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QCD in the future

David Gross: Fifty Years of Quantum Chromodynamics

强⼦的碎裂机制？                            QCD衍射机制？
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Polarized fragmenta5on func5ons



QCD and 3D imaging of nucleon
Transverse momentum distribu5ons (TMDs) encode the quantum correla5ons between 
hadron polariza5on and the mo5on and polariza5on of quarks and gluons inside it.

Imaging a hadron 
would provide 
insights on QCD

• Both longitudinal and transverse 
mo5on 

• Large Lorentz boost in longitudinal 
direc5on, but not in transverse 
momentum 

• Correla5on between hadron spin with 
parton(quark, gluon) orbital angular 
momentum
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Transverse momentum distribu5ons of quarks
• Three classical processes used to probe quark TMDs

• Typical “two-scale” problem:  
transverse momentum of final par5cle (qT)   <<   scaPering energy (Q) 

• Theory tools: factoriza5on theorem; renormaliza5on group evolu5on; 
effec5ve field theory …
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QCD factoriza5on

TMD factorization

Collinear factorization
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In QCD, fragmenta/on is described by fragmenta/on func/ons (FFs) defined via the quark-
quark correlator

QCD fragmenta5on func5ons

TMD FFs
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ZT Liang’s slides



Λ polariza5on

弱衰变，宇称破坏

TMD handbook 2304.03302 



One of the most important discoveries in QCD and hadron physics over the past 
decades is the measurements of large spin asymmetries 
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These remarks hold if all quantities involved
are free of infrared singularities. The important
one for us is the behavior for m, -0. It is easy
to see by writing down the part of the box dia-
gram which contributes to the polarization (see
below) that it is finite and free of mass singulari-
ties in this limit. When m, -0 there is no helicity
flip in the Born diagram or box diagram, so that
we immediately find p'=0 for all our reactions.
This is easily verified by direct computation.
It is necessary to check that the results are

also finite for zero gluon mass. That is slightly
more subtle since the imaginary part of the box
diagram is not infrared finite. What happens' is
that the box-diagram amplitude can be written
in a form

Mbox = BI+&,
where B is equal to the Born term, I is an in-
frared-divergent, complex, but spin-independent
integral, and R is a spin-dependent remainder
whose imaginary part is infrared finite. This is
easily shown by writing the box-diagram ampli-
tude, and subtracting the part with the loop mo-
mentum set equal to zero in the numerator. Then
it becomes clear that the term BIdoes not con-
tribute to the polarization arising from interfer-
ence with the Born term B. No other contribu-
tions such as the crossed box or soft-gluon emis-
sion can matter since they do not give nonvanish-
ing imaginary parts. A similar procedure al-
lows one to see that to order Q., in all the reac-
tions qq —qq, qg- qg, and e 'e —qq the scat-
tered-quark polarization or the asymmetry on a
polarized target is zero for m, =0.
It is interesting to calculate the deviation from

zero for m, g0, to order n, . The explicit re-
sult for e'e -qq is, for arbitrary m, and large
2

same analysis holds for lepton reactions e'e-e'e, e'e —p, 'p, , etc. , and so similar re-
sults hold there; we have been unable to find any
polarization predictions for these reactions in
the literature.
It has recently been argued" for large-pr

processes that rigorously in QCD one should in-
deed calculate with the parton-model formulas,
but (with nonscaling distributions and) with the
lowest-order term for the qq -qq scattering
cross section calculated using the running cou-
pling constant g(pr'). We assume that this is
also the correct procedure for us to follow. We
assume that for large Q', instanton effects (which
can flip helicity) are irrelevant for our analysis.
In this note we have pointed out that the asym-

metry off a polarized target, and the transverse
polarization of a produced quark in e'e -qq, or
in qq -qq at large p r, or in leptoproduction,
should all be calculable perturbatively in QCD.
The result is zero for m, =0 and is numerically
small if we calculate m, /vs corrections for light
quarks. We discuss how to test the predictions.
At least for the cases when P is small, tests
should be available soon in large-pr production
[where currently P(A) =25% for pra 2 GeV/c],
and e 'e reactions. While fragmentation effects
could dilute polarizations, they cannot (by parity
considerations) induce polarization. Consequent-
ly, observation of significant polarizations in the
above reactions would contradict either QCD or
its applicability.
One of us (G.L.K.) appreciates helpful remarks

from J. Ellis and M. Einhorn, and we are grate-
ful for discussions with York-Peng Yao. This
research is supported in part by the U. S. Depart-
ment of Energy and in part by the National Sci-
ence Foundation.

4m, m, sin 0 cos 6j
3 Q' I+cos'8 '

Whatever observable is used, the variation with
Q' and the c.m. scattering angle tl can be tested.
p' is the polarization transverse to the scattering
plane, calculated through order n, in QCD.
In leptoproduction, because the photon is space-

like, the gluon effects induce no imaginary ampli-
tudes so that the polarization is identically zero
to order a, . To the present order in QCD per-
turbation theory, color does not play a signifi-
cant role. The color averaging involved intro-
duces numerical coefficients of order 1, but no
qualitative features. Up to color factors the

~0. Sterman and S. Weinberg, Phys. Rev. Lett. 39,
1436 (1977).
H. D. Politzer, "QCD off the Light Cone and the De-

mise of the Transverse Momenta Cutoff" (to be pub-
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1237 (19VV); E. Fabri, Phys. Rev. Lett. 3Q, 1587
(1977); C. Louis Bashan, Lowell S. Brown, S. D. Ellis,
and S. T. Love, Phys. Rev. D 17, 2298 (1978); H. Geor-
gi and H. D. Politzer, Harvard Report No. HUTP-77/
A063 (to be published); So-Young Pi, R. L. Jaffe, and
F. E. Low, Phys. Rev. Lett. 41, 142 (1978).
4J. Babcock, E. Monsay, and D. Sivers, Phys. Rev.
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and Leptoproduction: A Test of Quantum Chromodynamics
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We point out that the polarization P of a scattered or produced quark is calculable per-
turbatively in quantum chromodynamics for e e -qq, large-p z hadron reactions, and
large-Q leptoproduction, and is infrared finite. The quantum-chromodynamics predic-
tion is that P =0 in the scaling limit. Experimental tests are or wi11 soon be possible in
pp —AX [where presently p(A) = 25'%%uo for pz, ) 2 Gev/c] and in e+e —quark jets.

In quantum chromodynamics (QCD), observa-
bles which are free of infrared divergences can
be computed in terms of the running coupling con-
stant n, . For an asymptotically free theory,
is expected to be small in a scattering at large
transverse momenta, so that observables can be
computed perturbatively. Thus, provided we can
relate quark observables to observed hadrons,
QCD may be rigorously tested.
This approach has been proposed by Sterman

and steinberg' and by Politzer, ' and recently
used by others' in e'e reactions or leptoproduc-
tion reactions. In this note we propose another
observable which can be measured in e'e reac-
tions, leptoproduction, and large-p r hadron colli-
sions, namely, the polarization of the scattered
or produced quark. More precisely, the relevant
observable is polarization times cross section,
which is given schematically by Im(NE*). For a
nontrivial result, one must have nonf lip (N) and
flip (E) amplitudes with a nonzero relative phase.
Note that this is qualitatively different from other
kinds of spin effects which could be obtained with
relatively real amplitudes and Born terms. 4
For large-pr scattering this procedure is slight-

ly less rigorous since the initial state involves
quarks confined in hadrons. But it has increasing-
ly been accepted' that at large p r one is observ-
ing quark-quark scattering and that in fact large
pr is a domain where a perturbative treatment of
qq -qq, qg- qg, and gg-gg (where g means
gluon) can quantitatively predict jet and hadron
distributions.
The polarization of a scattered quark is another

observable which is infrared finite and can be
computed perturbatively. A determination of the
polarization of a scattered quark can both test
the validity of the assumption that qq-qq, qg-qg,
etc. , dominate at large pr, and serve as a signifi-

cant test of QCD. The same remarks apply to the
polarization of a produced quark in e'e annihila-
tion or in leptoproduction. We give the discus-
sion in terms of large pr because this may be
the first place for an experiment test, We also
predict the large-pr left-right asymmetry on a
polarized test.
Because of confinement, to test the QCD pre-

diction we have to make some assumptions. For
unpolarized beam and target, we assume that the
initial quarks are unpolarized. To compute the
left-right asymmetry on a polarized target, in
general we need to know the wave function of the
quarks in a proton. However, for the actual QCD
prediction the individual qq scatterings produce
only a small left-right asymmetry (see below),
so that we necessarily predict a small left-right
asymmetry on a polarized target independent of
the details of the wave function. For production
of light-quark jets in e e the predicted polariza-
tion is also very small and so any observable
which could reflect polarization is satisfactory.
(For production of massive quarks in e'e the
predicted polarization may not be small above
threshold but below the scaling region, and we
must assume that a hadron, which is a fragment
of a polarized quark, will remember the polariza-
tion of the quark. ) It is, of course, possible that
light quarks could be produced with large polari-
zation (contrary to our QCD prediction), but that
the mechanism of quark fragmentation is such
that the quark spin direction is not remembered.
Because of such a possibility, the QCD predic-
tion would be contradicted by observing large
polarization effects; but an observation of small
polarization effects, while consistent with the
theory, is not a strong confir mation of the theory
until quark fragmentation is better understood.
On the other hand, by a general parity argu-

