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Quarkonium and Leptonium Simulations  

with MadGraph5_aMC@NLO  
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The Path to NLO Automation
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The Path to NLO Automation
• Quarkonium requires many new TH developments

MadGraph
aMC@NLO

MadGraph MadFKS

MC@NLOMadLoop

Automatic tree level 
matrix element 

generator

SM and BSM 

Automation of 
virtual corrections

Matching to PS &

Multi-jet ME+PS 
merging

Automation of real 
correction using FKS 

subtraction

• Both on the conceptual and technical points of views
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The status of last FCPPN/L Workshop in Bordeaux
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The Path to NLO Automation
• Quarkonium requires many new TH developments
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Quarkonium production in NRQCD
• Consider a single quarkonium H production
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Building amplitudes for quarkonium
• We need to start from open     and       production amp. 
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<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="TNwA9m48qvFtcoOVVe8WUnMkppA=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68ZiAeUB2E2YnvcmQmdllZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0N/Vbj6A0i+WDGScQCDKQLGKUGCt1/ZCorD7p+oliAnqlsltxZ8DLxMtJGeWo9Upffj+mqQBpKCdadzw3MUFGlGGUw6TopxoSQkdkAB1LJRGgg2x29QSfWqWPo1jZkgbP1N8TGRFaj0VoOwUxQ73oTcX/vE5qopsgYzJJDUg6XxSlHJsYTyPAfaaAGj62hFDF7K2YDoki1NigijYEb/HlZdI8r3hXlcv6Rbl6m8dRQMfoBJ0hD12jKrpHNdRAFCn0jF7Rm/PkvDjvzse8dcXJZ47QHzifP9khksE=</latexit>

Q̄0
<latexit sha1_base64="spNVBQalBoxI9FQyaxs9mUN87ks=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIDUJJar0si25ctmAv0MQwmUzaoZNJmJkIJfQ13Pgqblwo4lJXvo3TNgttPTDDx/+fw8z5/YQSIS3rWyusrK6tbxQ3S1vbO7t7+v5BR8QpR7iNYhrzng8FpoThtiSS4l7CMYx8irv+6Gbqdx8wFyRmd3KcYDeCA0ZCgqBUkqdbsDLybNNXd810ZGy0FJ2Zjg951prcOwknEVZS3Tx1aBBL4ellq2rNylgGO4cyyKvp6Z9OEKM0wkwiCoXo21Yi3QxySRDFk5KTCpxANIID3FfIYISFm802mxgnSgmMMObqMGnM1N8TGYyEGEe+6oygHIpFbyr+5/VTGV65GWFJKjFD84fClBoqgWlMRkA4RpKOFUDEifqrgYaQQyRVmCUVgr248jJ0alX7onreqpcb13kcRXAEjkEF2OASNMAtaII2QOARPINX8KY9aS/au/Yxby1o+cwh+FPa1w8vLp6c</latexit>

a(k1)b(k2) ! Q(k3)Q̄
0(k4) + . . .

<latexit sha1_base64="WitrpQpZZnI31gahSalCcGX5aXE="></latexit>

A = ū�Q(k3)�v�Q̄0 (k4)

Color Projection
<latexit sha1_base64="z+CaOiaC045GHW7vbqZ9QtUPqwM=">AAACJnicbVDLSsNAFJ34rPUVdekmWAQXUhKtj02h2o3LCvYBSQiT6bQdOnkwMxHKkK9x46+4cVERceenOEmzqK0HBg7nnMvce/yYEi5M81tbWV1b39gsbZW3d3b39vWDww6PEoZwG0U0Yj0fckxJiNuCCIp7McMw8Cnu+uNm5nefMeMkCp/EJMZuAIchGRAEhZI8ve4EUIwQpPIu9aQj7abrpGnd4UngSeRdniOvlso85PuylXrNuYHU0ytm1cxhLBOrIBVQoOXpU6cfoSTAoUAUcm5bZixcCZkgiOK07CQcxxCN4RDbioYwwNyV+ZmpcaqUvjGImHqhMHJ1fkLCgPNJ4KtktiNf9DLxP89OxODWlSSME4FDNPtokFBDREbWmdEnDCNBJ4pAxIja1UAjyCASqtmyKsFaPHmZdC6q1nX16rFWadwXdZTAMTgBZ8ACN6ABHkALtAECL+ANTMGH9qq9a5/a1yy6ohUzR+APtJ9fbcCm/w==</latexit>

A{[C]} =
X

c3,c4

PCA

Spin Projection
<latexit sha1_base64="Gr9ZIjUvCy/enHMrMr7OmBqmeHE="></latexit>

A{[C],S} =
X

�Q,�Q̄0

PSA{[C]}

Spin Projectors:

<latexit sha1_base64="Elt7H83mpMUgNRR06oLDRgvdgDE="></latexit>

kµ3,4 =
mQ

mQ +mQ̄0
Kµ ± qµ

<latexit sha1_base64="/I5T/XaHiy/9NU1gvHGTVp4pcls="></latexit>

PS=0 =
v̄�Q̄0 (k4)�5u�Q(k3)

2
p
2mQmQ̄0

<latexit sha1_base64="ZuR09GYlLuA7+HUnAf/ioZW6KGU="></latexit>

PS=1 =
v̄�Q̄0 (k4)/"

⇤
�s
(K)u�Q(k3)

2
p
2mQmQ̄0



FCPPN/L Workshop Hua-Sheng Shao7

Building amplitudes for quarkonium
• We need to start from open     and       production amp. 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="TNwA9m48qvFtcoOVVe8WUnMkppA=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68ZiAeUB2E2YnvcmQmdllZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0N/Vbj6A0i+WDGScQCDKQLGKUGCt1/ZCorD7p+oliAnqlsltxZ8DLxMtJGeWo9Upffj+mqQBpKCdadzw3MUFGlGGUw6TopxoSQkdkAB1LJRGgg2x29QSfWqWPo1jZkgbP1N8TGRFaj0VoOwUxQ73oTcX/vE5qopsgYzJJDUg6XxSlHJsYTyPAfaaAGj62hFDF7K2YDoki1NigijYEb/HlZdI8r3hXlcv6Rbl6m8dRQMfoBJ0hD12jKrpHNdRAFCn0jF7Rm/PkvDjvzse8dcXJZ47QHzifP9khksE=</latexit>

