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» The QCD scale-setting problem







Factorization Picture
for the Fixed-order pQCD predictions at hadronic colliders
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The Glorious Days of Physics — Renormalization of Gauge Theories
—  Gerard 't Hooft

hep-th/9812203
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"This is a one-dimensional subgroup of the renormalization group,
and it is all that is still in use today”
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http://arxiv.org/abs/hep-th/9812203

Quantum Electrodynamics at Small Distances

M. Gell-Mann and F. E. Low
Phys. Rev. 95, 1300 — Published 1 September 1954
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Standard RGI

A
ﬁI;EB" pn Equivalence to: %7&0; Py #0; n-—perturbative order, R—scheme
RiaF5! O 08

The initial fixed-order QCD series is non-conformal, its prediction
must be scheme-and-scale dependent due to mismatching of o,
with its coefficients for an arbitrary choice of scale

Then how to estimate the magnitude of initial series ?
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—— Conventional scale-setting approach

=>"Choose"” the scale Q to be typical momentum transfer,
or to eliminate large/dangerous logs or to get more convergent series or to agree with data

=>"Keep it fixed” throughout the calculation

=>"Vary” in a certain range, e.g. [Q/2, 2Q], [Q/3, 3Q],
to discuss its uncertainty or to test its sensitivity to not-yet computed high-order contributions
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005} . 1 . . . In lower orders, we do not know which scale
: Re+e- range is enough for estimating the
£ 0.048f 7~ . Q=31.6GeV - uncertainty
é “M":r# | | e - | We have to finish enough high-order
R - — =y calculations, which are complex and time-
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R T T depressing predictive power of pQCD theory
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Question

Is it possible to achieve scheme-and-scale invariant pQCD prediction
by using an improved series from the initial fixed-order series ?

&
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“tHooft, Can We Make Sense Out of QCD ?

We understand how to renormalize the theory to any finite order in the
perturbation expansion, but it is expected that this expansion will
diverge badly, for any value of the coupling constant.

simsss22F “HHIERTS
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1980°'s attempts to remove the ambiguity

N i [(FEEEE]
[ #%%Esc8 ) [iEF3EEL] T 4=FFFISFSRGI
: FAC ; ;o PMS :
q Effective charge & BLM # Minimize unknown higher-order contributions

Resum all

. Resumall ¥ nf-term i B B
§ higher-order terms & i | Simply require series to satisfy the RG invariance |

Ik=e=============================3 MH-=-c=-c=-c=-c=-c=-c=-c=c=s=c=c=s=s=C=s==-=====Z========== lNzzs=z=-==-=-=-=-=-=-=-Z=Z=Z=Z=2==2=Z=Z======Z=============================================-=:

Hix: SHGIESRNEIUGEIRH

RINBEE

Three typical and different ideas Goal: using initial series to find
optimal scheme and scale,

forming new improved series
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First round: BLM/PMS/FAC Typical PK works
Sense anin the Renormalization Scheme Dependence Problem Stevenson's Optimized Perturbation Theory Applied to

*
i i h D d
P. Stevenson (CERN) (Feb, 1982) @ /-_.Ectorlzatlon and Mass Scheme Dependence
H. DAVID POLITZER

Published in: Nucl.Phys.B 203 (1982) 472-492
California Institute of Technology, Pasadena, California 91125

Scale Schemin the Brodsky-lepage-mackenzie edure July 1981

W. Celmaster (Northeastern U.), Paul M. Stevenson (CERN) (Dec, 1982) A serious ShOI"TCOﬂ'\ihg of PMS pr'ocedur'e,
Published in: Phys.Lett.B 125 (1983) 493-496 common to all applications, is discussed

|NTERPRETAT|ON OF TH E BRO DS KY_LE PAG E_ MACKENZ' o OPTIMIZED PERTURBATION THEQORY APPLIED TO FACTORIZATION SCHEME DEPENDENCE
Paul M. Stevenson (Rice U.), H.David Politzer (Caltech) (May 19, 1986)

Published in: Nucl.Phys.B 277 (1986) 758-763 _ N = e F
PolitzerKiAHE 246 R, [FIBS I8 H i BIE
A Y N = 1=} N

G. Grunberg (Ecole Polytechnique)

Published in: Phys.Lett.B 135 (1984) 455-436  OnSome Ambiguitied)in the Method of Effective Charges AT TE R A e, (B AR A BT A vk
Published: 1984

DOI: 10.1016/0370-2693(84)90314-9 G. Grunberg TECOTE Folytechnique) (Feb, 1989) On the§elfconsistency)of scale setting methods

View in: ADS Abstract Service Published in: Phys.Rev.D 40 (1989) 680
Stanley J. Brodsky (SLAC), Hung Jung Lu (Maryland U.) (Nov, 1992)

