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Motivation

e S-matrix theory is a cornerstone tool for studying scattering processes
e Bound states/Resonances correspond to poles in scattering amplitudes. The pole positions
and residues encode crucial particle properties.

e Causality constraint: Unstable resonance poles reside on unphysical Riemann sheets of the
complex energy plane.

e Discontinuity analysis of the S-matrix is indispensable: it extracts information about
poles/zeros (discreteness) and branch cuts (discontinuity).

physical sheet unphysical sheet

Feng-Kun Guo et al,
Rev.Mod.Phys. 90 (2018).




Motivation

e Discreteness and discontinuity are ubiquitous in phenomena:

Hadron spectroscopy
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Motivation

e Discreteness and discontinuity are ubiquitous in phenomena:

Hadron spectroscopy Statistical physics Standard model
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Calculus vs Discontinuity Calculus

e Differential operator

1.
2.

Constant kernel: dC =0
Linearity:
dla1fi(2) + azfa(2)] = c1dfi(z) + aad fa(2)

Leibniz law:

d[f1(z)fa(2)] = dfi(2) f2(2) + f1(2)d f2(2)

. Chain rule:

dF(w)

— af(2)

w=f(z)

dF[f(z)] =

. Newton-Leibniz formula:

£(2) = Clzo) + / Caf ()

0

7155
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Calculus vs Discontinuity Calculus

e Differential operator

1.
2.

Constant kernel: dC =0

Linearity:
dla1fi(2) + azfa(2)] = c1dfi(z) + aad fa(2)

Leibniz law:

d[f1(z)fa(2)] = dfi(2) f2(2) + f1(2)d f2(2)

. Chain rule:

dF(w)

apIf(2)] =

df(z)
w=(2)

. Newton-Leibniz formula:

1) =Cleo) + [ af(2)

0

e Discontinuity operator

1. Holomorphic kernel: Dh(z) =0
2. Linearity:

D [a1 f1(2) + a2f2(2)] = caD f1(2) + a2Df2(z)

3. Leibniz law:
D [fi(2) f2(2)] = Dfi(z) fa(2) + f1(z) Dfa(z) — Dfi(2) Dfa(z)

4. Chain rule:
DF [f(z)] = F[f(2)] - [F (@) — DF(@)], iy nsen

5. Dispersion relation:

f(z) = h(z)+ 1 / D/ (=) dz’

21 w—
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)

4 I
{11)(\/5)2 =Dz=0

D(yz)? = 2//z Dy/z — (Dy/2)?
\ J
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)

4 I
{11)@/5)2 =Dz=0

—> [(]D\f—zﬁ)mﬁ_o }

D(yz)? = 2//z Dy/z — (Dy/2)?
N J
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)

4 I
{11)(\/5)2 =Dz=0

(Dv/z — 2v/2) Dv/z = 0 }
= )
p [D\/E_Q\/Exé)(z)—l—()xe(—z)_2\/59(2:)]

(P2 =22 vz - Dv3)




Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = /z (z € C)
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Discontinuity Calculus

e Discontinuity of the square root function f(z) = v/z (z € C)

4 I
D(,/z)? = Dz = 0

(D\f—zﬁ)mﬁzol
| = N -
J []D\/E—Q\/Exﬂ(z)—l-()xﬂ(—z)—%/g 9(2:)]

L

&= (Kii-2F  Kayi-o |

R D(y/z)? =2z Dy/z — (Dv/2)

The Riemann surface for
the n-th root function:

RS{{/z} = C x Z, for n € N*

RS{\/E}ZCX{T]‘T%NI}%CXZQ




Discontinuity Calculus

e Discontinuity of the logarithmic function f(z) =logz (2 € C* = C\{0})

s

-

~

IDelogz — 0

M prT—

IDelogz — elogz _ 6lcn'g;z—IDlogz

/

Dlog z = +27i 0(—2)

-

RS{log Z} = C* % {Tl,T_l | TlT_l ~ 1} >~ C* x Z}

-
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Discontinuity Calculus

e Discontinuity of the logarithmic function f(z) =logz (2 € C* = C\{0})
)