Q̄0
<latexit sha1_base64="spNVBQalBoxI9FQyaxs9mUN87ks=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIDUJJar0si25ctmAv0MQwmUzaoZNJmJkIJfQ13Pgqblwo4lJXvo3TNgttPTDDx/+fw8z5/YQSIS3rWyusrK6tbxQ3S1vbO7t7+v5BR8QpR7iNYhrzng8FpoThtiSS4l7CMYx8irv+6Gbqdx8wFyRmd3KcYDeCA0ZCgqBUkqdbsDLybNNXd810ZGy0FJ2Zjg951prcOwknEVZS3Tx1aBBL4ellq2rNylgGO4cyyKvp6Z9OEKM0wkwiCoXo21Yi3QxySRDFk5KTCpxANIID3FfIYISFm802mxgnSgmMMObqMGnM1N8TGYyEGEe+6oygHIpFbyr+5/VTGV65GWFJKjFD84fClBoqgWlMRkA4RpKOFUDEifqrgYaQQyRVmCUVgr248jJ0alX7onreqpcb13kcRXAEjkEF2OASNMAtaII2QOARPINX8KY9aS/au/Yxby1o+cwh+FPa1w8vLp6c</latexit>

a(k1)b(k2) ! Q(k3)Q̄
0(k4) + . . .

<latexit sha1_base64="WitrpQpZZnI31gahSalCcGX5aXE="></latexit>

A = ū�Q(k3)�v�Q̄0 (k4)

Color Projection
<latexit sha1_base64="z+CaOiaC045GHW7vbqZ9QtUPqwM=">AAACJnicbVDLSsNAFJ34rPUVdekmWAQXUhKtj02h2o3LCvYBSQiT6bQdOnkwMxHKkK9x46+4cVERceenOEmzqK0HBg7nnMvce/yYEi5M81tbWV1b39gsbZW3d3b39vWDww6PEoZwG0U0Yj0fckxJiNuCCIp7McMw8Cnu+uNm5nefMeMkCp/EJMZuAIchGRAEhZI8ve4EUIwQpPIu9aQj7abrpGnd4UngSeRdniOvlso85PuylXrNuYHU0ytm1cxhLBOrIBVQoOXpU6cfoSTAoUAUcm5bZixcCZkgiOK07CQcxxCN4RDbioYwwNyV+ZmpcaqUvjGImHqhMHJ1fkLCgPNJ4KtktiNf9DLxP89OxODWlSSME4FDNPtokFBDREbWmdEnDCNBJ4pAxIja1UAjyCASqtmyKsFaPHmZdC6q1nX16rFWadwXdZTAMTgBZ8ACN6ABHkALtAECL+ANTMGH9qq9a5/a1yy6ohUzR+APtJ9fbcCm/w==</latexit>

A{[C]} =
X

c3,c4

PCA

Spin Projection
<latexit sha1_base64="Gr9ZIjUvCy/enHMrMr7OmBqmeHE="></latexit>

A{[C],S} =
X

�Q,�Q̄0

PSA{[C]}

Orbital angular momentum expansion
<latexit sha1_base64="UDh5MYiKkMzdA+objrSQ4j6wg98="></latexit>

A{[C],S,L} =

"✓
"µ,⇤�l

(K)
d

dqµ

◆L

A{[C],S}

#

q=0

<latexit sha1_base64="Elt7H83mpMUgNRR06oLDRgvdgDE="></latexit>

kµ3,4 =
mQ

mQ +mQ̄0
Kµ ± qµ



FCPPN/L Workshop Hua-Sheng Shao7

Building amplitudes for quarkonium
• We need to start from open     and       production amp. 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="TNwA9m48qvFtcoOVVe8WUnMkppA=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hV3xdQx68ZiAeUB2E2YnvcmQmdllZlYJS/7DiwdFvPov3vwbJ8keNLGgoajqprsrTDjTxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0N/Vbj6A0i+WDGScQCDKQLGKUGCt1/ZCorD7p+oliAnqlsltxZ8DLxMtJGeWo9Upffj+mqQBpKCdadzw3MUFGlGGUw6TopxoSQkdkAB1LJRGgg2x29QSfWqWPo1jZkgbP1N8TGRFaj0VoOwUxQ73oTcX/vE5qopsgYzJJDUg6XxSlHJsYTyPAfaaAGj62hFDF7K2YDoki1NigijYEb/HlZdI8r3hXlcv6Rbl6m8dRQMfoBJ0hD12jKrpHNdRAFCn0jF7Rm/PkvDjvzse8dcXJZ47QHzifP9khksE=</latexit>

Q̄0
<latexit sha1_base64="spNVBQalBoxI9FQyaxs9mUN87ks=">AAACGXicbZDLSsNAFIYn9VbrLerSTbAIDUJJar0si25ctmAv0MQwmUzaoZNJmJkIJfQ13Pgqblwo4lJXvo3TNgttPTDDx/+fw8z5/YQSIS3rWyusrK6tbxQ3S1vbO7t7+v5BR8QpR7iNYhrzng8FpoThtiSS4l7CMYx8irv+6Gbqdx8wFyRmd3KcYDeCA0ZCgqBUkqdbsDLybNNXd810ZGy0FJ2Zjg951prcOwknEVZS3Tx1aBBL4ellq2rNylgGO4cyyKvp6Z9OEKM0wkwiCoXo21Yi3QxySRDFk5KTCpxANIID3FfIYISFm802mxgnSgmMMObqMGnM1N8TGYyEGEe+6oygHIpFbyr+5/VTGV65GWFJKjFD84fClBoqgWlMRkA4RpKOFUDEifqrgYaQQyRVmCUVgr248jJ0alX7onreqpcb13kcRXAEjkEF2OASNMAtaII2QOARPINX8KY9aS/au/Yxby1o+cwh+FPa1w8vLp6c</latexit>

a(k1)b(k2) ! Q(k3)Q̄
0(k4) + . . .

