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Motivation

• Strong coupling constant  is a fundamental parameter in 
the Standard Model (SM) and in Quantum Chromodynamics 
(QCD).

• The running behavior of  reflects the fundamental 
properties of asymptotic freedom and color confinement.

• The measurement of  across the entire range of energy 
scale is crucial for understanding and testing of QCD.

A. Theoretical input in Higgs/EW sector,

B. Testing RGE,

C. Low-energy QCD, such as emergent hadron mass 
(EHM)
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(Left) The  measurements at different 
energy scales. 
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Inclusive semi-leptonic  decayB
• Heavy Quark Expansion (HQE)

•

•

• : perturbative correction, expanded as a series in ,

• ：higher-order power 

corrections, including non-perturbative parameters

Γ (B → Xcℓν̄ℓ) = Γ0 [C0−Cμπ

μ2
π

2m2
b

+ CμG

μ2
G

2m2
b

+ …]
Γ0 ≡

G2
F |Vcb |2 m5

b Aew

192π3

C0 αs

C0 = c0 + c1
αs

π
+ c2 ( αs

π )
2

+ c3 ( αs

π )
3

+ 𝒪(α4
s )

−Cμπ

μ2
π

2m2
b

+ CμG

μ2
G

2m2
b

+ …

• Under HQE,  was used to fit:[1,2]

• CKM elements: 

• Quark masses: 

• HQE parameters: , , etc.

with  fixed at the world average.

• Is it possible to extract  from inclusive 

1. constrain other parameters using independent determinations,

2. or perform simultaneously fit?

B → Xcℓν̄ℓ
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Leading order power correction

•

• : calculated to 4th order, depending on .[1,2]

• Reform :

• in  scheme (transformed from the calculation in OS 
scheme.)

• at scale 

• as a function of ,  & 
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ci mb, mc

C0

MS

μ = 5 GeV

mb(5 GeV) mc(5 GeV) αs(5 GeV)

mb(mb)
mc(mc)

mb(5 GeV)
mc(5 GeV)

αs(5 GeV)
Discrete sampling: 0.16, 

0.17, 0.18, 0.19, …

PDG

C0

Γ0Evolve to 5 GeV

• External input (fixed parameters): 

• ,  at PDG world averages

• Floating variable: 

•  in perturbative expansion +  evolution.

mb(mb) mc(mc)

αs mb, mc

https://doi.org/10.1103/PhysRevD.104.016003
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Higher order power correction

• The numerical calculations for the coefficients  and  have been provided in the kinetic 
scheme, [1]

• , 

• The non-perturbative parameters: [2]

• , , 

• The higher order power corrections are estimated around 4%, with  and  estimated 
using their first terms.

• Truncation error: sub-leading terms of  and , ~ 0.2%

• Error from parameters , , : ~ 0.5% 
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The numerical function of 
 versus , 

compared with  
. The 

numerical function is parameterized by a 
polynomial function in the  
range from 0.16 to 0.26.

Γ (B → Xcℓν̄ℓ) αs(5 GeV)
Γ (B → Xcℓν̄ℓ)

= (4.34 ± 0.16) × 10−14 GeV

αs(5 GeV)

https://doi.org/10.1007/JHEP01(2014)147
https://doi.org/10.1016/j.physletb.2021.136679


7[1] arXiv:2310.20286v1 
[2] The  evolution is performed using RunDec: 10.1016/S0010-4655(00)00155-7αs(μ)

Parameters and result

• Decay width : derived from experimental measurements of 
the life time and branching ratio:

• ,  
                               

 

• , 
                               

• Perform a fit of  to ,

•

•

• Combined result: 

• Evolve to :  [2]

Γ (B → Xcℓν̄ℓ)

τB± = 1.638 ± 0.004 ps, ℬ(B± → Xcℓν) = 10.8 ± 0.4 %

⟹ Γ(B± → Xcℓνℓ) = (4.34 ± 0.16) × 10−14 GeV

τB0 = 1.517 ± 0.004 ps, ℬ(B0 → Xcℓν) = 10.1 ± 0.4 %

⟹ Γ(B0 → Xcℓνℓ) = (4.38 ± 0.17)) × 10−14 GeV

αs(5 GeV) Γ(B → Xcℓνℓ)

αs(5 GeV) = 0.224 ± 0.017

αs(5 GeV) = 0.226 ± 0.017

αs(5 GeV) = 0.225 ± 0.012

mZ αs(mZ) = 0.121 ± 0.003

• External parameters:

• CKM element : 

• derived from exclusive  decays with form factor calculated from lattice 
QCD.[1]

• Quark masses , : 

• Fixed at the world averages.