Jet production rates at LEP and the scale of alpha-s A2 B3 .’ .
e-Print: hep-ph/9211308 [hep-ph]
5. Kramer (Hamburg U.), B. Lampe (CERN] (Jul, 1950) = S.KWL, EI]E = -M

S (=T — |
Published in: Z.Phys.A 339 (1991) 189193 thEEtE, REN

OdSky and Lu's letter: 'On the selfconsistency of scale setting mej Commensurate scale relations in quantum chromodynamics
Paul M. Stevenson

(Rice U.) (Dec 4, 1992) Stanley J. Brodsky (SLAC), Hung Jung Lu (Maryland U.) (Apr, 1994)
e-Print: hep-ph/9211327 [hep-ph] Published in: Phys.Rev.D 51 (1995) 3652-3668 + e-Print: hep-ph/9405218 [hep-ph]

Method of effective charges a d BLM criterion On Some p055|rodsky Lepage-MacKenzie approach beyond the next-
eb, 1992

to-leading order e, thaXILIREERBARE

G. Grunberg (Ecole Polytechnique), A.L. Kataev (Michigan U.) (May, 1991)
Publlshed in: Phys.Lett.B 279 (1992) 352-358

G. Grunberg (Ecole Polytechnique) (F
Published in: Phys.Rev.D 46 (1992) 2228-2239 Contr|but|on




Commensurate relation among different o,

S.J. Brodsky and H.J. Lu, Phys.Rev. D51, 3652(1995)

TABLE I,l Leading order ||:ﬂ-mmensura.te scale relations. B
EﬁE;E: %—E‘QPKQEEE}1995 vy (0.435Q)
(ERE+hEFZR) ~~
BN RS R B AL S R T AR o (167Q) | ax(277Q)
o] e YL s
Re+e—['@:’ = RE e— (Q] 1+ ﬂgﬂ- Yeata=®
' a;‘s(l.lsf;}} 4 I Q\ ag,n.fs/e:;}
™~
One-loop CSR ensures s (0-904Q) “
scheme invariance
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Letter

”’
‘Mpxtmal conformality’ does not work

4 iJ.M. Stevenson
T.W. Bonner Laboratory, Department of Physics and Astronomy, Rice University, Houston, TX 77251, USA 5ugge s'l-i ng Two e xfre e pQC D
examples to show PMC dpes not work

.

y
Maximum

ARTICLE INFO ABSTRACT

Editor: B. Grinstein The so-called “principle of maximal conformality” is ineffective and does nothing to resolve the renormalization-
scheme-dependence problem. Some essential facts about that problem are summarized. It is stressed that RG
invariance is a symmetry and that any viable method for resolving the scheme-dependence problem should be

formulatable in terms of the invariants of that symmetry.

QCD Perturbation Theory:

Brodsky et al's defence does not work

It’s not what you were taught
4

P. M. Stevenson
P. M. Stevenson

T.W. Bonner Laboratory, Department of Physics and Astronomy,

University, Houston, TX 77251, USA T.W. Bonner Laboratory, Department of Physics and Astronomy,

Rice University, Houston, TX 77251, USA
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Stevenson’s papers emphasize the
importance of scheme-invariance
We do agree

flon P. M. Stevenson, “‘Maximal conformality’ does not work”,
Phys. Lett. B 847 (2023) 138288

Stanley J. Brodsky*
SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

Leonardo Di Giustino! and Philip G. Ratcliffe
Department of Science and High Technology, University of Insubria, via Valleggio 11, I-22100 Como, Italy and

. INFN, Sezione di Milano Bicocea, piazza della Scienza 3, 1-20126 Milano, Ilaly
Improved as/an article

Sheng-Quan Wang?
Department of Physics, Guizhou Minzu University, Guiyang 550025, P.R. China

’ Xing-Gang Wul
Bl'l.t Stevenson 5 two eXtreme e amples Department of Physics, Chongqilf?gg Uniilf;"sity:l Chongging 401331, P.R. China
inversely show the success of PMC

have since passed. Moreover, his successive comments
and assumed “PMC samples” given in Ref. [18] are un-
. symmetry

fortunately full of typos and wrong deductions, indicat-

ing he does not understand the PMC at all. To show
e eSS

ey

Article

The Principle of Maximum Conformalitesolves the
Renormalization-Scheme-Dependence Problem

Jiang Yan '@, Stanley J. Brodsky 200, Leonardo Di Giustino 34, Philip G. Ratcliffe **(, Shengquan Wang °

and Xinggang Wu *
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3. - FREE PARAMETERS AND EXPANSION PARAMETERS

