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Motivation
• The past studies on nuclear matter properties around saturation 

density or beyond are always serving the phenomenological 
purpose, .e.g. Walecka-type models: 




• The direct application of effective models/theories, e.g. chiral 
perturbation theory and linear sigma model, to finite densities 
and/or tens of MeV temperatures are not  systematically 
established with the considerations of thermal effects, and 
parameter space haven’t been discussed rigorously.

ℒ = ψ̄ [iγμ∂μ − M − gσσ − gωγμωμ − gργμτaρaμ] ψ + . . .



Phenomenons at finite 
densities and temperatures

Nuclear matter properties around 
saturation point

Nuclear matter gas-liquid 
phase transition

T = 0 T ≠ 0



Equation of state of a system
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Thermal potential 

U(V, S, N)

Internal energy

Volume

Entropy

Particle number
ΦG(V, T, μ)

Landau potential
Entropy

Chemical potential

dU = − PdV + TdS + μdN dΦG = − PdV − SdT − Ndμ

Pressure

For a infinite homogeneous system (EOS)

P = − Ω = − ΦG/V , n = N/V = −
∂Ω
∂μ

T

, s = S/V = −
∂Ω
∂T

μ

, ϵ = U/V = Ω + μn + Ts

Legendre transformation
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Nuclei structures ( )T = 0
• Hadron interactions around saturation density  are 

crucial to nuclei structures, e.g. 
n0 ≃ 0.16fm−3

24Mg, 90Zr, 116Sn and 208 Pb

n0 → 0.155 ± 0.050 (fm−3)
E0(n0) → − 16.0 ± 1.0(MeV)

K0 → 250 ± 50(MeV)
Esym(n0) → 31.7 ± 3.2(MeV)

L0 → 58.7 ± 28.1(MeV)
J0 → − 200 ± 600(MeV)
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E(n, δ) =
ϵ
n

≃ E (n0,0) + Esym (n0) δ2 + L (n0) δ2χ +
K (n0)

2!
χ2 +

J (n0)
3!

χ3 + 𝒪 (δ4) + 𝒪 (χ4) + 𝒪 (δ2χ2)

≃ E0 +
δ2

2
∂2E (n0, δ)

∂δ2
δ=0

+ δ2χ (3n
∂Esym(n)

∂n )
n=n0

+
χ2

2! (9n2 ∂2E0(n)
∂n2 )

n=n0

+
χ3

3! (27n3 ∂3E0(n)
∂n3 )

n=n0

+ 𝒪 (δ4) + 𝒪 (χ4) + 𝒪 (δ2χ2)

δ = (nn − np)/n

n = nn + np

χ ≡ (n − n0)/3n0



Gas-liquid phase transition for nuclear matter 
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, non-equilibriumP < 0

Low-density gas phase

High-density liquid phase
Phase 

transition 
structure

Single 
phase

Critical temperature Tc

Y. Sugahara and H. Toki, Nucl. Phys. A 579, 557 (1994).

TM1 set



A chiral-scale effective field theory
A low energy NG boson set: , ,  for SU(3), with HLS: π κ σ ρ, ω

θμ
μ =

β (αs)
4αs

Ga
μνGaμν + (1 + γm (αs)) ∑

q=u,d,s

mqq̄q

 M. Bando, et.al., Phys. Rev. Lett. 54, 1215 (1985).S. Weinberg, Physica A 96, 327 (1979). 
S. Weinberg, Nucl. Phys. B 363, 3 (1991).
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Scale symmetry considerations
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R. J. Crewther and L. C. Tunstall, Phys. Rev. D 91, 034016 (2015). 

• Possible infrared fixed point of QCD at low energies

θμ
μ

αs=αIR

= (1 + γm (αIR)) (muūu + mdd̄d + mss̄s)
→ 0, SU(3)L × SU(3)R limit 

χ = fχeσ/fχ = fχΦ

KL → π0γγ power counting

To keep chiral expansion 
consistent: fπ ∼ fχ



A genuine peak in  and neutron star M-R relationv2
s
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A larger mass than past studies

A peak at intermediate densities
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Power-counting scheme
• Chiral-scale EFTs has the power counting by mesonic momentum, 

• The couplings can be assigned to a counting consistent with  

• Can density effects can be organized by a characteristic momentum?

