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Introduction
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Global angular momentum in heavy ion collisions

L ≈
A√sNN

2
bh̄ ∼ 106h̄ RHIC Au-Au 200GeV, b = 10fm

Large initial orbital angular momentum leads to the polarizations of Λ hyperons and
spin alignment of vector mesons through spin-orbital coupling.

Zuo-Tang Liang, Xin-Nian Wang, Phys.Rev.Lett. 94 (2005) 102301; Phys.Lett.B 629 (2005) 20-26
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Global polarization of Λ and Λ̄

• The lower energy, the stronger
polarization effects.

• Estimation given by Becattini, Karpenko,
Lisa, Upsal, Voloshin, PRC95,
054902(2017)

PΛ(Λ) ≃
ω

2T ± µΛB
T

• ω = (9± 1)× 1021/s, greater than
previously observed in any system.

• Polarization at mid-rapidity decreases with
collision energy in good agreement with
hydro and transport models.

Sun Xu et al., Acta Phys. Sin. Vol. 72, No. 7(2023) 072401
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Local polarization
The global polarization reflects the total amount of angular momentum retained in the
mid-rapidity region. How is it distributed in different ϕ？
Spin harmonic flow: dPy,z

dϕ = 1
2π [Py,z + 2f2y,z sin (2ϕ) + 2g2y,z cos (2ϕ) + · · · ]

• Exp data: PH in-plane > PH out-of-plane, gexp
2y > 0

• Simulations: PH out-of-plane > PH in-plane, gther
2y < 0

6 / 46



Local polarization alone beam direction

Becattini, Karpenko, PRL (2018)
• Exp data: f exp

2z > 0
• Simulations: f ther

2z < 0

We have a spin “sign problem”！=⇒ A dynamic framework for spin: Relativistic spin
hydrodynamics
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Zubarev’s non-equilibrium statistical operators formalism
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Coarse-Graining process
The coarse-graining process is the fundamental procedure that bridges microscopic physics
with the macroscopic, continuous description of the fluid dynamics.
• The Core Idea (Separation of scales): Hydrodynamics is an effective theory that works

because a system’s degrees of freedom can be separated into two distinct categories based
on their relaxation times:

1. Fast Modes: These are the microscopic, non-hydrodynamic modes, such as particle-particle
collisions or the relaxation of internal quantum numbers. They have a very short relaxation
time, τ = 1/Γ.

2. Slow Modes: These are the macroscopic, hydrodynamic modes. They correspond to the
system’s conserved quantities (e.g., energy, momentum, charge). Because of their
conservation, these modes relax very slowly at long wavelengths (their relaxation time
τhydro → ∞ as the wave number k → 0).

• The Key Assumption (Local Thermodynamic Equilibrium): This means we don’t track
individual particles. Instead, we look at a “fluid cell”-a region small on a macroscopic
scale but large on a microscopic one. We assume that at any given spacetime point x,
this cell is in a state of thermodynamic equilibrium.
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Conservation laws

Coarse-graining process: λ ≪ l ≪ L

• Charge currents conservation

∂µN̂µ
a = 0, a = 1, . . . , l.

• Energy-momentum conservation

∂µT̂µν = 0.

• Angular momentum (AM) conservation

∂λĴλµν = ∂λŜλµν + 2T̂[µν] = 0,

Ĵλµν = xµT̂λν − xνT̂λµ︸ ︷︷ ︸
orbital AM

+ Ŝλµν︸︷︷︸
spin AM

.
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Pseudo-gauge ambiguity in spin current
Pseudo-gauge transformation: Transformations that preserve the conservation laws of total
energy-momentum tensor and AM

T̂′µν =T̂µν +
1

2
∂α

(
Φ̂αµν − Φ̂µαν − Φ̂ναµ

)
,

Ŝ′µνρ =Ŝµνρ − Φ̂µνρ + ∂αẐµνρα,

Φ̂µνρ =− Φ̂µρν , Ẑµνρσ = −Ẑνµρσ = −Ẑµνσρ.

Examples (Dirac field):
• Canonical forms (directly obtained from Noether’s Theorem)：

Ŝλµν
C =

1

2
ψ
{
γλ,Σµν}ψ, Σµν =

i
4
[γµ, γν ]

It is dual to the axial current：Ŝλµν
C = ϵλµνρ̂jAρ

• Belinfante-Rosenberg version：Φ̂λµν = Ŝλµν , Ẑµνρα = 0
• Groot-Leeuwen-Weert and Hilgevoord-Wouthuysen version: T̂µν = T̂νµ, ∂λŜλµν = 0

In the following, we will adopt the anti-symmetric gauge.
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Local-equilibrium statistical operator
The thermodynamic state of a macroscopic quantum system is described by the statistical
operator (rest frame)

ρ̂eq = eΩ−β(Ĥ−
∑

a µaN̂a− 1
2
ωαβ Ŝαβ), e−Ω = Tre−β(Ĥ−

∑
a µaN̂a− 1

2
ωαβ Ŝαβ).

To generalize this equilibrium distribution to an arbitrary reference frame, we perform a
Lorentz transformation of the Hamiltonian: Ĥ → P̂µuµ.

P̂ν =

∫
d3xT̂0ν (x) , N̂a =

∫
d3xN̂0

a (x) , Ŝαβ =

∫
d3xŜ0αβ (x) .

Local equilibrium statistical operator:

ρ̂l(t) = exp
{
Ωl(t)−

∫
d3x

[
βν(x)T̂0ν(x)−

∑
a

αa(x)N̂0
a(x)−

1

2
Ωαβ (x) Ŝ0αβ (x)

]}
,

e−Ωl(t) = Tr exp
{
−
∫

d3x
[
βν(x)T̂0ν(x)−

∑
a

αa(x)N̂0
a(x)−

1

2
Ωαβ(x)Ŝ0αβ (x)

]}
.

Spin chemical potential

βν = βuν , αa = βµa,Ωαβ = βωαβ
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Local-equilibrium statistical operator
Local-equilibrium statistical operator (local rest frame):

ρ̂l(t) = exp
{
Ωl(t)−

∫
d3x̃β(x)

[
ϵ̂(x)−

∑
a

µa(x)n̂a(x)−
1

2
ωαβ (x) Ŝαβ (x)

]}
,

e−Ωl(t) = Tr exp
{
−
∫

d3x̃β(x)
[
ϵ̂(x)−

∑
a

µa(x)n̂a(x)−
1

2
ωαβ (x) Ŝαβ (x)

]}
,

Thermodynamic relations (entropy operator Ŝ = − ln ρ̂l):

Tds =dϵ−
∑

a
µadna −

1

2
ωαβdSαβ ,

ϵ+ p =Ts +
∑

a
µana +

1

2
ωαβSαβ ,

dp =sdT +
∑

a
nadµa +

1

2
Sαβdωαβ .

d3x̃ = u0 (x) d3x
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Non-equilibrium statistical operator
Modify ρ̂l to incorporate the irreversibility of the thermodynamic processes

ρ̂ε(t) ≡ exp
[
−ε

∫ t

−∞
dt′eε(t′−t)Ŝ

(
t′
)]

.