<latexit sha1_base64="WitrpQpZZnI31gahSalCcGX5aXE="></latexit>

A = ū�Q(k3)�v�Q̄0 (k4)

Color Projection
<latexit sha1_base64="z+CaOiaC045GHW7vbqZ9QtUPqwM=">AAACJnicbVDLSsNAFJ34rPUVdekmWAQXUhKtj02h2o3LCvYBSQiT6bQdOnkwMxHKkK9x46+4cVERceenOEmzqK0HBg7nnMvce/yYEi5M81tbWV1b39gsbZW3d3b39vWDww6PEoZwG0U0Yj0fckxJiNuCCIp7McMw8Cnu+uNm5nefMeMkCp/EJMZuAIchGRAEhZI8ve4EUIwQpPIu9aQj7abrpGnd4UngSeRdniOvlso85PuylXrNuYHU0ytm1cxhLBOrIBVQoOXpU6cfoSTAoUAUcm5bZixcCZkgiOK07CQcxxCN4RDbioYwwNyV+ZmpcaqUvjGImHqhMHJ1fkLCgPNJ4KtktiNf9DLxP89OxODWlSSME4FDNPtokFBDREbWmdEnDCNBJ4pAxIja1UAjyCASqtmyKsFaPHmZdC6q1nX16rFWadwXdZTAMTgBZ8ACN6ABHkALtAECL+ANTMGH9qq9a5/a1yy6ohUzR+APtJ9fbcCm/w==</latexit>

A{[C]} =
X

c3,c4

PCA

Spin Projection
<latexit sha1_base64="Gr9ZIjUvCy/enHMrMr7OmBqmeHE="></latexit>

A{[C],S} =
X

�Q,�Q̄0

PSA{[C]}

Orbital angular momentum expansion
<latexit sha1_base64="UDh5MYiKkMzdA+objrSQ4j6wg98="></latexit>

A{[C],S,L} =

"✓
"µ,⇤�l

(K)
d

dqµ

◆L

A{[C],S}

#

q=0

Total angular momentum projection
<latexit sha1_base64="c3714kyy+eaPTtE3XdCnmWg2iE4="></latexit>

A{[C],S,L,J} =
X

�s,�l

PJA{[C],S,L}

Clebsch-Gordan coefficient:

<latexit sha1_base64="tUENP9RplPz0Ove6c4rs6zzP3wA=">AAACKnicbZDLSsNAFIYnXmu9VV26GSyCCymJeAMRqm6kuKhoL9CUMJlO27GTSZiZCCXmedz4Km66UIpbH8RJG4q2/jDw8Z9zOHN+N2BUKtMcGnPzC4tLy5mV7Ora+sZmbmu7Kv1QYFLBPvNF3UWSMMpJRVHFSD0QBHkuIzW3d5PUa89ESOrzR9UPSNNDHU7bFCOlLSd3ZXtIdV03KsdOVIovbYZ4hxFYOtTkuS3kPL3cTZhdPExY2mLU6uTyZsEcCc6ClUIepCo7uYHd8nHoEa4wQ1I2LDNQzQgJRTEjcdYOJQkQ7qEOaWjkyCOyGY1OjeG+dlqw7Qv9uIIj9/dEhDwp+56rO5PD5HQtMf+rNULVPm9GlAehIhyPF7VDBpUPk9xgiwqCFetrQFhQ/VeIu0ggrHS6WR2CNX3yLFSPCtZp4eT+OF+8TuPIgF2wBw6ABc5AEdyCMqgADF7BO/gAn8abMTCGxte4dc5IZ3bAHxnfPx7Sp7Q=</latexit>

PJ = hJ,�j |L,�l;S,�si



FCPPN/L Workshop Hua-Sheng Shao8

Quarkonium in NRQCD: velocity expansion
• Upto a given order in    , we have finite number of  Fock states 

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v

<latexit sha1_base64="x3kjAFeBc6mjZuTJYM69xDsWG9Q="></latexit>

|J/ i = |cc̄[3S[1]
1 ]i+ |cc̄[3P [8]

J ] + gi+ |cc̄[1S[8]
0 ] + gi+ |cc̄[3S[8]

1 ] + ggi+ . . .

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {
<latexit sha1_base64="UX0+mlxUZRW3BG8LbHsfcoLTyl0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURXyspuHFnBfuANpbJdNIOnUzCzEQpIf/hxoUibv0Xd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/utVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47Ttja8zv/1IpWKhuNeTiLoBHgrmM4K1kR56AdYjgnlym1ad4365YtfsKdAicXJSgRyNfvmrNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZtMU6foyCgD5IfSPKHRVP29keBAqUngmckspZr3MvE/rxtr/9JNmIhiTQWZHfJjjnSIsgrQgElKNJ8YgolkJisiIywx0aaokinBmf/yImmd1Jzz2tndaaV+lddRhAM4hCo4cAF1uIEGNIGAhGd4hTfryXqx3q2P2WjBynf24Q+szx/JnZIL</latexit>

O(1)
<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {

<latexit sha1_base64="jAAQ4/SYZIpho70fntUXtO5Kyzg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VG6mMlBTfurGAf0I4lk2ba0ExmSDKVMvQ/3LhQxK3/4s6/MdPOQlsPBA7n3Ms9OV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3ugm9VtjKhULxYOeRNQN8EAwnxGsjfTYDbAeEsyTu2l5fNorluyKPQNaJk5GSpCh3it+dfshiQMqNOFYqY5jR9pNsNSMcDotdGNFI0xGeEA7hgocUOUms9RTdGKUPvJDaZ7QaKb+3khwoNQk8MxkmlIteqn4n9eJtX/lJkxEsaaCzA/5MUc6RGkFqM8kJZpPDMFEMpMVkSGWmGhTVMGU4Cx+eZk0zyrOReX8vlqqXWd15OEIjqEMDlxCDW6hDg0gIOEZXuHNerJerHfrYz6as7KdQ/gD6/MHMoWSUA==</latexit>

O(v)

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {<latexit sha1_base64="HbeP4PgU08cQpC5ZvhjMSvd3tb0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUnqcyUFN+6sYB/QxDKZTtqhkwczk0IZsnHjr7hxoYhb/8Gdf+OkzUJbD1w4nHMv997jxYwKaVnfxsLi0vLKamGtuL6xubVt7uw2RZRwTBo4YhFve0gQRkPSkFQy0o45QYHHSMsbXmd+a0S4oFF4L8cxcQPUD6lPMZJa6poHToDkACOmbtPy6EE5PkdYnaSqmqbHXbNkVawJ4Dyxc1ICOepd88vpRTgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGKCDCVZMvUniklR70I64rlHCi/p5QKBBiHHi6M7tZzHqZ+J/XSaR/6SoaxokkIZ4u8hMGZQSzSGCPcoIlG2uCMKf6VogHSOcgdXBFHYI9+/I8aVYr9nnl7O60VLvK4yiAfXAIysAGF6AGbkAdNAAGj+AZvII348l4Md6Nj2nrgpHP7IE/MD5/AK+VmLA=</latexit>

O(v
3
2 )