1978 The American Physical Society 1689



The HERMES experiment has measured the transverse polarization of Λ and      hyperons produced 
inclusively in quasi-real photoproduction at a positron beam energy of 27.6 GeV. The transverse 
polarization PΛN of the Λ hyperon is found to be positive while the observed       polarization is 
compatible with zero 

Λ̄

PRD 76, 092008 (2007) 

Λ̄

γ*N → Λ↑X
Quasi Real + Nucleon HERMES

HERMES ‘76

Transverse       polarisation a long historyΛ

PRD  89 Lundberg 

p + Be → Λ↑ + X

Bunce PRL 76 
Heller PRL 78

One of the first transverse spin 
effects at Fermilab (1976): 
Transverse       polarisation a long historyΛ

PRD  89 Lundberg 

p + Be → Λ↑ + X

Bunce PRL 76 
Heller PRL 78

One of the first transverse spin 
effects at Fermilab (1976): 

Bunce et.al. ‘76

pp → Λ↑X
     produced in the inclusive reaction with       = 53 and 62 GeV at the CERN Intersecting Storage Rings (ISR) are 
observed to be polarized along the normal to the production plane. In the ranges of longitudinal and transverse 
momenta, 15-24 and 0.6-1.4 GeV/c, respectively, the mean polarization is found to be -(0.357 +/- 0.055)

sΛ0

Erhan et al.  PLB 1979

Proton-proton

pp → Λ↑X
     produced in the inclusive reaction with       = 53 and 62 GeV at the CERN Intersecting Storage Rings (ISR) are 
observed to be polarized along the normal to the production plane. In the ranges of longitudinal and transverse 
momenta, 15-24 and 0.6-1.4 GeV/c, respectively, the mean polarization is found to be -(0.357 +/- 0.055)

sΛ0

Erhan et al.  PLB 1979

Proton-proton
Erhan et.al. ‘79

νN → Λ↑X
The Λ polarization in νμ charged current interactions measured in the NOMAD experiment. The dependence of 
the absolute value of Py on the Λ transverse momentum with respect to the hadronic jet direction is in qualitative 
agreement with the results from unpolarized hadron–hadron experiments.  

Nuclear Physics B 588 (2000)

Lepton-Nucleon

NOMAD ‘20 νN → Λ↑X
The Λ polarization in νμ charged current interactions measured in the NOMAD experiment. The dependence of 
the absolute value of Py on the Λ transverse momentum with respect to the hadronic jet direction is in qualitative 
agreement with the results from unpolarized hadron–hadron experiments.  

Nuclear Physics B 588 (2000)

Lepton-Nucleon

Recent ATLAS measurement
at √S = 7 TeV 
PRD 91, 032004 (2015)
Polarisation at mid rapidity  

What about LHC? 
Is it feasible at a high energy collider? 

Atlas ‘15

EXP on transverse Λ polariza5on



Transverse Λ polariza5on in electron positron collisions

Simplest and cleanest process  Λ↑ in e+e−
 
 

⇒ significant transverse polarization 

Measured w.r.t. thrust axis  & back to back hadrons=“bTOb” 

Questions/issues:  
QCD prediction of Physics un-suppressed ?
• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed 

Simplest and cleanest process  Λ↑ in e+e−
 
 

⇒ significant transverse polarization 

Measured w.r.t. thrust axis  & back to back hadrons=“bTOb” 

Questions/issues:  
QCD prediction of Physics un-suppressed ?
• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed 

The cleanest way to access fragmenta5on func5ons

<latexit sha1_base64="PcAiNfvEZWEpobvy/ktEWyc+7Nw="></latexit>

e+e� ! ⇤"X



Transverse Λ polariza5on at the LEPWant to test Universality Belle BeS BaBar + EIC

• Is it the same PFF function in the bTOb hadron and hadron + thrust 
measurements ???

• What about “T”-odd universality can we test it with all data?

h

bTObthrust 

PΛ⊥

No significant transverse polariza5on is observed at the LEP

OPAL ‘97



Transverse Λ polariza5on at the Belle
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s
as a function of zΛ and pt in the thrust frame. The top (a)
and bottom (b) plots display the results for Λ and Λ̄, respec-
tively. The sum of statistical and systematic uncertainties
are indicated by the error bars and the shaded areas show the
uncertainties from α.

on MC. The contributions from mis-identified h± are in-
cluded in the results without further correction. The am-
plitudes of the transverse polarization of Λ hyperons as a
function of zΛ and zh calculated in the hadron frame are
shown in Fig. 2. These results can give additional insight
into the quark flavor fragmenting into the Λ. In particu-
lar, in the low zΛ region, the polarization in Λh+X and
Λh−X is significantly different, even showing opposite
sign and a magnitude that increases with higher zh. In
contrast, in the region zΛ > 0.5, the differences between
Λh+X and Λh−X are modest, although deviations can
still be seen.

We investigate the flavor of the (anti-)quark going into
the same hemisphere with the Λ particles using MC. We
find that the flavor tag of the light hadron depends on
zh and zΛ [27]. At low zΛ [28], the contributions of the
various quark flavors for Λ are nearly charge symmetric
in processes Λh+X and Λh−X . In general, the results
suggest that the Λ polarization from s quark fragmenta-
tion is negative because, in ΛK+X at high zΛ, where s
to Λ fragmentation absolutely dominates, the observed
asymmetries are negative. In Λπ−X and ΛK−X at low
zΛ, u to Λ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmen-
tation to Λ is positive. In Λπ−X and ΛK−X at high zΛ,
there is a larger contribution from s compared to low zΛ,
resulting in negative polarizations. For Λπ+X at low zΛ,
ū fragmenting into a Λ dominates, and the observed po-
larizations are negative. At high zΛ, s fragmenting into
Λ is dominant, resulting in negative polarization. The
sign of the Λ polarization fragmenting from d quarks is
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ±X
(a), ΛK±X (b), Λ̄π±X (c) and Λ̄K±X (d), as a function of
zΛ and zh in the hadron frame. The different panels show
the different zΛ regions as labeled on the plots. Error bars
indicate the sum of statistical and systematic uncertainties
added in quadrature. The shaded areas show the uncertainties
from α.

not well determined.
The results presented in Fig. 1 and Fig. 2 show the

transverse polarization for inclusive Λ particles, includ-
ing those directly-produced from qq̄ fragmentations and
those indirectly-produced from decays. Based on MC,
about 30% of Λ candidates come from charm, mainly via
c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We
note that the strong decays, such as that of Σ∗, are con-
sidered as part of the fragmentation function. The charm
is expected to be different from light quarks because it is
much heavier, thus we need to also separately correct for
the charm contribution. To study direct fragmentation
of light quarks into Λ hyperons, also the contributions
from Σ0 and Ξ decays need to be taken into account.
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FIG. 1. Transverse polarization amplitudes of inclusive Λ’s
as a function of zΛ and pt in the thrust frame. The top (a)
and bottom (b) plots display the results for Λ and Λ̄, respec-
tively. The sum of statistical and systematic uncertainties
are indicated by the error bars and the shaded areas show the
uncertainties from α.

on MC. The contributions from mis-identified h± are in-
cluded in the results without further correction. The am-
plitudes of the transverse polarization of Λ hyperons as a
function of zΛ and zh calculated in the hadron frame are
shown in Fig. 2. These results can give additional insight
into the quark flavor fragmenting into the Λ. In particu-
lar, in the low zΛ region, the polarization in Λh+X and
Λh−X is significantly different, even showing opposite
sign and a magnitude that increases with higher zh. In
contrast, in the region zΛ > 0.5, the differences between
Λh+X and Λh−X are modest, although deviations can
still be seen.