Complete statistical operator:

ρ̂(t) = Q−1e−Â+B̂, Q = Tre−Â+B̂,

Â(t) =
∫

d3x
[
βν(x, t)T̂0ν(x, t)−

∑
a

αa(x, t)N̂0
a(x, t)−

1

2
Ωαβ(x, t)Ŝ0αβ(x, t)

]
,

B̂(t) =
∫

d3x
∫ t

−∞
dt1eε(t1−t)Ĉ (x, t1) ,

Ĉ(x, t) =T̂µν(x, t)∂µβν(x, t)−
∑

a
N̂µ

a (x, t)∂µαa(x, t)−
1

2
Ŝλαβ (x, t) ∂λΩαβ(x, t)

+ Ωαβ(x, t)T̂[αβ](x, t).

Local equilibrium
Dissipative corrections
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Second-order expansion of the statistical operator
Keeping the second-order terms in the Taylor expansion of ρ̂(t) with respect to the operator
B̂(t) using the Kubo identity:

e−Â+B̂ = e−Â +

∫ 1

0
dτeτ(−Â+B̂)B̂eτ Âe−Â.

Second-order expansion of the non-equilibrium statistical operator
ρ̂ =ρ̂l + ρ̂1 + ρ̂2,

ρ̂1 =

∫
d4x1

∫ 1

0

dτ
[
Ĉτ (x1)− ⟨Ĉτ (x1)⟩l

]
ρ̂l, X̂τ = e−τ ÂX̂eτ Â,

∫
d4x1 ≡

∫
d3x1

∫ t

−∞
dt1eε(t1−t),

ρ̂2 =
1

2

∫
d4x1d4x2

∫ 1

0

dτ
∫ 1

0

dλ
[
T̃{Ĉλ (x1) Ĉτ (x2)} − ⟨T̃{Ĉλ (x1) Ĉτ (x2)}⟩l

− ⟨Ĉλ (x1)⟩lĈτ (x2)− Ĉλ (x1) ⟨Ĉτ (x2)⟩l + 2⟨Ĉλ (x1)⟩l⟨Ĉτ (x2)⟩l
]
ρ̂l.

T̃ is the anti-chronological time-ordering operator that rearranges
the operators in chronological order with later times to the right. 15 / 46



Second-order expansion of the statistical operator
Statistical average of an arbitrary operator ⟨X̂ (x)⟩:

⟨X̂(x)⟩ = ⟨X̂(x)⟩l +

∫
d4x1(X̂ (x) , Ĉ (x1)) +

∫
d4x1

∫
d4x2(X̂ (x) , Ĉ (x1) , Ĉ (x2)),

Two-point correlation function and the three-point correlation function:

(X̂(x), Ŷ (x1)) =
∫ 1

0
dτ

〈
X̂(x)[Ŷτ (x1)− ⟨Ŷτ (x1)⟩l]

〉
l
,(

X̂(x), Ŷ (x1) , Ẑ (x2)
)
=
1

2

∫ 1

0
dτ

∫ 1

0
dλ

〈
T̃
{

X̂(x)
[
Ŷλ (x1) Ẑτ (x2)− ⟨T̃Ŷλ (x1) Ẑτ (x2)⟩l

− ⟨Ŷλ (x1)⟩lẐτ (x2)− Ŷλ (x1) ⟨Ẑτ (x2)⟩l + 2⟨Ŷλ (x1)⟩l⟨Ẑτ (x2)⟩l
]}〉

l
.

Symmetry relation:∫
d4x1d4x2

(
X̂(x), Ŷ (x1) , Ẑ (x2)

)
=

∫
d4x1d4x2

(
X̂(x), Ẑ (x1) , Ŷ (x2)

)
.
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Spin hydrodynamic equations
Tensor decomposition

N̂µ
a = n̂auµ + ĵµa ,

Ŝλµν = uλŜµν + uµŜνλ + uν Ŝλµ + ϖ̂λµν ,

T̂µν = ϵ̂uµuν − p̂∆µν + ĥµuν + ĥνuµ + π̂µν + q̂µuν − q̂νuµ + ϕ̂µν .

Power counting schemes

n̂a ∼ Ŝµν ∼ ϵ̂ ∼ uµ ∼ O
(
∂0

)
,

∂Ωαβ

∂Sρσ
∼ O

(
∂2

)
,

ĥµ ∼ π̂µν ∼ q̂µ ∼ ϕ̂µν ∼ ϖ̂λµν ∼ ωµν ∼ ∂p
∂Sαβ

∼ ∂β

∂Sαβ
∼ ∂αa

∂Sαβ
∼ O

(
∂1

)
.

ϵ̂ = uµuνT̂µν , p̂ = −1

3
∆µνT̂µν , ĥµ = ∆µ

(αuβ)T̂αβ , π̂µν = ∆µν
αβT̂αβ , q̂µ = ∆µ

[αuβ]T̂αβ ,

ϕ̂µν = ∆µν
αβT̂αβ , n̂a = uµN̂µ

a , ĵνa = ∆ν
µN̂µ

a , Ŝµν = uλŜλµν , ϖ̂λµν = ∆∼λµν
ρσδ Ŝρσδ.

Π = ⟨p̂⟩ − p
(
ϵ, na, Sαβ

)

17 / 46



Spin hydrodynamic equations
Dissipative spin hydrodynamics:

Dna + naθ + ∂µjµa = 0,

Dϵ+ (ϵ+ p +Π)θ + ∂µhµ − hµDuµ − πµνσµν + ∂µqµ + qµDuµ − ϕµν∂µuν = 0,

(ϵ+ p +Π)Duα −∇α(p +Π) +∆αµDhµ + hµ∂µuα + hαθ +∆αν∂µπ
µν

+ qµ∂µuα − qαθ −∆ανDqν +∆αν∂µϕ
µν = 0,

DSµν + θSµν + uµ∂λSνλ + Sνλ∂λuµ + uν∂λSλµ + Sλµ∂λuν + ∂λϖ
λµν

+ 2qµuν − 2qνuµ + 2ϕµν = 0.

Ideal spin hydrodynamics:

Dna + naθ = 0,

Dϵ+ (ϵ+ p) θ = 0,

(ϵ+ p)Duα = ∇αp,
DSµν + θSµν + uµ∂λSνλ + Sνλ∂λuµ + uν∂λSλµ + Sλµ∂λuν = 0.