𝒪(qn)
𝒪(qn)



At , with mean field approachT = 0
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ψB(x) = ∑
s

∫
kF

0

dp
(2π)3

1

2E*
[u(p, s)e−ip⋅xa(p, s)]

Fermi sphere with MFA

Effective energy at densities

No-sea approximation

σ(x) ≃ ∫V
d4x′￼Dσ,R (x − x′￼) (−gOBE

σNN N̄ (x′￼) N (x′￼))

Induced background field Nucleon source ∼ 𝒪(k3
F)

Baryon field

Meson field



Characteristic momentum expansion
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• , for the typical density regions of a 

neutron star

• With assigning the consistent power counting of couplings and label the 

expansion factor as characteristic momentum hundreds of MeV, then 

the induced background field:

𝒪(kF) ∼ 𝒪(p) ∼ (0 − 500) MeV

kc ∼

σ , ωμ , ρi
μ ∼ 𝒪 (k2

c ) πi ∼ O (k3
c ) Partial coupling

Leading order: free Fermi gas, ℋ0 = N̄ (−iγ ⋅ ∇ + mN) N

𝒪(k4
c )



Fermion Loop expansion
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ℋI = gOBE
σNN N̄σN + gOBE

ωNN N̄γμωμN + gOBE
σNN N̄piτiN

𝒪(k6
c )

−  Free Lagrangian of ρ, ω, σ mesons 
𝒪(k8

c )
+gOBE

πNN N̄γ5γμ∂μπiτiN + gσ3σ3 + gσρ2σρi
μρi,μ + gσω2σωμωμ

𝒪(k8
c )

−  Free Lagrangian of π meson 
𝒪(k8

c )
+gσ2NNN̄σ2N + gσωNNN̄σωμγμN + gσρNN̄σρμaτaγμN

𝒪(k8
c )

+  higher order terms  .

Six Fermion operators



At finite temperatures under RMF
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ρ = 2∫
dp

(2π)3 [ 1

eβ(E* − μ*) + 1
−

1

eβ(E* + μ*) + 1 ]
→ 2∫

dp
(2π)3 [θ (μ* − E*) − θ (−μ* − E*)]T → 0

Occupied state Unoccupied state

 effectsT

T/μ* ≲ δ

μ* > mN *

μ* < mN *

1/(eβ(μ* − m*) + 1) ≲ δ

k̃F = (μ* + T)2 − m*2 ≲ mN



Nuclear matter properties
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A. Sedrakian, J.-J. Li, and F. Weber, Prog. Part. Nucl. Phys. 131, 104041 (2023). 
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M. Dutra, O. Lourenco, J. S. Sa Martins, A. Delfino, J. R. Stone, and P. D. Stevenson, Phys. Rev. C 85, 035201 (2012). 
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S. Borsanyi, et. al., JHEP 08, 053 (2012).



Sound velocity
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Y. Sugahara and H. Toki, Nucl. Phys. A 579, 557 (1994).

Kink of sound velocity

Coupling relations from scale compensator:

 
gOBE

σNN =
mN

fχ
, gOBE

ωNN = gωN

gOBE
ρNN = gρNN + gSSB

ρNN, gOBE
πNN = gπNN + gSSB

πN

gσ2NN =
mN

2f 2
χ

, gσωNN = gSSB
ωNN

β′￼

fχ
,

gσρNN = gSSB
ρNN

β′￼

fχ
,

gσ3 = −
32h5

3f 3
χ

− (4 + β′￼)3 h6

6f 3
χ

− m2
π f 2

π
4

3f 3
χ

,
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 deviation30 %  deviation5 %

The effects of  on CSDC expansionsT

 deviation5 %

 deviation30 %

LQCD
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I.CSDC can capture the physics with appropriate choice of the 
order, and this scheme may help we understand low energy QCD 
at finite temperatures and densities;


II. In a near future, a proton-neutron star study will be performed, 
which has a much wider region in  plane, and a more 
systematic analysis of parameters will be carried out with the 
power of Bayesian analysis and deep learning.