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {<latexit sha1_base64="DSyB/57mhZi2w94TtsHfOPWkuyU=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmKr5UU3Lizgn1AG8tkOmmHTh7MTIol5FfcuFDErT/izr9x0mahrQcGDufcyz1z3IgzqSzr21hZXVvf2CxsFbd3dvf2zYNSS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8U3mtydUSBYGD2oaUcfHw4B5jGClpb5Z6vlYjQjmyV1amTwmtfS0b5atqjUDWiZ2TsqQo9E3v3qDkMQ+DRThWMqubUXKSbBQjHCaFnuxpBEmYzykXU0D7FPpJLPsKTrRygB5odAvUGim/t5IsC/l1Hf1ZJZULnqZ+J/XjZV35SQsiGJFAzI/5MUcqRBlRaABE5QoPtUEE8F0VkRGWGCidF1FXYK9+OVl0qpV7Yvq+f1ZuX6d11GAIziGCthwCXW4hQY0gcATPMMrvBmp8WK8Gx/z0RUj3zmEPzA+fwCpHpQx</latexit>

O(v2)

Physical states are a collection of Fock states

<latexit sha1_base64="7oGeQePKYzkeb7w7YzWjDAyvkbQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEpSfK2k0I2Ii4r2AWkaJtNpO3QyCTMToYSAG3/FjQtF3PoT7vwbp20W2nrgwuGce7n3Hj9iVCrL+jZyC4tLyyv51cLa+sbmlrm905BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP6yO/eYDEZKG/F6NIuIGqM9pj2KktOSZe7jtI5Hg1Okk5btjO73xrjuJU3VT1zOLVsmaAM4TOyNFkKHmmV/tbojjgHCFGZLSsa1IuQkSimJG0kI7liRCeIj6xNGUo4BIN5n8kMJDrXRhLxS6uIIT9fdEggIpR4GvOwOkBnLWG4v/eU6sehduQnkUK8LxdFEvZlCFcBwI7FJBsGIjTRAWVN8K8QAJhJWOraBDsGdfnieNcsk+K53enhQrl1kcebAPDsARsME5qIArUAN1gMEjeAav4M14Ml6Md+Nj2pozspld8AfG5w8uhZc5</latexit>

cc̄[2S+1L[C]
J ]Fock states are treated as elementary particles

<latexit sha1_base64="g/9/uErBJzG2wC6oaG2btMvtwU4="></latexit>

d�(AB ! H +X) =
X

n

0

@
X

a,b,X

Z
dxadxbfa/A(xa)fb/B(xb)d�̂(ab ! QQ̄

0[n] +X)

1

A hO
H

n
i

<latexit sha1_base64="xub89Guw/k8jHwpv7DTALpQIe5Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr4sS8BI8RTAPSJYwO5lNhszOrDOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGN5O/OYTVZpJ8WBGMfUj3BcsZAQbK7Wq13cnnVizbrHklt0p0CLxMlKCDLVu8avTkySJqDCEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqcES1n07vHaMjq/RQKJUtYdBU/T2R4kjrURTYzgibgZ73JuJ/Xjsx4ZWfMhEnhgoyWxQmHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiICjYEb/7lRdI4LXsX5fP7s1LlJosjDwdwCMfgwSVUoAo1qAMBDs/wCm/Oo/PivDsfs9ack83swx84nz9AqY92</latexit>

H = J/ 

<latexit sha1_base64="8nfzLkoRawut+1H6+q79kcovXKw=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4kDLjswuVghtxVal9wHQ6ZNK0Dc1khiQjlGF+xo2/4saFRQRX/oppO4vaeiBwzrn3cnOPFzIqlWl+G5ml5ZXVtex6bmNza3snv7tXl0EkMKnhgAWi6SFJGOWkpqhipBkKgnyPkYY3uBvXG89ESBrwJzUMieOjHqddipHSlpu/5jdx0j6rulY7ti0nOYFjWXEftCyl0qq65oxMm7V08wWzaE4AF4mVkgJIUXHzo1YnwJFPuMIMSWlbZqicGAlFMSNJrhVJEiI8QD1ia8qRT6QTT65M4JF2OrAbCP24ghN3diJGvpRD39OdPlJ9OV8bm//V7Eh1S05MeRgpwvF0UTdiUAVwHBnsUEGwYkNNEBZU/xXiPhIIKx1sTodgzZ+8SOqnReuyePF4XijfpnFkwQE4BMfAAlegDO5BBdQABi/gDXyAkfFqvBufxte0NWOkM/vgD4yfX4D1o2w=</latexit>

n = 3S[1]
1 , 3P [8]

J , 1S[8]
0 , 3S[8]

1 up to 
<latexit sha1_base64="gPAgpjUWcfSe8RZaax2U1dn9C2w=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiSi1pUU3Lizgn1AG8tkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6Z48ecKe0439bK6tr6xmZhq7i9s7u3bx8cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj24zvzWmUrFIPOpJTL0QDwQLGMHaSD3b7oZYDwnm6f20PH6qnvXsklNxZkDLxM1JCXLUe/ZXtx+RJKRCE46V6rhOrL0US80Ip9NiN1E0xmSEB7RjqMAhVV46Sz5Fp0bpoyCS5gmNZurvjRSHSk1C30xmOdWil4n/eZ1EB9deykScaCrI/FCQcKQjlNWA+kxSovnEEEwkM1kRGWKJiTZlFU0J7uKXl0nzvOJeVS4fLkq1m7yOAhzDCZTBhSrU4A7q0AACY3iGV3izUuvFerc+5qMrVr5zBH9gff4A4WOTKg==</latexit>

O(v7)
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Quarkonium in NRQCD: velocity expansion
• Upto a given order in    , we have finite number of  Fock states 

<latexit sha1_base64="NwGGLh7KJH6m1IUq5ExMsb+mMPo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswOvTAyO7uZmSUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwfuY3R6g0j+WjGSfoR7QvecgZNVaqjbrFklt25yCrxMtICTJUu8WvTi9maYTSMEG1bntuYvwJVYYzgdNCJ9WYUDakfWxbKmmE2p/MD52SM6v0SBgrW9KQufp7YkIjrcdRYDsjagZ62ZuJ/3nt1IS3/oTLJDUo2WJRmApiYjL7mvS4QmbE2BLKFLe3EjagijJjsynYELzll1dJ46LsXZevapelyl0WRx5O4BTOwYMbqMADVKEODBCe4RXenCfnxXl3PhatOSebOYY/cD5/AOZxjQQ=</latexit>v

<latexit sha1_base64="x3kjAFeBc6mjZuTJYM69xDsWG9Q="></latexit>

|J/ i = |cc̄[3S[1]
1 ]i+ |cc̄[3P [8]

J ] + gi+ |cc̄[1S[8]
0 ] + gi+ |cc̄[3S[8]

1 ] + ggi+ . . .