Traditionally, the coupling constant has played a dual role as both a

free parameter and an expansion parameter. It is very important to distinguish

B y —3 .
,E;ﬁﬂgﬁ—biﬂﬂg ? between these two functions.
ﬂﬂw;ﬁ‘e "**g" A — Even in the exact theory, the predictions do not have the form of defi-
ﬂi! 16, KT Eﬁ3§§E1Eﬂ§§FiEE. : : : , . .
nite, arithmetical numbers, However, we can conveniently express the predictions

algebraically, as known functicns of an unknown, or "free", parameter. How we do
P.M. Stevenson ¥JRGI§#FiE ’ ' ’

this is purely a matter of convention, If we have a set of predictions Rn(g)

NUCI-PhYS.B 203 (1982) 472—492 in terms of scme free parameter g, then we can always re-express them in terms
E;t I. I] (i I of some other free parameter ) = f(g). The predictions Ré(k), where the
rong Coup Ing as ua nature functions R;1 are given by Rno f_l, will look very different, but they express
[EE%&] *u [Eﬁ%ﬁ&] exactly the same physics. The convention adopted truly does not matter. (And
[free parameter] [expansion coefficient] it is quite irrelevant whether the free parameter has itself any physical signi-

ficance.) A free parameter serves only as a book-keeping device which permits a

consistent comparison of different physical quantities. Naturally, it must be

%y‘jamgﬁ7 EIL)@(D ‘Fggﬁ'f%m fixed universally, and not varied from one process to another.
A PR HEAAL:

ag-expansion — o, = f (e )-expansion » Possible to achieve scheme-invariant |,ics expansion, the results
on(en) @D = o) predictions under fixed orders Thus, unlike the free
L S 5 parameter, the expansion parameter is a cholce which matters: it deserves careful
consideration, and should not be made arbitrarily. (Measurability or physical
5 N¥a R BB AL R 7 72 (Extended

significance is, in itself, no indication that a quantity will make a good expan-

RGE) ghfﬂ.m‘lﬁljii-ﬁ‘ﬁéﬁﬁﬁ sion parameter.) Moreover, it is entirely possible that a sensible choice of
ﬁ@]'ﬁf‘%%%ﬂﬁ%%j expansion parameter in one case may not be sensible in another, This is a

vital consideration; particularly so when there is a large set of possible expan-

 different, When we appro=-

sion parameters - the renormalized coupling constants of different RS's - which

are all a priori on an equal footing.



RS REHE [BHSE] W=aEPetermanfllStueckelbergiEih

PHYSICS REPORTS (Review Section of Physics Letters) 53, No. 3 (1979) 157-248. North-Holland Publishing Company

RENORMALIZATION GROUP AND THE DEEP STRUCTURE OF THE PROTON

LAY T VR A% O AR 58 4 2 T IR — Pt
2. WU ST, PESERHEEE TE
BHFESH, WBEEEEEER L =R
N ~

The spirit of the renormalization group approach lies entirely in the observation that in a specific theory the renormalized constants

such as the couplings, the masses, are arbitrary mathematical parameters which can be varied by changing arbitrarily the renormalization
prescription. For example, given a scale of mass y, prescriptions can be chosen by doing subtractions of the relevant amplitudes at

A. PETERMAN

CERN, Geneva, Switzerland

Applicability of naive perturbation expansion to non-Abelian gauge theories of strong interactions in the domain of high energy

momentum transfer is one result from the renormalization group way of looking at these problems and will probably remain its only
use. Non-trivial fixed points are unlikely to occur.

“IErRRE s EALEIE T, 4%%%?1%’&%%9?&%?6%%%\ e i I E AR IR T
R @RI —A 4, miXRAgERIZEENE—NBER. 7

i (FARNRASE, NWRRHIMEFIISESHEREBEX (FFSRGI) , BEITEFIEBBAGEIRFIE S
=IERRE; BETRMEEITHIEINEE FRMGEEFSIAIL — B, A APMSE—HMEHLR
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AR EANEE, PMSH “KRiZ" UMEFU MRS GERIL

Key assumptions of PMS

Because {B:._,}-functions are different for different schemes

==>> Assum: one can use {B;._,}-functions inversely to label different scheme
=>>Assume: the pQCD approximant can be scheme invariant under scheme transformations

4 . . ..