III. A full version of Hartree-Fock calculation will be also tried and 
see the effects of Fock terms. 

T − μ

Summary and outlook
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Thank you!



20

Backup
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ℒM = f2
πΦ2 Tr (α̂μ

⊥α̂μ⊥) + f2
σρΦ2 Tr (α̂μ

∥α̂μ∥) + f2
0Φ2 Tr (α̂μ

∥) Tr (α̂μ∥)−

1
2g2

ρ
Tr (VμvVμv) −

1
2g2

0
Tr (Vμν) Tr (Vμv)+

1
2

∂μχ∂μχ +
f2
π

4
Φ3−γm Tr (ℳU† + Uℳ†) + h5Φ4 + h6Φ4+β′￼

ℒB = N̄iγμDμN − mNΦN̄N

+[gACA + gA (1 − CA) Φβ′￼] N̄α̂μ
⊥γμγ5N + [gVρ

CVρ
+ gVρ (1 − CVρ) Φβ′￼] N̄α̂μ

∥γμN

+
1
2 [gV0

CV0
+ gV0 (1 − CV0) Φβ′￼] Tr [α̂μ

∥] N̄γμN

H. K. Lee, W.-G. Paeng, and M. Rho, Phys. Rev. D 92, 125033 (2015) 
Y. L. Li, Y. L. Ma, and M. Rho, Phys. Rev. D 95, 114011 (2017)

LO chiral-scale Lagrangian
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ℒLO = N̄ (iγμ∂μ − mN) N,

ℒNLO = ℒLO − N̄ (gOBE
ωNNγ0ω + gOBE

ρNN γ0ρτ3 + gOBE
σNN σ) N +

1
2

m2
ωω2 +

1
2

m2
ρ ρ2 −

1
2

m2
σσ2,

ℒN2LO = ℒNLO − N̄ (gσ2NNσ2 − gσωNNσωγ0 − gσρNNσργ0τ3) N − gσ3
σ3 − gσω2σω2 − gσρ2σρ2,

ℒN3LO = ℒN2LO − N̄ (gσ3NNσ3 − gσ2ωNNσ2ωγ0 − gσ2ρNNσ2ργ0τ3) N − gσ4σ4 − gσ2ω2σ2ω2 − gσ2ρ2σ2ρ2,

ℒN4LO = ℒN3LO − N̄ (gσ4NNσ4 − gσ3ωNNσ3ωγ0 − gσ3ρNNσ3ργ0τ3) N − gσ5σ5 − gσ3ω2σ3ω2 − gσ3ρ2σ3ρ2 .

Lagrangians under CSDC
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gωNN =
1
2 (gVp

CVp
+ gV0

CV0
− 1) gω,

gρNN =
1
2 (gVp

CVp
− 1) gρ,

gπNN = − (gACA)
2fπ

,

gSSB
ωNN =

1
2 [gVρ (1 − CVρ) + gV0 (1 − CV0)] gω,

gSSB
ρNN =

1
2 [gVρ (1 − CVρ)] gρ,

gSSB
πNN = −

[gA (1 − CA)]
2fπ

;

gOBE
σNN =

mN

fχ
, gOBE

ωNN = gωNN + gSSB
ωNN, gOBE

ρNN = gρNN + gSSB
ρNN, gOBE

πNN = gπNN + gSSB
πNN

4h5 + (4 + β′￼) h6 + 2m2
π f2

π = 0

12h5 + (4 + β′￼) (3 + β′￼) h6 + 2m2
π f2

π = − m2
σ f2

χ

Parameter definition 
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gσ2NN =
mN

