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01 Motivation

Inclusion of the long-range forces

> Finite volume problem of long-range force N ol o.L1) (L1 00.2)
« Left-hand cut close to threshold: Energy levels below the left- ] I ] g”
handed branch point cannot be used Vo 2021
N I 0.1+
» Slowly converging partial-wave expansion: Expecting strong F ' j—— 0ol _
admixture of higher partial-waves in the quantization condition . QEran
g p q NN Scatterlng o ;:./:;_ 3‘0 2‘0 2.5 3‘0 2’0 2‘5 3‘0 2‘0 2‘5 3’0 2‘0 2’5 3‘0
+ Exponentially suppressed corrections still sizable e L Lo L L
J.R. Green et al., PRL 127(24) (2021) 242003
> NN scattering
2 2 . 2 D* D
« Left-hand cut: —oo < s < (2my)% — M2 right-hand cut: (2mny)° < s < +o0
(1875MeV)2 (1880MeV)2 A .
-
* Phase shift real below left-handed branch point? D ‘\ D*
.
> Interpretation of T/.(3875) T (3875)
+ Left-hand cut extremely close to threshold 17 Lhc. DD* rhe

+ Affects the extraction of the phase shifts and the parameters of the
T2.(3875) from lattice data Case of a stable D*
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01 Motivation

Schemes to including long-range force

> Plane-wave basis

» Describe the system in terms of the parameters of the effective Lagrangian
+ Work in the plane-wave basis

* For the NN scattering, it was shown that, at the physical quark masses, the partial-wave mixing is
sizable [Meng & Epelbaum, 2021]

+ A consistent fit of the DD* scattering phases to lattice data in the left-hand cut region has been
performed [Meng et al. 2023]

> Alternative approaches
» Splitting long- and short-range interactions [Hansen & Raposo, 2023]

» Using LUscher equation plus EFT with long-range force in the infinite volume [Collins et al., 2024]

» Other contributions [Lyu et al., 2023] [Du, Guo & Wu, 2024] [Dawid et al., 2025] etc.

> QOur scheme

« Modified Liischer formula [Bubna, Hammer, Miller, JYP, Rusetsky & Jia-Jun Wu, JHEP 05 (2024) 168] Vi) = Wl + Vs(r)
[Bubna, Hammer, Boid, JYP, Rusetsky & Jia-Jun Wu, arXiv:2507.18399] known, local  unknown
26+1
M¢e 2y L _ - _i } . 2 4
» Finite volume version of the modified effective range expansion [van Haeringen & Kok, 1982] Ki'(q%) = Mi(q) + |f(q)|2 (cot(0e(q) — oe(q)) — i) = 3 + p 4 +0(q")
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02 Modified Luscher formula (infinite volume part)
Decomposition of interaction

> Decomposition of potential

V=V, + Vs

* V;: long-range potential which is known from, e.g., yPT

* Vs: short-range potential which is unknown, but local

> Amplitudes and full propragators

* T,:long-range amplitude which is established only by 1/},

* G;: long-range propagator

+ Ts: effective short-range amplitude which is established by both
long- and short-range interaction

> Decomposition of T-matrix

T=T,+(1+T,G)Ts(GTL + 1)
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02 Modified Luscher formula (infinite volume part)

Pole structure

> Pole position

T=Tr+(1+T.G)Ts(GTL + 1)

» Poles of T are equivalent to T @ - @ * ( A ) ( E )

* Free energy (pole of G)

* Long-range eigen-energy (pole of T;)

» Eigen-energy (pole of T) l 1 1 ' t
= +

> Effective short-range LS equation

Ts =Vs+ VsGTs

» Solve effective equation for T instead of total LS equation for T
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02 Modified Luscher formula (infinite volume part)

Effective short-range amplitude

> Effective short-range LS equation
T =Vs+ VG Tg

> Effective short-range amplitude

(4) (42 () (g2 = ! I
[(7‘!’ (90): ¢m|Ts|y (qo)’£m>_qocot(5i{iQD.