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {
<latexit sha1_base64="UX0+mlxUZRW3BG8LbHsfcoLTyl0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBotQNyURXyspuHFnBfuANpbJdNIOnUzCzEQpIf/hxoUibv0Xd/6NkzYLbT0wcDjnXu6Z40WcKW3b31ZhaXllda24XtrY3NreKe/utVQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47Ttja8zv/1IpWKhuNeTiLoBHgrmM4K1kR56AdYjgnlym1ad4365YtfsKdAicXJSgRyNfvmrNwhJHFChCcdKdR070m6CpWaE07TUixWNMBnjIe0aKnBAlZtMU6foyCgD5IfSPKHRVP29keBAqUngmckspZr3MvE/rxtr/9JNmIhiTQWZHfJjjnSIsgrQgElKNJ8YgolkJisiIywx0aaokinBmf/yImmd1Jzz2tndaaV+lddRhAM4hCo4cAF1uIEGNIGAhGd4hTfryXqx3q2P2WjBynf24Q+szx/JnZIL</latexit>

O(1)
<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {

<latexit sha1_base64="jAAQ4/SYZIpho70fntUXtO5Kyzg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQN2VG6mMlBTfurGAf0I4lk2ba0ExmSDKVMvQ/3LhQxK3/4s6/MdPOQlsPBA7n3Ms9OV7EmdK2/W3lVlbX1jfym4Wt7Z3dveL+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3ugm9VtjKhULxYOeRNQN8EAwnxGsjfTYDbAeEsyTu2l5fNorluyKPQNaJk5GSpCh3it+dfshiQMqNOFYqY5jR9pNsNSMcDotdGNFI0xGeEA7hgocUOUms9RTdGKUPvJDaZ7QaKb+3khwoNQk8MxkmlIteqn4n9eJtX/lJkxEsaaCzA/5MUc6RGkFqM8kJZpPDMFEMpMVkSGWmGhTVMGU4Cx+eZk0zyrOReX8vlqqXWd15OEIjqEMDlxCDW6hDg0gIOEZXuHNerJerHfrYz6as7KdQ/gD6/MHMoWSUA==</latexit>

O(v)

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {<latexit sha1_base64="HbeP4PgU08cQpC5ZvhjMSvd3tb0=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUnqcyUFN+6sYB/QxDKZTtqhkwczk0IZsnHjr7hxoYhb/8Gdf+OkzUJbD1w4nHMv997jxYwKaVnfxsLi0vLKamGtuL6xubVt7uw2RZRwTBo4YhFve0gQRkPSkFQy0o45QYHHSMsbXmd+a0S4oFF4L8cxcQPUD6lPMZJa6poHToDkACOmbtPy6EE5PkdYnaSqmqbHXbNkVawJ4Dyxc1ICOepd88vpRTgJSCgxQ0J0bCuWrkJcUsxIWnQSQWKEh6hPOpqGKCDCVZMvUniklR70I64rlHCi/p5QKBBiHHi6M7tZzHqZ+J/XSaR/6SoaxokkIZ4u8hMGZQSzSGCPcoIlG2uCMKf6VogHSOcgdXBFHYI9+/I8aVYr9nnl7O60VLvK4yiAfXAIysAGF6AGbkAdNAAGj+AZvII348l4Md6Nj2nrgpHP7IE/MD5/AK+VmLA=</latexit>

O(v
3
2 )

<latexit sha1_base64="jn9d52cemWHg2uf8VEJPoK+DfpY=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cZLsQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mnGCfkQHkoecUWOlh27WK1fcqjsDWSZeTiqQo94rf3X7MUsjlIYJqnXHcxPjZ1QZzgROSt1UY0LZiA6wY6mkEWo/m106ISdW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSE137GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseGUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQxCeIZXeHNGzovz7nzMWwtOPnMIf+B8/gCdkI1r</latexit> {<latexit sha1_base64="DSyB/57mhZi2w94TtsHfOPWkuyU=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmKr5UU3Lizgn1AG8tkOmmHTh7MTIol5FfcuFDErT/izr9x0mahrQcGDufcyz1z3IgzqSzr21hZXVvf2CxsFbd3dvf2zYNSS4axILRJQh6Kjosl5SygTcUUp51IUOy7nLbd8U3mtydUSBYGD2oaUcfHw4B5jGClpb5Z6vlYjQjmyV1amTwmtfS0b5atqjUDWiZ2TsqQo9E3v3qDkMQ+DRThWMqubUXKSbBQjHCaFnuxpBEmYzykXU0D7FPpJLPsKTrRygB5odAvUGim/t5IsC/l1Hf1ZJZULnqZ+J/XjZV35SQsiGJFAzI/5MUcqRBlRaABE5QoPtUEE8F0VkRGWGCidF1FXYK9+OVl0qpV7Yvq+f1ZuX6d11GAIziGCthwCXW4hQY0gcATPMMrvBmp8WK8Gx/z0RUj3zmEPzA+fwCpHpQx</latexit>

O(v2)

Physical states are a collection of Fock states

<latexit sha1_base64="7oGeQePKYzkeb7w7YzWjDAyvkbQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBEEpSfK2k0I2Ii4r2AWkaJtNpO3QyCTMToYSAG3/FjQtF3PoT7vwbp20W2nrgwuGce7n3Hj9iVCrL+jZyC4tLyyv51cLa+sbmlrm905BhLDCp45CFouUjSRjlpK6oYqQVCYICn5GmP6yO/eYDEZKG/F6NIuIGqM9pj2KktOSZe7jtI5Hg1Okk5btjO73xrjuJU3VT1zOLVsmaAM4TOyNFkKHmmV/tbojjgHCFGZLSsa1IuQkSimJG0kI7liRCeIj6xNGUo4BIN5n8kMJDrXRhLxS6uIIT9fdEggIpR4GvOwOkBnLWG4v/eU6sehduQnkUK8LxdFEvZlCFcBwI7FJBsGIjTRAWVN8K8QAJhJWOraBDsGdfnieNcsk+K53enhQrl1kcebAPDsARsME5qIArUAN1gMEjeAav4M14Ml6Md+Nj2pozspld8AfG5w8uhZc5</latexit>

cc̄[2S+1L[C]
J ]Fock states are treated as elementary particles

<latexit sha1_base64="g/9/uErBJzG2wC6oaG2btMvtwU4="></latexit>

d�(AB ! H +X) =
X

n

0

@
X

a,b,X

Z
dxadxbfa/A(xa)fb/B(xb)d�̂(ab ! QQ̄

0[n] +X)
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i

<latexit sha1_base64="xub89Guw/k8jHwpv7DTALpQIe5Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKe6Kr4sS8BI8RTAPSJYwO5lNhszOrDOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGN5O/OYTVZpJ8WBGMfUj3BcsZAQbK7Wq13cnnVizbrHklt0p0CLxMlKCDLVu8avTkySJqDCEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqcES1n07vHaMjq/RQKJUtYdBU/T2R4kjrURTYzgibgZ73JuJ/Xjsx4ZWfMhEnhgoyWxQmHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiICjYEb/7lRdI4LXsX5fP7s1LlJosjDwdwCMfgwSVUoAo1qAMBDs/wCm/Oo/PivDsfs9ack83swx84nz9AqY92</latexit>