2f 2
χ

, gσωNN = gSSB
ωNN

β′￼

fχ
, gσρNN = gSSB

ρNN
β′￼

fχ

gσ3 = −
32h5

3f 3
χ

− (4 + β′￼)3 h6

6f 3
χ

− m2
π f2

π
4

3f 3
χ

, gσρ2 = −
m2

ρ

f 2
χ

, gσω2 = −
m2

ω

f 2
χ

gσ3NN =
mN

6f 3
χ

, gσ4NN =
mN

24f4
χ

, gσ3ωNN =
β′￼2gσωNN

6f 2
χ

, gσ3ρNN =
β′￼2gσρNN

6f 2
χ

,

gσ4 = −
44h5 + (4 + β′￼)4 h6 + 24m2

π f2
π

24f4
χ

, gσ2ωω = −
m2

ω

f 2
χ

, gσ2ρρ = −
m2

ρ

f 2
χ

,

gσ5 = −
45h5 + (4 + β′￼)5 h6 + 25m2

π f2
π

120f 5
χ

, gσ3ωω = −
2m2

ω

3f 3
χ

, gσ3ρρ = −
2m2

ρ

3f 3
χ

.
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Effective mass and chemical potential at each order under RMF

m*N = mN + gOBE
σNN σ

μ*p = μp − gOBE
ωNNω − gOBE

ρNN ρ

μ*n = μn − gOBE
ωNNω + gOBE

ρNN ρ

m*N = mN + gOBE
σNN σ + gσ2NNσ2

μ*p = μp − (gOBE
ωNN + gσωNNσ) ω − (gOBE

ρNN + gσρNNσ) ρ

μ*n = μn − (gOBE
ωNN + gσωNNσ) ω + (gOBE

ρNN + gσρNNσ) ρ

𝒪(k6
c )

𝒪(k8
c )
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m*N = mN + gOBE
σNN σ + gσ2NNσ2 + gσ2σNNσ3

μ*p = μp − (gOBE
ωNN + gσωNNσ + gσ2ωNNσ2) ω − (gOBE

ρNN + gσρNNσ + gσ2ρNNσ2) ρ

μ*n = μn − (gOBE
ωNN + gσωNNσ + gσ2ωNNσ2) ω + (gOBE

ρNN + gσρNNσ + gσ2ρNNσ2) ρ

𝒪(k10
c )
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𝒪(k12
c )

m*N = mN + gOBE
σNN σ + gσ2NNσ2 + gσ3NNσ3 + gσ4NNσ4

μ*p = μp − (gOBE
ωNN + gσωNNσ + gσ2ωNNσ2 + gσ3ωNNσ3) ω

−(gOBE
ρNN + gσρNNσ + gσ2ρNNσ2 + gσ3ρNNσ3) ρ

μ*n = μn − (gOBE
ωNN + gσωNNσ + gσ2ωNNσ2 + gσ3ωNNσ3) ω

+(gOBE
ρNN + gσρNNσ + gσ2ρNNσ2 + gσ3ρNNσ3) ρ
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MFA Dirac equation

(γμpμ − mB − Σ(γμpμ)) ψB = 0, p*μ = pμ − Σμ, m*B = mB + Σs,

[γ ⋅ p* + m*B ] u(p, s) = γ0E*u(p, s),
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Thermal quants computation

⟨Ω | : ℋ̂ : |Ω⟩ = ⟨0 |T {: ℋ̂ exp [−i∫
+∞

−∞
dt′￼ĤI (t′￼)] :} |0⟩c

ℋ̂(x) = N̄(x)(−iγ ⋅ ∇ + mN) N(x)

+N̄(x)(gOBE
σNN ∫V

d4x′￼Dσ (x − x′￼) (−gOBE
σNN N̄ (x′￼) N (x′￼))) N(x) + ⋯,

ΦG = − T ln Z

Z = ∫ [dN̄p] [dNp] [dN̄n] [dNn] exp (∫
β

0
dτ∫ d3x (ℒRMF + μpN†

pNp + μnN†
nNn))


