos and wrong deductions, indicat-

ing he does not understand the PMC at all. To show
e eSS

ey

Article

The Principle of Maximum Conformalitesolves the
Renormalization-Scheme-Dependence Problem

Jiang Yan '@, Stanley J. Brodsky 200, Leonardo Di Giustino 34, Philip G. Ratcliffe **(, Shengquan Wang °

and Xinggang Wu *

28



P.M. Stevenson |
Nucl.Phys.B 203 (1982) 472-492
Strong coupling has dual nature

2

F3A U

RGI

RA3A
free parameter expansion coefficient

TEEEr

I vbi

(g-expansion — o/

RGE) b
: b

Y

g

e o)

o

= f(as)-expansion

I

Y

plos) =pn () = p(f ()

5 (Extended

f

3. - FREE PARAMETERS AND EXPANSION PARAMETERS

Traditionally, the coupling constant has played a dual role as both a
free parameter and an expansion parameter. It is very important to distinguish

between these two functions.

Even in the exact theory, the predictions do not have the form of defi-
nite, arithmetical numbers, However, we can conveniently express the predictions
algebraically, as known functions of an unknown, or "fres", parameter. How we do
this is purely a matter of convention. If we have a set of predictions Rn(g)
in terms of scme free parameter g, then we can always re-express them in terms
of some other free parameter ) = f(g). The predictions Ré(k), where the

functions Ra are given by RnOf'l, will look very different, but they express

exactly the same physics. The convention adopted truly does not matter. (And

it is quite irrelevant whether the free parameter has itself any physical signi-
ficance.) A free parameter serves only as a book-keeping device which permits a
consistent comparison of different physical quantities. Naturally, it must be

fixed universally, and not varied from one process to another.

b different., When we appro=-

Possible to achieve scheme -invariant
predictions under fixed orders

bries expansicn, the results

Thus, unlike the free

J

parameter, the expansion parameter is a cholce which matters: it deserves careful
consideration, and should not be made arbitrarily. (Measurability or physical
significance is, in itself, no indication that a quantity will make a good expan-
sion parameter.) Moreover, it is entirely possible that a sensible choice of
expansion parameter in one case may not be sensible in another, This is a

vital consideration; particularly so when there is a large set of possible expan-
sion parameters - the renormalized coupling constants of different RS's - which

are all a priori on an equal footing.
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a RWAG r3A G Peterman u Stueckelberg “Y,

PHYSICS REPORTS (Review Section of Physics Letters) 53, No. 3 (1979) 157-248. North-Holland Publishing Company

RENORMALIZATION GROUP AND THE DEEP STRUCTURE OF THE PROTON

A. PETERMAN

CERN, Geneva, Switzerland

The spirit of the renormalization group approach lies entirely in the observation that in a specific theory the renormalized constants
such as the couplings, the masses, are arbitrary mathematical parameters which can be varied by changing arbitrarily the renormalization
prescription. For example, given a scale of mass y, prescriptions can be chosen by doing subtractions of the relevant amplitudes at

Applicability of naive perturbation expansion to non-Abelian gauge theories of strong interactions in the domain of high energy

momentum transfer is one result from the renormalization group way of looking at these problems and will probably remain its only
use. Non-trivial fixed points are unlikely to occur.
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bei | & R&Uv e PMSU Y~ y O +~

Key assumptions of PMS

Because {b._,}-functions are different for different schemes

= = >Assum : one can use {b.._, }-functions inversely to label different scheme
= = JAssume : the pQCD approximant can be scheme invariant under scheme transformations

. : . )
4 The expansion basis and coefficients 35 (5 = (Ha® /aF ,SR R A
can be transformed simultaneously to - l:;ﬂﬂ } o { f"‘ﬂé'" 2a } {ﬂﬂ :'
ensure the scheme invariance . .
as-expansion — o), = f(as)-expansion
al - a° and CF - C° (os) = pl(a) = p(f~1 (a}))
K Ky s [ { pﬂ S pn s/ T p S /
== U1 147 v MR oatom T QOWé JJnaA B