∂µuν = uµDuν + 1
3θ∆µν + σµν +∇[µuν]

⟨ĥµ⟩l = 0, ⟨π̂µν⟩l = 0, ⟨q̂µ⟩l = 0, ⟨ϕ̂µν⟩l = 0, ⟨̂jµa ⟩l = 0, ⟨ϖ̂λµν⟩l = 0
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Decomposition into different dissipative processes

Ĉ =ϵ̂Dβ − p̂βθ −
∑

a
n̂aDαa −

1

2
ŜαβDΩαβ + ĥµ (βDuµ + ∂µβ)−

∑
a

ĵµa∂µαa

+ q̂µ (∂µβ − βDuµ) + βπ̂µν∂µuν − uαŜβλ∂λΩαβ + ϕ̂µν (β∂µuν +Ωµν)−
1

2
ϖ̂λαβ∂λΩαβ .

Final expression for the operator Ĉ accurate to second order in gradients:

Ĉ (x) =Ĉ1 (x) + Ĉ2 (x) ,
Ĉ1 (x) =− βθp̂∗ −

∑
a

Ĵ σ
a ∇σαa + βq̂µMµ + βπ̂µνσµν + βϕ̂µνξµν ,

Ĉ2 (x) =βŜαβRαβ + β
∑

i

[(
D̂i∂

i
ϵnβ

)
X +

∑
a

(
D̂i∂

i
ϵnαa

)
Ya +

(
D̂i∂

i
ϵnΩµν

)
Zµν

]
+ βĥσHσ + βq̂µQµ + ϖ̂λαβΞλαβ ,
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p̂∗ =p̂ − Γϵ̂−
∑

a
δan̂a,Γ ≡

∂p
∂ϵ

∣∣∣∣
na,Sαβ

, δc ≡
∂p
∂nc

∣∣∣∣
ϵ,nb ̸=nc,Sαβ

,Kαβ ≡
∂p

∂Sαβ

∣∣∣∣
ϵ,na

, Ĵ σ
a = ĵσa −

na
ϵ+ p

ĥσ ,

Mµ =−
(
h−1∇µp + β∇µT

)
, ξµν = ∆λδ

µν

(
∂λuδ + β−1Ωλδ

)
, σµν = ∆λδ

µν∂λuδ ,

Zαβ =β−1
(

u[α∂λSβ]λ + S[βλ∂λuα] + qαuβ − qβuα + ϕαβ
)
,Wβλ = −β−1∆ρσ

βλuα∂σΩαρ,

Ξλαβ =−
1

2
∆∼λαβρσδ∂

ρΩσδ ,Ya = β−1∂µjµa ,Gαβ =
1

2
β−1∂λϖ

λαβ ,

X =− β−1 (Πθ + ∂µhµ − hµDuµ − πµνσµν + ∂µqµ + qµDuµ − ϕµν∂µuν) ,

Hσ =− h−1
(
−
1

2
β−1Sαβ∇σΩαβ −∇σΠ+ΠDuσ +∆σνDhν + hµ∂µuσ + hσθ +∆σν∂µπ

µν + qµ∂µuσ

− qσθ −∆σνDqν +∆σν∂µϕ
µν

)
,

Qµ =h−1 (ΠDuµ −∇µΠ+∆µνDhν + hν∂νuµ + hµθ +∆µν∂ρπ
ρν + qν∂νuµ − qµθ −∆µνDqν +∆µν∂ρϕ

ρν) ,

Rαβ =θKαβ +Wαβ ,Dαβ =
∂β

∂Sαβ

∣∣∣∣
ϵ,nb

, Ea
αβ =

∂αa
∂Sαβ

∣∣∣∣
ϵ,nb

,Fαβδρ =
∂Ωαβ

∂Sδρ

∣∣∣∣
ϵ,nb,Sαβ ̸=Sδρ

,

D̂i =(ϵ̂, n̂1, n̂2, · · · , n̂l) , ∂
i
ϵn =

(
∂

∂ϵ
,

∂

∂n1
,

∂

∂n2
, · · · ,

∂

∂nl

)
,
∑

i
=

l∑
i=0

=
∑
i=0

+
l∑

a=1

.
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Statistical average up to the second order
Statistical average of operator X̂(x):

⟨X̂ (x)⟩ = ⟨X̂ (x)⟩l + ⟨X̂ (x)⟩1 + ⟨X̂ (x)⟩2.

First-order correction:

⟨X̂ (x)⟩1 =
∫

d4x1
(
X̂ (x) , Ĉ1 (x1)

)∣∣
loc,

Second-order correction: ⟨X̂ (x)⟩2 = ⟨X̂ (x)⟩12 + ⟨X̂ (x)⟩22 + ⟨X̂ (x)⟩32

⟨X̂ (x)⟩12 =
∫

d4x1
(
X̂ (x) , Ĉ1 (x1)

)
− ⟨X̂ (x)⟩1,

⟨X̂ (x)⟩22 =
∫

d4x1
(
X̂ (x) , Ĉ2 (x1)

)
,

⟨X̂ (x)⟩32 =
∫

d4x1d4x2
(
X̂ (x) , Ĉ1 (x1) , Ĉ1 (x2)

)
.

Non-locality effect

Generalized thermodynamic forces

Nonlinear corrections

⟨π̂µν (x)⟩1 =
∫

d4x1 (π̂µν (x) , π̂ρσ (x1))β (x1)σρσ (x1)
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First-order spin hydrodynamics
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First-order spin hydrodynamics

Curie’s theorem: in an isotropic medium the correlations between operators of different rank or
parity vanish.
Constitutive relations:

πµν =2ησµν ,

Π =− ζθ,

ϕµν =2γξµν ,

J µ
a =

∑
b

χab∇µαb + χJaqMµ,

qµ =− λMµ +
∑

a
λqJa∇µαa,

Shear viscosity

Bulk viscosity
Rotational viscosity
Diffusion coefficients

Boost heat conductivity
This theory is parabolic and suffers from acausality and instabilities.
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First-order transport coefficients

η =
β

10

∫
d4x1

(
π̂µν (x) , π̂µν (x1)

)
= − 1

10

d
dω ImGR

π̂µν π̂µν (ω)
∣∣∣
ω=0

,

ζ =β

∫
d4x1 (p̂∗ (x) , p̂∗ (x1)) = − d

dω ImGR
p̂∗ p̂∗ (ω)

∣∣∣
ω=0

,

γ =
1

6
β

∫
d4x1

(
ϕ̂λη (x) , ϕ̂λη (x1)

)
= −1

6

d
dω ImGR

ϕ̂λη ϕ̂λη
(ω)

∣∣∣
ω=0

,

χab =− 1

3

∫
d4x1

(
Ĵ λ

a (x) , Ĵbλ (x1)
)
=

T
3

d
dω ImGR

Ĵλ
a Ĵbλ

(ω)
∣∣∣
ω=0

,

χJ aq =
1

3
β

∫
d4x1

(
Ĵ λ

a (x) , q̂λ (x1)
)
= −1

3

d
dω ImGR

Ĵλ
a q̂λ (ω)

∣∣∣
ω=0

,

λ =− 1

3
β

∫
d4x1

(
q̂λ (x) , q̂λ (x1)

)
=

1

3

d
dω ImGR

q̂λ q̂λ (ω)
∣∣∣
ω=0

,

λqJa =− 1

3

∫
d4x1

(
q̂λ (x) , Ĵaλ (x1)

)
=

T
3

d
dω ImGR

q̂λĴaλ
(ω)
∣∣∣
ω=0

.

