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Initial state

Pre-equilibrium

QGP and

Hydrodynamic expansion

Hadronization

Hadronic phase and freeze-out

Time

Why does hydrodynamization occur so rapidly in HIC? 
[Blaschke, David, et al. Understanding the Origin of Matter. Springer, 2022]~0.6fm/c

Kinetic Theory: Jin Hu’s and Xingjian Lu’s talks today 

1.1 Introduction: Big Picture & Motivation
Relativistic Heavy-Ion Collisions

Yiyang Peng’s and Anping Huang’s talks at Monday
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Initial state

Pre-equilibrium

QGP and

Hydrodynamic expansion

Hadronization

Hadronic phase and freeze-out

Time

Does hydrodynamization really exist in QCD systems？
[Blaschke, David, et al. Understanding the Origin of Matter. Springer, 2022]~0.6fm/c

Search for it in a first-principles calculation

1.1 Introduction: Big Picture & Motivation
Relativistic Heavy-Ion Collisions
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Ideally, we should simulate 3+1D QCD, but…

1.2 Introduction: Challenge & Our Approach
In a first-principles calculation, search for hydrodynamization

Quantum simulation { real time dynamics 
non-perturbative theory

first-principles calculation



Quantum simulation

{
confinement

chiral symmetry breaking
massive Schwinger model

{ real time dynamics 
non-perturbative theory

+
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first-principles calculation

(1+1D QED)
QCD-like system

1.2 Introduction: Challenge & Our Approach
In a first-principles calculation, search for hydrodynamization
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(1+1D QED)
QCD-like system

1.2 Introduction: Challenge & Our Approach

non-trivial phase structure

Parity-restored Parity-broken ↔
 study dynamical features of different phases

In a first-principles calculation, search for hydrodynamization

m/g = 0.1

m/g = 0.5
θ = π

θ = π

degenerate
non-degenerate



2.1 Model and method: massive Schwinger model
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H ≡ ∫ ( ℰ2

2
−

i
2

ψ̄γ1∂zψ +
i
2

(∂zψ̄)γ1ψ + ψ̄(gγ1A1 + meiγ5θ)ψ) dz

: electric field

: electric potential


: fermion field

ℰ
A1
ψ, ψ̄

gθ
4π

ϵμνFμν



2.1 Model and method: massive Schwinger model
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Ln ≡ g−1ℰ(zn)
ϕn ≡ agA1(zn)

[ϕn, Lm] = a [A(zn), ℰ(zm)] = i δnm
ψ(z = a n) ↔

1

a ( χ2n
χ2n−1)

Kogut-Susskind

χn =
Xn − iYn

2

n−1

∏
m=1

(−iZm)

Jordan-Wigner

H ≡ ∫ ( ℰ2

2
−

i
2

ψ̄γ1∂zψ +
i
2

(∂zψ̄)γ1ψ + ψ̄(gγ1A1 + meiγ5θ)ψ) dz



2.1 Model and method: massive Schwinger model
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H =
ag2

2

N−1

∑
n=1

L2
n +

1
2a

N−1

∑
n=1

(S+
n eiϕnS−

n+1 + S+
n+1e

−iϕnS−
n )

+
m sin θ

2

N−1

∑
n=1

(−1)n+1(S+
n eiϕnS−

n+1 + S+
n+1e

−iϕnS−
n ) +

m cos θ
2

N

∑
n=1

(−1)nZn

Ln ≡ g−1ℰ(zn)
ϕn ≡ agA1(zn)

[ϕn, Lm] = a [A(zn), ℰ(zm)] = i δnm
ψ(z = a n) ↔

1

a ( χ2n
χ2n−1)

Kogut-Susskind

χn =
Xn − iYn

2

n−1

∏
m=1

(−iZm)

Jordan-Wigner

H ≡ ∫ ( ℰ2

2
−

i
2

ψ̄γ1∂zψ +
i
2

(∂zψ̄)γ1ψ + ψ̄(gγ1A1 + meiγ5θ)ψ) dz

N = 100
a = 0.5/g



Matrix Product State (MPS) Representations
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exact representation
complete Hilbert space: dN

d

|Φ⟩ = ∑
{s}

Φs1s2 . . . sN−1sN |s1⟩ ⊗ |s2⟩ ⊗ . . . |sN−1⟩ ⊗ |sN⟩

Φs1s2...sN−1sN

2.2 Model and method: Tensor Network Method
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exact representation
complete Hilbert space: dN

d

|Φ⟩ = ∑
{s}

Φs1s2 . . . sN−1sN |s1⟩ ⊗ |s2⟩ ⊗ . . . |sN−1⟩ ⊗ |sN⟩

Φs1s2...sN−1sN

MPS  representation
approximate Hilbert space: NdD2

∑
a1a2...aN−2aN−1

≈ A(1)
s1a1

A(2)
s2a1a2

. . . A(N−1)
sN−1aN−2aN−1

A(N)
sNaN−1

Dd D

Matrix Product State (MPS) Representations
2.2 Model and method: Tensor Network Method
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complete Hilbert space: MPS Hilbert space:dN NdD2