IDelogz — 0

IDelogz — elogz _ 6logz—IDlogz

‘ [eﬂ)logz _ 1}
N J

Dlog z = +27i 0(—2) J

RS{log Z} = C* % {Tl,T_l | TlT_l ~ 1} >~ C* x Z}

-

-

e Discontinuity of meromorphic functions

1 ; 1
D (;) — F2mid(2) D (z”"‘l
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Discontinuity Calculus

e Discontinuity of complex-valued functions

Df(z) = Z Kif(z) 0:i(2) +Z ;0;(2)
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Discontinuity Calculus

e Discontinuity of complex-valued functions
Df(z) =) Kif(2) 0:(2) + D ;6;(2)
1=1 =1

e Continuation of complex-valued functions

KK;f(z) : the continuation kernel of f(z)




Discontinuity Calculus

e Discontinuity of complex-valued functions

Df(z) = Z Kif(z) 0:i(2) +Z ;0;(2)

e Continuation of complex-valued functions

KK;f(z) : the continuation kernel of f(z)

T;

1

— KK, : the continuation generator
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Discontinuity Calculus

e Discontinuity of complex-valued functions
Df(z) =) Kif(2) 0:(2) + D ;6;(2)
1=1 =1

e Continuation of complex-valued functions

KK;f(z) : the continuation kernel of f(z) T; =1 — I, : the continuation generator

Z ]Kj [Tzf -|‘ Z ij
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Discontinuity Calculus

e Discontinuity of complex-valued functions

Df(z) =) Kif(z) 6:i(2) + D a;di(2)
1=1 =1

e Continuation of complex-valued functions

KK;f(z) : the continuation kernel of f(z) T; =1 — I, : the continuation generator

Z]K [T; f(z) +Z a0 flz) = Tif(z) —» T;Tif(z) - TWT,;Tif(z) —
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Discontinuity Calculus

e Discontinuity of complex-valued functions

Df(z) =) Kif(z) 6:i(2) + D a;di(2)
1=1 =1

e Continuation of complex-valued functions Monodromy group

KK;f(z) : the continuation kernel of f(z) T; =1 — I, : the continuation generator

Z]K [T@,f +Z ij f(z) — Tzf(Z) —7 TJTgf(Z) —2 TkTJTzf(Z) —F



Discontinuity Calculus

e Discontinuity of complex-valued functions

Df(z) =) Kif(2)
=1

e Continuation of complex-valued functions

KK;f(z) : the continuation kernel of f(z)

Z]K [T, f(2) —I—Z a0

e A discontinuity relation

’]D: 1 f(z) =0

1B :f(lz)‘f(z): :]D[f(lz)} ‘f(z)“Lﬁz)‘Df(Z)‘ID{f(lz) |

0:(2) + > a;é;(2)
=1

Monodromy group

TiE

1—]KZ'Z

the continuation generator

f(z) = T;f(2) = T,;T;f(2) = T,T,;T;f(z) =

—
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Dj(z)

—f(2) - D[1/f(2)] - [f(2) -

Df(z)]
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Discontinuity Analysis of the Two-Point Green's Function

e The scalar two-point one-loop Green's function
G (%) / i dq 1
P Jas @O (/2 + @2 - mE +ie] [(0/2 - 0)2 — m3 + i

e Discontinuity analysis with explicit expression (s = p?)

e S 2 ;
6(5) = g5z [0 + tog (52 ) + L 10g T smp(s)(
ﬂ pe) = VG- o)  sx = (ma+m)?

o(s) = log[c— s — 167msp(s)] — log[c — s + 16msp(s)]

HJJ, Xiong-Hui Cao and Feng-Kun Guo [arXiv:2507.06175]
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Discontinuity Analysis of the Two-Point Green's Function

Di=¢°+E/2—w; D3=¢"—E/2+wy

e Discontinuity analysis from the definition "
DQEq +E/2+w1 D4Eq0—E/2—OJ2

(B =3

id'q 1 * g ® 45 0
G(S) — / 4 i " . . o 0 R 0 > q
ra (2m)* (Dq + i€)(Dg — i€) (D3 — i€)(Dy + i€) a0 qi
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Discontinuity Analysis of the Two-Point Green's Function

Di=¢"+E/2—wi D3s=¢°—E/2+ ws

e Discontinuity analysis from the definition .
DQEq +E/2+w1 D4Eq0—E/2—LU2

B id*q 1
[G(S) B /Ral (2m)* (D1 + i€) (D2 — i€) (D3 — i€)(Dy + ie) J
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Discontinuity Analysis of the Two-Point Green's Function