H = J/ 

<latexit sha1_base64="8nfzLkoRawut+1H6+q79kcovXKw=">AAACJXicbVDLSgMxFM3UV62vqks3wSK4kDLjswuVghtxVal9wHQ6ZNK0Dc1khiQjlGF+xo2/4saFRQRX/oppO4vaeiBwzrn3cnOPFzIqlWl+G5ml5ZXVtex6bmNza3snv7tXl0EkMKnhgAWi6SFJGOWkpqhipBkKgnyPkYY3uBvXG89ESBrwJzUMieOjHqddipHSlpu/5jdx0j6rulY7ti0nOYFjWXEftCyl0qq65oxMm7V08wWzaE4AF4mVkgJIUXHzo1YnwJFPuMIMSWlbZqicGAlFMSNJrhVJEiI8QD1ia8qRT6QTT65M4JF2OrAbCP24ghN3diJGvpRD39OdPlJ9OV8bm//V7Eh1S05MeRgpwvF0UTdiUAVwHBnsUEGwYkNNEBZU/xXiPhIIKx1sTodgzZ+8SOqnReuyePF4XijfpnFkwQE4BMfAAlegDO5BBdQABi/gDXyAkfFqvBufxte0NWOkM/vgD4yfX4D1o2w=</latexit>

n = 3S[1]
1 , 3P [8]

J , 1S[8]
0 , 3S[8]

1 up to 
<latexit sha1_base64="gPAgpjUWcfSe8RZaax2U1dn9C2w=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiSi1pUU3Lizgn1AG8tkOmmHTiZhZlIooX/ixoUibv0Td/6NkzYLbT0wcDjnXu6Z48ecKe0439bK6tr6xmZhq7i9s7u3bx8cNlWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj24zvzWmUrFIPOpJTL0QDwQLGMHaSD3b7oZYDwnm6f20PH6qnvXsklNxZkDLxM1JCXLUe/ZXtx+RJKRCE46V6rhOrL0US80Ip9NiN1E0xmSEB7RjqMAhVV46Sz5Fp0bpoyCS5gmNZurvjRSHSk1C30xmOdWil4n/eZ1EB9deykScaCrI/FCQcKQjlNWA+kxSovnEEEwkM1kRGWKJiTZlFU0J7uKXl0nzvOJeVS4fLkq1m7yOAhzDCZTBhSrU4A7q0AACY3iGV3izUuvFerc+5qMrVr5zBH9gff4A4WOTKg==</latexit>

O(v7)
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Existing tools for quarkonium

• MadOnia P. Artoisenet, F. Maltoni, T. Stelzer (JHEP’08)

• Based on obsolete MadGraph/MadEvent v4

• Processes with single quarkonium only

• The code is dead (no maintenance & new developments)

• HELAC-Onia HSS (CPC’13, CPC’16)

• Based on HELAC-Phegas (recursion relations)

• Processes with any number of S- or P-wave quarkonia (in principle)

• No plan to NLO with HELAC-NLO (I am not familiar with)

• My natural choice of  realizing NLO+PS for arbitrary 
quarkonium processes is MadGraph5_aMC@NLO
• How to deal with IR divergences is known Ajjath, Simon, HSS (JHEP’24)

• Possibly to include quarkonium analogous too (leptonium, squarkonium, 
gluinonium, darkonium etc)
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A new implementation in MG5_aMC
Colpani Serri, Flett, Lansberg, Mattelaer, HSS, Simon (in prep)

• Helicity amplitudes checked against with HELAC-Onia
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A new implementation in MG5_aMC
Colpani Serri, Flett, Lansberg, Mattelaer, HSS, Simon (in prep)

• Cross sections checked against with HELAC-Onia too
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A new implementation in MG5_aMC
Colpani Serri, Flett, Lansberg, Mattelaer, HSS, Simon (in prep)

• Also an event generator for leptonium (NEW !)
Positronium

True muonium

True tauonium

Checked against with
d’Enterria, HSS (PLB’23)
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• Quarkonium physics is theoretically hard since quarkonium is

Conclusion & Outlook

• Understanding quarkonium requires dedicated efforts both on the 
theory and experiment sides.

• neither sufficiently heavy (that perturbation theory alone is sufficient)

• Steady (though slow) progress in Monte Carlo tools development

• Next steps:

• nor sufficiently light (that lattice QCD easily applies)

• But it is also the reason why quarkonium physics is interesting
• related physics is rich & probing perturbative and non-perturbative 

regimes simultaneously

• P-wave (requiring dedicated construction in MG5aMC)

• Onium-like states in BSM (squarkonium, gluinonium, darkonium …) 

• NLO -> NLO+PS (improving many steps needed)
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Conclusion & Outlook
• BUT … new complications may arise (such as toponium)
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<latexit sha1_base64="yr4zNTEV/lhJWzQk+gVl5BXqQ8w=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUXxulIIIboYJ9QBvCZDpph04ezNwIJcRfceNCEbd+iDv/xmmbhbYeuHA4517uvceLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6Prid9+ZFLxKHyAccycgAxC7nNKQEuuWb65vHNT6HlEppBlx7XABdesWFVrCrxI7JxUUI6Ga371+hFNAhYCFUSprm3F4KREAqeCZaVeolhM6IgMWFfTkARMOen0+AwfaqWP/UjqCgFP1d8TKQmUGgee7gwIDNW8NxH/87oJ+BdOysM4ARbS2SI/ERgiPEkC97lkFMRYE0Il17diOiSSUNB5lXQI9vzLi6RVq9pn1dP7k0r9Ko+jiPbRATpCNjpHdXSLGqiJKBqjZ/SK3own48V4Nz5mrQUjnymjPzA+fwBxmJSl</latexit>