GR
X̂Ŷ (ω) = −i

∫∞
0 dteiωt ∫ d3x

〈[
X̂ (x, t) , Ŷ (0, 0)

]〉
l

GR
ŶX̂ (ω) = ηXηYGR

X̂Ŷ (ω), ηX,Y = ±1 for even/odd parity under time reversal
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Second-order spin hydrodynamics
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Relaxation equation for the shear stress tensor
τπ∆µνρσDπρσ + πµν = 2ησµν + η̃πθπµν + 2η̃θΓσµν

+2ηπpπθσµν +
∑

ab
ηπJaJb∇⟨µαa∇ν⟩αb + 2

∑
a
ηπJaq∇⟨µαaMν⟩

+ηπqqM⟨µMν⟩ + ηπππσα⟨µσ
α

ν⟩ + 2ηππϕσα⟨µξ
α

ν⟩ + ηπϕϕξα⟨µξ
α

ν⟩ ,

τπ =− η̃η−1, η̃ = i d
dωη (ω)

∣∣∣
ω=0

= − 1

20

d2

dω2
ReGR

π̂µν π̂µν (ω)
∣∣∣
ω=0

, η̃π = τπη
−1β

( ∂η
∂β

Γ−
∑

a

∂η

∂αa
δa
)
,

ηπpπ =− 1

5
β2

∫
d4x1d4x2

(
π̂γδ(x), p̂∗ (x1) , π̂γδ (x2)

)
, ηπJaJb =

1

5

∫
d4x1d4x2

(
π̂γδ (x) , Ĵ γ

a (x1) , Ĵ δ
b (x2)

)
,

ηπJaq =− 1

5
β

∫
d4x1d4x2

(
π̂γδ (x) , Ĵ γ

a (x1) , q̂δ (x2)
)
, ηπqq =

1

5
β2

∫
d4x1d4x2

(
π̂γδ (x) , q̂γ (x1) , q̂δ (x2)

)
,

ηπππ =
12

35
β2

∫
d4x1d4x2

(
π̂ δ
γ (x) , π̂ λ

δ (x1) , π̂ γ
λ (x2)

)
, ηππϕ = − 4

15
β2

∫
d4x1d4x2

(
π̂ δ
γ (x) , π̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
,

ηπϕϕ =
4

5
β2

∫
d4x1d4x2

(
π̂ δ
γ (x) , ϕ̂ λ

δ (x1) , ϕ̂ γ
λ (x2)

)
, η (ω) =

β

10

∫
d4x1

∫ t

−∞
eiω(t−t1) (π̂µν (x, t) , π̂µν (x1, t1)) .
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Relaxation equation for the bulk viscous pressure

τΠDΠ+ Π= −ζθ + ζ̃ΠθΠ+
[1
2

∂2p
∂ϵ2

ζ2ϵp +
1

2

∑
ab

∂2p
∂na∂nb

ζnapζnbp +
∑

a

∂2p
∂ϵ∂na

ζϵpζnap
]
θ2 + ζSϕKαβξ

αβ

−
[
Γζ̃ + Γ̃ζ̃pϵ +

∑
a

ζ̃pna δ̃a
]
θ2 +

∑
i

ζpDi

[(
∂ i
ϵnβ

)
X +

∑
a

(
∂ i
ϵnαa

)
Ya +

(
∂ i
ϵnΩαβ

)
Zαβ

]
+ ζpppθ2+

∑
ab

ζpJaJb∇ααa∇ααb + 2
∑

a
ζpJaq∇σαaMσ + ζpqqMσMσ + ζpππσ

ρσσρσ + ζpϕϕξ
ρσξρσ .

τΠ =− ζ̃ζ−1, ζ̃ = i d
dω ζ(ω)

∣∣∣∣
ω=0

= −1

2

d2

dω2
ReGR

p̂∗ p̂∗(ω)

∣∣∣∣
ω=0

, ζ̃Π = τΠζ
−1β

( ∂ζ
∂β

Γ−
∑

a

∂ζ

∂αa
δa
)
,

ζϵp =β

∫
d4x1 (ϵ̂ (x) , p̂∗ (x1)) = − d

dω ImGR
ϵ̂p̂∗ (ω)

∣∣∣∣
ω=0

,

ζnap =β

∫
d4x1 (n̂a (x) , p̂∗ (x1)) = − d

dω ImGR
n̂a p̂∗ (ω)

∣∣∣∣
ω=0

,
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ζSϕ = −1

3
β

∫
d4x1

(
Ŝλη (x) , ϕ̂λη (x1)

)
=

1

3

d
dω ImGR

Ŝλη ϕ̂λη
(ω)

∣∣∣∣
ω=0

,

ζpDi = β

∫
d4x1

(
p̂∗ (x) , D̂i (x1)

)
= − d

dω ImGR
p̂∗D̂i

(ω)

∣∣∣∣
ω=0

,

ζ̃pϵ = i d
dω ζpϵ(ω)

∣∣∣∣
ω=0

= −1

2

d2

dω2
ReGR

p̂∗ ϵ̂(ω)

∣∣∣∣
ω=0

, ζ̃pna = i d
dω ζpna(ω)

∣∣∣∣
ω=0

= −1

2

d2

dω2
ReGR

p̂∗ n̂a(ω)

∣∣∣∣
ω=0

,

Γ̃ =
∂Γ

∂ϵ
h +

∑
a

∂Γ

∂na
na +

∂Γ

∂Sαβ

[
Sαβ + θ−1

(
uα∂λSβλ + Sβλ∂λuα + uβ∂λSλα + Sλα∂λuβ

)]
,

δ̃a =
∂δa
∂ϵ

h +
∑

b

∂δa
∂nb

nb +
∂δa
∂Sαβ

[
Sαβ + θ−1

(
uα∂λSβλ + Sβλ∂λuα + uβ∂λSλα + Sλα∂λuβ

)]
,

ζppp = β2

∫
d4x1d4x2 (p̂∗ (x) , p̂∗ (x1) , p̂∗ (x2)) , ζpJaJb =

1

3

∫
d4x1d4x2

(
p̂∗ (x) , Ĵaγ (x1) , Ĵ γ

b (x2)
)
,

ζpJaq = −1

3
β

∫
d4x1d4x2

(
p̂∗ (x) , Ĵaγ (x1) , q̂γ (x2)