9o,/0(RS) = O(a?™ ) ~ 0




PMS: the scheme - dependence and scale - dependence

i
;b are treated by using the extended RGE

6 ©
- HH
|

At n -th order, 2n+1 parameters whtth BH K MBhH

R3(31.6GeV, B, f3)

T—TnT—nﬁdc

n PMS Equations

—a

One Basic RGE { -function)

n RG invariant coefficients

2ntl™H # 2n+11 1 AH ¢ Ae P

RwWA - Q)LQCDTR H
j . ¢/ ‘Hbz, ¢ 'H  "HoH
Phys.Rev.D97,036024(2018)
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R,+,- four-loop level

Factorial divergence
suppressed |

TABLE 1. Coefficients for the perturbative expansion of
Ral ) before and after the PMS scale setting, where we have
set () = 1.2 GeV for ny=3, Q@ = 3 GeV for ny=4, and
Q= 31.6 GeV for ny=5.

['(H — bb) (four loop)
cy cs Cy
Conv. 29145 41.765 -825.508

< PMS  0.34376 21.2286 -142.810

TABLE IX. Coeflicients for the perturbative expansion of Ra
before and after the PMS scale setting, po = My,

R (four loop)

Ch Ca

TABLE V. Coefficients for the perturbative expansion of r3
and after the PMS scale setting. o = M.

SR weak perturbative

MS 03006 1.2380 -6.1747

PMS prediction”™ limitations ~

Lower- order predictions are generally incredible

nature

PMS cannot predict contributions from
unknown higher -order terms

10

T T T T T f ~f T -1
08 One-loop
L 2T BLM/PMC
S 04l —
o2 -

i i 1 i
Qos 010 ms vy

R, +,- four-loop level

/ L0\ NLO NLO N°LO total Accidental series

convergence

. Boramer and B L.:m:lpc. L. Phys, © 309, 101 (1938),

Conv. | 0.04499) 0.00285 -0.00117 -0.00033 0.04635
PMS X 0.0460 00010 0.0001: 0.00007  0.04638

/LO\ NLO N°LO N°LO total

Rl’ ('FOUI" |00P) Conv. [0.10320]0.05541 0.02898 0.01441 0.20200
PMS ¥.19935f 0.01552 0.00981 -0.00975 0.21493

/LO\ NLO N°LO N°LO total

summary

The useful is
ExtendéddRGEE

but not PMS

_ Conv.[0.20371] 0.03767 0.00194 0.00138 0.24194
PMS Y.2396 00061 0.00161220.00046 0.24144
S’

['(H — bb) (four loop)

NLO NiLo
03 pms < 03 pps I
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The idea of BLM

Running Couplings
¢ QED:
)
(2_":} '-\_—,-' e Bare electric charge
.q® = is SC[EEFIE..!d by “halo”
{: /—?I i__l\: +) of e*e-pairs

In terms of Feynman diagrams:

Ja

lq“ -~ +
AN

”EE fermion +

loops
— infinite series of diagrams which can be
(approximately) summed: =

((Jﬂ'{q:}\‘

atg) =aig)) |1- L)) q—}
3T _qnf q"

Qo E Initial scale
Resummed to
achieve a
scale -invariant
prediction
-- itis infact
the chain -loop
approximation

—

— replace by single diagram
with running coupling Jaigh)

+
SRS
G —
+
QooOoOQoO00

7
N

e
]
N

fermion
loops

gluon
loops

Extra diagrams produce anti-screening

a,(q%) =rr,(r-_?§l/[l + Be,(g; Jln[g—;ﬂ

\ 4]

O N .
where B zs'r L with N.=3 N,=6

BLMo Pu - .fHNE '~ " ae

34



Who wins the first round PK ? ltt's suneliythe 8EBNMIVI
--- almost all of its citations are for scale -setting