4 The expansion basis and coefficients

can be transformed simultaneously to
ensure the scheme invariance

_ a¥ - ad and CF —(C

55(a) = (9aS/0a) R (aR).
ag-expansion — o, = f(ag)-expansion

pn(os) = pp () = p(f ()

~

J

=>> [RIZFMERTENEHMIRNREAT (I: SHEWSERERRAEINETE)

9o,/0(RS) = O(a?™ ) ~ 0
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%ﬁ%g PMS: the scheme-dependence and scale-dependence
_f are treated by using the extended RGE
b8V
At n-th Or‘der" 2n+1 par‘ame'l'er‘s s, T, EZJ ugn; él; ey C =

R3(31.6GeV, B,

. 0on 00n
n PMS Equations ke 0 T

=0,(m = 2)

One Basic RGE (B-f ion) i
ne Basic B-function ﬁ(as)=uzaiﬂz(f—;>=—;m(f—;) +2

n RG invariant coefficients

. p1Cq + pB> 2n+151EKEF2n + 1RHE AT RAEENKREE

4By 16/

612.31 . C1B, N PP

4pPy 8B 64,
+ 2(1+p)(2+p)C] _ 2(2+p)C1Cy
3p? p

) REBUBSFEE -- TAqcpMRENE
1) IHETNS SHRRRERELARIAE FiEF TR
Phys.Rev.D97,036024(2018)

p3 = 2C3 +

R EHAAREE — FNTF — ERAEITHARELXE
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R,+,- four-loop level o
Factorial divergence

suppressed |

R (four loop)

TABLE 1. Coefficients for the perturbative expansion of c! c o
Ral ) before and after the PMS scale setting, where we have L 2 3
set () = 1.2 GeV for ny=3, Q@ = 3 GeV for ny=4, and Conv. 52023 263650 127.079

Q= 31.6 GeV for ny=5.

['(H — bb) (four loop)
cy cs Cy
Conv. 29145 41.765 -825.508

< PMS  0.34376 21.2286 -142.810

TABLE IX. Coefficients for the perturbative expansion of Rz
before and after the PMS scale setting, po = My,

MS 03006 1.2380 -6.1747

TABLE V. Coefficients for the perturbative expansion of r3
and after the PMS scale setting. o = M.

Lower-order predictions are generally incredible

PMS cannot predict contributions from

PMS prediction (limitations)

weak perturbative nature

unknown higher-order terms

R, +,- four-loop level

uls

10 T T T T T T /I,C?\ NLO NLO NLO total Acciden-l-al Serlies
Conv. [ 0.04499) 0.00285 -0.00117 -0.00033 0.04635

GB_‘ One-loop i PMS \ 0.0460§<0.00010 0,000 0.00007  0.04638 convergence
ﬂﬁ | _ A

_ BLM/PMC summary
04} e /LON\ NLO N°LO N°LO total

8 R -Four |00 Conv. [0,1032010.05541 0.02898 0.01441 0.20200 5
021 W 1 e ( P) PMS Y.19935/ 0.01552 0.00981 -0.00975 0.21493 The useful is

.I"'__1:.|.-- | TR (S T N | I T
e Extended RGE

. Boramer and B L.:m:lpc. L. Phys, © 309, 101 (1938),

NLO

NiLo
03 pms < @

3,PM5 I

/LO\ NLO N°LO N°LO total

Conv.

PMS

but not PMS

(0.20371) 0.03767 0.00194 -0.00138 0.24194
23967 <0.00061 0.00161>0.00046 0.24144
p——

['(H — bb) (four loop)
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The idea of BLM

Running Couplings

¢ QED:
£
P ll +: —— o T .
Gy Y9 ‘Bare” electric charge
Lo = is screened by “halo”
roha of e*e- pairs
(+/ N

In terms of Feynman diagrams:

Ja

lq“ -~ +
AN

”EE fermion +

loops
— infinite series of diagrams which can be
(approximately) summed: =

(CJW('E‘:]'\‘

a(gh) =aigd) [1- 49, q—}
r 4o g¥

QO - Initial scale
Resummed to
achieve a
scale-invariant
prediction
-- it is infact
the chain-loop
approximation

—

— replace by single diagram
with running coupling

L

< QCD: similar, but now have:

+ : |

Y

Qo000 000

T

gluon
loops

Extra diagrams produce anti-screening

a,(q%) =rr,(r-_?§l/[l + Be,(g; Jln[g—;ﬂ

\ 4]

O N .
where B zs'r L with N.=3 N,=6

BLM: ERHliE:EE I3RS HERYe B
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Who wins the first round PK ? It's surely the BLM
--- almost all of its citations are for scale-setting

Optimized perturbation theory

P M. Stevenson _ PMS-approach > 1200

Phys. Rev. D 23, 2916 — Published 15 June 1981

Article References Citing Articles (855) m
Renormalization group improved
. >
perturbative QCD ABSTRACT _
FA C_appr'OGCh ~6OO Conventional perturbation theory gives different results in different renormalization schemes, a problem

which is especially serious in quantum chromodynamics (QCD). | propose a theoretical resolution of