)
, ζpqq =

1

3
β2

∫
d4x1d4x2 (p̂∗(x), q̂γ(x1), q̂γ(x2)) ,

ζpππ =
1

5
β2

∫
d4x1d4x2

(
p̂∗ (x) , π̂γδ (x1) , π̂γδ (x2)

)
, ζpϕϕ =

1

3
β2

∫
d4x1d4x2

(
p̂∗ (x) , ϕ̂γδ (x1) , ϕ̂γδ (x2)

)
.
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Relaxation equation for the charge diffusion currents

∑
b
τ cb

J∆µβDJ β
b + Jcµ =

∑
b χcb∇µαb + χJcqMµ + χ̃Jch

∑
a

nah−2
(
Γh +

∑
a
δana

)
θ∇µαa

+χcθMµ +
∑

b
τ cb

JχJbq∆µβDMβ +
∑

b
χ̃cb

J θJbµ −
∑

b
χ̃cb

JχJbqθMµ

+χ̃JcqθΓMµ + χ̃Jcq∆µβDMβ + βχJchHµ + χJcqQµ + 2
∑

a
χJcpJaθ∇µαa

+2χJcpqθMµ + 2
∑

a
χJcJaπ∇

ναaσµν + 2
∑

a
χJcJaϕ∇

ναaξµν

+2χJcqπMνσµν + 2χJcqϕMνξµν ,
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τ cb
J =− (χ̃χ−1)cb = −

∑
a

χ̃ca(χ−1)ab, χ̃ac = i d
dω

χac(ω)
∣∣∣
ω=0

=
T
6

d2

dω2
ReGR

Ĵλ
a Ĵcλ

(ω)
∣∣∣
ω=0

,

χ̃Jch =i d
dω

χJch(ω)
∣∣∣
ω=0

= −
T
6

d2

dω2
ReGR

Ĵλ
c ĥλ

(ω)
∣∣∣
ω=0

, χ̃Jcq = i d
dω

χJcq (ω)
∣∣∣
ω=0

= −
1

6

d2

dω2
ReGR

Ĵλ
c q̂λ

(ω)
∣∣∣
ω=0

,

χJah =
1

3

∫
d4x1

(
Ĵ λ

a (x) , ĥλ (x1)
)
= −

T
3

d
dω

ImGR
Ĵλ

a ĥλ
(ω)

∣∣∣
ω=0

,

χ̃cb
J =β

∑
a

χ̃ca
(
Γ
∂
(
χ−1

)
ab

∂β
−

∑
d

δd
∂
(
χ−1

)
ab

∂αd

)
, χc = β

∑
b

τ cb
J

(
Γ
∂χJbq
∂β

−
∑

d
δd

∂χJbq
∂αd

)
,

χJcpJa =
1

3
β

∫
d4x1d4x2

(
Ĵcβ (x) , p̂∗ (x1) , Ĵ β

a (x2)
)
, χJcpq = −

1

3
β2

∫
d4x1d4x2

(
Ĵcβ (x) , p̂∗ (x1) , q̂β (x2)

)
,

χJcJaπ =−
1

5
β

∫
d4x1d4x2

(
Ĵcλ (x) , Ĵaδ (x1) , π̂λδ (x2)

)
, χJcJaϕ = −

1

3
β

∫
d4x1d4x2

(
Ĵcλ (x) , Ĵaδ (x1) , ϕ̂λδ (x2)

)
,

χJcqπ =
1

5
β2

∫
d4x1d4x2

(
Ĵcλ (x) , q̂δ (x1) , π̂λδ (x2)

)
, χJcqϕ =

1

3
β2

∫
d4x1d4x2

(
Ĵcλ (x) , q̂δ (x1) , ϕ̂λδ (x2)

)
.
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Relaxation equation for the rotational stress tensor
τϕ∆µνρσDϕρσ + ϕµν = 2γξµν + γ̃ϕθϕµν + 2γ̃θΓξµν + γϕSR⟨µ⟩⟨ν⟩

+2γϕpϕθξµν +
∑

ab
γϕJaJb∇[µαa∇ν]αb + 2

∑
a
γϕJaq∇[µαaMν]

+γϕqqM[µMν] + γϕππσα[µσ
α

ν] + 2γϕπϕσα[µξ
α

ν] + γϕϕϕξα[µξ
α

ν] .

τϕ = −γ̃γ−1, γ̃ = i d
dωγ (ω)

∣∣∣
ω=0

= − 1

12

d2

dω2
ReGR

ϕ̂µν ϕ̂µν (ω)
∣∣∣
ω=0

,

γ̃ϕ = τϕγ
−1β

(∂γ
∂β

Γ−
∑

a

∂γ

∂αa
δa
)
, γϕS =

1

3
β

∫
d4x1

(
ϕ̂λη (x) , Ŝλη (x1)

)
= −1

3

d
dω ImGR

ϕ̂λη Ŝλη
(ω)

∣∣∣
ω=0

,

γϕpϕ = −1

3
β2

∫
d4x1d4x2

(
ϕ̂γδ (x) , p̂∗ (x1) , ϕ̂γδ (x2)

)
, γϕJaJb =

1

3

∫
d4x1d4x2

(
ϕ̂γδ (x) , Ĵ γ

a (x1) , Ĵ δ
b (x2)

)
,

γϕJaq = −1

3
β

∫
d4x1d4x2

(
ϕ̂γδ (x) , Ĵ γ

a (x1) , q̂δ (x2)
)
, γϕqq =

1

3
β2

∫
d4x1d4x2

(
ϕ̂γδ (x) , q̂γ (x1) , q̂δ (x2)

)
,

γϕππ = − 4

15
β2

∫
d4x1d4x2

(
ϕ̂ δ
λ (x) , π̂ η

δ (x1) , π̂ λ
η (x2)

)
, γϕπϕ =

4

5
β2

∫
d4x1d4x2

(
ϕ̂ δ
λ (x) , π̂ η

δ (x1) , ϕ̂ λ
η (x2)

)
,

γϕϕϕ = −4

3
β2

∫
d4x1d4x2

(
ϕ̂ δ
λ (x) , ϕ̂ η

δ (x1) , ϕ̂ λ
η (x2)

)
.