We investigate the flavor of the (anti-)quark going into
the same hemisphere with the Λ particles using MC. We
find that the flavor tag of the light hadron depends on
zh and zΛ [27]. At low zΛ [28], the contributions of the
various quark flavors for Λ are nearly charge symmetric
in processes Λh+X and Λh−X . In general, the results
suggest that the Λ polarization from s quark fragmenta-
tion is negative because, in ΛK+X at high zΛ, where s
to Λ fragmentation absolutely dominates, the observed
asymmetries are negative. In Λπ−X and ΛK−X at low
zΛ, u to Λ fragmentation dominates, and the observed
positive asymmetries suggest that the u quark fragmen-
tation to Λ is positive. In Λπ−X and ΛK−X at high zΛ,
there is a larger contribution from s compared to low zΛ,
resulting in negative polarizations. For Λπ+X at low zΛ,
ū fragmenting into a Λ dominates, and the observed po-
larizations are negative. At high zΛ, s fragmenting into
Λ is dominant, resulting in negative polarization. The
sign of the Λ polarization fragmenting from d quarks is
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FIG. 2. Transverse polarizations of Λ’s observed in Λπ±X
(a), ΛK±X (b), Λ̄π±X (c) and Λ̄K±X (d), as a function of
zΛ and zh in the hadron frame. The different panels show
the different zΛ regions as labeled on the plots. Error bars
indicate the sum of statistical and systematic uncertainties
added in quadrature. The shaded areas show the uncertainties
from α.

not well determined.
The results presented in Fig. 1 and Fig. 2 show the

transverse polarization for inclusive Λ particles, includ-
ing those directly-produced from qq̄ fragmentations and
those indirectly-produced from decays. Based on MC,
about 30% of Λ candidates come from charm, mainly via
c → Λc, and in light quarks (uds) about 20% of the Λ
candidates come from Σ0 and 10% from Ξ decays. We
note that the strong decays, such as that of Σ∗, are con-
sidered as part of the fragmentation function. The charm
is expected to be different from light quarks because it is
much heavier, thus we need to also separately correct for
the charm contribution. To study direct fragmentation
of light quarks into Λ hyperons, also the contributions
from Σ0 and Ξ decays need to be taken into account.

e+e− → Λ↑ h X

PHYSICAL REVIEW LETTERS 122, 042001 (2019) 
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PFFs: Polarizing Fragmentation Functions

2

sic transverse momenta of the elementary constituents.
The understanding of these spin-transverse momentum
correlations gives rise to interesting phenomenological
di↵erences between TMD FFs and the TMD parton dis-
tribution functions (PDFs).

For instance, the Sivers functions, TMD PDFs analo-
gous to the TMD PFFs, exhibit so-calledmodified univer-
sality – a sign change – between the SIDIS and Drell-Yan
processes [16–18]. While the TMD PFF is T-odd just like
the Sivers function, this TMD does not exhibit modified
universality between SIDIS and e

� + e
+ ! ⇤ + h + X;

rather, the TMD PFF should be universal with respect
to these two processes [19–22]. In fact, Ref. [22] has pre-
cisely suggested studies of both back-to-back ⇤+ h pro-
duction and SIDIS to test the universality of the TMD
PFFs. In this paper, we provide a prediction for the
transverse polarization in SIDIS, which can be used for
the first experimental confirmation of the universality of
the TMD PFFs.

Within the TMD factorization formalism, we perform
an extraction of the TMD PFFs, from the recent ⇤/⇤̄
polarization measurements recorded at BELLE [13]. We
study in detail the implications of the TMD PFFs for
di↵erent quark flavors, and provide predictions for the
⇤/⇤̄ polarization in SIDIS. We organize our work as fol-
lows. In Sec. II we provide the relevant formalism and
detail the calculation of the ⇤ transverse polarization ob-
servable P

⇤
? . In Sec. III we give the parametrization of

our TMD PFFs and discuss the fit procedure, fit results,
and our predictions for SIDIS. We conclude the paper in
Sec. IV.

II. FORMALISM

In this section, we provide the QCD formalism for de-
scribing ⇤ polarization. We consider back-to-back pro-
duction of a ⇤ baryon and a light hadron h in the final
state,

e
�(`) + e

+(`0) ! �
⇤(q) ! h(Ph) + ⇤(P⇤,S?) +X, (1)

where q = ` + `
0 is the momentum of the intermediate

virtual photon with q
2 ⌘ Q

2, and we denote the momen-
tum of the outgoing light hadron and the ⇤ by Ph and
P⇤, respectively. We further define

z⇤ = 2P⇤ · q/Q2
, zh = 2Ph · q/Q2

. (2)

Following [23], we choose a leptonic center-of-mass frame
where the light hadron Ph has no transverse momentum.
The leptons and the light hadron form the so-called lep-
tonic plane. The angle between Ph and (`, `0) is given by
✓, as illustrated in Fig. 1. On the other hand, Ph and P⇤

span the so-called hadronic plane. In this frame, the ⇤
particle has transverse momentum P⇤T , at an azimuthal
angle �⇤ with respect to the leptonic plane. We have

P⇤T = �z⇤q?, (3)

!!

!"!"#

"$

"%

#

$"
%&
'&

FIG. 1. Kinematics of the leptonic center-of-mass frame for
back-to-back two-hadron production in e�e+ annihilation,
e� + e+ ! h(Ph) + ⇤(P⇤) + X.

where q? is related to the “transverse” component of the
virtual photon momentum, defined as

q
µ
t = q

µ � Ph · q
Ph · P⇤

P
µ
⇤ � P⇤ · q

P⇤ · Ph
P

µ
h , (4)

with q
2
? = �q

µ
t qtµ.

We start with the QCD factorization formalism for the
unpolarized di↵erential cross section [6, 22]

d�

dPSd2q?
=�0H(Q)z2⇤z

2
h

X

q

e
2
q

Z
d
2kh?d

2k⇤?d
2�?

⇥ �
(2)(k⇤? + kh? + �? � q?)S(�?)

⇥ D⇤/q(z⇤, p
2
⇤?)Dh/q̄(zh, p

2
h?) , (5)

where dPS = dz⇤ dzh d(cos ✓) and �0 is given by

�0 =
Nc⇡↵

2
em

2Q2

�
1 + cos2 ✓

�
. (6)

Here Dh/q(zh, p
2
h?) and D⇤/q(z⇤, p

2
⇤?) are the unpolar-

ized TMD FFs for h and ⇤, respectively. Meanwhile,
S(�?) is the soft factor, while H(Q) is the hard func-
tion with the leading order expression H

(0)(Q) = 1.
The ki? with i = h,⇤ are the transverse momenta of
the fragmenting quarks in the frame where the hadron
has zero transverse momentum. Similarly, the pi? are
the transverse momenta of the hadrons in the frame
where the fragmenting quarks have zero transverse mo-
mentum. These momenta are related to one another by
pi? = �ziki?.
It is important to realize that one could absorb part

of the soft function
p
S into the definition of the TMD

FFs [12]. In this new formulation, we may rewrite the
above factorization formalism in Eq. (5), so that it is of
the form

d�

dPSd2q?
=�0H(Q)z2⇤z

2
h

X

q

e
2
q

Z
d
2kh?d

2k⇤?

⇥ �
(2)(k⇤? + kh? � q?)

⇥ D⇤/q(z⇤, p
2
⇤?;Q)Dh/q̄(zh, p

2
h?;Q), (7)

which mimics the results of the partonic model. One
should note that we purposely write the explicit depen-
dence of the TMD FFs on Q

2, which can be derived

Back-to-back Λ+h

Ph

q

k

S

∆

∆

fragmentation TMD Factorization Λ
QCD factorization Collins Soper 1982 NPB,

Collins Foundations of PQCD Cambridge  Press 2011
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mentum. These momenta are related to one another by
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TMD factoriza5on theorems for back-to-back 
Λ+h: CSS, JMY, SCET …

Spin-dependent cross section is factorized as:



Fi`ng of PFFs from Λ+h data 

See also: 
D’ Alesio, Murgia, Zaccheddu ’20 
Callos, Kang, Terry ‘20 
… …

Chen, Liang, Pan, Song, Wei ‘21 Kang, Terry, Vossen, Xu, Zhang ‘21

Light bands: the uncertainty from the fit to 
Belle data  

Dark bands: the simultaneous fit of the Belle 
data and the EIC pseudo-data
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• Twist-3 factorization one hard scale-power suppressed 

Simplest and cleanest process  Λ↑ in e+e−
 
 

⇒ significant transverse polarization 

Measured w.r.t. thrust axis  & back to back hadrons=“bTOb” 

Questions/issues:  
QCD prediction of Physics un-suppressed ?
• TMD factorization two scale problem 
✴TMD factorization formalism for thrust axis measurement

• Twist-3 factorization one hard scale-power suppressed 
Is it the same (polarizing) fragmentation function in these two measurements ??? 