« |9 (q), #m) : Partial-wave long-range basis \ (g0, £m|T|qo, fm) — 1
qo, qo, % COtég _iqoa
* §, : phase shift of total interaction (need to determine) 1

(g0, ¢m|TL|qo, €m) =

o, : phase shift of long interaction (known) gocot oy —1qo
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02 Modified Luscher formula (infinite volume part)

Effective short-range LS equation

> Effective LS equation in long-range bases

B @ * E) ' (E) [ Ts = Vs + VSGLTS]

3

B(p,q; ¢ +i€) = Vs(p, q) +] (gwl; Vs(p, k) 75— - —B(k, q; g5 + i)
+ Effective amplitude B(p, q; ¢ +ie) = (YS7|Ts(qd + ie)[v{")
+ Effective short-range potential Vg (p,q) = (¢I(J+)|Vg|¢é+))
« Long-range propagator
* |¢(*)>< { (2m)°3(p — k)

——  ()(D)|G 1 (g + i€)|YLT) =

Long-range propagator’s spectral representation G L(qg + ’ie) = / (

2m)3 p? — g3 — e k2 — g2 — ie
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02 Modified Luscher formula (infinite volume part)

Separation of effective short-range potential

3k - 1 2,
2n) Vs(p, k) e ieB(k’ q; gy + 7€)

> Effective short-range potential in long-range bases f/s (p7 q) = (wl(:') |VS|¢¢(1+))

B(p,q; 3 + i€) = Vs(p, q) +/

Low-energy constants

+ Polynomial representation of local potential (p|Vs|q) = 4 Z YVem (P) [)G(QQ){)} Vim(a)
Im a,b
» Potential in long-range bases
VO (kK ) = SO Az (k)" ALK

» Separation of long- and short-range interaction ab —T 7—
a f . (+)
UV integral of long-range wave-function Aj (k) = (2 )3 (p*)*p* v, (p; k)

(£) (pq) ) Separation of UV integral A% (k) = ’U(+) k)i Local polynomials
V (1, q) [[(2€+1)”]2f£(p)f( VS (p,q) p g t(k) =v,( poly

/ “ Short-range kernel _ 1 d3 D p (+) (0: 1) = k¢
— (¢ b
Long-range contribution { VS( )(p, Q) Z p“(p )P (q )] (27r)3 (2€ * 1)!@

in effective potential Long-range Jost function
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02 Modified Luscher formula (infinite volume part)

Solve effective LS equation in the infinite volume

> Threshold expansion

1 .
v (p, k‘)mBz(k;Q;qg + Zf)-]

. ~ A3k
[ Be(p,q;q3 + ie) = V& (p, ) +[ (27)3

¢ . (pQ)E R 2, .
7 (p, g (pg) '@ Bi(p, q; @3 + i€) = . Be(p, 4; 45 + i)
« Equation driven by short-range kernel Vg [(2¢+ D)2 f7(p) felq [(2¢ + D2 f7 (p) fe(q)

Bk k2t V9 (0, k)Bo(k, 4; 43 + iE)}

[BIZ(I%Q;QS + i€) = ngﬂ) (2] +/ (2m)3 [(2¢ + D[ fo (k)2 k2 — g2 —ie

Singularity-free

/ \

_ d3k k2£ ﬁ) RE( q; q2) _ V(E)(p QO)RE(I’C QO'Q2)
Rﬂ(pvq;Q§) = V,S('e) (p, Q) + / ? 1740 S2 ) s 405 qp
(2m)3 [(2¢€ + D)N2| fe(k |‘2\ k2 — g2

» On-shell effective amplitude 20
By(qg + ie) = % \ =
’ [(2¢ + D21 f2(90) (R (a0, a0; a) — (G (a3 + ie))

+ Singularity-free R-equation

d3k 1 k%
2m)3 [(2¢ + DN2| fo(k)|2 k2 — g — ie
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02 Modified Luscher formula (infinite volume part)

Renormalization in the infinite volume

> Match equation in the infinite volume
Match

2 1 e g 1 2 4 i)
PO R D@ By i) — (@@ i) €

drqd’
g2 cot(8y — oy) — iget !