Di=¢"+E/2—wi D3s=¢°—E/2+ ws
DQEC]O—'—E/2‘|—W1 D4EqO—E/2—wg

(B =3

e Discontinuity analysis from the definition

B id*q 1
[G 8) = /R (2m)* (D1 + i€) (D2 — i€) (D3 — i€)(Dy + ie) J
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Discontinuity Analysis of the Two-Point Green's Function

e Discontinuity analysis from the definition

id'q 1 S - W— " — Tone
Thesfte] = /C(R)X}RS (27)* Dy D2 D3 D, Qg Gy !
1 Homotopy class symbol

n = (n1,n2,n3,n4) € Z*

idiq ( 1 )
Dgrl(s,n :/ D
E ( ) C(n)x]RS (271')4 E D1D2D3D4

!

S
=

= 27138 (¢° + E/2 — w1) = —27id;

= —2mi6 (" + E/2 + wy) = —27id;

S
&=

= +2mid (¢° — E/2 + wa) = +2mids

Zd4q { B ( (51(5‘; (51(54 (52(5‘3 (52(54 ):|
Dgl(s,n) = 27i)? — + - — +
b ( ) \[C(n}xl@ (27‘1’)4 ( ) D2D4 DQD;; D1D4 D1D3

S
=

=)
t=
TN TN T N TN

— 12736 (q(] —E/2 - Ld;z) = +2midy

E:J‘H ,CJ‘H E:J‘p—- EJ‘H
S ST ST
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Discontinuity Analysis of the Two-Point Green's Function

e Discontinuity analysis from the definition

i ol Bl b Bk Eb Homotopy class symbol
Drl(. = 2mi)? : :
el{s,m) f {( ™) (D2D4 " DyDy T DiDs " Dle)]

C(n)xR3 (2“—)4 n = (nl,?lz, T3, TL4) & Z4

(a) (b) (¢) (d)

. e 0 ||eo>
e a2 id'q [ 0103 85164 8903 Bsby Winding number difference
Dgl(s,n) = (2mi) /1@4 (2r)" {Cls(n)D2D4 + c14(’n)D2D3 + co3(n) DiD; + cq2(n) DiDs -

- DyDj DiD;

Physical case 5 id%q 8103 8204 .
ne = (0,1,1,0) {IDEG(S) =Dgl(s,ng) = (2mi) fw L ( ) = —2ip(s) 0 (s — s4)

The Cutkosky rules for computing discontinuities is a special case within discontinuity analysis.
R.E.Cutkosky, J.Math.Phys. 1 (1960) 429-433



Discontinuity Analysis of the Two-Point Green's Function

e Continuation of the two-point Green's function

[IDG(S) = —2ip(s)0 (s — s54) ] —> [ T1G(s) = (1 — Ky)G(s) = G(s) + 2ip(s) ] \

Kip(s) = Kap(s) = 2p(s)

|

]KlG(S) = —22')0(8) ]KQG(S) =)

2 2

817

Q

’]I‘lG(s)
TQG(S)

G(s) + 2ip(s)
G(s)

Il

T1p(s) = —p(s)

~

Tap(s) = —p(s) | )
( (m € N)

)

GV (s) = G(s) £ 2i (N — 1) p(s)

(N =LILII,---)
GT(s) = G(s)

} o [Dms) = 2p(s)0 (5 — 4)(s — )] — L") 5@

Ol(s — s4)(s —s-)| =0(s —s4) +0(s— — s)

AIm s
GV (s)  GN(s)/GNFD(s)
A A
Cut-2 Cut-1
O S— S+ Re s
Y Y
GV(s)  GWTD(s)/GN (s)
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Discontinuity Analysis of the Two-Point Green's Function

e Topological structure of the two-point Green's function

TGN (8) =GP, TG =6V ().

RS{G(s)} =C x {T;,To|T? ~ 1, T2~ 1} 2C x Z ) )
(G} (T, Ta|Th >~ 1} T,V (s) = GN(s),  TaGN(s) = GN'(s).

Red line: Cut-1 on physical sheet Blue line: Cut-2 on unphysical sheets
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Discontinuity Analysis of the Two-Point Green's Function

e Topological structure of the two-point Green's function

TG () = 69 (), TEW (Y =6Y (q).