Theory framework on transverse Λ polariza5on

TMD factorization two scale problem 

Collins-Soper-Sterman, Ji-Ma-Yuan, 
SoW-Collinear Effec/ve Theory… … ???



Want to test Universality Belle BeS BaBar + EIC

• Is it the same PFF function in the bTOb hadron and hadron + thrust 
measurements ???

• What about “T”-odd universality can we test it with all data?

h

bTObthrust 

PΛ⊥

TMD factoriza5on for Λ(thrust) 

Parton fragmenta5on and hadroniza5on

From short to long distances in quantum field theory

<latexit sha1_base64="Hpk7V31TI6H/gXshzOrrOtAvh1I="></latexit>

J ( scale µ2) ⇠ J (scaleµ1) exp

Z µ2

µ1

dµ0

µ0

Z
dxP (x,↵s (µ

0))

�

“Jets from Quantum Chromodynamics”   Sterman & Weinberg ‘77



TMD factoriza5on formula on the jet broadening

bN =
X

i2jets

��~p?i
��

d�

dbN
=

X

f=q,q̄,g

Z
dbsN

Z
dd�2p?NJf

�
bN � bsN , p?N

� 1X

m=1

⌦
H

f
m({n}, Q)⌦ Sm

�
{n}, bsN ,�p?N

�↵
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Rapidity divergence cancella5on is verified at two-loop order !!!

Construc5on of the theory formalism  
• Two scales in the problem 
• Rely on effec5ve field theory: SCET + Jet Effec5ve Theory (Becher, Neubert, Rothen, DYS ’16 PRL) 

(Becher, Rahn, DYS ’17 JHEP)

Defini5on of the broadening:

bN ⌧ Q
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NLO hard func5on: 

Divergences are half of the hard func5on in case-I

Case-I: 

Global observable, standard TMD factoriza5on 

d�

d2qT
⇠ H ⌦Dh1 ⌦Dh2 ⌦ S

<latexit sha1_base64="20a0Y5x6/yFEioI96hhiR/C6qWA="></latexit>

Case-II: 

Non-global observable; new TMD factoriza5on 

� = jT /Q ⌧ 1
<latexit sha1_base64="QYSTcSXEZy9tT/qhKlhgFaZeLc8="></latexit>

NLO soe func5on:
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Divergences are half of the soe func5on in case-I

where the summation
P

i=q,q̄,g
e
2
q · · · on the right hand side is interpreted as

X

q=u,d,s,···
e
2
q

Z
d
2~kT d

2~�T �
(2)

⇣
~jT � ~kT � zh

~�T

⌘

⇥
h
Hq(Q,µ)Dh/q(zh, kT , µ, ⌫)Sq(�T , µ, ⌫) +Hq̄(Q,µ)Dh/q̄(zh, kT , µ, ⌫)Sq̄(�T , µ, ⌫)

+Hg(Q,µ)Dh/g(zh, kT , µ, ⌫)Sg(�T , µ, ⌫)
i
. (2.4)

Here Dh/i(zh, kT , µ, ⌫) is the usual TMD FF with kT the transverse momentum of the

hadron h with respect to the fragmenting parton i. On the other hand, Si(�T , µ, ⌫) is the

soft function, with µ and ⌫ renormalization and rapidity scales, respectively, and we have

Sq̄(�T , µ, ⌫) = Sq(�T , µ, ⌫). The leading-order (LO) cross section is given by

�0 =
4⇡↵2

em

3Q2
, (2.5)

with ↵em the fine structure constant. Note that the factorization in Eq. (2.3) neglects the

power corrections from the ratios j
2
T
/Q

2, which is small in the kinematic jT ⌧ Q region

we consider. Nevertheless, in the region of jT ⇠ Q one can include such power corrections

from the fixed-order calculations [60]. This is usually referred to as the Y -term in the CSS

formalism [28, 29].

(a) (b) (c)

qq̄
q

q̄

q

q̄

Figure 2: Three configurations that contribute to the NLO hard function: (a) virtual

correction; (b) quark q is on the right hemisphere, while both anti-quark q̄ and gluon g

are on the left hemisphere; (c) gluon g is on the right hemisphere, while both quark q and

anti-quark q̄ are on the left hemisphere. Note that the observed hadron is on the right

hemisphere.

It is important to emphasize that the above TMD formalism is already di↵erent from

the earlier conjectures used in [49, 50]. In particular, at leading power, our formalism

depends on both quark and gluon TMD FFs, while the previous conjecture contains only

quark TMD FFs. To convince that this has to be the case, the easiest way is to look at the

Feynman diagram configurations that contribute to our observable at the next-to-leading

order (NLO), from which we also derive the hard functions H
i with i = q (q̄), g. At LO,

we produce back-to-back quark q and anti-quark q̄, each in their corresponding left or right

hemisphere, and our hard function is normalized to be H = 1 at this order. At NLO, we
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Numerical results

• Our TMD resumma5on formula 
gives a good descrip5on of the 
shape of jT distribu5on as zh < 0.65 

• As zh > 0.65, one needs to also 
include threshold resumma5on 
effects
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Figure 5. Gaussian widths for pion using TMD resummation (red band) and joint resummation
(blue band) as a function of zh in the thrust bin 0.5 < T < 1.0. Data points are constructed by
charged pion differential cross sections measured at Belle detector.

resummation results and data gets better with decreasing Gaussian width. The jointly
resummed differential cross section decreases faster, indicating a smaller Gaussian width
value, which is more consistent with experimental data compared to the results with only
transverse momentum resummed, where shapes are almost the same for the four zh bins
in such a large zh region.

To see the change of jT width as a function of zh, we fit the cross section dσ/dzhd2"jT
as a function of j2T ,

dσ

dzhd2"jT
∝ 1

πσ2
jT

exp
(
−j2T /σ2

jT

)
, (4.1)

and reconstruct the Gaussian width σ2
jT

for both theory and experimental data. We com-
pute Gaussian width as a function of fractional energy zh using both TMD resummation
(red curve) and joint resummation (blue curve). In figure 5, for small zh region (zh < 0.5),
the logarithmically enhanced contribution origins from ln(Q/jT ), thus transverse momen-
tum resummed cross section σ2

jT
fits the data well. As the value of zh is increased, for the

TMD factorization theorem in eq. (3.15), dependence on zh becomes weak, leading to a
plateau at the tail region. On the other hand, for the factorization theorem with joint re-
summation in eq. (3.19), where transverse momentum and threshold logarithms are jointly
resummed, the cross section sharply decreases as zh increases, indicating a better fit for
this region. Generally speaking, for kinematic regions distinguished by zh bins, adopting
TMD resummation in intermediate zh regions while making use of joint resummation for
large zh bins can lead to excellent agreement with measurement for e+e− → πX process,
suggesting our factorization and resummation formula results in a reasonable approach for
describing single inclusive hadron production at the electron-positron colliders.
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Joint factoriza5on:                   &

Joint threshold and TMD factoriza5on

zh ! 1
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Figure 1. Hadron transverse momentum !jT with the thrust axis n̂ in two different regions. The
black lines represent the energetic partons in the unmeasured left hemisphere, while the hadron is
measured in the right hemisphere. The vertical dashed line represents a plane that is perpendicular
to the thrust axis and that divides the space to the left and right hemisphere. The red curves
denote soft radiations from the energetic partons with the virtuality of jT . The blue lines in the left
panel describe collinear radiations along the thrust axis, while the purple ones in the right panel
give collinear-soft (c-soft) radiations.

