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Motivation
● S-matrix theory is a cornerstone tool for studying scattering processes

● Bound states/Resonances correspond to poles in scatter ing ampli tudes. The pole posit ions 
and residues encode crucial  part ic le propert ies.

● Causal i ty constraint :  Unstable resonance poles reside on unphysical Riemann sheets of the 
complex energy plane.

● Discont inuity analysis of the S-matr ix is indispensable: i t  extracts information about 
poles/zeros (discreteness) and branch cuts (discont inuity).
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Feng-Kun Guo et al,
Rev.Mod.Phys. 90 (2018).



Motivation
●  Discreteness and discontinuity are ubiquitous in phenomena:
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Hadron spectroscopy Statistical physics Standard model
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play roles in modern physics no less fundamental than continuity!
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Calculus vs Discontinuity Calculus
● Differential operator

1. Constant kernel:

2. Lineari ty:

3. Leibniz law:

4. Chain rule:

5. Newton-Leibniz formula:
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Calculus vs Discontinuity Calculus
● Discontinuity operator

1. Holomorphic kernel:

2. Lineari ty:

3. Leibniz law:

4. Chain rule:

5. Dispersion relat ion:

● Differential operator

1. Constant kernel:

2. Lineari ty:

3. Leibniz law:

4. Chain rule:

5. Newton-Leibniz formula:
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Discontinuity Calculus
● Discontinuity of the square root function
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Discontinuity Calculus
● Discontinuity of the square root function
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The Riemann surface for 
the n-th root function:



● Discontinuity of the logarithmic function

Discontinuity Calculus
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● Discontinuity of the logarithmic function

● Discontinuity of meromorphic functions

Discontinuity Calculus
18/55



Discontinuity Calculus
● Discontinuity of complex-valued functions
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Discontinuity Calculus
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● Continuation of complex-valued functions
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Discontinuity Calculus
● Discontinuity of complex-valued functions

● Continuation of complex-valued functions

● A discontinuity relation 
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Monodromy group
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Discon t inu i t y  Ana lys is  o f  the  Two-Po in t  Green 's  Func t ion

● The scalar two-point one-loop Green's function

● Discontinuity analysis with explicit expression

direct calculation

HJJ, Xiong-Hui Cao and Feng-Kun Guo [arXiv:2507.06175]
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Homotopy class symbol

Physical case

Discon t inu i t y  Ana lys is  o f  the  Two-Po in t  Green 's  Func t ion

● Discontinuity analysis from the definit ion

Winding number difference

 The Cutkosky rules for computing discontinuities is a special case within discontinuity analysis.
R.E.Cutkosky, J.Math.Phys. 1 (1960) 429-433
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Discon t inu i t y  Ana lys is  o f  the  Two-Po in t  Green 's  Func t ion

● Continuation of the two-point Green's function
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Discon t inu i t y  Ana lys is  o f  the  Two-Po in t  Green 's  Func t ion

● Topological structure of the two-point Green's function

Red line: Cut-1 on physical sheet         Blue line: Cut-2 on unphysical sheets        Orange line: Cut-1 on unphysical sheets      
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

● Unitarity condit ion

● Analytical condit ion

● Unitarity condit ion for the partial-wave scattering matrix
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

● Discontinuity
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

● Continuation

HJJ, Xiong-Hui Cao and Feng-
Kun Guo [arXiv:2507.06175]
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Discontinuity Analysis of the Partial-Wave Scattering Matrix

● The topological structure of the Riemann surface
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Uni formizat ion of  the Part ia l -Wave Scat ter ing Matr ix

● Scattering amplitudes are multivalued functions of invariant masses.

p In the complex energy plane, right-hand cuts ,  left-hand cuts ,  circular cuts ,  and other 
complex analyt ic structures pose chal lenges for ampli tude analysis.

p Origin of mult ivaluedness: The Riemann surface for scatter ing ampli tudes forms a multiple 
covering of the complex plane .
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● Scattering amplitudes are multivalued functions of invariant masses.

p In the complex energy plane, right-hand cuts ,  left-hand cuts ,  circular cuts ,  and other 
complex analyt ic structures pose chal lenges for ampli tude analysis.

p Origin of mult ivaluedness: The Riemann surface for scatter ing ampli tudes forms a multiple 
covering of the complex plane .

● Uniformization

Conformally map the Riemann surface onto the interior of the Riemann sphere

● This is mathematically equivalent to f inding the simply connected covering space of 
the Riemann surface for the scattering amplitude — the Universal Covering .

A single-valued analytic function 
on the Riemann surface (multiple 
covering of the complex plane)

A single-valued analytic function 
within the Riemann sphere
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Uni formizat ion of  the Part ia l -Wave Scat ter ing Matr ix

● Uniformization theorem  for closed orientable Riemann surfaces
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Uni formizat ion of  the Part ia l -Wave Scat ter ing Matr ix

● 2-channel case  g=0

W.Yamada, O.Morimatsu, and T.Sato,  Phys. Rev. Lett. 129, 192001 (2022)

M.Kato, Annals Phys. 31 (1965) 1, 130-147
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Uni formizat ion of  the Part ia l -Wave Scat ter ing Matr ix

● 3-channel case  g=1 W.Yamada, O.Morimatsu, and T.Sato,  Phys. Rev. Lett. 129, 192001 (2022)
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Uni formizat ion of  the Part ia l -Wave Scat ter ing Matr ix

● 4-channel case  g=5

Ø The Riemann surface comprises 16 sheets and can be conformally  mapped  v ia 
automorphic functions  onto a regular hyperbolic 20-gon  within the unit  disk

Hyperbolic Tessellations (clarku.edu)

automorphic

functions
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Summary and Outlook
● Discontinuity Calculus :  A systematic framework for handl ing analyt ic cont inuat ion of complex 

funct ions and the topological structure of Riemann surfaces.

● Discontinuity analysis  appl ied to scatter ing ampli tudes in two-body scatter ing problems.

● Crossing symmetry: Invest igate discont inuit ies in scatter ing ampli tudes within unphysical regions.

● Three- and four-body processes :  Extend discont inuity analysis to mult ivar iate complex funct ions.

● Multi- loop amplitudes :  Analyze analyt ic cont inuat ion and topological structures of Riemann 
surfaces.

● .. .  and beyond
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