31 / 46



Relaxation equation for the boost heat vector

τq∆µνDqν + qµ =
∑

a λqJa∇µαa − λMµ +
∑

a
λ̃qhnah−2

(
Γh +

∑
a
δana

)
θ∇µαa +

∑
a
λ̃qJa∆µγD (∇γαa)

−λ̃θΓMµ + τq∆µγ

∑
a
λqJa D (∇γαa) +

∑
a
λ

a
θ∇µαa + λ̃qθqµ −

∑
a
λ̃qλqJaθ∇µαa

+λqhHµ − λQµ + 2
∑

a
λqpJaθ∇µαa + 2λqpqθMµ + 2

∑
a
λqJaπ∇

ναaσµν

+2
∑

a
λqJaϕ∇

ναaξµν + 2λqqπMνσµν + 2λqqϕMνξµν .

τq =− λ̃λ−1, λ̃ = i d
dωλ (ω)

∣∣∣
ω=0

=
1

6

d2

dω2
ReGR

q̂λ q̂λ (ω)
∣∣∣
ω=0

,

λ̃qh =i d
dωλqh (ω)

∣∣∣
ω=0

= −1

6

d2

dω2
ReGR

q̂λ ĥλ (ω)
∣∣∣
ω=0

, λ̃qJa = i d
dωλqa (ω)

∣∣∣
ω=0

=
T
6

d2

dω2
ReGR

q̂λĴaλ
(ω)

∣∣∣
ω=0

,
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λqh =
1

3
β

∫
d4x1

(
q̂λ (x) , ĥλ (x1)

)
= −1

3

d
dω ImGR

q̂λ ĥλ (ω)
∣∣∣
ω=0

,

λ̃q =βτqλ
−1
(∂λ
∂β

Γ−
∑

d

∂λ

∂αd
δd

)
, λ

a
= βτq

(∂λqJa

∂β
Γ−

∑
d

∂λqJa

∂αd
δd

)
,

λqpJa =
1

3
β

∫
d4x1d4x2

(
q̂β (x) , p̂∗ (x1) , Ĵ β

a (x2)
)
, λqpq = −1

3
β2

∫
d4x1d4x2

(
q̂β (x) , p̂∗ (x1) , q̂β (x2)

)
,

λqJaπ =− 1

5
β

∫
d4x1d4x2

(
q̂λ (x) , Ĵaδ (x1) , π̂λδ (x2)

)
, λqJaϕ = −1

3
β

∫
d4x1d4x2

(
q̂λ (x) , Ĵaδ (x1) , ϕ̂λδ (x2)

)
,

λqqπ =
1

5
β2

∫
d4x1d4x2

(
q̂λ (x) , q̂δ (x1) , π̂λδ (x2)

)
, λqqϕ =

1

3
β2

∫
d4x1d4x2

(
q̂λ (x) , q̂δ (x1) , ϕ̂λδ (x2)

)
.

33 / 46



Dissipative flux from spin tensor

ϖλµν = φΞλµν + 2
∑

a
φϖJaϕ∇ραaξσδ∆∼λµνρσδ + 2φϖqϕMρξσδ∆∼λµνρσδ.

φ =

∫
d4x1

(
ϖ̂ρσδ (x) , ϖ̂ρσδ (x1)

)
= −T d

dω ImGR
ϖ̂ρσδϖ̂ρσδ

(ω)
∣∣∣
ω=0

,

φϖJaϕ =− β

∫
d4x1d4x2

(
ϖ̂γεζ (x) , Ĵaγ (x1) , ϕ̂εζ (x2)

)
, φϖqϕ = β2

∫
d4x1d4x2

(
ϖ̂γεζ (x) , q̂γ (x1) , ϕ̂εζ (x2)

)
.
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Generalized relativistic second-order spin hydrodynamics
The additional second-order contributions arising from nonlocal corrections due to two-point
correlation functions of tensors of different ranks at distinct spacetime points.

Ĉ (x1) = Ĉ1 (x1)x + Ĉ2 (x1)x + ∂τ Ĉ (x1)x (x1 − x)τ

∂τ Ĉ =− p̂∗∂τ (βθ) + βθ

[
ϵ̂ (∂τΓ) +

∑
a

n̂a (∂τδa)

]
− (∂τuρ)

∑
a

(∇ραa)
[na

h (ϵ̂+ p̂)− n̂a
]

+ ĥρ

[
−2βσρσ (∂τuσ)− 2

(
1

3
− Γ

)
βθ (∂τuρ) +

∑
a
∂τ
(
nah−1)∇ραa + βθ (∂τuρ) h−1

∑
a

naδa

]
+ q̂ρ [∂τ (βMρ)− 2βξρσ (∂τuσ)] +

∑
a

Ĵ ρ
a [βθ (∂τuρ) δa − ∂τ (∇ραa)]

+ π̂ρσ

[
∂τ (βσ

ρσ) + (∂τuρ)
∑

a

na
h ∇σαa

]
+ ϕ̂ρσ

[
∂τ (βξ

ρσ) + (∂τuρ)
∑

a

na
h ∇σαa

]
.

Arus Harutyunyan, Armen Sedrakian, Annals Phys. 481 (2025) 170159
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Relaxation equation for the shear-stress tensor
τππ̇µν + πµν =2ησµν + η̃πθπµν + 2η̃θΓσµν + 2η̃Th−1∑

a nau̇⟨µ∇ν⟩αa

+ 2ηπpπθσµν +
∑

ab
ηπJaJb∇⟨µαa∇ν⟩αb + 2

∑
a
ηπJaq∇⟨µαaMν⟩

+ ηπqqM⟨µMν⟩ + ηπππσα⟨µσ
α

ν⟩ + 2ηππϕσα⟨µξ
α

ν⟩ + ηπϕϕξα⟨µξ
α

ν⟩ ,

ηπpπ =
1

10

∂

∂ω1

∂

∂ω2
ReGR

π̂γδ p̂∗π̂γδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, ηπJaJb = −T2

10

∂

∂ω1

∂

∂ω2
ReGR

π̂γδĴγ
a Ĵ δ

b
(ω1, ω2)

∣∣∣∣
ω1,2=0

,

ηπJaq =
T
10

∂

∂ω1

∂

∂ω2
ReGR

π̂γδĴγ
a q̂δ (ω1, ω2)

∣∣∣∣
ω1,2=0

, ηπqq = − 1

10

∂

∂ω1

∂

∂ω2
ReGR

π̂γδ q̂γ q̂δ (ω1, ω2)

∣∣∣∣
ω1,2=0

,

ηπππ = − 6

35

∂

∂ω1

∂

∂ω2
ReGR

π̂ δ
γ π̂ λ

δ
π̂

γ
λ

(ω1, ω2)

∣∣∣∣
ω1,2=0

, ηππϕ =
2

15

∂

∂ω1

∂

∂ω2
ReGR

π̂ δ
γ π̂ λ

δ
ϕ̂

γ
λ

(ω1, ω2)

∣∣∣∣
ω1,2=0

,

ηπϕϕ = −2

5

∂

∂ω1

∂

∂ω2
ReGR

π̂ δ
γ ϕ̂ λ

δ
ϕ̂

γ
λ

(ω1, ω2)

∣∣∣∣
ω1,2=0

.

GR
X̂ŶẐ (ω1, ω2) = − 1

2

∫ 0
−∞ dt1e−iω1t1

∫ 0
−∞ dt2e−iω2t2

∫
d3x1

∫
d3x2

{⟨[[
X̂ (0, 0) , Ŷ (x1, t1)

]
, Ẑ (x2, t2)

]⟩
l
+

⟨[[
X̂ (0, 0) , Ẑ (x2, t2)

]
, Ŷ (x1, t1)

]⟩
l

}
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Relaxation equation for the bulk viscous pressure

Π+ τΠΠ̇ =− ζθ + ζ̃ΠθΠ+

[
1

2

∂2p
∂ϵ2

ζ2ϵp +
1

2

∑
ab

∂2p
∂na∂nb

ζnapζnbp +
∑

a

∂2p
∂ϵ∂na

ζϵpζnap

]
θ2

+ ζSϕKαβξ
αβ −

[
Γζ̃ + Γ̃ζ̃pϵ +

∑
a
ζ̃pna δ̃a

]
θ2 −

∑
a ζau̇ρ∇ραa

+
∑

i
ζpDi

[(
∂ i
ϵnβ
)
X +

∑
a

(
∂ i
ϵnαa

)
Ya +

(
∂ i
ϵnΩαβ

)
Zαβ

]
+ ζpppθ

2

+
∑

ab
ζpJaJb∇ααa∇ααb + 2

∑
a
ζpJaq∇σαaMσ + ζpqqMσMσ + ζpππσ

ρσσρσ + ζpϕϕξ
ρσξρσ.

ζppp =− 1

2

∂

∂ω1

∂

∂ω2
ReGR

p̂∗ p̂∗ p̂∗ (ω1, ω2)

∣∣∣∣
ω1,2=0

, ζpJaJb = −T2

6

∂

∂ω1

∂

∂ω2
ReGR

p̂∗ĴaγĴγ
b
(ω1, ω2)

∣∣∣∣
ω1,2=0

,

ζpJaq =
T
6

∂

∂ω1

∂

∂ω2
ReGR

p̂∗Ĵaγ q̂γ (ω1, ω2)

∣∣∣∣
ω1,2=0

, ζpqq = −1

6

∂

∂ω1

∂

∂ω2
ReGR

p̂∗ q̂γ q̂γ (ω1, ω2)

∣∣∣∣
ω1,2=0

,

ζpππ =− 1

10

∂

∂ω1

∂

∂ω2
ReGR

p̂∗π̂γδ π̂
γδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, ζpϕϕ = −1

6

∂

∂ω1

∂

∂ω2
ReGR

p̂∗ϕ̂γδ ϕ̂
γδ (ω1, ω2)

∣∣∣∣
ω1,2=0

.
37 / 46



Relaxation equation for the charge-diffusion currents
Jcµ +

∑
b
τ cb

J
˙Jbµ =

∑
b
χcb∇µαb + χJcqMµ + χ̃Jchh−2

(
Γh +

∑
b
δbnb

)
θ
∑

a
na∇µαa + χcθMµ

+
∑

b
τ cb

JχJbq∆µβDMβ +
∑

b
χ̃cb

J θJbµ −
∑

b
χ̃cb

JχJbqθMµ + χ̃JcqθΓMµ

+ χ̃Jcq∆µβDMβ −βθu̇µ

∑
a δaχ̃ac − βχ̃Jch (2σµν u̇ν + yθu̇µ)− 2χ̃Jcqξµν u̇ν

+ βχJchHµ + χJcqQµ + 2
∑

a
χJcpJaθ∇µαa + 2χJcpqθMµ

+ 2
∑

a
χJcJaπ∇

ναaσµν + 2
∑

a
χJcJaϕ∇

ναaξµν + 2χJcqπMνσµν + 2χJcqϕMνξµν .

χJcpJa = −T
6

∂

∂ω1

∂

∂ω2
ReGR

Ĵcβ p̂∗Ĵβ
a
(ω1, ω2)

∣∣∣∣
ω1,2=0

, χJcpq =
1

6

∂

∂ω1

∂

∂ω2
ReGR

Ĵcβ p̂∗ q̂β (ω1, ω2)

∣∣∣∣
ω1,2=0

,

χJcJaπ =
T
10

∂

∂ω1

∂

∂ω2
ReGR

ĴcλĴaδ π̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, χJcJaϕ =
T
6

∂

∂ω1

∂

∂ω2
ReGR

ĴcλĴaδϕ̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

,

χJcqπ = − 1

10

∂

∂ω1

∂

∂ω2
ReGR

Ĵcλ q̂δ π̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, χJcqϕ = −1

6

∂

∂ω1

∂

∂ω2
ReGR

Ĵcλ q̂δϕ̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

.

y = 2
3
− 2Γ−

∑
a δanah−1

38 / 46



Relaxation equation for the rotational stress tensor

ϕµν + τϕϕ̇µν =2γξµν + γ̃ϕθϕµν + 2γ̃θΓξµν + 2γ̃Th−1∑
a nau̇[µ∇ν]αa + γϕSR⟨µ⟩⟨ν⟩

+ 2γϕpϕθξµν +
∑

ab
γϕJaJb∇[µαa∇ν]αb + 2

∑
a
γϕJaq∇[µαaMν]

+ γϕqqM[µMν] + γϕππσα[µσ
α

ν] + 2γϕπϕσα[µξ
α

ν] + γϕϕϕξα[µξ
α

ν] .

γϕpϕ =
1

6

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂γδ p̂∗ϕ̂γδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, γϕJaJb = −T2

6

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂γδĴγ
a Ĵ δ

b
(ω1, ω2)

∣∣∣∣
ω1,2=0

,

γϕJaq =
T
6

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂γδĴγ
a q̂δ (ω1, ω2)

∣∣∣∣
ω1,2=0

, γϕqq = −1

6

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂γδ q̂γ q̂δ (ω1, ω2)

∣∣∣∣
ω1,2=0

,

γϕππ =
2

15

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂ δ
λ

π̂
η

δ
π̂ λ
η

(ω1, ω2)

∣∣∣∣
ω1,2=0

, γϕπϕ = −2

5

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂ δ
λ

π̂
η

δ
ϕ̂ λ
η

(ω1, ω2)

∣∣∣∣
ω1,2=0

,

γϕϕϕ =
2

3

∂

∂ω1

∂

∂ω2
ReGR

ϕ̂ δ
λ

ϕ̂
η

δ
ϕ̂ λ
η

(ω1, ω2)

∣∣∣∣
ω1,2=0

.
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Relaxation equation for the boost heat vector
qµ + τqq̇µ =

∑
a
λqJa∇µαa − λMµ + λ̃qhh−2

(
Γh +

∑
c
δcnc

)
θ
∑

a
na∇µαa +

∑
a
λ̃qJa∆µγD (∇γαa)

− λ̃θΓMµ + τq∆µγ

∑
a
λqJa D (∇γαa) +

∑
a
λ

a
θ∇µαa + λ̃qθqµ −

∑
a
λ̃qλqJaθ∇µαa

−2λ̃qhβσµν u̇ν − λ̃qhyβθu̇µ + 2λ̃ξµν u̇ν −
∑

a λ̃qJaβθu̇µδa + λqhHµ − λQµ

+ 2
∑

a
λqpJaθ∇µαa + 2λqpqθMµ + 2

∑
a
λqJaπ∇

ναaσµν + 2
∑

a
λqJaϕ∇

ναaξµν

+ 2λqqπMνσµν + 2λqqϕMνξµν .