When is this representation effective?
Quantum states with finite entanglement entropy, such as the ground states 
(and low-energy excited states) of 1D local Hamiltonians.

Bipartite entanglement entropy of MPS : SEE = Tr(ρhalf ln(ρhalf)) ≤ ln(D)
Orús, Román. "A practical introduction to tensor networks: Matrix product states 
and projected entangled pair states." Annals of physics 349 (2014): 117-158.

Matrix Product State (MPS) Representations
2.2 Model and method: Tensor Network Method

Reliable results require a converged bond dimension D
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|Φ(t)⟩ = e−itĤ |Φ(0)⟩

|Φ(0)⟩

Tμν = (ε + P + Π)uμuν − (P + Π) gμν + πμν

• Decompose the tensor into:
Tμν = ⟨Φ(t) | ̂Tμν[χn, χ†

n , ϕn, Ln] |Φ(t)⟩

• Measure the observables:

2.2 Model and method: Tensor Network Method
Time Evolution

ℰ = g⟨Φ(t) | L̂ |Φ(t)⟩
jt = ⟨Φ(t) | ̂jt[χn, χ†

n] |Φ(t)⟩

stress tensor
charge density
electric field
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|Φ(t)⟩ = e−itĤ |Φ(0)⟩

|Φ(0)⟩

Tμν = (ε + P + Π)uμuν − (P + Π) gμν + πμν

• Decompose the tensor into:

P ≡ P(ε)

• Measure the observables: 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0
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0.4

0.6

P
[g
2 ]
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2.2 Model and method: Tensor Network Method
Time Evolution

ℰ = g⟨Φ(t) | L̂ |Φ(t)⟩

stress tensor

electric field

Tμν = ⟨Φ(t) | ̂Tμν[χn, χ†
n , ϕn, Ln] |Φ(t)⟩

jt = ⟨Φ(t) | ̂jt[χn, χ†
n] |Φ(t)⟩charge density



3. Hydrodynamic behavior
small mass large mass

strong coupling weak coupling
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θ = 0

m = 0.1g m = 0.5g m = 1g m = 2g

g = 10m g = 2m g = 1m g = 0.5m



small mass large mass

strong coupling weak coupling
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3. Hydrodynamic behavior

θ = 0

m = 0.1g m = 0.5g m = 1g m = 2g

g = 10m g = 2m g = 1m g = 0.5m



Only for strong coupling,


for large enough , 


in the central rapidity region 
:   

τ

η = 0 ϵη=0 ∝ τ−(1+c2
s )
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0.0
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τ [g-1]

ε
[g

-
2 ]

m=g/10
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solid: simulation

dashed:ε ∝ τ-1-cs
2
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3. Hydrodynamic behavior
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3. Hydrodynamic behavior



Only for strong coupling, flow velocity satisfies boost invariant: vz ≈
z
t
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3. Hydrodynamic behavior



Only for strong coupling, for large enough  :τ
rapidity plateau in  and ϵ Π
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3. Hydrodynamic behavior
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3. Hydrodynamic behavior

Bjorken-like flow occurs only at small m/g

Only for strong coupling, for large enough  :τ
rapidity plateau in  and ϵ Π
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4. Dynamical signatures of different phases

θ = 0

θ = π

m/g = 0.1 m/g = 0.5 m/g = 1.0 m/g = 2.0

{

{
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4. Dynamical signatures of different phases

θ = 0

θ = π

m/g = 0.1 m/g = 0.5 m/g = 1.0 m/g = 2.0

{

{

string breaking

Parity-restored phase
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charge screening

non-degenerate vacuum
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4. Dynamical signatures of different phases

θ = π

m/g = 0.1 m/g = 0.5 m/g = 1.0 m/g = 2.0

{

unscreened, long-range electric fields
Parity-broken phase
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4. Dynamical signatures of different phases