E = Mtt̄ � 2mt

<latexit sha1_base64="pZtJ2G8OEpnW1SUJUbLF1vDN+qE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEfG2UggvdCBXsA5oQJtNJO3RmEmYmQglx4a+4caGIWz/DnX/jpO1CWw9cOJxzL/feEyaMKu0439bc/MLi0nJppby6tr6xaW9tN1WcSkwaOGaxbIdIEUYFaWiqGWknkiAeMtIKB1eF33ogUtFY3OthQnyOeoJGFCNtpMDe9a4R5yjQF+6jx5HuS57dkmYe2BWn6owAZ4k7IRUwQT2wv7xujFNOhMYMKdVxnUT7GZKaYkbyspcqkiA8QD3SMVQgTpSfjR7I4YFRujCKpSmh4Uj9PZEhrtSQh6azuFFNe4X4n9dJdXTuZ1QkqSYCjxdFKYM6hkUasEslwZoNDUFYUnMrxH0kEdYms7IJwZ1+eZY0j6ruafXk7rhSu5zEUQJ7YB8cAhecgRq4AXXQABjk4Bm8gjfryXqx3q2PceucNZnZAX9gff4AsFKWeg==</latexit>

�t = 1 MeV
<latexit sha1_base64="eY8aw/quReg03J1SrI3GPTJYIMo=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2UggvdCBXsA5oQJtNJO3RmEmYmQgntxl9x40IRt/6FO//GSduFth64cDjnXu69J0wYVdpxvq3CwuLS8kpxtbS2vrG5ZW/vNFScSkzqOGaxbIVIEUYFqWuqGWklkiAeMtIM+9e533wkUtFYPOhBQnyOuoJGFCNtpMDe824Q5yjQl64z8jjSPcmzO9IYBnbZqThjwHniTkkZTFEL7C+vE+OUE6ExQ0q1XSfRfoakppiRYclLFUkQ7qMuaRsqECfKz8YfDOGhUTowiqUpoeFY/T2RIa7UgIemM79RzXq5+J/XTnV04WdUJKkmAk8WRSmDOoZ5HLBDJcGaDQxBWFJzK8Q9JBHWJrSSCcGdfXmeNI4r7lnl9P6kXL2axlEE++AAHAEXnIMquAU1UAcYjMAzeAVv1pP1Yr1bH5PWgjWd2QV/YH3+ACRAlrQ=</latexit>

�t = 10 MeV
<latexit sha1_base64="g2MYiisQLu/aV5EcP17A1CSKLt0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURXxul4EI3QgX7gDaEyXTSDp2ZhJmJUEJ146+4caGIW7/CnX/jpM1CWw9cOJxzL/feE8SMKu0431Zhbn5hcam4XFpZXVvfsDe3GipKJCZ1HLFItgKkCKOC1DXVjLRiSRAPGGkGg8vMb94TqWgk7vQwJh5HPUFDipE2km/vdK4Q58jX567jPHQ40n3J0xvSGPl22ak4Y8BZ4uakDHLUfPur041wwonQmCGl2q4Tay9FUlPMyKjUSRSJER6gHmkbKhAnykvHL4zgvlG6MIykKaHhWP09kSKu1JAHpjO7UU17mfif1050eOalVMSJJgJPFoUJgzqCWR6wSyXBmg0NQVhScyvEfSQR1ia1kgnBnX55ljQOK+5J5fj2qFy9yOMogl2wBw6AC05BFVyDGqgDDB7BM3gFb9aT9WK9Wx+T1oKVz2yDP7A+fwCYUZbu</latexit>

�t = 100 MeV
<latexit sha1_base64="NhX/7oPiBVdtNgFfBTLQzYuy7r4=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUS8bZRCi50I1S0F2himEyn7dCZJMxMhBKydOOruHGhiFsfwZ1v46SNoK0/DHz85xzmnN+PGJXKsr6Mwszs3PxCcbG0tLyyumaubzRkGAtM6jhkoWj5SBJGA1JXVDHSigRB3Gek6Q/Os3rznghJw+BWDSPictQLaJdipLTlmdvOBeIceer0B+4ShyPVFzy5uUpTzyxbFWskOA12DmWQq+aZn04nxDEngcIMSdm2rUi5CRKKYkbSkhNLEiE8QD3S1hggTqSbjA5J4a52OrAbCv0CBUfu74kEcSmH3Ned2Y5yspaZ/9XaseqeuAkNoliRAI8/6sYMqhBmqcAOFQQrNtSAsKB6V4j7SCCsdHYlHYI9efI0NPYr9lHl8PqgXD3L4yiCLbAD9oANjkEVXIIaqAMMHsATeAGvxqPxbLwZ7+PWgpHPbII/Mj6+ATMAmhs=</latexit>

�t = �SM
t

<latexit sha1_base64="0BhJ9VjMLU8nxydzmUto0eRmuy8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIrkoi3jZKwYVuhIr2Ak0Mk+m0HTozCTMToYSs3fgqblwo4tYncOfbOGkjaOsPAx//OYc55w8iSqSy7S+jMDM7N79QXCwtLa+srpnrGw0ZxgLhOgppKFoBlJgSjuuKKIpbkcCQBRQ3g8F5Vm/eYyFJyG/VMMIegz1OugRBpS3f3HYvIGPQV6eO/YN3icug6guW3FylqW+W7Yo9kjUNTg5lkKvmm59uJ0Qxw1whCqVsO3akvAQKRRDFacmNJY4gGsAebmvkkGHpJaNTUmtXOx2rGwr9uLJG7u+JBDIphyzQndmOcrKWmf/V2rHqnngJ4VGsMEfjj7oxtVRoZblYHSIwUnSoASJB9K4W6kMBkdLplXQIzuTJ09DYrzhHlcPrg3L1LI+jCLbADtgDDjgGVXAJaqAOEHgAT+AFvBqPxrPxZryPWwtGPrMJ/sj4+AYfuJqQ</latexit>

�t = 10�SM
t

What do we really mean when we refer to “toponium” ?
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Conclusion & Outlook

Thank you for your attention !