Physics Letters B

Volume 95, Issue 1, 8 September 1980, Pages 70-74

ELSEVIER

G. Grunberg !
this ambiguity which uses the full renormalization-group invariance of the theory. The idea is that, in

any kind of approximation scheme which does not respect the known invariances of the exact result,
the "optimum" approximant is the one that is "most invariant,” i.e., least sensitive to variations in the
unphysical parameters. | discuss this principle in several examples, including the Halliday-Suranyi

Newman Laboratory of Nuclear Studies, Cornell University, Ithaca, NY 14853, USA

Received 5 June 1980, Available online 16 October 2002. expansion for the anharmonic oscillator. Turning to massless field theories, | identify the unphysical
variables which label a particular renormalization scheme as the renormalization point x, and the 8-
function coefficients. | describe how perturbative approximations depend on these unphysical variables,

PHYSICAL REVIEW D VOLUME 28, NUMBER 1 1 JULY 1983
g I m;ﬂ%&"'ﬁ On the elimination of scale ambiguities in perturbative quantum chromodynamics
HA—EREMIE Stanley . Brodsky
I Institute for Advanced Study, Princeton, New Jersey 08540
?‘b * E and Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305*
Xa L TUI LJ'DO

G. Peter Lepage
Institute for Advanced Study, Princeton, New Jersey 08540
and Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853*

Paul B. Mackenzie

Fermilab, Batavia, Illinois 60510 BLM - approach > 1 300

(Received 23 November 1982)
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R{ERAZ—: BLMZ|d

Why is BLM so successful ?
What underlies it ?
How to extend it to all orders ?

&
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TMRES RARRANNERGE

> The principle of Maximum Conformality (PMC)
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PMCHREE X “HBinERMAERL” (PRL)
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The idea of PMC is simple

It is p-terms that are most important, but not nf-terms

So it is important to finish correct transformation of nf-terms to p- terms

At the NLO-level, there is no ambiguity to make such transformation

EF b St

iSRS Q
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Basis—renormalization group equation (RGE)
Phys.Rev.D86,054018 (2012)

0 0 : : ..
9Pn 0, %n . 0; We cannot get exact constraints from those inequalities

OHp

The RGE itself is used to determine the running behavior of o, thus
can also be adopted for fixing scale ambiguity.

alr, {a}) T) Using RGE to determine the beta-terms at each order.

[ IT) Resumming all the same type beta-terms, determining the exact
value for exach perturbative order.

In this sense, PMC is like a way of resummation, which resums a
kind of large log-terms to form a steady pQCD prediction.

But different to a pure resummation to improve the reliability,
PMC also tends to solve the scale-setting problem.

PMC satisfies RGE-properties: symmetry, reflexity, transitivity

PMC tries to solve scheme-and-scale ambiguities simultaneously

42



The importance of RGE has already been realized by Peterman etal,
but not are throughly used

Can We Make Sense Out of Quantum Chromodynamics ?

Gerard 't Hooft, 1977

It has already been realized that, ™ " the pQCD theory is invariant to the
choice of subtraction point (1) under a simultaneous change in alphas and
u provided that alphas satisfies RGE ! *

. 1t (o ARENET
pall) = ) ciliai(w | RGEEHEMH:E

Conventional treatment of the initial series, alphas{E fHL 5 51 i 2 BUHE F 1 o 2 213
JFiHI. At present, the RGE has only been used to fix the correct alphas value at the
chosen scale p, but the RGE-involved B-terms of the series itself have not been
adopted to determine the exact value of alphas for the considered process !

>
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How RGE works for pQCD series

Basically, it gives the value of the concerned parameter at given scale
Secondly, it shows how to set the correct " " effect” scale of the concerned value
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PMC multi scale-setting procedure

Initial pQCD series --- First step

Z. ) ag™ () + O(ag™),

Transformation nf-series into RGE-involved B-series
---Second step

p(Q) = r10as(pr) + (2,0 + B2z (1) Comment: different to the
+(r3,0 + 5‘+ 2 ﬁ@Jr %3@(; (4ir) wrong extenson of BLM: seBLM

+(rq,0 + 7’@+931‘+ }1 3(.

+3050714,1 + 3_.:'5’014,2 + .-3)0’4.3)”3( tr) + O(”g)

There are also p-terms that are pertained to Msbar running mass and etc.,
which should be treated separately
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PMC single scale-setting procedure

p(Q) =) f"n,o@(#)ﬂﬂlﬁ Y [+ p=Da(u) 28] Y (=17 AYIF,

n>1 n>1 7>1

£+ SLEY [+ p— Da(u) 28] Y (1) CEAT IR,

RGE-involved

k>1 n>1 1>k

Qf k=2,
E = Z Treag (Ox)
k=0

In

Eliminate all B-terms

The overall PMC scale Q* is also in perturbative form
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Demonstration of scheme independence
(Using the C-scheme coupling to characterize any scheme)

1 o _ 12 [ % da )
—+ —Ina, =4, In— — - :
a, o 3 v ( A2 o B(a)

a new coupling d, = &.(p)/m via the following way

1 i} 2
A——I-ilnﬁp = fo (ln#——I—C-‘)._

iy, .3[] A2

New coupling constant, all scheme-dependence
are introduced into C-parameter; its scale and
scheme running satisfies the same RGE, which is

scheme-independent

oy A ~7 [as)
A oa B /))(_]GJ”

o M (=0

= —po@ > (B1/po)'al

02

018

01

DiM2, ), Coene.