0.0 0.1 0.2 0.3 0.4 0.5 1 2
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m/g=0.33

〈ℰ(0, t)〉 [g]
0.638〈dℰtotal/dt〉 [g2]
fit:1.98(m/g-0.33)0.82

Critical point  coincides with the known ground-state phase transitionm/g = 0.33

θ = π

⟨A(t)⟩ =
g
15 ∫

25g−1

10g−1

A(t)dt
0.0 0.1 0.2 0.3 0.4 0.5 1 2

-0.2
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0.4
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m/g=0.33

〈ℰ(0, t)〉 [g]
0.638〈dℰtotal/dt〉 [g2]
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0.0
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0.4

m / g

m/g=0.33

〈ℰ(0, t)〉 [g]
0.638〈dℰtotal/dt〉 [g2]
fit:1.98(m/g-0.33)0.82

Dynamical order parameters

Byrnes, T. M. R., Sriganesh, P., Bursill, R. J., & Hamer, C. J. (2002). Density matrix renormalization 
group approach to the massive Schwinger model. Physical Review D, 66(1), 013002.



5. Summary and Outlook
Summary

26

• Hydrodynamic behavior:


Bjorken-like flow occurs at small m/g, but breaks down as m/g increases. 

• Dynamical signatures of different phases:

Parity-restored phase Parity-broken phase

string breaking, charge screening unscreened, long-range electric fields

Order parameters identify a critical point coincides with the 
known ground-state phase transition

arXiv:2509.10835
arXiv:2509.10855



5. Summary and Outlook
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Outlook

• What is essential for hydrodynamization?

Thanks

Other models, e.g. Nambu–Jona-Lasinio model


Advantage: non-zero chemical potential 



Back Up Slides
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Back Up
1. Paramaters and excitation operator
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Truncation of the gauge field: Ln ∈ [−3,3]

the maximum bond dimension: Dmax = 500
the time evolution step : dt = 0.004g−1

|Φ(t = 0)⟩ = e−iπ(Ô50+Ô51) |ΦGS⟩ Ôn = (−1)n 1
2

(1 + Zn)

Gauss’ law: Gn ψphys⟩ = 0

Gn = Ln − Ln−1 −
1
2

[Zn + (−1)n]

Excitation operator:

Spin representation of ：ψ̄ψ

̂jt
n =

Zn + (−1)n

2a

N = 100Number of lattice sites:  
lattice spacing: a = 0.5/g



Back Up
2. Energy-momentum tensor
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Tμν
S ≡

i
2 (ψ̄(γμ∂ν + γν∂μ)ψ − (∂νψ̄)γμψ − (∂μψ̄)γνψ)

−
g
2

ψ̄(γμAν + γνAμ)ψ − gμνψ̄(iγα𝒟α − m)ψ +
1
4

gμνFαβFαβ − FμαFν
α,

Tμν ≡
∂ℒ

∂ (∂μϕa)
∂νϕa − gμνℒ

Ttt
S,n =

1
4a2

(S+
n eiθnS−

n+1 + S+
n−1e

iθn−1S−
n + h . c.) +

g2

4
(L2

n−1 + L2
n) +

(−1)n

2a
m(1 + Zn)

Tzz
S,n =

1
4a2

(S+
n eiθnS−

n+1 + S+
n−1e

iθn−1S−
n + h . c.) −

g2

4
(L2

n−1 + L2
n)

Ttz
S,n = Tzt

F,n =
−i
4a2

(S+
n−1ZnS−

n+1eiθneiθn−1 − h . c.)
{



Back Up
2. Energy-momentum tensor
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Tμν = (ε + PΠ)uμuν − PΠ gμν + πμν

• Decompose the stress tensor into:

T+ ≡
Ttt + Tzz

2

PΠ ≡ P(ε) + Π

Tμ
νuν = ε uμ

R ≡ (T+)2 − (Ttz)2

πμν = πνμ, gμνπμν = 0, πμνuμ = 0 ⟹ 1+1D: πμν = 0

T− ≡
Ttt − Tzz

2

• In the Landau-Lifshitz frame:

ε = T− + R vz ≡
uz

ut
=

Ttz

T+ + R
PΠ = ε − gμνTμν = R − T−



Back Up
3. Schwinger model in the bosonized description
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ℋ =
1
2 (πϕ)

2
+

1
2 (ϕ′￼)2 +

g2

2π (ϕ +
θ

2 π )
2

−
eγmg
2π3/2

cos(2 πϕ)