• Evolve to ,  with varying 

• HQE parameters , , :

• Fixed at the values derived from spectral moments of inclusive semi-
leptonic  decay.
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Uncertainties

• The uncertainty from  , B life-time and branching ratios:  error 
propagation.

• The errors induced by the uncertainties on the input values of  
and : 

• Estimated by floating them within their errors and taking the largest 
 deviations.

• The uncertainty due to the remnant renormalization scale dependence:

• estimated by varying the RG-scale  from 2.5 GeV to 10 GeV, and 
taking the largest deviations conservatively ( ).

• The uncertainty of non-perturbative terms:

• Truncation error: sub-leading terms of  and , ~ 0.2%

• Error from HQE parameters , , : ~ 0.5% 
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The scale dependence of the fixed-order 
results in  for  in 

, using on-shell results in 
Ref.[1-2]

MS Γ(b → cℓνℓ)
μ ∈ [2.5,10] GeV

https://doi.org/10.1103/PhysRevD.104.016003
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Prospect
• Remnant renormalization scale dependence:

• Based on the scaling behavior of perturbative uncertainty from  to 
, we expect the next order result may halve the uncertainty. 

• CKM element :

• is expected to achieve the accuracy around 0.7% on the future  
collider:   boson decays.

• Branching ratio : 

• accuracy around 0.3% is expected with  Belle II data, assuming 
systematic error remains at the same level.

• Quark masses:

• will be improved by lattice QCD.

• Taking into these advantages,  is anticipated, become 
competitive with other methods.

𝒪(α2
s )

𝒪(α3
s )

|Vcb |

e+e−

W

ℬ(B → Xcℓνℓ)

50 ab−1

Δαs(mZ) ∼ 0.0018

(Left) The  measurements at different energy scales. 

(Right) The comparison of the  pre-averages from six 

experimental sources in PDG and the extrapolation value of this work. The 
 evolving is performed using the RunDec package.[1]

αs
αs(mZ)

αs

https://arxiv.org/abs/hep-ph/0004189
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Discussion:  in running quark massαs

• The  value used in the evolution of the quark 
masses from ,  to , 

 is floating.

• This treatment enlarges the sensitivity of the  
prediction on .

• Does it make sense to obtain  sensitivity 
from quark masses? 

• The external , , from PDG averages, 
depend on the assumptions of the perturbative .

• Global fit of quark masses &  using more 
observables, such as spectral moments of 

 and masses of B mesons, etc. 

αs
mb(mb) mc(mc) mb(5 GeV)

mc(5 GeV)

MS
αs

αs
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αs
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B → Xcℓνℓ
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Discussion: impact from  puzzle|Vcb |

• This method relies on an external input of 
 from the exclusive  meson decays.

• However, the present exclusive  
keeps a tension with the inclusive 

.

• The distance between the inclusive 
 and exclusive  corresponds 

to a relative uncertainty of 14%.

• Fit ,  and HQE parameters 
from moments of inclusive  decays?

|Vcb | B

|Vcb |

|Vcb |

|Vcb | |Vcb |

αs |Vcb |
B
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Nucl.Phys.B 840 (2010) 424-437

-   :the kinetic and chromo-
magnetic dimension-five operators.
μ2

π, G

-   : Darwin and spin-orbital 
(LS) dimension-six operators.
ρ3

LS, D

- : weak annihilation (WA).BWA

- , can be extracted 
from 
αS = αS(m2

c )
ΓSL

- Strong dependence of mc

- Can extract the |Vcs |

The  has been calculated using heavy quark expansion(HQE), which is expand 
as a series of  and  (the ratio of ).

ΓSL
αs(m2

c ) r m2
s /m2

c

 Theoretical predictions

• We had tried to extract the value of  by fitting the  with the experimental and 
theoretical results.

