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Introduction
The Leading-order hadronic vacuum polarization (LO HVP) contributes
[Gourdin and Rafael, NPB’69.] [R. Aliberti et al.,Phys. Rept’25]

aHVP,LO
µ =

1

4π3

∫ ∞

4m2
π

dt K(t)σ0
e+e−→hadrons (t) σ0

e+e−→π+π− =
πα2

3t β3
π+π−(t)

∣∣∣F (0)
ππ (t)

∣∣∣2
↪→ need precision measurements of e+e− hadrons cross sections

• Long-standing tension between KLOE and BaBar experiments
• Became much worse with CMD-3
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Introduction

e+e− → π+π− cross section ⇔ ππ invariant-mass distribution of τ data
• Conserved Vector Current

σ0
e+e−→π+π− =

[
Kσ(t)
KΓ(t)

dΓτππ[γ]

dt

]
×

[
RIB(t)
SEW

]
Kσ(t) =

πα2

3t , KΓ(t) =
G2

F |Vud |m3
τ

384π3

(
1− t

m2
τ

)2 (
1 + 2

t
m2

τ

)
.

• Correction term

RIB(t) =
FSR(t)
GEM(t)

β3
π+π−(t)
β3
π−π0(t)

∣∣∣F (0)
ππ (t)

∣∣∣2∣∣∣F (−)
ππ (t)

∣∣∣2 t = (pπ− + pπ0)2

• ππ form factors (F (0,−)
ππ (t))

• kinematical factors (β+,0)
• final-state radiation (FSR)
• electroweak short-distance correction (SEW)
• long-distance electromagnetic correction (GEM)
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The electromagnetic correction function GEM(t)
The EM correction function GEM(t) for the two-pion tau decay

dΓτππ[γ]

dt =
dΓ(0)

τππ

dt GEM(t) ⇒ GEM(t) = 1 + G(v)
EM (t) + G(r)

EM(t)

• VJP and VVP Lagrangians
[P. D. Ruiz-Femenia, et al.,JHEP’03]
[C.Chen, C.-G.Duan and Z.-H.Guo, JHEP’22]

LVVP =d1ϵµνρσ ⟨{V µν
, V ρα}∇αuσ⟩ + id2ϵµνρσ

〈
{V µν

, V ρσ}χ−
〉

+ d3ϵµνρσ ⟨{∇αV µν
, V ρα} uσ⟩ + d4ϵµνρσ ⟨{∇σV µν

, V ρα} uα⟩ ,

LVJP =
c1

MV

ϵµνρσ

〈{
V µν

, f ρα

+

}
∇αuσ

〉
+

c2

MV

ϵµνρσ

〈{
V µα

, f ρσ

+

}
∇αuν

〉

+
ic3

MV

ϵµνρσ

〈{
V µν

, f ρσ

+

}
χ−

〉
+

ic4

MV

ϵµνρσ

〈
V µν

[
f ρσ

− , χ+

]〉
+

c5

MV

ϵµνρσ

〈{
∇αV µν

, f ρα

+

}
uσ

〉
+

c6

MV

ϵµνρσ

〈{
∇αV µα

, f ρσ

+

}
uν

〉
+

c7

MV

ϵµνρσ

〈{
∇σV µν

, f ρα

+

}
uα

〉
.

• ω → π0π0γ ⇒ d4

Sol-A d4 = −0.42

Sol-B d4 = 1.01
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The electromagnetic correction function GEM(t)

G(r)
EM (t) =

1

dΓ(0)
τππ
dt

π2

32(2π)12m2
τ

∫ S+ππν

S−ππν

dSππν

∫ S+νγ

S−νγ

dSνγ

∫ S+πν

S−πν

dSπν

∫ S+πνγ

S−πνγ

dSπνγ
√
−∆4

|M|2τ→ππντγ

CEN

GEM

SI

Sol-A

Sol-B

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.96

0.98
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1.06

1.08

t (GeV
2)

G
E

M
(t
)

[V. Cirigliano, G. Ecker, and H. Neufeld,JHEP’02]

• With d4 = −0.42 (Sol-A), our result agrees well with CEN, showing only
slight deviations at low t.

• With d4 = 1.01 (Sol-B), the result clearly deviates from CEN.
• The effect from GEM (t) is rather sensitive to the parameter d4.
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Updated evaluation of aµ from τ data
The relative shifts of aµ caused by the IB corrections in the ππ channel

∆aHVP,LO
µ =

1

4π3

∫ tmax

4m2
π

dt K(t)
[

Kσ(t)
KΓ(t)

dΓτππ[γ]

dt

]
×

(
RIB(t)
SEW

− 1

)
.