ℰ = −
g

π (ϕ +
θ

2 π ) V =
g2

2π (ϕ +
θ

2 π )
2

−
eγmg
2π3/2

cos(2 πϕ)

=
1
2

ℰ2 −
eγmg
2π3/2

cos ( 2πℰ
g

+ θ)

ψR ∼: ei2 πϕR : ψL ∼: e−i2 πϕL : ϕR,L =
1
2 (ϕ ∓ ∫

x

−∞

·ϕdx′￼)
ψ̄ψ ∼ cos( 4πϕ)



Back Up
4.1 Matrix Product State (MPS) Representations
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Ô = ∑
{s,s′￼}

Os′￼1s′￼2...s′￼N−1s′￼N
s1s2...sN−1sN

|s′￼1s′￼2 . . . s′￼N−1s′￼N⟩ ⊗ ⟨s1s2 . . . sN−1sN |

……

Os′￼1s′￼2...s′￼N−1s′￼N
s1s2...sN−1sN

s′￼1 s′￼2 s′￼N−1 s′￼N

……
s1 s2 sN−1 sN

For localized interaction system: 

Ĥ = ∑
i

ĥi,i+1 ĥi,i+1 = ∑
{s,s′￼}

hs′￼is′￼i+1
sisi+1

|s′￼is′￼i+1⟩ ⊗ ⟨sisi+1 | hs′￼is′￼i+1
sisi+1

si si+1

s′￼i s′￼i+1



Back Up
4.1 Matrix Product State (MPS) Representations
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• state overlap

• operator expected value

⟨Φ′￼|ψ⟩ = ∑
{s}

Φ′￼*s1s2...sN−1sN
Φs1s2...sN−1sN ……s1 s2 sN

Φ′￼*s1s2...sN−1sN

Φs1s2...sN−1sN

⟨Φ | Ô |Φ⟩ = ∑
{s,s′￼}

Φ *s′￼1s′￼2...s′￼N−1s′￼N
Os′￼1s′￼2...s′￼N−1s′￼N

s1s2...sN−1sN
Φs1s2...sN−1sN s1 s2 sN

……

……

s′￼1 s′￼2 s′￼N

Os′￼1s′￼2...s′￼N−1s′￼N
s1s2...sN−1sN

Φ′￼*s1s2...sN−1sN

Φs1s2...sN−1sN



Back Up
4.2 Time-Evolving Block Decimation (TEBD)
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For localized interaction system: Ĥ =
N−1

∑
i=1

ĥi,i+1

|GS⟩ =
1
C

lim
β→∞

e−βĤ |Φ⟩ |Φ(t)⟩ = e−itĤ |Φ(0)⟩

Trotter-Suzuki decomposition: 

et( ̂A+B̂) = et ̂AetB̂ + O(t2) = e
t
2

̂AetB̂e
t
2

̂A + O(t3)

[ ̂A, B̂] ≠ 0

U(τ) = e−τĤ = e−τ∑N−1
i=1 ĥij =

N−1

∏
i=1

e−τĥij + O(τ2)
s1 s2

……

s3 sN−1 sN

s′￼1 s′￼2
s′￼N−1s′￼Ns′￼N−2

……s′￼1 s′￼2 s′￼N−1 s′￼N

……
s1 s2 sN−1 sN

=Us′￼1s′￼2...s′￼N−1s′￼N
s1s2...sN−1sN

us′￼is′￼i+1
sisi+1

si si+1

s′￼i s′￼i+1



Back Up
4.2 Time-Evolving Block Decimation (TEBD)

36U(τ) |ψ⟩

……

……

s′￼1 s′￼2 s′￼N−1 s′￼Ns′￼N−2s′￼3

us′￼is′￼i+1
sisi+1

si si+1

s′￼i s′￼i+1

e−τĥij = ∑
{s,s′￼}

us′￼is′￼i+1
sisi+1

|s′￼is′￼i+1⟩ ⊗ ⟨sisi+1 |



Back Up
5. Convergence of Trotter-Suzuki decomposition
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Trotter-Suzuki decomposition: 

et( ̂A+B̂) = et ̂AetB̂ + O(t2) = e
t
2

̂AetB̂e
t
2

̂A + O(t3)[ ̂A, B̂] ≠ 0

et( ̂A+B̂) = [e
t
n

̂Ae
t
n B̂ + O(

t2

n2
)]

n

= [e
t
n

̂Ae
t
n B̂]

n
(n → ∞)

= [e
t
n

̂Ae
t
n B̂]

n
+ O(

t2

n
)