αS ΓSL

https://www.sciencedirect.com/science/article/pii/S0550321310003895?via%3Dihub


A  minimization method is employed to determine  from the ,χ2 αs(m2
c ) ΓSL

χ2(αs, θj) = ∑
i

[ΓSL,Di
− Γ̂SL(αs, θj)]2

σ2
ΓSL,Di

+ ∑
j

(θj − θ′￼j)2

σ2
θ′￼j

14@JinFei Wu

-  : measured  for  meson.ΓSL, Di
ΓSL Di -   : uncertainty of  for  meson.σΓSL, Di

ΓSL Di

-  : predicational  for  meson.Γ̂SL, Di
ΓSL Di -  and  : the value and uncertainty of constrained parameters in the fit.θ′￼j σθ′￼j

• The uncertainty caused by theoretical prediction is estimated by varying 
 with 10% uncertainty, (might be a conservative estimation)Γ̂SL

Extraction of αS

- High order perturbative corrections, need more precise calculation.

- Miss Cabibbo suppressed processes, need more measurements.
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• The uncertainties of these parameters 
are dominate uncertainty sources in the 
extraction of .


• More precise measurements may help to 
reduce the systematic uncertainties.

αs

The parameters involved in the  of charmed mesons are listed in the table,

- The values are not from the measurements related to the  of D mesons.

- The kinetic scheme is used to avoid the bad convergence behavior.

ΓSL

ΓSL

Extraction of αS
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• The values of  are extracted for , , and .αS(m2
c ) D0 D+ D+

s

Shade : world average.

Marker : fitted αs

Inner error bar : experimental 
uncertainty,

Outer error bar : total 
uncertainty,

- The values of  are consistent within 1  among different D mesons, and with the world 
average (running from  ). 

αs(m2
c ) σ

αs(m2
Z)

- The consistence among different D mesons demonstrate the robustness of this method.

Extraction of αS
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• The results of different charmed mesons,

• The profile contours of  vs. ,


- The consistence among different D mesons,


- The strong correlation between  and ,


- New observables are needed to reduce the 
correlation.

αs(m2
c ) mc

mc αs(m2
c )

Extraction of αS
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Summary
• Summary:

• We discuss a methodology determining  from the inclusive semi-leptonic B/D 
decay width.

• Similar expression in HQE: double expansion of  and heavy quark masses.

• By matching theoretical prediction and experimental measurements on 
 and , with , quark masses, HQE 

parameters constrained with external determinations.

• Discussions:

• RG scheme: balance between convergence and sensitivity.

• Obtain  sensitivity from running quark masses.

• Potential improvement by using invariant mass and momentum spectra of final 
states.

• Problems about  running in low energy region. 

αs

αs

Γ(B → Xcℓνℓ) Γ(D → Xsℓνℓ) |Vcb |

αs

αs

 from αs B
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Renormalization Scheme: Convergence or Sensitivity?

• In principle, physics observables are understand as scheme independent.

• The kinetic mass scheme was widely used in the semi-leptonic decays of 
b/c mesons, for better convergence.

• Kinetic mass scheme appears to provide better convergence but lower  
sensitivity.

• Different schemes for the same observable: Does good 
convergence imply poor sensitivity?

αs

Phys.  Rev. Lett. 125, 052003 (2020)

sensitivity
convergence
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RG scale dependency: Obtain  sensitivity from ?αs mq

• In principle, physics observables are understand as scheme independent.

• In HQE, observables are sensitive to  through perturbative corrections, whose 
coefficients are sensitive to .

• The heavy quark masses are sensitive to  through RGE evolution.

• Consequently, the  fit obtains additional sensitivity from quark mass 
running.

• is this only a technical trick or does it have physical meaning?

αs
mq

αs

αs

αs

mq

αs RGE

H
Q

E

αs
mq

αs

HQE
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Presently used: semi-leptoinc decay width.

• Measurement: Indirect, with lepton momenta threshold

• CKM elements: High correlation

Possible improvement: Moments of distributions or other optimized 
options?

• Measurement: Indirect, with lepton momenta threshold

• CKM elements: High correlation

• Sensitivity on : weak in kinetic scheme.αs

Phenomenology: Observables from Spectra?

JHEP05(2024)287

Phys. Rev. D 104, 012003 (2021)

Phys. Rev. D 104, 012003
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What are we measuring when we measure  at low  scale?αs Q2

• 😷 Limitation of pQCD: As the QCD energy scale 
decreases,

• non-perturbative effects strengthen,

• perturbation theory tends to break down.

