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(   )

(    )
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equivalently,               
at                  . 

● Quarks act as sinks.

● Mesons introduce 
advection and 
diffusion.

(Curvature mass)
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FEM/FV
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Our framework is open Source, see github.com/satfra
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Ihssen, Pawlowski, Sattler, Wink
[arXiv:2408.08413]

Systematic Errors

Easy regulator variation thanks to 
numerical framework:

Chiral limit observables

Systematic errors II:
Regulator dependences
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Inhomogeneous 
Instability

The moat and inhomogeneous condensation

(homogeneous condensation)

Prelim
inary

Rennecke, Pisarski, PoS CPOD2021 (2022)

Enhancement in particle production

Prelim
inary

Moat Regime

Nunney Castle, England

Shi Yin’s talk!

First calculation with fully 
self-consistent moat regime!

K Fukushima, Y. Hidaka, K Inoue, K Shigaki, Y Yamaguchi,
Phys. Rev. C 109, L051903 (2024)

HBT interferometry

Stable?
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The QCD phase diagram

CEP

Quark-Gluon Plasma

Hadronic Phase

The moat and inhomogeneous condensation

Scenarios for the phase structure
● Inhomogeneous regime 

(Lifshitz point/regime)
● Moat
● Diquarks

This work
Fu, Pawlowski, Rennecke [Phys. Rev. D 101 (2020), 054032]

Gao, Pawlowski [Phys.Lett.B820(2021) 136584]
Gunkel, Fischer [Phys.Rev.D 104 (2021) 5, 054022]
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Summary
● Motivation: 

 Direct access to phase 
structure of QCD with fRG.

● Quantitative Results 
 in agreement with Lattice & 
other functional approaches.

● Systematic error estimates
 from LEGO® and regulator 
variation, checks for UV limit  
& gauge consistency.
 

● Easily extendable setup
 and numerical apparatus.

Outlook

https://fqcd-collaboration.github.io/

● More momentum dependences                   
    & interaction channels.

● Improved Polyakov loop potential 
 (with C. Huang & J.Pawlowski).

● Fully self-consistent treatment of 
inhomogeneous condensation.

 Prediction of correlators, scaling at CEP/Lifshitz point.

Thank you for 
your attention!
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Flow of 1PI effective 
action 

(Gibbs free energy):

Choice of truncation

Quantum Equation 
of Motion (EoM)
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Generalized 
Flow equation

A brief introduction to the functional RG

Wetterich 
equation

Gies, Wetterich [Phys.Rev. D 65 (2002), 065001]
Pawlowski [Annals Phys. 322 (2007) 2831-2915]
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DiFfRG framework
C++ library

TensorBases
Mathematica package

 
●    Library of tensor bases, extendable by everyone 
●    Automatically derived projectors

With J. Braun, 
J. Pawlowski, A. Geißel, 

N. Wink

Our code is open Source, see github.com/satfra

FunKit
Mathematica package

● Code  generation for large fRG systems
● Hydrodynamic methods for full field dependences
● GPU accelerated
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Gauge consistency

In the perturbative regime, the STIs lead at k=0 to

Perturbati
ve

Non-perturbative                             

Systematic checks: Gauge consistency

We make sure to fulfil perturbative STIs, 
which already leads to excellent results 
for the full STIs, see e.g.
Bonini, D'Attanasio, Marchesini, Nucl.Phys.B 437 (1995) 163-186
Bonini, D'Attanasio, Marchesini, