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CEP in QCD phase diagram

QCD phase diagram Fluctuations measured in BES-II
300 EEarIy Unlverse The Phases OfQCD I I I I L L I I I I I L L I I
[ LHC Experiments Au+Au Collisions at RHIC @ BES-II: 0-5%
I ¢ 2 Net-proton, lyl < 0.5 O BES-I: 0-5% N
250 L RHIC Experiments 0.4 <P, < 2.0 GeV/c O BES-II: 70-80%

' QN i O BES-I: 70-80% i
ol 5 | sTAR T
2 ' o 1 f
= © ¢ 000 n O% """""" 0
£ 150 E i P-O___,Q ¢ % Q i
& S T8 %5
s o
& 100 g OF - —
2 8 = Hydro

“ . n < v --- HRG CE _
Hadron Gas oy UrQMD: 0-5%
: e as
0 Vacuum ' 1 _1_l 1 1 ‘I’ 1 1 1 I | 1 1 1 | I | I 1 ]
0 200 400 600 800 1,000 1,200 1,400 1,600 3 10 30 100
Baryon Chemical Potential ug (MeV) Collision Energy s, (GeV)
Non-monotonicity: STAR Collaboration, PRL 135 (2025) 142301,
M. Stephanov, PRL 107 (2011) 052301 arXiv:2504.00817

® [s there a “peak” structure serving as the smoking gun signal for the

critical end point in the QCD phase diagram?
See the plenary talk by Yu Zhang on Sat
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CEP in QCD phase diagram
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Critical slowing down near CEP
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Call for:
® Real-time description of strongly interacting systems.
® Nonperturbative approach of QCD.

See the talk by Shan-jin Wu in parallel I on Mon




¢ Introduction

@ Recent estimates of the location of CEP

¢ Baryon number fluctuations

e Moat regime

¢ Real-time dynamics near phase transitions

¢ Summary and outlook



QCD within fRG
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CEP from different theoretical calculations
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CEP from functional QCD

180

Estimates of the location of CEP from
T i first-principles functional QCD:
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® No CEP observed in p5/T < 2 ~ 3 from lattice
QCD. Karsch, PoS CORFU2018 (2019)163

Regime of quantitative ® Recent studies of QCD phase structure from both
reliability <0f functional QCD fRG and DSE have shown convergent estimate
with p,/T S 4. for the location of CEP: 600 MeV < HBcgp S

650 MeV.



CEP from other approaches

Recent estimates of the location of CEP:
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CEP and Fierz-complete four-quark basis

QCD phase diagram with Fierz-

complete basis: Four-quark couplings:
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CEP and strangeness neutrality

Phase diagram with y¢ =0 ne = 0 (strangeness neutralit
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Baryon number fluctuations
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Canonical fluctuations at the freeze-out
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Dependence on the location of CEP
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Ripples of the QCD critical point
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111 (2025) L031502.

® Note that the ripples of CEP are
far away from the critical region
characterized by the universal
scaling properties, e.g., the critical
slowing down.

® But, the information of CEP, such
as its location and properties, etc.,
is still encoded in the ripples.
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C41/C2: Comparison to STAR data
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® Theoretical prediction with critical fluctuations (fRG and DSE) is
consistent with STAR data.

® A peak structure is predicted in the energy regime of fixed-target
experiments, i.e. 3 GeV < ,/syny S 7.7 GeV. Experimental search of this

peak is very important.
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Moat regime in QCD phase diagam

Moat (71") regime:

Mesonic two-point correlation function:
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Spectral functions in moat regime
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150 400 200

&/, 200
L, 100 QO 300 150
°L, 100 . 50 u)\g\e 4)///17200 100 @
@p/ 100 50 u}\g\e

0 o

WEF, Pawlowski, Pisarski, Rennecke, Wen, Yin, PRD 111 (2025) 094026. See the talk by Jin o Wu in par allel T on Mon
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Landau damping and moat regime

Creation-annihilation = Landau damping

Contributions from two processes:

process: (particle-hole)
process: 10
E,4 E, 4 I 2 \‘
2 S o5} \ 1
ad creation or annihilation
C”° 0.0
=
< —o05f : .
Il Landau damping
ISH
~ -1.0}F Full |
o / ——-- CA
N LD
102 100 10° 10 102 10°  10°
k[MeV]
(2) :
Real part of I' ’ ¢,R( Pos P):
S 6 L
< ® Moat regime is found to be
[ i resulted from Landau damping
£ ; of quarks in thermal bath in the
=, regime of large baryon
= chemical potential.
[~
g 200 WE, Pawlowski, Pisarski,
200 200 Rennecke, Wen, Yin, PRD
/a0, 100 o 100 150 s 111 (2025) 094026
7o 0 20 eV oo 0 20 eV ‘
g =0,T =160MeV pp = 630MeV ,T = 114 MeV
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A relaxation critical O(N) model

® The effective action on the Schwinger-Keldysh contour reads  Hohenberg and Halperin, Rev.
Mod. Phys. 49 (1977) 435.

Model A

Ll b, = J d*x (Zé” D0 Pac— Z8 B0 Poc+ V(D) by boe — 22 T P2, —/2¢ aq)

" = 1/Z": relaxation rate V'(p.): potential p. = ¢p>/4 Gaussian white noise with
| coefficient determined by
Z": wave function c: explicit breaking fluctuation-dissipation theorem
® Retarded propagator Pseudo-Goldstone: Mass of pseudo_Golds‘[one

, Vi c
R
Z(p Goz(p

e (FTed\
ab 5¢a,q 5¢b,c

Retarded propagator of Goldstone Gell-Mann--Oakes--Renner

(GMOR) relation
1

Gpp(@,q) = .
—iZYw + Z{) (q2 + mg%)
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Emergence of a novel universal damping in the

critical region

o e . . 1 R L L L B L AL B LU AL I LU B |
In the critical region, the two wave function i v
renormalizations read ' /
0.96 A
(1)) — 4—unge@) () — —vn ()
| NE&o.gz T g
Here f9(2), f®(z): scaling functions; z = tc~1/#: ~ Toroaer ).
scaling variable; t = (T, — T)/T,: reduced = T=094560T. |..
temperature.The static and dynamic anomalous oeer ijﬁiizgzi |
dimensions are T=T,
" —— ()
. 084} -~ v t_aus ]
= — = — 10710 1078 1076 10~ 102
(1) t (1) _
ch Zqo ¢
RG time 7 = In(k/A) Tan, Chen, WF, Li, Nature Commun. 16
(2025) 2916, arXiv: 2403.03503
® In the case of c — O From the fixed-point equation we determine in the
O(4) symmetry
zy
_ (n,—n)
oo n~0.0374, 1, ~ 0.0546
7
Thus
® In the other case of t —> 0O A =y —n 00172
n t
70 ,
Y x cBUD mé)m—n) with m; x ¢ Estimate of size of the dynamic critical region:
7@
p

m,S0.1~1MeV
20



Relaxation dynamics of the critical mode

® [angevin dynamics of the critical mode:
200 — 20} + U'o) = ¢
with the correlation of the Gaussian white noise

(Et, x)E, X)) =2 Z;p T6(t —t)o(x —x')

® Inputs from first-principles functional QCD: WF, Pawlowski, Rennecke, PRD 101 (2020) 054032

: . ol'[DP]
Effective potential: U'l(o) =
oo o(x)=o0
® = (i)EoM
ar(p,,
Spatial wave function: Zq(b’) (1920 P)
ap po=0
p=0
Temporal wave function: Z® = lim lim —Im F(z) (@, P)

¢ |p|—=0 ©—0 ow

with
F(GZG)R(a),p) = lim F(z)(p =—1(w+ ie),p)

e—07
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Relaxation time in QCD phase diagram

Relaxation time:

freezeout: Andronic et al.

= = = freezeout: STAR Fit |
200 freezeout: STAR Fit Il r' 1.0
= === phase boundary line .
maximum relaxation time T 08
_ [ 067/7
2, 150 [ 0.4
é T 0.2
- 0.0
100 200
100200300 150 {\
45/ 400 100 M
50 el7 " 500
0 100 200 300 400 500 600 600 50
pip[MeV]
Relaxation time at the freezeout : Tan, Yin, Chen, Huang, WF, in preparation
10 T T I 1 | I ﬂ
freezeout: Andronic et al. l
osl|™""" freezeout: STAR Fit | ! See also:
el I ERETRPE freezeout: STAR Fit Il !
_____ e boundary line ! M. Bluhm et al., NP4 982 (2019) 871
_ 0.6 | .'.' 4
S !
? K4 . . .
04l S ] ® Relaxation time drops quickly
once the system is away from
0.2 the critical regime.

100 200 300 400 500 600
pp [MeV]
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Summary and outlook

| S L B S S N N N L T 200 T T T 1 T T T LA AL L
fRG (CE), freezeout: Andronic et al. v
fRG (CE), freezeout: STAR Fit | ] /
fRG (CE), freezeout: STAR Fit Il 180 | — w7

-------- DSE (GCE), freezeout: Andronic et al. | R
#  STAR BES- (0-5%) m_g
®  STAR BES-Il (0-5%) — 160 | ! .
4  STAR fixed-target (0-5%) - % -------------
= | T
(=D S~ao T=0.702197T, | |
& 140 Ss T=0.94560T, |,.]
N T=0.99575T, |
==== fRG: Fuetal 2019 T=0.999681T.
120 @  (Towe, ey, ) = (107,635) MeV T=T,
fRG : moat regime (pions) v -—= -
fRG: moat regime (sigma) ) ‘ 0.84 - ,I’ v t=c® 1
100 I 13 I - L L A R T RS TR ST
100 200 300 400 500 600 10710 108 1076 104 102 1
pp [MeV] ¢

* A prominent peak structure 1s predicted in baryon number fluctuations in the collision
energy range of 3 GeV < /sy S 7.7 GeV, which need to be confirmed 1n experiments

1n the near future.

* Moat regime 1s found to be resulted from Landau damping of quarks in thermal bath in
the regime of large baryon chemical potential.

* A novel universal damping in the critical region 1s found.
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Summary and outlook

| S L B S S N N N L T 200 T T T 1 T T T LA AL L
fRG (CE), freezeout: Andronic et al. v
fRG (CE), freezeout: STAR Fit | ] /
fRG (CE), freezeout: STAR Fit Il 180 | — w7

-------- DSE (GCE), freezeout: Andronic et al. | R
#  STAR BES- (0-5%) m_g
®  STAR BES-Il (0-5%) — 160 | ! .
4  STAR fixed-target (0-5%) - % -------------
= | T
(=D S~ao T=0.702197T, | |
& 140 Ss T=0.94560T, |,.]
N T=0.99575T, |
==== fRG: Fuetal 2019 T=0.999681T.
120 @  (Towe, ey, ) = (107,635) MeV T=T,
fRG : moat regime (pions) v -—= -
fRG: moat regime (sigma) ) ‘ 0.84 - ,I’ v t=c® 1
100 I 13 I - L L A R T RS TR ST
100 200 300 400 500 600 10710 108 1076 104 102 1
pp [MeV] ¢

* A prominent peak structure 1s predicted in baryon number fluctuations in the collision
energy range of 3 GeV < /sy S 7.7 GeV, which need to be confirmed 1n experiments

1n the near future.

* Moat regime 1s found to be resulted from Landau damping of quarks in thermal bath in
the regime of large baryon chemical potential.

* A novel universal damping in the critical region 1s found.

Thank you very much for your attentions!
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QCD-assisted LEFT

® Yukawa couplings obtained in QCD

QCD flow equation: inputted in QCD-assisted LEFT
1.1 : . . . . .
e
1 1.0 T=0 i
Ok [®] = = — Lo— + = P . S L T T=100MeV
2 S 09 T e T=150MeV |4 yop
e B z‘oé 0.8 2""""""---------...,, T'=200MeV Pawlowski,
VQ\@ 07l Rennecke, PRD
UV = 101 (2020)
~ 06} 054032
k+ Ak 2§ osl
\ 'Q
0.4
/ Fk[®] 0.3 I I I ! ! !
k 0 100 200 300 400 500 600 700

k[MeV]

® Chiral condensates in QCD and QCD-
assisted LEFT in agreement

|R 0.5 . . . . . . . .

fRG-QCD, y15 =0
fRG-LEFT, 5 =0 ZET
: 0.4}
LEFT flow equation: == RGQCD, =00 MeV | o7
—==== fRG-LEFT, up=400 MeV || ,,* @
03| ® Lattice: WB, pup=0 ] WF’ LUO, .
e Pawlowski,
1 <T Rennecke, Yin,
Ol [®] = — S 3 0.2} - arXiv:
2308.15508
0.1} i
quark meson
0.0




Grand canonical fluctuations at the freeze-out

8
7
; STAR: Adam et al. (STAR), PRL 126 (2021) 092301;
s Abdallah et al. (STAR), PRL 128 (2022) 202303;
. Aboona et al. (STAR), PRL 130 (2023) 082301
3 fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD
2 111 (2025) L031502, arXiv: 2308.15508
1
0 _ 0.0 — - , ® Results in fRG are obtained in the
20} Ry | 00 ' QCD-assisted LEFT with a CEP at
s : 300 . (Tcpps ,uBCEP) = (98,643) MeV.
0 500 | @ Peak structure is found in 3 GeV
SA/Sn S 7.7 GeV.
100 NN
® Agreement between the theory and
0 e experiment is worsening with
m ,\5 '\74:?'\;.7,&(9 ,0 ,g) Q?Z\/v r\?Q \/% S 11.5 GeV.

Vsny [GeV ® Effects of global baryon number
fRG (GCE), freezeout: Andronic et al. Con.se.rvatlon n the regime Of 10W
fRG (GCE), freezeout: STAR Fit | collision energy should be taken
fRG (GCE), freezeout: STAR Fit Il into account.

%  STAR collider (0-5%)

%  STAR fixed-target (0-5%)

%  STAR collider (0-40%) Caveat:
%  STAR fixed-target (0-40%)

Fluctuations of baryon number in

theory are compared with those of
proton number in experiments.
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Canonical corrections with SAM

3.5 T A LA R T UL N T
fRG (CE), freezeout: Andronic et al. SAM:
3.0} fRG (CE), freezeout: STAR Fit | |
fRG (CE), freezeout: STAR Fit !I
25 e o et |
1RG (GCE), freezeout: STAR Fit | ® We adopt the subensemble acceptance method (SAM)
o 20) % T e o ] to take into account the effects of global baryon number
= st conservation:
o
osfp - T 4
0.0— 3y 5’»?’ o,‘° S s Sy s V1.3 the subensemble volume measured in the acceptance
R 7 window, V: the volume of the whole system.
vV SNN [GGV]
® Experimental data Rj, is used to constrain e fluctuations with canonical corrections are related to
the parameter « in the range , /sy S 11.5 grand canonical fluctuations as follows:
b i i R = pRE RE, = (1 — 2a)R?
® We choose the simplest linear dependence 1 = p 21> 3y = ( a) 379
0.4 T T T —
@ consistent with STAR R%, sz = (1 — 3aﬂ)sz — 305,3(R§2)2
0.3 used in this work 1
021 ! a(s)za(l—\/E>9(1—s) p=1-a
3
01t ] 033 \/: AL SAM: Vovchenko, Savchuk, Poberezhnyuk,
0.0 @ =412 " 11.9GeV Gorenstein, Koch , PLB 811 (2020) 135868

-0.1

SNN [GGV] 2 7



Determination of the freeze-out curve

200 | | | | | | |
=& - Andronic et al.
180 } @ STAR i
) O freezeout: Andronic et al.
%_Q freezeout: STAR Fit |
160 b - -Q._ﬁ_a freezeout: STAR Fit II a
P
— DN“J-?,Q.
= 140} X -
<) ()
E 120 | 170
&~
160
100
150 1
80 | 140 N\ B\
130 IEENN - AN
60| 0, 100 200 300 400 | | | \E_
0 100 200 300 400 500 600 700 800

pp [MeV]

three freeze-out curves

1. freeze-out: Andronic et al.

Andronic, Braun-Munzinger, Redlich, Nature 561
(2018) 7723, 321

2. freeze-out: STAR Fit 1

L. Adamezyk et al. (STAR), PRC 96 (2017), 044904

3. freeze-out: STAR Fit II

neglecting first two at low uz and
the last one

eV]

175

170

165

160

145

140

= Andronic et al.

STAR

freezeout: Andronic et al.

freezeout: STAR Fit |
freezeout: STAR Fit Il

a4 |

T\\

50

100 150 200 250 300 3

50 400

pip [MeV]

a
HBor = 110288 /5nn |
- T

"1y exp (2.60 — In(y/snn)/0.45)

all data points

® freeze-out curve should not rise with pig

28 ® convexity of the freeze-out curve



C3/C1: Comparison to STAR data

STAR data and UrQMD (baseline): fRG (critical) and HRG (baseline):
L T v L | T T 4'0 | ! ! LA | | I' T I' L |
- s & fRG(CE), freezeout: Andronic et al.
1.5 0-5% Au+Au Collisions at RHIC 3.5} (RG(CE). freezeout: STAR Fit| -
fRG(CE), freezeout: STAR Fit Il
0.4< pT <2.0GeVlc 3.0 % e HRG(CE), fixed-target -
- C I Y / A HRG(CE), collider
= b 3 2.5} Si¢  STAR fixed-target (0-5%) ]
v@ ( ) C _ STAR collider (0-5%)
1 2.0} .
. RSN S 5
1.5} =
1.0 [ il \CO ittt
0.5 =™ X B8 R FL YL B P T
0.0 | L L L |/|\| L | | L /I\ | Al |
K SRR $
vV SNN [GGV]
STAR: Z. S.Weger, Quark Matter 2025 fRG: WF, Luo, Pawlowski, Rennecke, Yin, PRD
STAR: arXiv:2504.00817 111 (2025) L031502, arXiv: 2308.15508; Zhao,

Yin, WF, in preparation

® Significant deviations from both the non-critical baseline results
in UrQMD and HRG.
® fRG results are in accordance with data.
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x2/x1, xa/x1: factorial cumulants of proton

STAR data and UrQMD (baseline): fRG (critical) and HRG (baseline):
0.6 — T

L fRG(CE), freezeout: Andronic et al.
" e K 0.5} fRG(CE), freezeout: STAR Fit |
o2k = (d) -2 = ™ Hydro EV _ 0.4 fRG(CE), freezeout: STAR Fit Il |
- K1 S Y 7 4 \- S T PP HRG(CE), fixed-target
""" HRG CE 0.3 <==ssxs HRG(CE), collider |
&%  STAR fixed-target (0-5%)
0.1 Eh UrQMD -0.5<y<0.5 ¢ 0.2 @  STAR collider (0-5%) i
[ ] ] 3 o1
o] st N . i
N R\, | JIreND oY =
0.0 -- ——————————————————————————————————————._—_;
N e o8 ...
01 — -@ 2 —0d ey o @0 - Mhrncarinmsis 4
' e 000 ~0.2 ]
-
oot
3 . l _03 | | I | | P Y | fRG and
3 4 56 10 20 30 SR o)
NSy ©o HRG: Zhao,
— : : v snn [GeV] Yin, WF, in
0-5 . el 1'0 | ' ' L | | I’ T I' L | preparation
o
0f-- ST A '
fRG(CE), freezeout: Andronic et al. ]
—05 = fRG(CE), freezeout: STAR Fit |
fRG(CE), freezeout: STAR Fit Il |
= - HRG(CE), fixed-target
i ------- HRG(CE), collider
_15 i &%  STAR fixed-target (0-5%)
o | : s = o aael . M i @ STAR collider (0-5%) ]
| L L P PR | | L | L P Y |
3 4 56 10 20 30 - e e e e S
AEEPSAN AN A v

STAR: Z. Sweger, Quark Matter 2025

® For x,/x;, the trend at fixed target is different for UrQMD and HRG.
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k3/x1: factorial cumulants of proton

STAR data and UrQMD (baseline):

04} ,"' .
[N |

0.6~ Fixqd-Target BES-II .
<> € :
3 4 56 10 20 30

Collision Energy Ys,, (GeV)

STAR: Z. Sweger, Quark Matter 2025

® The discrepancy between the UrQMD and HRG at the FXT energy might

fRG (critical) and HRG (baseline):

1.0

0.8}

0.6
04
< 02
&

0.0

~0.2

~0.4

fRG(CE), freezeout: STAR Fit |
fRG(CE), freezeout: STAR Fit Il
HRG(CE), fixed-target
HRG(CE), collider

STAR fixed-target (0-5%)
STAR collider (0-5%)

fRG(CE), freezeout: Andronic et al.

—0.6

vV SNN [GGV]

fRG and HRG: Zhao, Yin, WF, in preparation

imply non-equilibrium effect becomes sizable at low collision energy?
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Factorial cumulants of proton (baryon)

Comparison with non-critical HRG and critical fRG:

2
~

[\

N

0.6 T L T LI U B B T
0.5 fRG(CE), freezeout: Andronic et al.
B fRG(CE), freezeout: STAR Fit |
0.4 fRG(CE), freezeout: STAR Fit Il
1l f \+ = osums=mam HRG(CE), fixed-target
o3+ 4 N 0 e HRG(CE), collider i
' %  STAR fixed-target (0-5%)
0.2 @® STAR collider (0-5%) i
0.1 i
0.0 fmfm o mm ]
-0.1 0. 0. 08 '_
. @ '._‘...... ..........
_02 | ]
-"“
_0.3 = | L | | | L | 1 ool |
™ AN 9 © N9 ww Q
5 . f‘\, I)) P Q
NS A v
VvV SNN [GGV]
1.0 T T I T T T T T

| | | | N
o] AN Hh &Hh o A () Q
NSO Y Y v
VvV SNN [GGV]

K3 /K1

]-'() | ' LA | | I’ LI I’ L |

0.8

0.6
0.4
0.2
0.0 .........‘.“...,_.._.._..._.L‘,‘______ """"""" &
-0.2
-0.4

-0.6

STAR: Quark Matter 2025  fRG and HRG: Zhao, Yin,

WE, in preparation
STAR: arXiv:2504.00817

kK =G

K=—C +GC

Ky =2C,—3C,+ G,

Ky =—6C, +11C, — 6C; + C,4

® In comparison to the non-critical HRG, fRG results with
critical fluctuations seem to be better consistent with the data.
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Fierz-complete basis of four-quark interactions

Invariant with the transformation of
SUV(Nf), Uy(1), SUA(Z\Q) and U,(1)

T D @a@iam =@7,T°0)? — (@7,75T°0)?,
T D aiaudiam =(@1.T°q)* + (@inu1sT°9)?,
T P Gai@iam =(aT°9)% — (§15T°)?
+(qT%9)* — (§sT%9)%,
T Gai@iam =@, T°t°9)* — (G757 t%q)?

Invariant with the transformation of
SUV(Nf), Uy(1), Uy(1), breaking SUA(Z\Q)

S—P)_ _ _ _ _
T D" Gadiam =(@T%)? — (avs1°)*
—(@T%*)* + (qvsT%q)*,

(S—p)>d

Tijim ~ %03;9m =(q T°t%q)? — (§vsT°t%q)?

—(@T"°9)* + (7:T"t'9)* .

Invariant with the transformation of
SUYN;), Uy(1), SUL(N)), breaking U(1)

S+P)_ _ _ _ _
TP 03im =(GT°9)? + (§75T°9)?

—(qT%q)* — (gvsT%q)?,

(S+P)>Y _ _ _ _
Tiitm ~ G@digm =(@T°t*q)? + (5T tq)?
—(qT°t°q)* - (@vsT°t°q)*,

Invariant with the transformation of
SUV(M)a UV( 1 )9 breaking SUA(]Vf)a UA( 1 )

Tooe P GaiGiam =(aT°9)? + (§75T°9)?
+(@T%q)* + (q7sT"q)?,

(S+pP)24 _ B )
Tojim  G0d59m =@T°t°q)* + (75T°t"q)”

+(@Tt°q)* + (g7T°t'q)” .
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Phenomenology of moat regime in heavy-ion

collisions

® Transverse momentum ® Two-particle correlation:

spectrum of one particle:
normal phase

-« Moat behavior

EI\I T T T T I-
§ 0.00025F '\ - Z=1 ] 300
> N /N e z=05 ]
= 0.00020f '\ £=-0.003 pr MeV]
~ _ . Z=-0.05
S i \
2 0.00015} N ]
5 N
5_ ------------- \\ ]
-cc;|z 0.00010:- ...\.\_\__\_ ..... : moait regime
> 0.00005} S~ e ]
% ; =~ - _ |
000000 . . . . . ..
0 50 100 150 200 250 300 300
pr [MeV]
pr,2 [MeV]
Pisarski, Rennecke, PRL 127 (2021) 152302; 300 O
Rennecke, Pisarski, PoS CPOD2021 (2022); 3N 3N
Rennecke, Pisarski, Rischke, PRD 107 (2023) 116011 N —— <(_)2> /<_>2
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Schwinger-Keldysh path integral

® Schrodinger equation: A VVV e V \/75_\/ % (to))

| U Ui, fo) — o~ iH(~t)

idlw(®) =Hly®) — |w(®) = U@ 1p)lw)),
® von Neumann equation: NV VY p(to) VYV - \/H_\,/ R

t U Al Ot ¢
® Keldysh partition function: \/ \/ +comtour \/\/
p(ts ){ } p(to)
Z = trp(t)’ tfy = +00 /\ /\ - contour /\ /\ to = —00

® two-point closed time-path Green's function:

- - Gr(z,y) = =T (6(2)8' (1)) ,
G(x,y) = —itr{T), (gb(m)ng(y)p)} G(z,y) = <G++ G+_) ot
| e G (a,y) = —i{6} (1)())
= Tp xr )
( (¢( )@ (y))> _ Gr G_|_ G_(x,y) = —z<¢($)¢T(y)>a
Schwinger, J. Math. Phys. 2, 407 (1961); ~\G- G/’ G o(z,y) = —i(T(6(2)6! (1))

Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964);

Chou, Su, Hao, Yu, Phys. Rept. 118, 1 (1985). a5



FRG in Keldysh path integral

® Implement the formalism of fRG in the two time branches:

2009 = | (@020, )exp{i(Sto1+ 25101+ Ui + i)

with - Keldysh rotation:
1 0 RZJ Dj
AS — 5 \FPi,cr i 1] * =
\
1 y iina N N ey
:§(¢¢,chJ90j,q +piq(Ry) 90.7',0) > | Pim = 75 (Pie ~ Pia),

® Then we derive the flow equation in the closed time path:

] . b 0 RY
aTFk[d)]:ESTr[(aTRk)Gk], =i o0 )

| iGRG,y)
- iGA () = 00° = x[g*), g,
LGy = (). * D).

| iG*(x,y) iG"(x,y)
iIG(x,y) = <iGA(x, ) 0 >,

Tan, Chen, WF, SciPost Phys. 12 (2022) 026,
arXiv: 2107.06482
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Universal damping or not?

0.989 ————rrrr——— e —— ey

From the pole of the retarded propagator of Goldstone

1 0.988 |- : _
GR (0, q9) =
" ~iZPw + ZV ( g% + m2 pe
@ o \4 @ %0.987 : ' §
G

One obtains the dispersion relation of a damped mode  ose

70
. 2 2
(@) 70 ( » T4 ) *Tos 10~ 1073 1072 107
4 my /T
) Tan, Chen, WF, Li, Nature Commun. 16
The relaxation rate at zero momentum reads (2025) 2916, arXiv: 2403.03503
() This.seemingly appears as a universal
Q,=-Imw(g=0)= 7 mé relation thqt was also observ:ed in
AL Holographics, Hydrodynamics, and EFT
® grap y y
Holographics:
Amoretti, Arean, Goutéraux, Musso, PRL 123 (2019) 211602;
Amoretti, Arean, Goutéraux, Musso, JHEP 10 (2019) 068;
® If7T<T, Ammon et al., JHEP 03 (2022) 015:
Cao, Baggioli, Liu, Li, JHEP 12 (2022) 113
2 (@) — :
& ~D (T)+ O 7 with D (T)= Z 0e =0 gy{i mqfnangcszt' Zi PRL 128 (2022) 141601
- - clacrctaz, uouteraux, £10gas,
my " T2 T ZO(T e = 0) .

EFT:
Baggioli, Phys. Rev. Res. 2 (2020) 022022;
37 Baggioli, Landry, SciPost Phys. 9 (2020) 062



Large N limit

In the large N limit, the static and dynamic
anomalous dimensions can be solved analytically

5 (+mpd =27
N—-1 5—-n2-n)?

]’,:

and
1 (1 =213 + 1517 — 21°)

T 9N - 1) (2 = n)>

Hy

Tan, Chen, WF, L1, Nature Commun. 16
(2025) 2916, arXiv: 2403.03503

® In the limit N — o0, the novel universal
damping disappears.

® One should not expect that the anomalous
scaling regime can be observed 1n classical
holographic models.
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Functional renormalization group

Functional integral with an IR regulator A 1
—0,Ri(q)
/ 2 ¥ (q)
Z1J] = J(@@)exp{ _ S[®] — AS,[D] + J“d)a} o
2 PR - dRr
W,[J]=InZJ[J] k L0
1 - %3tR1§Xp’2(Q)
regulator: \‘
AS[]—l[Cﬁq DRD0(@) NS
k€0—2 (2n)4¢ Qr\q)P\q E :

y
v

flow of the Schwinger function: =k q

1 1 . _
OW,[J] = — ESTr[(atRk) Gk] - S0 0,RD, Grap = 7o T10] + ASP @] )

Legendre transformation:

[ [®] = — W,[J] + J°D, — AS,[D]

flow of the effective action:

1 1
oI [®] = ESTr[(atRk) Gk] =3
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