- DMZ,C), PMO

— DA, 0. 7ES), Come. ||
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PMCER&IFaIB NG ? |

Second round —— PMC or seBLM or other ?

&
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Some criticisms on PMC

No UV-
divergence

Light-

A.L. Kataev and S. V. Mikhailov
Phys. Rev. D 91, 014007 — Published 6 January 2015 Still in PK

Generalization of the Brodsky-Lepage-Mackenzie optimization f
within the {f}-expansion and the principle of maximal confarmgqlity

CRERARERInf-IT~

N\

Ambiguities of the principle of maximum conformality procedure
for hadron collider processes

. —r
Herschel A. Chawdhry® and Alexander Mitov

Cavendish Laboratory, University of Cambridge, CambridgKCBS OHE, United Kingdom
\

Tk, 2013 B RIRR

BOIER, FF2017FRH PEEITiRR

FZE. BiiligsIA, mEATRE
"Improved PMC approach”

P.M. Stevenson

tetter - Maximum LIS EISIAAPMCREENF-TE, 8
‘Maxi;wﬂ conformality’ does not work . EiRZIETFR(EARGE: we need to use

the correct RGE under the specific
scheme to do B-resummation

T.W. Bonner Laboratory, Department of Physics and Astronomy, Rice University, Houston, TX 77251, USA

REAEW: PMCHIARTT, BATATHIT . Any approach cannot remove
the theoretical uncertainties in physical predictions, since these
Mciainties ultimately arise from missing higher orders in a.. 49




B(as)

a

Cns(as) DV (as) =1+ (

n>1

)”Pn(as)

The PK is still going on for PMC and seBLM

)

n

ns
On the CBK relation in QCD : 15 years later D (CLS) =1+ E

n>0 (

Bas)

a

A. L. Kataev

202557 B - E

2012
1011.5248

The generalized scheme-independent Crewther relation in QCD

Jian-Ming Shen?, Xing-Gang Wu®*, Yang Ma?", Stanley ]. Brodsky ¢

FMi1F2017PLB, EFFEFHXFIEIICBKIER, (BlaRagxciE2 N iEsfHFIHEp-IRKEZIERIIPMCHAZES
X—mKataevIBIFHIRAcY, HEBREIAPMEIERREPMC !

(EPMCSseBLMEZ AR BHHGE
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=BT, RESHIAERR L

REAAZ=: IHIERRIREIE

® How to reduce and estimate residual scale dependence

® How to estimate magnitude of unknown terms |‘ |

There are two kind of residual scale depenence

53



FACFIPM ST E SRR S M IRk

FhAYIE) R
An important step forward
Conventional scheme-and-scale ambiguity ===> residual scale dependence due to UHO-terms

After fixing the scale ambiguity,
what we still have to do for perturbative theory ?
It is not the end of the story, but a new beginning

Eﬂ :...\in_u':H;EE'J

The road always comes out
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Feynman, 1?61, “HOV\! to estimate higher order terms in the perturbation
series without having to laboriously calculate Feynman diagrams”

In nearly every case we are reduced to computing exactly the coefficient of some
specific term. We have no way to get a general idea of the result to be expected.
To make my view clearer, consider, for example, the anomalous electron mo-
ment, [1(g — 2) = a/27 — 0.3280° /m%]. We have no physical picture by
which we can easily see that the correction is roughly a/2 m, in fact, we do not
even know why the sign is positive (other than by computing it). In another field
we would not be content with the calculation of the second-order term 10 three
significant figures without enough understanding to geta rational estimate of the
order of magnitude of the third. We have been computing terms like a blind man
Zlaring a new room., but soon we must develop some concept of this room as
a whole, and to have some general idea of what is contained in it. Asa specific
challenge, is there any method of computing the anomalous moment of the elec-
tron which, on first rough approximation, gives a fair approximation of the a
term and a crude one to o%; and when improved, increases the accuracy of the




Everything all shrinks into one thing

How to reliably estimate UHO contributions and
with high precision

&
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bo+bia+---+bya"
l+cia+---+cyaM

n
— ZC,‘G‘U—H_l
=1

Several ways to estimate higher-order contributions

piM(0) = a” x

m Conventional: Varying scale — Rough order estimation and cannot estimate conformal contribution
B Convervative: The one-order higher shall always be smaller than the given order

B Resummation: Find a proper generating function, such as fractional function — Pade approximation
B Probability analysis: Bayesian analysis, Linear regression through the origin

Give the probability of the higher-order magnitude P(ANB) = P(A)*P(B|A)=P(B)*P(A|B)

Comparing with initial series, the PMC series has advantages:
Better convergence; More accurate without scheme-and-scale
dependence; The coefficients have no RGE-relations; ...