* Renormalization of loop integral

0, 2 . B d3k 1 k2£
@i+ = [ )7 (20 + DIPIf(R)E K2 — g — ie O @ .

d2£—|—1

2 iq)* ¢
(1 i = " D oo e Gl S5 D] 0= g i )

* Match equation and modified K-matrix [Phys. Rev. A 26 (1982) 1218]

Renormalization

condition [4«[(2@ + DR, (g0, 90;63) = KM (q3) + 'Pg(qg)] Modified K-matrix [Ké‘”f (¢3) = My(qo) +

| fe(qo)?

qgﬂ-l—l COt((Sg . O'E) zqgﬂ-i-lJ
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02 Modified Luscher formula

Finite volume effective LS equation

- @1 &

Equation in the infinite volume

3

- &k
B(p,q; q; +i€) = Vs(p,a) + / R

¢

Equation in a finite volume ?

8 1 ‘
Vs(p, k)mB(ka q; g5 + ie)

> Finite volume basis B(p, q; g2 + i€) @ s(q2 + u@ B(n,n';¢2) = (n|Ts(q2) |0y
% D Vel Vs(n,n @.
« Discrete long-range bases s(p,a) = (" [Vslvg™) [Ym) = s Z1ﬁn (p)IpP) s ( )
» Finite volume effective LS equation in discrete long-range bases (¢n|¢n ) —

Z |¢n)('¢’n| = 1.

Equation in a finite volume [B(Il n’;q?) = Vg(n,n') + ZVs(n k) — sB(k,n ,qo)}
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02 Modified Luscher formula

Separation of effective short-range potential in a finite volume

[B(nn,qo)—Vg(nn +ZVgnk) 1 B(kn,qo)}
k Q'O

> Finite volume effective short-range potential in long-range bases VS(H: n ) = (¢n|VS|¢n’)

» Polynomial representation of local potential is the same in both inf. and fin. volume.

(p|Vsla) = 47rzyem p)[ZC“" “(¢%)° }yem( )

- Potential in long-range bases s(n,n’) = 471-2 ‘ Agm n))” Agm( )

fm a,b
UV summation of long- range wave-funct A7 (n 73 Z ) Vi (P)¥n(P)
» Separation of long- and short-range interaction L
Separation of UV summation 47, (n) = ‘Z)gm(n
— Z “« Local polynomials:
Long-range contribution (E) Ve (N Vi (P)tn(p) UV limits of V, and its derivative
in effective potential { V p’ q) Z pa p )pb q ) L3 " are NOT affected by finite vol.

Short-range kernel NOT affected by finite vol.
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02 Modified Luscher formula

Solve effective LS equation in a finite volume

> “Threshold expansion” in a finite volume

+ Finite volume effective LS equation in long-range bases

[B(n, n;g2)=Vs(n,n) +Z s(n, k) 1 7 sB(k,n ,qo)]

k k 0

« Equation driven by short-range kernel Vg

Vs(n,n) = 4r 3" v}, (0 Ve (gu, gy Yoom(n)
Em N I

B(n,n';gd) =47 Y vj.(n)

' m’

5 = (€
By ¢/t (@ns 003 45) = V9 (Gny 40 )0 O

vgm(k)v ( )5
+4WZZV5('£) In, 9 k) jyﬂ'm'(Qkaqn';QS)-

.2
tm, ' m’ (qu qn’; 9o

+ Singularity-free R-equation * “On-shell” amplitude
7 (£ * B ro - g2 = R 1o - q?
Rﬂm,ﬂl m’ (Qn; qn's qa) = Vé )(Qn; 9’ )6ﬁm,£’m' + 47 E E Uﬂm(k)vjy(k) X £m,£'m (QO5 40, qO) tm,'m (QCH qo; Q())
vk + Z REm,jr/(QOaQU;qg)HjJ/,j'u’ (QO)BJ’J/’ 'm’ (QO-;Q'O;QS)

/ E ¥ E . 4 ’

)[VS( )(qna qk)Rjy,Z'm' (Qka qn'; Q[z)) - V,s(‘ )(Qna qO)Rjy’,e’m’ (qo, qn's qg)} jv.g v
2 2
9% — 90