RS{G(s)} =C x {T;,To|T? ~ 1, T2~ 1} 2C x Z
(G} (T, Ta|Th >~ 1} T,V (s) = GN(s),  TaGN(s) = GN'(s).

RS{G(s)}

Red line: Cut-1 on physical sheet Blue line: Cut-2 on unphysical sheets Orange line: Cut-1 on unphysical sheets
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Discontinuity Analysis of the Two-Point Green's Function

e Topological structure of the two-point Green's function

TG () = 69 (), TEW (Y =6Y (q).

RS{G(s)} =C x {T;,To|T? ~ 1, T2~ 1} 2C x Z
(G} (T, Ta|Th >~ 1} T,V (s) = GN(s),  TaGN(s) = GN'(s).

RS{G(s)} RS{G(s)}\T2 =C x {T1 | T} ~1} 2 C x Z,

Red line: Cut-1 on physical sheet Blue line: Cut-2 on unphysical sheets Orange line: Cut-1 on unphysical sheets
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Discontinuity Analysis of the Two-Point Green's Function

e Topological structure of the two-point Green's function

TG () = 69 (), TEW (Y =6Y (q).

RS{G(s)} =C x {T;,To|T? ~ 1, T2~ 1} 2C x Z
(G} (T, Ta|Th >~ 1} T,V (s) = GN(s),  TaGN(s) = GN'(s).

RS{G(s)} RS{G(s)}\Ts = C x {Tl | T% ~ 1} >~ C x Zsy RS{G(s)}\T = g2

Red line: Cut-1 on physical sheet Blue line: Cut-2 on unphysical sheets Orange line: Cut-1 on unphysical sheets
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

e Unitarity condition

S=1+4:T

[SST=1] — [T—TT:iTTT]

e Analytical condition \

Ari = Az 7¢

[Af,i—ﬂ’}f,% =i2/d<1>na Af o }a,%J  —— LAf,z-—A;f‘,f =i2/d<1>na Aj .o AZ‘,QJ

e Unitarity condition for the partial-wave scattering matrix

/ d®,, Fi, Fips = 2p40ap
T(s)—T*(s) =i T(s) - o(s)-T*(s) | <=m [Afz' = Zb: FroFa Tab}

o(5) = 3 0a(s)0(s — 50)

[QG(S)]bc — 2pa(8)5a55ac
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

e Discontinuity [T*(s +i0%) = T(s —i0") = T(s) — DT(s) J

N

4 )

DT(s) =i T(s) - o(s) - [T(s) = DT (s)]
[IDT_l(s) = —ip(s) 1 _ > <
Df(z) = =f(z) D[1/f(2)] [f(2) = Df(2)]

. J

{]])T‘l(s) = ]DG(S)\] — [G(s) = diag{G1(s), Ga(s), - -+ ,Gnc(S)}J

T(s) = [h(s) + G(s)]




Discontinuity Analysis of the Partial-Wave Scattering Matrix

e Continuation

TTE=he)+TEET | [ RSET()} = RS(GH)} |

KioG(s) = =i Y op(s) (a=1,---,nc)
b=1
ne min{a,b} b
D [T.G(s)] = 12 O (s) |: Z 0c(8) — Z
b=1 c=1 e>min{a,b}

min{a,b} b

Q)[TMG(S)] = [ Z 0c(s) — Z QC(S):I Ty [T1.G(s)] = G(s) + i Z 0c(s)
c=1 e>min{a,b} e>min{a,b} /

(s — sa) = i Olsy,50411(8) = i: Ob(s) \ J
b=a b=a

Ti.G(s) = G(s) + iz ob(s)
b=1

QC(S)] +E‘Cut—2 terms” + “Pole-terms’ﬂ
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HJJ, Xiong-Hui Cao and Feng-

/ Kun Guo [arXiv:2507.06175]

max{a,b}

-»[’E

16 [T1aG(8)] = T1a [T15G(5)]
Tio [T1.G(s)] = G(s)

|

RS{G(s)} = Cx {Ty1, -+, T1n.

T%a ~ 1,T1, Ty ~ Ty Ty, (for any a,b)} = C x Zy°

J
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

e The topological structure of the Riemann surface

nczl nC:?)