2.1 TMD factorization formalism

We consider the kinematic region where the transverse momentum is small jT ! Q and
thus is sensitive to TMD physics. Setting the usual power expansion parameter λ = jT /Q,
we find that the relevant momentum modes in this region are given by

• hard: ph ∼ Q(1, 1, 1)

• collinear: pc ∼ Q(λ2, 1,λ)

• soft: ps ∼ Q(λ,λ,λ)

The different modes are illustrated in figure 1 (left). The hard modes encode energetic
radiations in the left hemisphere: since the hadron is observed in the right hemisphere and
has jT ! Q, any energetic radiation in the right hemisphere will lead to a large transverse
momentum for the hadron and thus move the hadron out of the kinematic jT ! Q region;
consequently such radiation is not allowed in the right hemisphere. On the other hand, soft
and collinear modes have the same transverse momentum of jT , and thus both contribute
to our observable. The difference is that collinear modes encode energetic radiations along
the thrust axis, while soft modes describe large-angle long wave radiations. Based on the
mode analysis, the factorization formalism is given as

dσ

dzhd2!jT
= σ0

∑

i=q,q̄,g

e2q

∫
d2!kT d2!λT δ(2)

(
!jT − !kT − zh!λT

)

× Hi(Q,µ)Dh/i(zh, kT , µ, ν)Si(λT , µ, ν) , (2.3)
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where Ci←q(z, µb) = δiq δ(1 − z) at LO and the higher-order expressions can be found
in [17, 29, 63, 64].

On the other hand, when µb ∼ ΛQCD, one has to introduce non-perturbative contri-
butions, for which we apply the usual b∗-prescription to include the TMD evolution in the
large b region. Here we have b∗ defined as

b∗ =
b

√
1 + b2/b2max

, (2.28)

where bmax is chosen [17] to be 1.5GeV−1. At the same time we include non-perturbative
function SNP(b,Q0, Q), which is given by [23, 36]

SNP(b,Q0, Q) = g2
2 ln

(
b

b∗

)
ln
(
Q

Q0

)
+ gh

z2h
b2 , (2.29)

with Q2
0 = 2.4GeV2, g2 = 0.84 and gh = 0.042. We choose to work at the next-to-

leading logarithmic (NLL) level, we thus include two-loop cusp and one-loop normal anoma-
lous dimension, and tree-level matching coefficients. Then plugging in the above results
for DTMD

h/q (zh, b, µh) in eqs. (2.23) and (2.27), along with the non-perturbative function
SNP(b,Q0, Q) in eq. (2.29), into the differential cross section in eq. (2.8), we obtain the
all-order resummation formula

dσ

dzhd2#jT
= σ0

∑

i=q,q̄

e2i

∫ ∞

0

b db

2π
J0(bjT /zh)e−Spert(µb∗,µh)−SNP(b,Q0,Q) 1

z2h
Dh/i(zh, µb∗) , (2.30)

where the Bessel function J0 arises after integrating the angle between #b and #jT . The
numerical integration over b is performed using the algorithm in [65]. We have chosen the
canonical scales for µh and µb∗ as follows

µh = Q, µb∗ = 2e−γE/b∗ . (2.31)

Such a formalism in eq. (2.30) resums all the global logarithms in ln(Q2/j2T ).

2.3 TMD formalism at threshold zh → 1

Belle collaboration finds that the hadron cross sections can be well described by Gaussians
Distribution as a function of jT in the small jT region and that the width of the Gaussian
shows an initially rising for small to intermediate zh, while a decreasing zh-dependence for
large zh ! 1. In the region zh → 1 region, the threshold logarithms ln(1−zh) would become
important and thus has to be resummed. In our phenomenological section, we find that the
joint threshold and TMD resummation will be able to describe well such a zh-dependence
for the Gaussian width. We develop theoretical formalism in this section for this purpose.
As we will show below, in the threshold region, an additional mode, so-called collinear-soft
(c-soft) mode [66–69] is relevant. Such a mode is shown as the purple curves in figure 1
(right), and the corresponding momentum scaling is given by

• c-soft: pS ∼
(
j2T /(Q(1 − zh)), Q(1 − zh), jT

)
.
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• The Gaussian width of the jT distribu5on 
given by the TMD formalism freeze to a 
certain value.  

• Aeer including joint threshold and TMD 
resumma5on effects, the theore5cal 
predic5ons are consistent with the data
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Figure 5. Gaussian widths for pion using TMD resummation (red band) and joint resummation
(blue band) as a function of zh in the thrust bin 0.5 < T < 1.0. Data points are constructed by
charged pion differential cross sections measured at Belle detector.

resummation results and data gets better with decreasing Gaussian width. The jointly
resummed differential cross section decreases faster, indicating a smaller Gaussian width
value, which is more consistent with experimental data compared to the results with only
transverse momentum resummed, where shapes are almost the same for the four zh bins
in such a large zh region.

To see the change of jT width as a function of zh, we fit the cross section dσ/dzhd2"jT
as a function of j2T ,

dσ

dzhd2"jT
∝ 1

πσ2
jT

exp
(
−j2T /σ2

jT

)
, (4.1)

and reconstruct the Gaussian width σ2
jT

for both theory and experimental data. We com-
pute Gaussian width as a function of fractional energy zh using both TMD resummation
(red curve) and joint resummation (blue curve). In figure 5, for small zh region (zh < 0.5),
the logarithmically enhanced contribution origins from ln(Q/jT ), thus transverse momen-
tum resummed cross section σ2

jT
fits the data well. As the value of zh is increased, for the

TMD factorization theorem in eq. (3.15), dependence on zh becomes weak, leading to a
plateau at the tail region. On the other hand, for the factorization theorem with joint re-
summation in eq. (3.19), where transverse momentum and threshold logarithms are jointly
resummed, the cross section sharply decreases as zh increases, indicating a better fit for
this region. Generally speaking, for kinematic regions distinguished by zh bins, adopting
TMD resummation in intermediate zh regions while making use of joint resummation for
large zh bins can lead to excellent agreement with measurement for e+e− → πX process,
suggesting our factorization and resummation formula results in a reasonable approach for
describing single inclusive hadron production at the electron-positron colliders.
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Factoriza5on on transverse polarized Λ hyperon produc5on with the thrust axis
Gamberg, Kang, DYS, Terry, Zhao ’21 PLB

2

the factorization for the thrust-axis process with unpolar-
ized hadron production has only recently been considered
from theory [29–31] in a generalized TMD framework. In
this case for e

+
e
�

! ⇤(Thrust)X, as shown in Fig. 1
(left), one establishes a trust axis and measures ⇤ trans-
verse momentum j? with respect to the thrust axis n̂.
We extend the TMD factorization formalism to describe
transversely polarized ⇤ production in this case with full
QCD evolution. Establishing such a factorization theo-
rem is an essential tool to carry out a global analysis of
the TMD PFF.

On the other hand, much of the above mentioned data
have been for single inclusive ⇤ production, e+e� ! ⇤X,
where there is a single hard scale – the transverse mo-
mentum p⇤? of the ⇤, measured in the lepton center-of-
mass (CM) frame as shown in Fig. 1 (right). In recent
years QCD collinear factorization at higher twist [32, 33]
predict a non-trivial result for these processes. For fully
inclusive e

+
e
�

! ⇤X the collinear twist-3 factorization
framework predicts [14], that the cross section factor-
izes into a hard scattering contribution and the collinear
twist-3 polarizing fragmentation function, DT (z⇤). A
treatment of a non-trivial transverse polarization for this
process was also given in terms of a TMD framework by
Boer [23], and was also studied earlier for the inclusive
deep inelastic scattering (DIS) process [34].

FIG. 1. Left: Thrust reference frame e+e� ! ⇤(Thrust)+X.
Right: Center-of-mass frame e+e� ! ⇤+X.

It is quite interesting that while these two measure-
ments probe di↵erent distribution functions, they di↵er
only by the definition of the measurement axis. That is, a
measurement of the polarization as a function of j? with
respect to the thrust axis is a useful process for probing
the properties of the TMD PFF D

?
1T with respect to the

thrust axis, while a measurement of the polarization as
a function of p⇤?, the transverse momentum of the ⇤ in
the lepton CM frame, is a useful process for probing the
collinear twist-3 DT function. Therefore the polarization
in the CM frame can in principle be studied from the
existing Belle data by re-analyzing the data for the in-
clusive e

+
e
�

! ⇤(Thrust)X measurement. With regard
to the latter measurement, it is important to note that
an observation of a non-zero e↵ect in the single inclu-
sive process, is a fundamental test of naive time reversal
invariance [24, 34–36] which predicts a non-zero result
for T-odd fragmentation, and a zero result for inclusive

DIS processes [37]. Furthermore, in the recent paper [14]
the factorization of this process has been studied at next
to leading order in perturbative QCD. In this paper, we
use this formalism to make a theoretical prediction at
Belle for this process. In this paper, we provide a clear
distinction between the TMD and twist-3 factorization
theorems for these two measurements and in turn.
Our paper is organized as follows: In Sec. II A,

we provide the theoretical formalism for the e
+
e
�

!