Optimized perturbation theory

P. M. Stevenson PMS- approach > 1200

Phys. Rev. D 23, 2916 — Published 15 June 1981

Article References Citing Articles (855) m

Renormalization group improved
>

perturbative QCD ABSTRACT _
FAC_ approach ~6OO Conventional perturbation theory gives different results in different renormalization schemes, a problem

which is especially serious in quantum chromodynamics (QCD). | propose a theoretical resolution of
this ambiguity which uses the full renormalization-group invariance of the theory. The idea is that, in
any kind of approximation scheme which does not respect the known invariances of the exact result,
the "optimum" approximant is the one that is "most invariant,” i.e., least sensitive to variations in the
unphysical parameters. | discuss this principle in several examples, including the Halliday-Suranyi
Received 5 June 1980, Available online 16 October 2002. expansion for the anharmonic oscillator. Turning to massless field theories, | identify the unphysical
variables which label a particular renormalization scheme as the renormalization point x, and the 8-
function coefficients. | describe how perturbative approximations depend on these unphysical variables,

Physics Letters B

Volume 95, Issue 1, 8 September 1980, Pages 70-74

ELSEVIER

G. Grunberg !

Newman Laboratory of Nuclear Studies, Cornell University, Ithaca, NY 14853, USA

PHYSICAL REVIEW D VOLUME 28, NUMBER 1 1 JULY 1983
5. g 8 7 e On the elimination of scale ambiguities in perturbative quantum chromodynamics
. (3% = Stanley T Bl’ﬁdSkY
V-V | H H - O b Institute for Advanced Study, Princeton, New Jersey 08540
|.|.| | )K € )K and Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305*

G. Peter Lepage
Institute for Advanced Study, Princeton, New Jersey 08540
and Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853*

Paul B. Mackenzie

Fermilab, Batavia, Illineis 60510 B L M - ap p ro ach > 1300

(Received 23 November 1982)
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ny HO o BLMO©

Why is BLM so successful ?
What underlies it ?
How to extend it to all orders ?
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U The principle of Maximum

7 _|_dJ|_| Ah “H’

Conformality =~ PMC
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1981 ~ Brodsky - Lepage- Mackenzie % BLM L
1995 Brodsky-Lu ¥ " CSR BLM_L[H .
1997 -2011 | Brodsky ¥  b-P BLMT nf- “Pb v A L ¢
2011 Brodsky - Giustino ~ b- P 7 PMC 1 BLM 2012 0 ~
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The idéacob PNV (S simpleple

Itis Db-terms that are most important, but not nf - terms
So it is important to finish correct transformation of nf-termsto b- terms
At the NLO - level, there is no ambiguity to make such transformation
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Basis renormalization group equation (RGE)

Phys.Rev.D86,054018 (2012)

adf . 0; Hy .0; We cannot get exact constraintsfirthose inequalitig

Wy

The RGE itself is used to determine the running behavior of  a, thus
can also be adopted for fixing scale ambiguity.

afr, {:}) 1) Using RGE to determine the beta -terms at each order.

| ) Resummingall the same type beta -terms, determining the exact
value for exach perturbative order.

In this sense, PMC is like a way of resummation, which resums a
kind of large log -terms to form a steady pQCD prediction .

But different to a pure  resummation to improve the reliability,
PMCalso tends to solve the scale -setting problem.

PMC satisfies RGE-properties: symmetry, reflexity , transitivity

PMC tries to solve scheme - and- scale ambiguities simultaneously
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The importance of RGE has already been realized by Peterman etal ,
but not are throughly used

Can We Make Sense Out of Quantum  Chromodynamics ?

Gerard 't Hooft , 1977

It has already been realized that, "'t he pQCD theory is invariant to the
choice of subtraction point (m under a simultaneous change in alphas and
mprovided that alphas satisfies RGE !0

” (( ) &) ‘ )| ‘ )
Conventional treatment of the initial series, alphasv l % =
. At present, the RGE has only been used to fix the correct alphas value at the
chosen scale m but the RGE - involved b- terms of the series itself have not been

adopted to determine the exact value of alphas for the considered process !
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How RGE works for pQCD series

Basically, it gives the value of the concerned parameter at given scale
Secondl vy, It shows how to set the

correct
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PMC multi scale - setting procedure

Initial pQCD series --- First step

Z. p+z 1 #T)+O( n+1)_

Transformation nf-seriesinto RGE-involved b-series
--- Second step

p(Q) = r10as(pr) + (2,0 + B2z (1) Comment: different to the

+(r30 + ﬁ.+23@+ 3@5; (pr) wrong extenson of BLM: seBLM
I4(}+ 3”+231‘+ 5 3]_ '3(.