∆aHVP,LO
µ [ππ] from GEM(t) in units of 10−11

[tmin, tmax ] Sol-A Sol-B CEN MR[O(p4)] MR[O(p6)][
4m2

π, 1 GeV2
]

− 7.1 −44.9 −10.6 −10.4 −15.9 −63.2±16.5[
4m2

π, 2 GeV2
]

− 6.4 −44.5 −9.8 −9.6 −15.2 −58.1±12.2[
4m2

π, 3 GeV2
]

− 6.3 −44.4 −9.7 −9.5 −15.1 −67.8±17.5[
4m2

π, m2
τ

]
− 6.3 −44.4 −9.7 −9.5 −15.1 −64.9±13.4

• The dominant contributions arise from the low-energy regions.

∆aHVP,LO
µ [ππ] from various IB sources in units of 10−11

Parameters tmax/GeV2 SEW β3
π+π−/β3

π−π0

∣∣F(0)
ππ /F(−)

ππ

∣∣2 FSR

Sol-A

1.0 −112.7 −74.1 76.8 42.7
2.0 −114.6 −74.3 76.7 43.3
3.0 −114.7 −74.3 76.7 43.3
m2

τ −114.7 −74.3 76.7 43.3

Sol-B

1.0 −113.6 −76.9 77.1 43.2
2.0 −115.4 −77.1 77.0 43.8
3.0 −115.5 −77.1 77.0 43.8
m2

τ −115.5 −77.1 77.0 43.8
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Updated evaluation of aµ from τ data

σ0
e+e−→π+π−(t) = 2πα2m2

τ

3|Vud |2t
1(

1− t
m2

τ

)2 (
1 + 2t

m2
τ

) Bτππ

Bτe

1

Nτππ

dNτππ

dt
RIB (t)
SEW

aHVP,LO|ππ,τdata
µ =

1

4π3

∫ ∞

4m2
π

dt K(t)σ0
e+e−→π+π−(t)

Parameters Experiments aHVP,LO|ππ,τdata
µ

Sol-A

Belle 516.7± 2.1± 7.9± 2.2
ALEPH 513.3± 4.3± 2.8± 2.1
CLEO 516.9± 3.2± 8.8± 2.2
OPAL 527.2± 9.8± 6.8± 2.1

Sol-B

Belle 513.4± 2.0± 7.9± 2.2
ALEPH 510.2± 4.2± 2.8± 2.1
CLEO 513.7± 3.2± 8.8± 2.2
OPAL 523.5± 9.5± 6.8± 2.1

• The first error is from the uncertainties of the experimental invariant-mass
spectra.

• The second error arises from the branchings ratios of Bτππ
and Bτe .

• The third error comes from the IB correction function RIB.
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Updated evaluation of aµ from τ data
• The parameter Sol-A as our baseline

aHVP,LO|ππ,τdata, Belle
µ =516.7± 2.1Spec ± 7.9BR ± 2.2IB ± 3.3Sys

aHVP,LO|ππ,τdata, ALEPH
µ =513.3± 4.3Spec ± 2.8BR ± 2.1IB ± 3.2Sys

aHVP,LO|ππ,τdata, CLEO
µ =516.9± 3.2Spec ± 8.9BR ± 2.2IB ± 3.3Sys

aHVP,LO|ππ,τdata, OPAL
µ =527.2± 9.8Spec ± 6.8BR ± 2.1IB ± 3.7Sys

• The average of the central values weighted

1010 · aHVP,LO|ππ,τdata
µ = 516.0± 2.9Spec+BR ± 4.0IB+Sys

• Full LO HVP contribution ( including π+π−π0, 2π+2π−, . . . )

1010 · aHVP,LO|τdata
µ = 702.1± 2.9Spec+BR ± 4.0IB+Sys ± 2.1Others

• The deviation between SM and BNL+FNAL experimental result

∆aµ ≡ aexp
µ − aSM

µ = (14.9± 5.6)× 10−10 ⇒ 2.7σ
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Summary

• The real-photon electromagnetic correction to the τ → ππντ process
has been calculated.

• Using the experimental τ → ππντ data from Belle, ALEPH, CLEO and
OPAL to calculate aHVP,LO|ππ,τdata

µ .

• The resulting deviation of aµ between the our estimation and the
updated world average lies at the level of 2.7 σ.

Thanks!
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