⇤ (Thrust)X process. In Sec. II B, we provide the the-
oretical formalism for the e

+
e
�

! ⇤X process. In
Sec. IIIA, we provide the details of our phenomenolog-
ical analysis for the thrust TMD formalism and make a
comparison of our formalism against the measurements
performed by Belle and OPAL. In Sec. III B, we provide
a theoretical prediction at Belle kinematics. We conclude
our paper in Sec. IV.

II. QCD FACTORIZATION

In this section, we provide the theoretical framework
of our analysis. In Sec. II A, we extend the theoretical
formalism presented in [29] to describe transverse polar-
ization in e

+
e
�

! ⇤ (Thrust)X as shown in the left
side of Fig. 1, where j? is the ⇤ transverse momentum
with respect to the thrust axis n̂. In Sec. II B, we pro-
vide the formalism for transverse ⇤ polarization in the
twist-3 collinear formalism under center-of-mass frame
as illustrated in the right side of Fig. 1, where p⇤? is the
transverse momentum of the ⇤ baryon relative to the
momentum of incoming electron.

A. ⇤ Polarization in the Thrust Frame

n̂

ϕ j
j⊥

S⊥

e
+

e
−

x

y

z
PΛ

FIG. 2. Transverse ⇤ polarization in the thrust frame. The
blue semi-circle represents the plane which is perpendicular
to the thrust axis n̂.

In this section, we consider the transverse polarization
for the process

e
�(l) + e

+(l0) ! �
⇤(q) ! ⇤

�
z⇤, j?,S?

�
+X . (1)

In this expression, q
µ = l

µ + l
0µ with Q ⌘

p
q2, and

z⇤ = 2P⇤ · q/Q
2 is the parton fraction variable for the

fragmentation function while the center-of-mass energy

5

In this expression, we have introduced the full spin-
dependent b-space TMD FF which is defined as

D̂⇤/q

�
z⇤, b,S?, Q

�
=

1

z
2
⇤

Z
d
2
p?e

�ib·p?/z⇤ (19)

⇥ D̂⇤/q

�
z⇤,p?,S?, Q

�
.

We have also introduced the b-space first Bessel moment-
TMD PFF [43] which is defined as

D
?(1)
1T,⇤/q (z⇤, b, Q) = �

2z2⇤
M

2
⇤

@

@b2
D

?
1T,⇤/q (z⇤, b, Q) (20)

= �
2

M
2
⇤

z
2
⇤

2b

@

@b

Z
d
2
p?
z
2
⇤

e
�ib·p?/z⇤D

?
1T,⇤/q (z⇤, p?, Q)

Analogous to the collinear matching of the TMD FF in
Eq. 13, the TMD PFF can be matched to a collinear

distribution, D?(1)
1T,⇤/q (z⇤, µb⇤) at NLL

D
?(1)
1T,⇤/q (z⇤, b, Q) =D

?(1)
1T,⇤/q (z⇤, µb⇤) (21)

⇥ e
�Spert(µb⇤ ,Q)�S?

NP(b,z⇤,Q0
0,Q)

,

which reduces to the ”transverse momentum” mo-
ments [21, 54] in the small b limit [43] have introduced
the first moment of the TMDPFF

lim
b!0

D
?(1)
1T,⇤/q (z⇤, b, Q) (22)

=
2

M
2
⇤

z
2
⇤

2b

Z
d
2
p?
z
2
⇤

p?
z⇤

bp?
2z⇤

D
?
1T,⇤/q (z⇤, p?, Q)

=

Z
d
2
p?

p
2
?

z
2
⇤2M

2
⇤

D
?
1T,⇤/q (z⇤, p?, Q)

⌘ D
?(1)
1T,⇤/q (z⇤, Q) ,

This provides a check the normalization.
Furthermore, the non-perturbative evolution factor for

the TMD PFF is denoted S
?
NP(b, z⇤, Q

0
0, Q). This non-

perturbative factor is not the same as the unpolarized
factor. We note that in order to make this di↵erence
clear, we have included a ‘?’ in the superscript for the
non-perturbative factor. In this expression, we also de-
note the initial scale of the TMD PFF Q

0
0, which is not

necessarily the same as the initial scale of the unpolarized
TMD FF. The form of these functions will be addressed
in IIIA. On the contrary, the perturbative evolution fac-
tor, Spert(µb⇤ , Q) is the same as the unpolarized case.

In order to arrive at an expression for the spin-
dependent di↵erential cross section, we now replace the
unpolarized TMD FF in Eq. 12 with the spin-dependent
TMD FF.

d�
�
S?

�

dz⇤d
2j?

= �0

X

q

e
2
q

Z 1

0

d
2
b

(2⇡)2
e
ib·j?/z⇤ (23)

⇥ D̂⇤/q

�
z⇤, b,S?, Q

�
UNG(µb⇤ , Q)

We can see from Eq. 18 that the first term is independent
of the transverse spin vector S�

? while the second term is
an odd function of S�

?. We can therefore isolate the un-
polarized cross section by adding two full spin-dependent
cross sections which have opposite spin configurations

d�

dz⇤d
2j?

=
d�

�
S?

�

dz⇤d
2j?

+
d�

�
�S?

�

dz⇤d
2j?

(24)

= �0

X

q

e
2
q

Z 1

0

bdb

2⇡
J0

✓
b j?
z⇤

◆
(25)

⇥
1

z
2
⇤

D⇤/q(z⇤, µb⇤) e
�SNP(b,z⇤,Q0,Q)�Spert(µb⇤ ,Q)

⇥ UNG(µb⇤ , Q) .

In order to isolate the contribution of the TMD PFF,
we subtract two full spin-dependent cross sections which
have opposite spin configurations.

d��

dz⇤d
2j?

=
d�

�
S?

�

dz⇤d
2j?

�
d�

�
�S?

�

dz⇤d
2j?

(26)

= �0 sin (�s � �j)
X

q

e
2
q

Z 1

0

b
2
db

2⇡
J1

✓
bj?
z⇤

◆

⇥
M⇤

z
2
⇤

D
?(1)
1T,⇤/q (z⇤, µb⇤) e

�S?
NP(b,z⇤,Q0

0,Q)�Spert(µb⇤ ,Q)

⇥ UNG(µb⇤ , Q) .

To arrive at this expression, we have integrated over
the b azimuthal angle. From this expression, we see that
the size of the spin-dependent cross section depends on
the sin(�s � �j) modulation. In this modulation, the
angles �s and �j are the azimuthal angles of S? and
j?, respectively. In Fig. 2, we provide a figure which
demonstrates the definition of these angles relative to
the other kinematics. In the experimentally measured
polarization, it is conventional to take �s = ⇡/2 and
�j = 0 so that only the magnitude of the modulation
is measured. For the purposes of this paper, we will
always take these angles to be defined in this way. With
this definition of the angles, the experimentally measured
quantity is therefore given by the expression

P
⇤
?(z⇤, j?) =

d��

dz⇤d
2j?

�
d�

dz⇤d
2j?

. (27)

B. ⇤ Polarization in the CM Frame

In this section, we consider the transverse polarization
for the process

e
�(l) + e

+(l0) ! �
⇤(q) ! ⇤

�
z⇤,p⇤?,S?

�
+X . (28)

In this expression, p⇤? is the transverse momentum of
the ⇤ baryon with respect to the lepton pair while z⇤ and
S? are defined in the same way as the previous section.
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FIG. 5. P⇤
?(z⇤, j?) in e+ e� ! ⇤X for the Belle data [20]. From left column to right column, the theoretical curve is integrated

from 0.2 < z⇤ < 0.3, 0.3 < z⇤ < 0.4, 0.4 < z⇤ < 0.5, 0.5 < z⇤ < 0.6. The data in red is for ⇤ production while the data
in blue is for ⇤̄ production. The experimental data is plotted with the total experimental uncertainty as a vertical error bar
while the experimental uncertainty on j? is in the horizontal error bar. The gray band is the theoretical uncertainty which was
generated from the replicas for the TMD PFF.