Thus it has good potential to do the estimation; especially it can
achieve more precise prediction with less given orders.




Nearly 80 papers

PMC

PMC-Basis
Suggestion of PMC-I, PMC-IT, PMC-, PMCs approaches
Demonstration of equivalence of various approaches in sense of perturbative series
Demonstration of the degeneracy relations are general properties of QCD due to RGI
Demonstration scheme-invariance using single parameter C-scheme coupling
A detailed comparison of PMC, PMS and FAC using RGI
A detailed comparison of PMC and seBLM
Ways (Pade, Bayes, LRTO) of estimating contributions of uncalculated higher-order terms
Characteristic Operator approach of PMCs

PMC-Applications
Top pair total cross-section and asymmetry at hadronic colliders
Ree-related works: Ree, Adler-function, Crewther-Relation, Gross-Llewellyn Smith sum rules
Pomeron, introducing residual scale dependence
QCD corrections to jets
Heavy quarkonium production/decays, Bc decays
B physics, Higgs decays, electro-weak
Scheme transformations-scheme-invariant but have different convergent behavior, MOM-scheme
hold effects via proper resummations
regions and its connections to high-energy behavior
wing the consistency of PMC at total and differential levels




> Recent example: threshold effect of top-pair prediction at e+e- colliders
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Letter ,.)
Reanalysis of the top-quark pair production via the e*e™ annihilation near /& C PC (202 1)
the threshold region up to N*LO QCD corrections CP C ( > O > 4)
Jiang Yan®, Xing-Gang Wu® "~ *, Zhi-Fei Wu?, Jing-Hao Shan®*, Hua Zhou®
: ?:i:ﬂ;ns[czﬂiﬁy;z:mf::;g g‘:’fm’!{;{yll;h;: Chinese Physics C  Vol. 48, No. 4 (2024) 043104 CPC ( 2 O 2 4 )

Revisiting the top-quark pair production at future e¢'e” colliders” PL B (2024)

Jin Ma ()" Sheng-Quan Wang (LA 4)' T  Ting Sun (Fh5)!
Jian—Ming Shen (Fﬁﬁﬁﬁ Chinese Physics C Vol. 48, No. 5 (2024) 053113

'Department of Physics, Guizhou . . . ..
*School of Physics and Electronics, Hunan Provincial Precise determination of the top-quark on-shell mass M, via its scale-

Hunan University invariant perturbative relation to the top-quark MS mass m,(m,)"
*Department of Physics, Chongging Key Laboratory for Strong

Xu-Dong Huang (#/077)""  Xing-Gang Wu Chinese Physics C  Vol. 45, No. 11 (2021) 113102
‘ Zhi-Fei W ( Reanalysis of the top-quark pair hadroproduction and a precise
Institute of High Energy Phy . .
*Department of Physics, Chongging Key Luboratory determination of the top-quark pole mass at the LHC"

*Department of Physic:

Sheng-Quan Wangu_i;“f’fk{)‘r Xing-Gang Wu( 2/ Jian-Ming Shen(H141t )™ Stanley J. Bmdskyd:
'Depaﬂmcm of Physics, Guizhou Minzu University, Guiyang 550025, China
“Department of Physics, Chongging University, Chongging 401331, China
*School of Physics and Electronics, Hunan University, Changsha 410082, China

N LO Q C D CO r recti O n *SLAC National Accelerator Laboratory, Stanford University, Stanford, California 94039, USA

J. Jersak, E. Laermann, and P. M. Zerwas, Phys. Rev. D 25, 1218 (1982)

N2L.O QCD correction
J. Gao and H. X. Zhu, Phys. Rev. Lett. 113, 262001 (2014)
L. Chen, O. Dekkers, D. Heisler, W. Bernreuther, and Z. G. Si, J. High Energy Phys. 12 (2016) 098

N3LO QCD correction
M. Fael, F. Lange, K. Schéhwald, and M. Steinhauser, Phys. Rev. Lett. 128, 172003 (2022)
M. Fael, F. Lange, K. Schéhwald, and M. Steinhauser, Phys. Rev. D 106, 034029 (2022)