+3001r41 + 35’01424— i’D.f_lg)u (fer) —|—(’J(u )

There are also bdterms that are pertained to Msbar running mass and etc.,
which should be treated separately
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PMC single scale - setting procedure

Q) = m.,oa(m“*ﬁl[+ > [ +p = Da(u™=25] Y (-1)

n>1 n>1 J21
£+ Z Ik Z [(n+p— l)a(u-)”’er_Q_..@] Z(—1)jC’jf"'A§f_1)f"n+j_k,j_k, RGE involved
k>1 n>1 izk

o Qf b2
Eliminate all b-terms an—"; =Y TaX(Qx)
k=0

The overall PMC scale Q* is also in perturbative form
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Demonstration of scheme independence
(Using the C - scheme coupling to characterize any scheme)

1 B : p fﬂp da )
— 4+ —Ina, =8, In— — - :
ay  fo " " ( A2 Jo Bla)

a new coupling d, = &.(p)/m via the following way

1 i} 2
a—-l-'l—l]nﬁp = fo (lnﬂ——l-ﬂ) .

dy  Bo A2

New coupling constant, all scheme -dependence

are introduced into C -parameter’ its scale and

scheme running satisfies the same RGE, which is
scheme-independent

AT ~7 0
. oa poa;

5 =— [ _bip —Poa; Z (B1/Po) @,

o M =0

02 T T T T ! T
D{ME, ), Coere.
B o200, Pac
D18 — DA, —0.7E3), Comy. | |
D16
o
O
o
014
=
o
D12
0.1
0.08 — : ' ' ' '
-2 -15 -0.5 o (B 1 15 2
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PMCa™ b v H b gl

Second round A A PMC or seBLM or other ?
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No UV-

Some criticisms on PMC divergence
Light- ark loop
Generalization of the Brodsky-Lepage-Mackenzie optimization f %%
within the {f}-expansion and the principle of maximal conformality
A.L. Kataev and S. V. Mikhailov \

Phys. Rev. D 91, 014007 — Published 6 January 2015 Still in PK ¢ @

Ambiguities of the principle of maximum conformality procedure

for hadron collider processes Hs € 2013W0Oe Ot AT Y.

u ew 2017WY c A

Herschel A. Chawdhry " and Alexander Mitov "H Nl H @ ALA & & G ) Y.
Cavendish Laboratory, University of Cambridge, CambridgKCBS OHE, United Kingdom Improved PMC approach
\
Letter i . y
Maximum N o FRPMCP G s P nf- & A%
‘Max1;wﬂ conformality’ does not work /106 . 77 awv RGE weneedtouse
P.M. Stevenson the correct RGE under the speqﬂc
scheme to do b-resummation
T.W. Bonner Laboratory, Department of Physics and Astronomy, Rice University, Houston, TX 77251, USA
W W ‘"' PMC b ~ ) 2 A Any approach cannot remove
the theoretical uncertainties in physical predictions, since these
aartainties ultimately arise from missing  higher orders in a.. 49




The PK is still going on for PMC and seBLM

On the CBK relation in QCD : 15 years later

A. L. Kataev

2025 W71 -7 "

Hu & o

2012
1011.5248

The generalized scheme-independent Crewther relation in QCD

Jian-Ming Shen?, Xing-Gang Wu®*, Yang Ma?", Stanley ]. Brodsky ¢

O~ 2017PLBe + = MwHAN "QCBK;” €5 v H, d¢By,~ , vb- YE. ;7 vPMCREZ
Kataev g i ideecH a MHaeHQY PMCI

nPMCj seBLMd o i Wb "He
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5

How to reduce and estimate

residual scale dependence

How to estimate magnitude of unknown terms |‘ |

There are two kind of residual scale

depenence
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FACU PMSx & <Y 1 7 H

"
An important step forward
Conventional scheme - and- scale ambiguity ===> residual scale dependence due to UHO - terms

After fixing the scale ambiguity,
what we still have to do for perturbative theory ?
It is not the end of the story, but a new beginning

Q Yu
The road always comes out
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Feynman, 1961, "Howto estimat e higher order terms

in the perturbation

series without having to laboriously calculate Feynman diagrams ¥
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