RS{G(s)} = Cx {T11|T} ~1} 2C x Z, RS{G(s)} = C x {T11, T2, T13|Ti, ~ 1, T1aT1y ~ T13T14 (a,b=1,2,3)} = C x Z]

51

T12G(s) T T12G(s)
82

G(s) =
T1G(s) (#=)
(+) leG (S) TMTDG(S) (_ + +)
853 1853
(—-) (+-) oot = + po
; T13G(S) "]PIITI'SG(S) ‘
e N -9 ) e
——— 5 s »
T]QT]?,G(S) T]]T]QTBG(S)
51

51

B = 2

RS{G(S)} = % {TM,TQ T%a ~1 (a = 1,2),T11T12 ~ Tlng} >~ Cx Z%
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

e The topological structure of the Riemann surface

c

B3 ~— RS/
/D\XP\'\cate \
o0 oo

On.+1 = 297’% i 2nc—l 1

s1

o0 o

g1 =0

3

g OO 1[5 ]17
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Uniformization of the Partial-Wave Scattering Matrix

e Scattering amplitudes are multivalued functions of invariant masses.

OIn the complex energy plane, right-hand cuts, left-hand cuts, circular cuts, and other
complex analytic structures pose challenges for amplitude analysis.

O Origin of multivaluedness: The Riemann surface for scattering amplitudes forms a multiple
covering of the complex plane.
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Uniformization of the Partial-Wave Scattering Matrix

e Scattering amplitudes are multivalued functions of invariant masses.

OIn the complex energy plane, right-hand cuts, left-hand cuts, circular cuts, and other
complex analytic structures pose challenges for amplitude analysis.

O Origin of multivaluedness: The Riemann surface for scattering amplitudes forms a multiple
covering of the complex plane.

e Uniformization

Conformally map the Riemann surface onto the interior of the Riemann sphere
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Uniformization of the Partial-Wave Scattering Matrix

e Scattering amplitudes are multivalued functions of invariant masses.

OIn the complex energy plane, right-hand cuts, left-hand cuts, circular cuts, and other
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Uniformization of the Partial-Wave Scattering Matrix

e Scattering amplitudes are multivalued functions of invariant masses.

OIn the complex energy plane, right-hand cuts, left-hand cuts, circular cuts, and other
complex analytic structures pose challenges for amplitude analysis.

O Origin of multivaluedness: The Riemann surface for scattering amplitudes forms a multiple
covering of the complex plane.

e Uniformization

Conformally map the Riemann surface onto the interior of the Riemann sphere
A single-valued analytic function \ A single-valued analytic function
on the Riemann surface (multiple | EETEE———) = |

covering of the complex plane) within the Riemann sphere

e This is mathematically equivalent to finding the simply connected covering space of
the Riemann surface for the scattering amplitude — the Universal Covering.
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Uniformization of the Partial-Wave Scattering Matrix

e Uniformization theorem for closed orientable Riemann surfaces

Genus g Universal covering Covering mapping
0 Riemann sphere C Rational function
1 Complex plane C Elliptic function
> 2 Unit disk D Automorphic function

S| @ -
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Uniformization of the Partial-Wave Scattering Matrix

e 2-channel case g=0 M.Kato, Annals Phys. 31 (1965) 1, 130-147
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Uniformization of the Partial-Wave Scattering Matrix

e 3-channel case g=1 W.Yamada, 0.Morimatsu, and T.Sato, Phys. Rev. Lett. 129, 192001 (2022)
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Uniformization of the Partial-Wave Scattering Matrix

e 4-channel case g=5

» The Riemann surface comprises 16 sheets and can be conformally mapped via
automorphic functions onto a regular hyperbolic 20-gon within the unit disk
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Summary and Outlook

e Discontinuity Calculus: A systematic framework for handling analytic continuation of complex
functions and the topological structure of Riemann surfaces.

Discontinuity analysis applied to scattering amplitudes in two-body scattering problems.

e Crossing symmetry: Investigate discontinuities in scattering amplitudes within unphysical regions.

Three- and four-body processes: Extend discontinuity analysis to multivariate complex functions.

Multi-loop amplitudes: Analyze analytic continuation and topological structures of Riemann
surfaces.

..and beyond

Thank you for your attention!