Singularity-free

/ Uy Vs I( )
Modified zeta-function Hgm,g' m'’ (‘IS) =d4n E : - q2 _ﬁ o
n
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02 Modified Luscher formula

Modified Liischer formula

By ¢ ' (90,205 85) = R g7 m (€0 905 93)

> Determination of finite volume energy levels _
+ > Remju(90,90:63) Hjy 7, (00) Byt 42 (90, 903 43)

gv.g' v’
* Finite volume energy levels are determined by poles of T ‘
« T’s poles are equivalent to effective short-range part T B = (R—l _ H)—l
+ T can be formulated by effective amplitude B det(R_1 —H)=0
> Quantization condition
det(R_l N H) -0 Singularity-free # Exponentially suppression

+ Finite volume correction of R-function is exponentially suppressed Ry, /.7 = Rebyy, gy + Oe™ 70 F)

(n

) _ T Vi @)PIGL @)Yy (2

2 ’Ugm (n)vz’m’
* Long-range interaction is encoded in modified zeta function H Hyp, o (g5) = 4m E , a2 — g2
n n 0

Modified Liischer formula for long-range interaction EBIETXE mHRs ﬂ




02 Modified Luscher formula

Renormalization in a finite volume

> Regularization in quantization condition

[ det d(qg) =0 ] quantization matrix ‘%m,ﬂ'm' (qg) = Rﬂ_l(qm qo; qg)(sfm,ﬂ' m' T Hﬂm,ﬂ' m’ (qg)

* Renormalization of R-function in the finite volume

Conter-terms

Renormalization 2 _1 9 M/ 2 ; - , My 2 qg“—l cot(dg — o¢) — ZQSEH
condition 4 ((26 + "R, (g0, 905 05) = Ky (q5) ‘m) Modified K-matrix | K3" (q5) = M¢(qo) + | F2(q0)[2

* Regularization of modified zeta function H in a finite volume

Infinite vol. limit H

0o 2y _ T d3p d3 G 2 1€ r
Hypm (q0>—LGnym P PICL@NAYr (@) et W) [ s o im PG G + Ve @
= Sy, (G, (43 + i€)),

fm ' m

Q Regularization in the infinite volume Conter-terms
+ + T 3 20 2
d°k 1 k M
(G(E)(q0_|_ze)> /( _ = E(Q'O) E(q

om)® [(20 + DIR|fo (k)2 k2 — 2 —ie  4m[(20+ 1)1I]2

RMo(q0) + Pe(q5)
ar[(20 + )12
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02 Modified Luscher formula

Modified Liischer formula

> Modified Liischer formula

[ det ,gf’(qg) =0 ] quantization matrix f%m’gmf (qg) = R;l(qo, qo; qg)ﬁgm,grmr

* Regularized quantization matrix

Conter-term
RZI(QO QO'QS) _ M[Elgg @ cancellation : 2)
’ ’ 477 2 +]. 1 ﬁ % Je.!' ’ qO =
RM,(qo) +@ e

Hﬂm,flm’ (qg) = AHEm,E’m’ (qg) + 5£m,£'m’ 471.[(22 + 1)”]2

Infinite (finite) volume function
determined by only long-range

» Advantage of modified Lischer formula

1 1 teracti
qg‘“'l cotdy = —— + §qug + O(g5)  (poor convergence for long-range force) Interaction
27
21 cot (8 — og) — igat! 1

1
-+ _fgqg + O(qg) (much larger convergence radius)

KM (a8) = Melao) + ——7 5 == "3

* Reproduce of standard Luscher formula

Quantization matrix in standard Luscher formula
Long-range interaction disappears

qgf-i-l cot 526 L Z 47Ty€m o /(k)
R ] k2 - q3
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03 Zeta function

UV property of zeta function

> Definition

* AH is composed of free part and long-range part

(0) 41Y 5 (P) Ve (P) :
AH," . (g3) = (L3Z -PV (%)3) ep2_;§ (Standard zeta function)

O ’
AHpy g (3) = AH) o (a8) = AHy, 0 (05)