• BUT … new complications may arise (such as toponium)
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<latexit sha1_base64="yr4zNTEV/lhJWzQk+gVl5BXqQ8w=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUXxulIIIboYJ9QBvCZDpph04ezNwIJcRfceNCEbd+iDv/xmmbhbYeuHA4517uvceLBVdgWd9GYWl5ZXWtuF7a2Nza3jF391oqSiRlTRqJSHY8opjgIWsCB8E6sWQk8ARre6Prid9+ZFLxKHyAccycgAxC7nNKQEuuWb65vHNT6HlEppBlx7XABdesWFVrCrxI7JxUUI6Ga371+hFNAhYCFUSprm3F4KREAqeCZaVeolhM6IgMWFfTkARMOen0+AwfaqWP/UjqCgFP1d8TKQmUGgee7gwIDNW8NxH/87oJ+BdOysM4ARbS2SI/ERgiPEkC97lkFMRYE0Il17diOiSSUNB5lXQI9vzLi6RVq9pn1dP7k0r9Ko+jiPbRATpCNjpHdXSLGqiJKBqjZ/SK3own48V4Nz5mrQUjnymjPzA+fwBxmJSl</latexit>

E = Mtt̄ � 2mt

<latexit sha1_base64="pZtJ2G8OEpnW1SUJUbLF1vDN+qE=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEfG2UggvdCBXsA5oQJtNJO3RmEmYmQglx4a+4caGIWz/DnX/jpO1CWw9cOJxzL/feEyaMKu0439bc/MLi0nJppby6tr6xaW9tN1WcSkwaOGaxbIdIEUYFaWiqGWknkiAeMtIKB1eF33ogUtFY3OthQnyOeoJGFCNtpMDe9a4R5yjQF+6jx5HuS57dkmYe2BWn6owAZ4k7IRUwQT2wv7xujFNOhMYMKdVxnUT7GZKaYkbyspcqkiA8QD3SMVQgTpSfjR7I4YFRujCKpSmh4Uj9PZEhrtSQh6azuFFNe4X4n9dJdXTuZ1QkqSYCjxdFKYM6hkUasEslwZoNDUFYUnMrxH0kEdYms7IJwZ1+eZY0j6ruafXk7rhSu5zEUQJ7YB8cAhecgRq4AXXQABjk4Bm8gjfryXqx3q2PceucNZnZAX9gff4AsFKWeg==</latexit>

�t = 1 MeV
<latexit sha1_base64="eY8aw/quReg03J1SrI3GPTJYIMo=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2UggvdCBXsA5oQJtNJO3RmEmYmQgntxl9x40IRt/6FO//GSduFth64cDjnXu69J0wYVdpxvq3CwuLS8kpxtbS2vrG5ZW/vNFScSkzqOGaxbIVIEUYFqWuqGWklkiAeMtIM+9e533wkUtFYPOhBQnyOuoJGFCNtpMDe824Q5yjQl64z8jjSPcmzO9IYBnbZqThjwHniTkkZTFEL7C+vE+OUE6ExQ0q1XSfRfoakppiRYclLFUkQ7qMuaRsqECfKz8YfDOGhUTowiqUpoeFY/T2RIa7UgIemM79RzXq5+J/XTnV04WdUJKkmAk8WRSmDOoZ5HLBDJcGaDQxBWFJzK8Q9JBHWJrSSCcGdfXmeNI4r7lnl9P6kXL2axlEE++AAHAEXnIMquAU1UAcYjMAzeAVv1pP1Yr1bH5PWgjWd2QV/YH3+ACRAlrQ=</latexit>

�t = 10 MeV
<latexit sha1_base64="g2MYiisQLu/aV5EcP17A1CSKLt0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURXxul4EI3QgX7gDaEyXTSDp2ZhJmJUEJ146+4caGIW7/CnX/jpM1CWw9cOJxzL/feE8SMKu0431Zhbn5hcam4XFpZXVvfsDe3GipKJCZ1HLFItgKkCKOC1DXVjLRiSRAPGGkGg8vMb94TqWgk7vQwJh5HPUFDipE2km/vdK4Q58jX567jPHQ40n3J0xvSGPl22ak4Y8BZ4uakDHLUfPur041wwonQmCGl2q4Tay9FUlPMyKjUSRSJER6gHmkbKhAnykvHL4zgvlG6MIykKaHhWP09kSKu1JAHpjO7UU17mfif1050eOalVMSJJgJPFoUJgzqCWR6wSyXBmg0NQVhScyvEfSQR1ia1kgnBnX55ljQOK+5J5fj2qFy9yOMogl2wBw6AC05BFVyDGqgDDB7BM3gFb9aT9WK9Wx+T1oKVz2yDP7A+fwCYUZbu</latexit>

�t = 100 MeV
<latexit sha1_base64="NhX/7oPiBVdtNgFfBTLQzYuy7r4=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUS8bZRCi50I1S0F2himEyn7dCZJMxMhBKydOOruHGhiFsfwZ1v46SNoK0/DHz85xzmnN+PGJXKsr6Mwszs3PxCcbG0tLyyumaubzRkGAtM6jhkoWj5SBJGA1JXVDHSigRB3Gek6Q/Os3rznghJw+BWDSPictQLaJdipLTlmdvOBeIceer0B+4ShyPVFzy5uUpTzyxbFWskOA12DmWQq+aZn04nxDEngcIMSdm2rUi5CRKKYkbSkhNLEiE8QD3S1hggTqSbjA5J4a52OrAbCv0CBUfu74kEcSmH3Ned2Y5yspaZ/9XaseqeuAkNoliRAI8/6sYMqhBmqcAOFQQrNtSAsKB6V4j7SCCsdHYlHYI9efI0NPYr9lHl8PqgXD3L4yiCLbAD9oANjkEVXIIaqAMMHsATeAGvxqPxbLwZ7+PWgpHPbII/Mj6+ATMAmhs=</latexit>

�t = �SM
t

<latexit sha1_base64="0BhJ9VjMLU8nxydzmUto0eRmuy8=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIrkoi3jZKwYVuhIr2Ak0Mk+m0HTozCTMToYSs3fgqblwo4tYncOfbOGkjaOsPAx//OYc55w8iSqSy7S+jMDM7N79QXCwtLa+srpnrGw0ZxgLhOgppKFoBlJgSjuuKKIpbkcCQBRQ3g8F5Vm/eYyFJyG/VMMIegz1OugRBpS3f3HYvIGPQV6eO/YN3icug6guW3FylqW+W7Yo9kjUNTg5lkKvmm59uJ0Qxw1whCqVsO3akvAQKRRDFacmNJY4gGsAebmvkkGHpJaNTUmtXOx2rGwr9uLJG7u+JBDIphyzQndmOcrKWmf/V2rHqnngJ4VGsMEfjj7oxtVRoZblYHSIwUnSoASJB9K4W6kMBkdLplXQIzuTJ09DYrzhHlcPrg3L1LI+jCLbADtgDDjgGVXAJaqAOEHgAT+AFvBqPxrPxZryPWwtGPrMJ/sj4+AYfuJqQ</latexit>

�t = 10�SM
t

What do we really mean when we refer to “toponium” ?