In Fig. 4, we plot the polarization as a function of j?.
We note that our convention for the direction of the vec-
tor S? is opposite of the direction that was used in the
OPAL measurement. To account for this di↵erent con-
vention, we have multiplied the experimental data by a
minus sign. We also note that the experimental data at
OPAL is integrated over the region 0.027  z⇤  1. (Re-
minder of changing the range) However, the TMD PFF
from [26] was extracted in the region 0.2  z⇤  0.5.
Therefore in order to generate our theoretical curve, we
only integrate over the region 0.2  z⇤  0.5. In our the-
oretical, we have also included the theoretical error from
the fit performed in [26]. To generate this theoretical un-
certainty, we have generated a theoretical prediction for
each of the 201 replicas in [26]. At each data point, we
have a set of 201 predictions and we keep the middle 68%
of this set by cutting the bottom and top 16 percentile.
The band is then generated from the maximum to the
minimum of this cut set. This uncertainty is plotted as
a gray band in our prediction. We see in this figure, that
despite the relatively large experimental errors, our the-
oretical curve is very consistent with the central values
of OPAL data. Furthermore, the shape of our theoretical
prediction also matches the values which were measured
at OPAL.

Due to the small experimental errors at Belle, the Belle
collaboration was able to provide significant signal for
transverse ⇤ polarization. In Fig. 5, we plot our TMD
prediction against the Belle data. The columns from left
to right of this figure indicated the binned values for the
z⇤ that we used in our numerical calculations. To gen-
erate our theoretical curve, we integrate over the adver-
tised z⇤ values. It is important to note that the right-
most bin in the experimental data was 0.5  z⇤  0.9.
While the TMD PFF in [26] was extracted in the re-
gion 0.2  z⇤  0.5, we also provide our prediction
for the final bin. In order to avoid complications as-
sociated with threshold resummation at z⇤ > 0.6, we

only integrate from 0.5 to 0.6. In this plot, the blue
data is for ⇤ production while the red data is for ⇤̄ pro-
duction. The horizontal error bars indicate the bin size
in j? while the vertical error bars are the total experi-
mental error. We note that the TMD PFF in our phe-
nomenology is invariant under charge conjugation, ex-
plicitly D

?
1T,⇤/q(z, b,Q) = D

?
1T,⇤̄/q̄

(z, b,Q). Therefore,

after performing the sum over the quark flavors, the the-
oretical prediction for ⇤ and ⇤̄ is then the same. We note
that in order to only examine experimental data that is
in the TMD region, we neglect experimental data points
which have j?/z⇤ > 0.2Q. We see in Fig. 5 that in the re-
gion of small z⇤, the magnitude of the experimental data
is small. This behavior can be described by examining
Fig. 5 in [26]. At small z⇤ the magnitude of the u, d, and
sea TMD PFFs are large and the sign of the u TMD PFF
is opposite of the d and sea TMD PFFs. Therefore in this
region there are large cancellations that are occurring be-
tween the di↵erent flavors. However, at z⇤ > 0.4, the d

and s TMD PFFs dominate. Since the d and s quark
TMD PFFs have the same sign, the magnitude of the
theoretical curve is larger in that region. We see in the
region 0.4  z⇤  0.5 that both the magnitude and shape
of our our theoretical curve agrees very strongly with the
experimental data. Furthermore, while the TMD PFF
was only extracted in the region 0.2  z⇤  0.5, we find
that the parameterization still describes the experimental
data very strongly at z⇤ > 0.5.

B. Twist-3 Phenomenology

In this section, we provide our prediction for the twist-
3 transverse polarization at Belle. The denominator for
the twist-3 polarization is given by Eq. 32. In order to
generate a numerical prediction for unpolarized ⇤ pro-
duction, we only need to fix the collinear FF. For this
purpose, we once again use the AKK collinear FFs in

Theory results are consistent with Belle data
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=
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q
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1T,⇤/q (z⇤, µb⇤) e
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Theory formula including QCD evolu5on

This result provides proof of principle that the experimental data can be described using the factoriza5on and 
resumma5on formalism that we have introduced. 

Belle ’18 PRL



Factoriza5on on transverse polarized Λ hyperon produc5on with the thrust axis
Gamberg, Kang, DYS, Terry, Zhao ’21 PLB

Theory predic5onsTwist-3 theory formula including QCD 
evolu5on
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Transverse Lambda polariza5on and jet charge
(Gamberg, Kang, DYS, Terry, Zhao in progress)
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Preliminary
Charge tagged jet func/on:

Gi(Q, pTR,µ)
<latexit sha1_base64="Lyp4PUCfibChxsehlLUs0I97JYY="></latexit>

Jet charge defini/on:

Dynamic modes:

As shown in (Kang, Liu, Mantry, DYS ’20 PRL), the jet charge observable is a novel probe of flavor structure for the 
hadron spin



Thrust and Jet measurements are closely related
Want to test Universality Belle BeS BaBar + EIC

• Is it the same PFF function in the bTOb hadron and hadron + thrust 
measurements ???

• What about “T”-odd universality can we test it with all data?

h

bTObthrust 

PΛ⊥

Drawing by Zhong-Bo Kang



We present a general theore/cal framework for the hadron distribu/on in a jet, where both 
incoming par/cles and outgoing hadrons inside the jet have general polariza/ons. 

We inves/gate all possible azimuthal asymmetries.

Spin Asymmetries in Electron-jet Produc5on at the EIC
Kang, Lee, DYS, Zhao ’21 ’22 JHEP
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Polarized event shape



Spin asymmetry of EEC in the large angle limit
• Many spin asymmetries arise from the azimuthal correla5ons 

• Azimuthal angle dependence in the small angle limit Chen, Moult, & Zhu ’20; Li, Liu, 

Yuan, Zhu ‘23   

• Fracture Func5ons Chen, Ma, Tong ‘24 

• NEEC, long-range azimuthal correla5on and entanglement Guo, Liu, Yuan, Zhu ‘24 

• We extend the EEC in the back-to-back by considering azimuthal asymmetries 
associated with the EEC Kang, Lee, DYS, Zhao ’23



Azimuthal dependent EEC in e+e-

• The standard TMD factoriza5on for the back-to-back di-hadron process 

Unpolarized TMD FF

Collins TMD FF

Energy frac5on



Azimuthal dependent EEC in e+e-

• The TMD factoriza5on for the azimuthal-dependent EEC in the back-to-back limit 

• The  unpolarized EEC jet func5on has a close rela5on to the unpolarized TMD FFs 

• Collins-type EEC jet func5ons are closely connected with the Collins FFs

New term: azimuthal asymmetry
“Collins-type” EEC jet functions

A similar structure for Winner-take-
All jet function was given in W. Lai, 
X. Liu, M Wang, H. Xing ’21 ’22



Collins-type EEC jet func5on
• We introduce Collins-type EEC jet func5on 

• The OPE of the subtracted unpolarized and Collins TMD FFs gives  

Collins function in b-space

twist-3 FFs (HF is ignored)

<latexit sha1_base64="rW3VpLg1TrEiaWaFfRdExig01g8="></latexit>
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The OPE of the Collins TMD FFs 
• The OPE of the subtracted unpolarized and Collins TMD FFs gives  

• Standard convolu5on 

• Double convolu5on

: twist-3 fragmenta/on func/on, related to the first k⊥-moment of    
  the Collins TMD FF

starts at the order O(αs) and is ignored in our work



Sum rule
• The collinear func5ons in the OPE matching obey the sum rules  

• In the OPE region 

• We find that the Collins-type EEC jet func5on becomes  zero in the OPE region 
upon neglec5ng the off-diagonal matching terms.  

sum over longitudinal momentum fraction carried by the 
hadron is 1 

the transverse momentum carried by the final hadron sum 
to 0 (Schafer-Teryaev sum rule)

= 0



Collins-type EEC with subsets of hadrons 
• In the small angle limit, the track func5on formalism was used to study energy 

correla5on between hadrons with specific quantum number                                    Chang, Procura, 
Thaler, & Waalewijn ’13; Y, Li, Moult, Schrijnder, Waalewijn, H. X. Zhu ’21; Jaarsma, Y. Li, Moult, Waalewijn, Z. X. 
Zhua ’22, ’23 + H. Chen ’22 ‘23 

• In the large angle limit (TMD region), one can also use subset 𝕊 of hadrons to define the 
jet func5on 
• E.g. Tacking jet func5on for the recoil free jets 

• We explore a less inclusive version of EEC in the back-to-back limit that is only sensi5ve to 
the energy flow of subset 𝕊 of hadrons 
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��

��

���

��� ��� ��� ��� ��� ��� ���

���
���
���
���

Chien, Rahn, DYS, Waalewijn & Wu  ’22 JHEP + Schrignder ’21 PLB 



Collins-type EEC with subsets of hadrons 
• We define the modified jet func5ons 

• In the OPE region 

• All the non-perturba5ve informa5on are captured by the moments of FFs in the OPE region 

average fraction of longitudinal momentum carried by 𝕊 

average transverse momentum carried by 𝕊 



Collins-type EEC with subsets of hadrons 

• From the perspec5ve of Collins-type EEC jet func5on, we are mo5vated to consider the 
so-called favored and unfavored subset 

• Twist-3 Collins fragmenta5on func5ons 

• The vanishing value of Collins-type EEC jet  
    func5on in the OPE region can be understood as 

• In phenomenology we consider 

Kang, Prokudin, Sun, Yuan `15
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Collins asymmetry in e+e-

Belle 2006 BESIII 2016



EEC in e+e- : Collins asymmetry
• We provide a prediction for Collins asymmetry at Belle kinematics

• When choosing a subset of either posi/vely 
or nega/vely charged pions detected in 
EEC, one observes sizable asymmetries, 
which worth further measurement. 