Am ymp ym d3p d*q ym q
AHEm P (qg Lﬁ Z £ ( ) (p,q’ O) £ — 4 %\/ 271_)3 £ ( (%)T (pa q; QO) Elg)
* Free part is regularized directly in all methods to calculate standard zeta function
> UV property
+ Direct subtraction in long-range part AH' is numerically unstable UV div UV div

N Ty =Vp+Y ViGVy+--» —————> H <> GVL,GHD GVLGV.Gft---
Z GTLG —[/ GTE"C] \

UV div.-free T =V, —|—/VLGVL e H'*® :[/ GV,G fGVLGVLG +: -
but numerically unstable g

» One-by-one Subtraction is not feasible in practice for un-separatable V;, AH = (Z - /)GVLG + (Z - f)GVLGVLG T+

UV div.-free UV div.-free
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03 Zeta function

Fast convergent method for long-range part

> Decomposition of propagator

G(p) =

* G :singular and UV slowly convergent - op?— qg;

1 2 2 2 2, 2\yn—1
* G, : regular but UV slowly convergent G=G;+AG Gi(p) = PR (p‘u :;20)2 E;: ——I—i—fzgg?’ o %;
» AG: singular but UV fast convergent AG(p) = 1 (H + qz)”

p? —qg (p* + p?)
+ Decomposition is u-dept. but result is p-indept.

> Decomposition of long-range propagator regular[ T, =V, +ViGiTh ] [ G=AG+ AG(TL)AG] »T; = Vi + Vi.GTL
G, : regular [ V\V\X
* G : UV fast convergent / BY
fe G, :[gl + GlTlGl] GlT]] ([ 1G1 + 1
Gy G
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03 Zeta function

Fast convergent method for long-range part

GL=G1+ G1T1G1 + (1 + G1T1)G(T1G'1 + 1)
G, G,

> Decomposition of zeta function

. G, isregular > AH® is exponentially suppressed
AHW = H®) _ gWe = g(e~Fwnl)

* Gy is UV fast convergent » H) and H)® are both UV convergent

dm . UV conv.
AHEm,B'm' = [L_ﬁ Z yﬂm (p)Gf (pa q)yﬂ' m’ (q)} conv

d3p d3
El (2m)* (2m)°

o3 Vim(P)GF (p,q)yymf(Qﬂ UV conv.

47T * ' ’
H o =75 2 Yim(0G (6 K )Yy (&)
k,k’'

« HY and H)™ can be calculated separately
(floo 4_7T B3k d3k

tml'm' T [6 (zﬂ)S (2 )3y€m(k)Goo(k k)yz' (k ’)
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03 Zeta function

Fast convergent method for long-range part

> Wave-function in modified zeta function G; = (1 + G171)G(T,G1 + 1)

= UGV
4 : : o0 d*k  d°K
Hg(fj;l),g’m’ L_Z Zyzm(k)Gf(kﬂk )yﬁ'm' (k) Héﬁ’g'm’ = 471-/ (2 ) (2 )3yﬂm(k)Goo(k k )yﬂ m' ( )
Kk’
. , dp dp - o o
— 8 Y U )C(P.P )y () :4“f (2m)8 2 Vi (PG (0,2 )T, ()
p.p’
G(p,p) = AG(p) L,y + AG(H)TL(P, P )AG(P) G*(p,q) = AG(p)(2m)*(p — @) + AG(D)TE° (P, A)AG(q)
1
Cin(P) = 75 O Vin(k) (L% + CL(K)T1 (k. )) ; } G, and T; are regular U5 (p) = / o )3ygm(k) ((2m)*3(k — p) + CL(K)T7° (k, P))
k —
’ ]_ ’ ’ ' ’ .. . . , d3 ,
U, N Ti(p .k )Gi(k L3686 . , (k). Finite vol. correction is oo / 3 — )
ot )= 7 D2 (T NG + e )V 00, ] Tiie o conecton’s L w0 = [ s (T80 KIGUE) + @60 —16)) Dy ()

+ Finite volume wave-function can be replaced by infinite volume one
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03 Zeta function