• 💊 Supplementary strategy: The non-perturbative effects 
are captured by high-order power corrections of HQE (OPE) 
theory.

• with parameters corresponding to local operators 
determined from experiments.

• therefore theory models can explain data (with PDG 
world average  as input).αs

• ❓ Question: Using HQE model consistent with data,

• can we get an  deviating from RGE? 

• how do we interpret the deviation of measured  and RGE extrapolation?

• the incorrect understanding of nature in QCD theory?

• bad modeling of non-perturbative effect?

• The  is a model dependent parameter in QCD.

αs

αs

αpQCD
s
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Model independent ?αs

• Is there any model independent definition for  at 
low energy region ( )?

• Effective charge

αs
αIR

s

• How to compare:

• Effective charges defined from different processes?

• Effective charges and  ?

• …

MS αs
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Summary
• Summary:

• We discuss a methodology determining  from the inclusive semi-leptonic B/D 
decay width.

• Similar expression in HQE: double expansion of  and heavy quark masses.

• By matching theoretical prediction and experimental measurements on 
, with , quark masses, HQE parameters constrained 

with external determinations.

• Discussions:

• RG scheme: balance between convergence and sensitivity.

• Obtain  sensitivity from running quark masses.

• Potential improvement by using invariant mass and momentum spectra of final 
states.

• Problems about  running in low energy region. 

αs

αs

Γ(B → Xcℓνℓ) |Vcb |

αs

αs

 from αs B

 from αs D
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Γpert ≡ Γ0C0 = 1.217 × 10−13 GeV ⋅ (a0 + a1 ( αs

π ) + a2 ( αs

π )
2

+ a3 ( αs

π )
3

)
Perturbation expansion of  in  schemeC0 MS
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• Since the  has strong dependence on , the reasonable definition of  can 
simplify this study.

ΓSL mc mc

• The relation of  between the  and kinetic had been studied to . The 
 is calculated from different scale in .
mc MS N3LO

mkin
c (0.5 GeV) MS

• The average among 3 options is taken into account for  in this study.mc

mkin
c (0.5 GeV) = 1370 ± 34 MeV

PhysRevLett.125.052003

  of charmed meson in theoryΓSL

- To avoid the bad convergence behavior, we use the kinetic scheme to perform this study.

Nucl.Phys.B 426 (1994) 301-343 Phys.Rept. 494 (2010) 197-414

The  is set to 0.5 GeV.μkin

@JinFei Wu

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.052003
https://www.sciencedirect.com/science/article/pii/055032139490314X?via=ihub
https://www.sciencedirect.com/science/article/pii/S037015731000133X?via=ihub


 The prediction of ΓSL
• The P. Gambino and J. F. Kamenik calculated the  using the framework 

of HQE .
ΓSL

4
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[4] Nucl.Phys.B 840 (2010) 424-437

f0(r) = 1 − 8r + 8r3 − r4 − 12r2 ⋅ log(r)

f1(r) = 2.86 r − 3.84r ⋅ log(r)

f2(r) = β0[8.16 r − 1.21r ⋅ log(r) − 3.38]

fπ(r) = − f0(r)/2

fG(r) =
1
2

f0(r) − 2(1 − r)4

fLS(r) = − fG(r)

fD(r) =
77
6

+ 𝒪(r) + 8log(
μ2

WA

m2
c

)

@JinFei Wu
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https://www.sciencedirect.com/science/article/pii/S0550321310003895?via%3Dihub


• In the prediction of , two parts are missed :ΓSL
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PhysRevD.104.016003

- The high order  correction,αS

- The absence of Cabibbo suppressed processes of  in the calculation.c → dlν̄

• The high order  correction in  is less than 1%. We take 5 times larger 
than  as the high order correction in ,

αS b → clν̄
b → clν̄ c → slν̄

• The absence of  causes the 5% uncertainty on , that is proportional to 
.

c → dlν̄ ΓSL
|Vcd |2 /( |Vcd |2 + |Vcs |2 ) = 5 %

• In total, we take 10% as the uncertainty of theoretical .ΓSL

- 5% is taken.

  from charm dataαS

@JinFei Wu

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.104.016003