λqpJa = −T
6

∂

∂ω1

∂

∂ω2
ReGR

q̂β p̂∗Ĵβ
a
(ω1, ω2)

∣∣∣∣
ω1,2=0

, λqpq =
1

6

∂

∂ω1

∂

∂ω2
ReGR

q̂β p̂∗ q̂β (ω1, ω2)

∣∣∣∣
ω1,2=0

,

λqJaπ =
T
10

∂

∂ω1

∂

∂ω2
ReGR

q̂λĴaδ π̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, λqJaϕ =
T
6

∂

∂ω1

∂

∂ω2
ReGR

q̂λĴaδϕ̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

,

λqqπ = − 1

10

∂

∂ω1

∂

∂ω2
ReGR

q̂λ q̂δ π̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

, λqqϕ = −1

6

∂

∂ω1

∂

∂ω2
ReGR

q̂λ q̂δϕ̂λδ (ω1, ω2)

∣∣∣∣
ω1,2=0

.
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Dissipative flux from spin tensor

ϖλµν = φΞλµν + 2
∑

a
φϖJaϕ∆∼λµνρσδξσδ∇ραa + 2φϖqϕ∆∼λµνρσδMρξσδ.

φϖJaϕ =
T
2

∂

∂ω1

∂

∂ω2
ReGR

ϖ̂γεζĴaγ ϕ̂εζ
(ω1, ω2)

∣∣∣∣
ω1,2=0

,

φϖqϕ =− 1

2

∂

∂ω1

∂

∂ω2
ReGR

ϖ̂γεζ q̂γ ϕ̂εζ
(ω1, ω2)

∣∣∣∣
ω1,2=0

.
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Summary and Outlook
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Summary and outlook

Summary: We present a new derivation of relativistic canonical-like second-order spin
hydrodynamics from Zubarev’s non-equilibrium statistical operator. We obtain relaxation
equations for dissipative fluxes, including the shear stress tensor, bulk viscous pressure,
charge-diffusion currents, rotational stress tensor, boost heat vector, and spin tensor-related
dissipative current. Furthermore, we express all transport coefficients represented by two-point
or three-point correlations in terms of retarded Green’s functions.

Outlook:
• Calculation of transport coefficients in spin hydrodynamics via thermal field theory.
• Research on causality and stability conditions for spin hydrodynamics in the nonlinear

regime (Ongoing work).
• Numerical spin hydrodynamics (In collaboration with Hui Zhang from SCNU).
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Thank you！
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Bulk viscous pressure

Π =⟨p̂⟩ − p
(
ϵ, na, Sαβ

)
=⟨p̂⟩l + ⟨p̂⟩1 + ⟨p̂⟩2 − p

(
ϵ, na, Sαβ

)
=p
(
⟨ϵ̂⟩l, ⟨n̂a⟩l, ⟨Ŝαβ⟩l

)
+ ⟨p̂⟩1 + ⟨p̂⟩2 − p

(
ϵ, na, Sαβ

)
=p
(
ϵ−∆ϵ, na −∆na, Sαβ −∆Sαβ

)
+ ⟨p̂⟩1 + ⟨p̂⟩2 − p

(
ϵ, na, Sαβ

)
=p
(
ϵ, na, Sαβ

)
− ∂p
∂ϵ

∆ϵ−
∑

a

∂p
∂na

∆na −
∂p
∂Sαβ

∆Sαβ +
1

2

∂2p
∂ϵ2

(∆ϵ)2

+
1

2
× 2

∑
a

∂2p
∂ϵ∂na

∆ϵ∆na +
1

2

∑
ab

∂2p
∂na∂nb

∆na∆nb +
1

2
× 2

∑
a

∂2p
∂na∂Sαβ

∆na∆Sαβ

+
1

2

∂2p
∂Sαβ∂Sρσ

∆Sαβ∆Sρσ +
1

2
× 2

∂2p
∂ϵ∂Sαβ

∆ϵ∆Sαβ + ⟨p̂⟩1 + ⟨p̂⟩2 − p
(
ϵ, na, Sαβ

)

∆ϵ = ⟨ϵ̂⟩1 + ⟨ϵ̂⟩2,∆na = ⟨n̂a⟩1 + ⟨n̂a⟩2,∆Sαβ = ⟨Ŝαβ⟩1 + ⟨Ŝαβ⟩2
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Correlation functions and Kubo formulas

β

∫
d4x1

(
X̂ (x) , Ŷ (x1)

)
=− d

dω ImGR
X̂Ŷ (ω)

∣∣∣∣
ω=0

β

∫
d4x1

(
X̂ (x) , Ŷ (x1)

)
(x1 − x)τ =− 1

2

d2

dω2
ReGR

X̂Ŷ (ω)

∣∣∣∣
ω=0

uτ

β2

∫
d4x1d4x2

(
X̂ (x) , Ŷ (x1) , Ẑ (x2)

)
=− 1

2

∂

∂ω1

∂

∂ω2
ReGR

X̂ŶẐ (ω1, ω2)

∣∣∣∣
ω1,2=0

GR
ŶX̂ (ω) = ηXηYGR

X̂Ŷ (ω) , ηX,Y = ±1 for even/odd parity under time reversal

GR
X̂Ŷ (ω) =− i

∫ ∞

0

dteiωt
∫

d3x
〈[

X̂ (x, t) , Ŷ (0, 0)
]〉

l

GR
X̂ŶẐ (ω1, ω2) =− 1

2

∫ 0

−∞
dt1e−iω1t1

∫ 0

−∞
dt2e−iω2t2

∫
d3x1

∫
d3x2

×
{〈[[

X̂ (0, 0) , Ŷ (x1, t1)
]
, Ẑ (x2, t2)

]〉
l
+
〈[[

X̂ (0, 0) , Ẑ (x2, t2)
]
, Ŷ (x1, t1)

]〉
l

}
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