Svmmetric projection

> Partial-wave projection

» Rotational symmetry allows partial-wave projection in the infinite volume

6{” (P, @) =47 Y Ve (p) T35 (p, Q)y}z"m((ﬂ\
£m

\

T (p,q) = 471‘Zyem VTP, 1) Vi ()
Uom () = ¥ (0) Vi (P);
Ui (a) = Vem (@) ¥ (q)- G, q) =47 Y Vem(P)GF (9, 0) Vi (a)
d'?’k' £m
Ve (p) =1+ [ o 3k*Gi(k)TTe (K, p); ) 3600 —
d3k(2 m)3 1 Gy (p,q) = AG(p) & )Z(; 9 + AG(p)TT(p, 9) AG(q)

K (a) = / o )3T1 ne(a, )Gl(k)k2£+1/

+ Infinite volume H H(f)oo _5£me’ ,H(f)oo with Héf)oo:/

d3p d3q
(2m)3 (2m)3

o 41 cO* % \ (o'}
« Finite volume H ng’f m = I6 Z U (P)Vim (P yﬂ' m ()57 (9)

« Zeta function AH AHy g Héf)g’m’ — O e’ Hy

Modified Liischer formula for long-range interaction EBIETXE mHRs ﬂ
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03 Zeta function

Svmmetric projection

> Cubic projection shell reference 7

+ rotational symmetry —» 0, group (rest frame) or little group (moving frame) '/ Cubic bases v i(p) 1/ Z—FT(S;) (9), with p = gp[() r)
™

* 3-momentum state characterized by length + direction —» shell + projection irreps.

« finite volume shell: 7r-shell = {p|p = gp ) g€ G}

G(p,q) = L3 PZ 3 o) (p) (r)* G(r) (r,7) {Gg; (r,r) = AG(p)344:8,,s + AG(P)T ; o (1 r’)AG(qﬁ
o 8,8
4 )
(T) (T) (I‘) I‘) '
3 o0 , Ty e ) = Vipy (01 + 5 ZZVL 4y (13 8)G(P)T o (5,7
p q) L Z Z v ( T (T: r ) —>
I'a ; 7/ /
pp Projected potential VIE B)ﬁ (r,r) = T;'ﬁ ZT(F) p{” Vi |gq(r ))
g€eg
+ Cubic harmonics Et o Z Crat,aVem - /
r r.f f)oo
Hét zg’t’ - Z cFEt aAHEm L'm’ crg t' o = Hét E’t)’ 5Et,£'t'H£§ :
Hy, ) = ZZ U o(r) Gy () Ty oo (1) with W p(r ,/ y(” p{)ws (p)

r'r ,B,B
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04 Numerical result

notential and enerqgy levels

Mg/M =10 ML=3

Ground state (000) 1st excited level (001)

> Decomposition of potential —— Energy level (exact)
—————— Energy level (upto £=0
—————— Energy level (up to I =4

)
)
)
)

47Tg 47rgS ffffff Energy level (upto /=6
V(p,q) = M2+ (p—q)? + MZ+(p—q)? — ffff_;fnergy level (up to £ =8

» One-pion-exchange potential Z0.6747

» Everything scaled by pion mass M |
-0.08 -0.06 -0.04 -0.02 0.00 4,45 450 455 460 4.65 470 475
- Long-range coupling (attractive) g = 0.489M ag / M? as / M?
2nd excited level (011) 3r;d excited level (111)
+ Short-range coupling (repulsive) gs = —1.34M | :
» Two sets of short-range interaction Mg/M = 2,10
> Energy levels in a finite volume
* Latticesize ML =3
+ Ground state is below threshold , | L
89 90 9.1 9.2 13.2 133 134 135
« Partial-wave mixing in the excited states ag /M2 o /M
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04 Numerical resulit —_—_——

0.4l = Standard i
: Modified (u = 10M) ;
-—— Modified (u = 15M)

M Od ified Zeta fu n Ctio n S 0.2{ — Energy level (long-range) !