. Chen, X. Guan and Y. Q. Ma, Phys. Rev. Lett. 132, 10 (2024)




— tt

ete” - y*

Vs = 2m,
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351 352 353 354
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Vs (GeV)

347 348

346
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Up to N3LO, total cross section of ee™ — y* — tt can be written as

=0o(1+nras + a2 +r3ad + )

1
T =M + 74
= Ana’ v(3 — vz) 2 1 1
0o = Ne— 2 o 2= g Tap ¥ ooyt o
2 1 s 1
4 : r3E—=T3,2+—T3, 13
1-— _':'t the velocity of produced quarks | ° i&/” T
only numerical results !

we schematically factorize total cross section as the product of
Coulomb and non-Coulomb parts

0 = 0y >< E>> Coulomb part @

! ! reconstructing analytic form !

PSLQ algorithm

Non-Coulomb part

H. R. P. Ferguson, and D. H. Bailey, RNR Technical Report RNR-91-032 (1992)
. R. P. Ferguson, D. H. Bailey, and S. Arno, Math. Comp. 68, 351 (1999)
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The QCD coupling a? (q?) has been introduced for describing the interaction of
the non-relativistic heavy quark-antiquark pair, which is defined as the effective
charge in the following Coulomb-like potential:

V(2
V(q?) = —4nCp —“sé;‘ ),

where oY (q?) absorbs all the higher-order QCD corrections, which is related to
the MS-scheme coupling via the following way

2 2 2
q

(@) = ) + (- ot ) @)+ 02 = aufl + g0 4 g1 5 ) ) 4

_ 13, 20,
M= g\Tg T g TP

1 [(4343 m® 22\ , (1798 56 55 20\’
(12:(47_[)2 162 + 41 _Z+?(3 CA_ W-I-?{g CyTpny — ?—1663 CrTen; + ?Tpnl

T. Appelquist, M. Dine and 1. J. Muzinich, Phys. Lett. B 69, 231 (1977)
W. Fischler, Nucl. Phys. B 129, 157 (1977)

M. Peter, Phys. Rev. Lett. 78, 602 (1997)
Y. Schroder, Phys. Lett. B 447, 321 (1999)
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J=JO><RNC

Rc=1+ Cp—as Y(sv?) + C? 172T ~ay)?(sv?)

2v

PMC

4
4

exactly non-conformal term

2

2
R = 1+Cr5-a¥(Q2) + G2 5t (0%) +.~V3(ch)+

resum:

X

é—

1 — exp(—X)

X =

- =» Sommerfeld-Gamow-Sakharov factor

-
—
-

V(N2
7 Cp M Obtained by solving NR Schrdlinger equation
v

A. D. Sakharov, Zh. Eksp. Teor. Fiz. 18, 631 (1948)

The X3-coefficient is exactly zero!
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nCray /v

lim v = nCra is a finite value

v—>0+ 1-exp(-nCpal /v)
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NLO (Conv.) —NLO (PMC+resum)
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N3LO (Conv.) —N?*LO (PMC+resum)
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0.7 1 FIG. 3. (Color online) Total cross section o;; with different

0.6 3 QCD corrections under conventional (dashed line) and PMCs

NLO (Conv.) —NLO (PMC) (solid line) scale-setting approaches, respectively.
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After applying the PMC, the
scale dependence is removed
and the pQCD convergence
near the threshold region is
improved
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Error
1

B E2INSLO (Conv.) ]
i E=N’LO (PMC+resum) |
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The PMC provids more reliable foundation for
constraining predictions of UHO contributions

By applying PMC, uncertainties caused by the
UHO-terms become smaller. These results confirm
the importance of the PMC scale-setting approach.
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Summary and Outlook
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It Is maximum conformality, but not strict conformality !

Up to infinite order, the predictions are scheme and scale independent, there is
no scale ambiguity

At fixed-order, guessing/using typical momentum flow as the scale, one cannot
get precise values, becoming an important systematic error

PMC is not simply chosen “special/effective/optimal/ scale”, but basing
on RGE, satisfying standard RGI, and using a general way to get an

improved series that is independent of any choices of scheme and scale,
resulting to a precise perturbative prediction at any fixed order

More convergent and precise series provides much better ground for estimating
not-yet-computed higher-oder contributions
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A Vibrant Municipality, A Livable City, and A Job-friendly Metropolis
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Chonggqing ranked third in the "2024 Chinese City Inbound Tourism Influence List" published by the European Times
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A Vibrant Municipality, A Livable City, and A Job-friendly Metropolis
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With the Digital Chongging initiative as the driving force, the government will comprehensively strengthen the development, service, and

governance capabilities of megacities, aiming to create a safe, resilient, smart, and livable city .
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