• BESIII collabora/on is performing this 
analysis



EEC in DIS
The definition of EEC in DIS Li, Marks, Vitev `21 

We generalize the above definition
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Collins and Sivers asymmetry of EEC in DIS

Transversity and Collins func/on 
Kang, Prokudin, Sun, Yuan `15

Sivers func/on:  
Echevarria, Kang, Terry `20

Kang, Lee, DYS, Zhao ’23 JHEP
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Diffrac5on



Diffrac5on in ep collisions
• Hadronic diffrac5on processes and total cross sec5ons have been described using the 

concept of ‘pomeron exchange’.  

• The simplest way to introduce the concept of pomeron is within the framework of Regge 
theory 

• Some recent theory progress:  
• Fracture Func5ons: Chen, Ma, Tong ‘21 ’24 + Chai ‘19 
• Glauber SCET: Lee, Schindler, Stewart ’25 
• …..
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Azimuthal decorrela5on of QCD jets in ultra-peripheral collisions 
(Zhang, Dai, DYS, ’23 JHEP)

Dijet production with no nuclear breakup 
ATLAS ‘22

Photon-photon fusion diffractive photo-production 

We apply equivalent photon approxima5on (Fermi 1924; Weizsacker 1934; Williams 1935) + SCET

• Ui(li,x, R, yi) is the collinear-soft function describing the soft radiation along the di-

rection of the jet, and it is sensitive to the jet direction and the jet boundary. In

addition, the collinear-soft mode p
µ
csi can also resolve any possible collinear con-

stituents of the jet, which can give the so-called NGLs, as discussed in the following

paragraph.

• S(�x, y1, y2) is the transverse momentum dependent soft function which integrates

the radiation from the leading and sub-leading jets, so it dependents on the rapidity

of jets explicitly.

Their one-loop sample diagrams in SCET are given in the right panel of figure 3, and in the

appendix we present the explicit calcultions of the soft and collinear-soft functions at one

loop. Except the factorization scale µ dependence, we also present the soft S and collinear-

soft Ui functions with explicit rapidity scale ⌫ dependence, which stems from rapidity

divergence and the corresponding regulator. In the following subsection we will apply

the collinear anomaly formalism in [72, 73] to resum corresponding rapidity logarithms.

Alternatively, it can be dealt with using the rapidity renormalization group method [74,

75]. Finally, it should be noted that the above factorized expression (3.4) has ignored

the structure from non-global logarithms (NGLs), which start contributing at two-loop

order [60]. The TMD factorization formula including those e↵ects have been discussed in

[51, 52, 76], and one finds that NGLs can be resumed via a fitting function given in [60] at

NLL level. In our phenomenology, we have included their contributions in the resummation

formula.

After performing Fourier transform for (3.4), we obtain the factorized formula in the

coordinate space as follow

d4�

dqxdpTdy1dy2
=

Z +1

�1

dbx
2⇡

e
iqxbxB̃(bx, pT , y1, y2)H(pT ,�y, µ)S̃(bx, y1, y2, µ, ⌫)

⇥ Ũ1(bx, R, y1, µ, ⌫)J1(pT , R, µ)Ũ2(bx, R, y2, µ, ⌫)J2(pT , R, µ), (3.7)

where B̃, S̃ and Ũi are the Fourier transform of B, S and Ui in (3.4), respectively. Except

the Born cross section B̃, all other ingredients are normalized to 1 at the leading order.

Accordingly, as a check one can easily see that at the leading order the above formula (3.7)

degenerate (2.2) for the quark-antiquark pairs production without final-state radiations.

3.2 QCD resummation formalism of final-state radiation

In this section, we present the RG equations for the factorization scale dependent in-

gredients in (3.7), including the hard function H, jet function Ji, soft function S̃, and

collinear-soft function Ũi. After presenting their RG evolution equations, we check the RG

consistency at one loop. In the end, we present the all-order QCD resummation formula

for the azimuthal angular distribution.
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Numerical results

• A good agreement with the ATLAS data in the nearly back-to-back region 
• Photo-produc5ons may enhance the dijet produc5on rate, but should barely 

change the shape

(Zhang, Dai, DYS, ’23 JHEP)
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Azimuthal Correla5ons within Exclusive Dijets with Large 
Momentum Transfer in Photon-Lead Collisions

A calculation based on the RAPGAP model, which is tuned to HERA results, predicts 
that ⟨cos(2Φ)⟩ rises with QT, but overshoots the data by a factor of 3-5.



Diffrac5ve dijets photo-produc5on
• Diffrac5ve di-jet produc5on provide rich informa5on on nucleon internal structure. 

• In cases of diffrac5ve tri-jet produc5on, where a semi-hard gluon is emiPed towards 
the target direc5on and remains undetected, the experimental signature of this process 
becomes indis5nguishable from that of exclusive di-jet produc5on.  

• Recent studies have shown that the cross sec5on for coherent tri-jet photo-produc5on 
significantly surpasses that of exclusive di-jet produc5on Iancu, Mueller & Triantafyllopoulos ‘21 

• The produc5on of color octet hard quark-an5-quark dijets enables the emission of soe 
gluons from the ini5al state. This mechanism significantly influences the total 
transverse momentum q⊥ distribu5on of the dijet. 

diffrac5ve produc5on of exclusive dijets diffrac5ve produc5on of (2+1) jets 



Diffrac5ve dijets photo-produc5on
• The CGC calcula5on of diffrac5ve di-jet photo-produc5on, 

accompanied by a semi-hard gluon emission, has been 
studied in Iancu, Mueller & Triantafyllopoulos ’21; Iancu, Mueller, 
Triantafyllopoulos, & S. Y. Wei ’23 

• The Born cross sec5on for semi-inclusive diffrac5ve back-to-back dijet produc5on is 
expressed  as 

• Within the CGC formalism, the gluon distribu5on of the pomeron is related to the 
gluon-gluon dipole scaPering amplitude 

dipole amplitude 



Factorizaton and resumma5on 
• By trea5ng the gluon DTMD as if it were an ordinary TMD, we assume that the 

standard TMD factoriza5on framework can be used in the back-to-back region 
Hata, Xiao & Yuan ’22 

• We refactorize the gluon DTMD as the matching coefficients and the integrated 
pomeron gluon func5on 

DGLAP evolu/on of the pomeron gluon DPDF ?

addi/onal sta/c source term in the modified DGLAP equa/on 
Iancu, Mueller, Triantafyllopoulos, & Wei  ‘23

Glauber SCET Rothstein, Stewart, `16 



Factoriza5on and resumma5on 

• Resumma5on formula 

• NLO azimuthal angle-dependent  soe func5on



Numerical results and measurements in UPCs 
DYS, Y. Shi, C. Zhang, J, Zhou, Y. Zhou ’24 JHEP

• Incorpora5ng the ini5al state gluon 
radia5on offers a more accurate 
representa5on of the CMS data 

• Difference remains. 
The azimuthal asymmetry: Our result 
underes5mates the asymmetry at low 
q⊥ and overshoots it at high 



Summary and Outlook

• We develop the factoriza5on framework to study transverse polariza5on 
effects for Λ(thrust) produc5on  

• We present a comprehensive study of the azimuthal angle dependence of EEC 
in the back-to-back region  

• We study azimuthal angular asymmetry in diffrac5ve di-jet produc5on. The 
produc5on of color octet dijets expands the color space, enabling the emission 
of soe gluons in the ini5al state.  

Thank you