—— Energy level (free)

=
S
© i
5 4
> Definition of zeta functions r r T 00 =
AHétzt 2 Z Zta(p)GL(p: quO)yé t) a( ) E i
[¥] |
* AH: modified zeta function Bp B q ) § ~0.2 i
— 4 f s s Vi PIGE (b w )Y, (@
-0.4 i
(F)*( )y(r) (p) i
- : (T) B ft,a ot o\P il |
Z: standard zeta function Zyypy (05) = 4m (L3 3 PV] ) . qzllfOMz 15 20
4]
« CMS AT -irreps (implicity index t, t" and bases index
are trivial) |
0.04- 0.004-
> Property of zeta functions
5 002 § 0.002] |
» Modified zeta function is singular at long-range 2 o001 2 0.0004 g
energy level @ ' g ;’
B g |
» Standard zeta function is singular at free energy level 3 -0.021 3 -0.002;
* Modified zeta function is u-indept. —0.04- —0.0041
10 15 0 5 10 15 20
95 / M? qg / M?
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04 Numerical result

Modified Liischer formula

&1 Standard (5) —— Energy level (long-range)
. . agn —-== Standard (S+G) Energy level (S)
> Quantization condition det /") (¢2) =0 4= Modified &) —— Ehergy level (5+G)
-—- Modified (5+G) Energy level (short S)
Mod.f.ed q ant. at.on matr' 5 —— Energy level (exact) --- Energy level (short 5+G)
* ITl u Izat IX 1 —
( M, 2
@ 2y _ Ki (q5) — RMq(q0) ) 2 . e
Fypv (90) = 4r[(20 + 1)!1)2 Ouwey = Ay yry (@) S0
.
_2_
« Standard quantization matrix
( () q2£+1 cot (5[{ (1) —4
2 0 2
'%t,ﬂ't’ (9) = An Jﬂt,ﬁ't' - Zet’grtr(%)
. —6
. At-irreps truncated at S-wave -0.240 -0.235 -0.230 -0225 -0.220 -0.215
' (30 — o) @
Hs(35) = i Ground state (000)
. + +
Modified [DgAl ) = 5 — AHM )] 4r|fo(qo)|? round state
Af AT 0.4
AHE™ (g}) = AHG ()
+ cot d = + + 0.2 L,
Standard [D(SAl) = - 7" }]wnh 25" (a6) = Zoo"(ad)
 Af-irreps truncated at G-wave Q o0o0f
. + AN . gg cot(ds — 04) ~0.2
Modified |D{}1) = ¢ — AHS Hi(g?) = Lo
[ S+G S s+a| with Ha(g) 4n[9]2] fa(q0) 2
A} Af AN ? -04
AFAD _ AgAh | Agah X5 AHgy AH; )_(AH‘S“ )) 1
Hsig = AHp' +AHy, V7 7 -0.20 -0.15 —0.10 -0.05 0.00 005 0.10 0.15
qs / M?
(Af) _ 900000 _ ad)| i at) o (A1) 2y o (AT), 290 €Ot do il (A7) (A7) (1))
Standard [DS+G I Zsic | with Zgic(a0) = Zoo " (q0) + Zsa! (QO)qg ot 8y g8 cot &, Zoo' Lyy — (Z041 )
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Ground state (000)
T T T

EBET XS B

2.0

1.5

1.0

0.5

0.0

-1.0

1.5

1.0

1st excited level (001)

|
i
1
]
i
]
i
1
]
i
]
i
I
I
i
]
j
i
~
i
]
i
1
]
i
]
i
1
1

3.95 4.00 4.05

4.10

qs / M?

1st excited level (001)
T T

4.15

4.20

T
Standard (S)

~=~ Standard (S+G)
—  Modified (S)

=== Modified (S+G)
—— Energy level (exact)

Energy level (long-range)
Energy level (S)

Energy level (S+G)
Energy level (short 5)
Energy level (short S+G)




04 Numerical result

Modified Liischer formula

> Quantization condition

* Af-irreps truncated at S-wave

Modified[ DY) = A5 — AHY'T) | standard | pith — %0t% o % _ gah
/ . w J

* Af-irreps truncated at G-wave
Modified | DAL) = ot — AHSD) | Standard[ D@ = 080 _ sty
S+G = S $+G | andard|Us, ¢ = =~ ~ “4st@

> Ground state

« Left-handed branch cut began with g3 /M? = —0.25
« Standard Lischer formula does not work near left-handed cut

* Modified Luscher formula predicts the ground state exactly and

shows good convergence of partial-wave expansion Q

> 1st excited state

* For Mg / M = 10, modified Lischer formula predicts the 1st excited
state and shows good convergency of partial-wave expansion
however standard one shows serious partial-wave mixing

* For Mg / M = 2, there is limited partial-wave mixing in modified
Lischer formula but it still works well up to G-wave

Modified Lischer formula for long-range interaction

Ground state (000)
T T T

[=2]

0.4

0.24

0.0

-0.2

1st excited level (001)

Standard (Si —— Energy level (long-range)
—=~ Standard (5+G) Energy level (S)
Modified (S) ——= Energy level (5+G)
-—- Modified (5+G) Energy level (short S)
—— Energy level (exact) -—- Energy level (short 5+G)
B —
I”
/
f
!
I
1
T
]
]
1
i
1
H
—0.240 -0235 -0.230 -0.225 -0.220 -0.215
96 / mM?
Ground state (000)
1
I
i
I
1
I
1
I A
1 ,/
! /7
: ;’
4
‘: ’:‘D
: ;’
[
I/
1\ f1
1V jr
i
m
{
T T 1 T T T T T
-0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
qs / M?

EBET XS B

2.0 ," i
Fi ]
’ 1
/ !
154 7 i
— i
i
1.0 |
L ——
L
il N :,’f'
________ . ,’T
0.01 T T e o,
I S~
I s
I ! \\\
-0.5 J1 ~
] i N
I ! ~
1 i Mo
-1.01 { : N
3.95 4.00 4.05 4.10 4.15 4.20 4.25 4.30
qs / M?
1st excited level (001)
T T T
154 Standard (S) —— Energy level (long-range)
-==- Standard (S54+G) Energy level (S)
Modified (S) ——= Energy level (S+G)
=== Modified (5+G) Energy level (short 5)
1.0 __ Energy level (exact) —-—- Energy level (short 5+G)
! -
0.5 i o
1 s ===
i !
i, >
L
-
0.0 = =
I” I::
val i
’ [
—0.51 g I
s I
# ]
/! i
! 1
4.0 4.1 4.2 4.3 4.4 4.5 4.6
qs / M?




04 Numerical result

Modified phase shift term

> Quantization condition det ") (¢2) = 0

2 T
+ Modified quantization matrix
1
(r) _ K}M(q}) — RM;(qo0) (1) |
[ ‘Qf:gt’g-'t’(qg) = 8471,[?26 + 1)”]2 th,f't' - AHgt’g’tf(qg)
S
+ Standard quantization matrix ) ~ = RelkM(g2)]
241 ) RelKi(q3)]
g cot d
[%f}y (@) = " v — Zéﬂw(qgﬂ N — ImIKi(g2)]
> Advantage of modified phase shift term 3
- Modified phase shift term Y e e
2041 . 2041 . : | . . .
gy ' cot(dy — oy) — igq 1.5 4 —0.5 0.0 0.5 1.0 15
KM (g5) =M + =——+4 _Tgyp + O ' ' : - :
£ (QO) E(Q'()) |f£(q0)|2 i 2 £9p (QO) q%sz
much larger convergence radius, analytic continue below left-handed cut)
( g g y
+ Standard quantization matrix
20+1 1 I, 4
a5 cotdy = —— + §T£q0 4+ O(qo) (poor convergence for long-range force and not work below left-handed cut)
ag
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05 Conclusion and outlook

> Build up modified Luscher formula

» Extract correct physical information near left-hand cut
» Fast convergency in partial-wave expansion

+ Modified effective range expansion has much larger convergence radius

> Give fast convergent method to calculate modified zeta
function

> Apply to OPE potential

> Outlook: apply modified Liischer formula to NN and T{.(3875)

Modified Liishcer formula for long-range interaction EBIETXE mHRs ﬂ
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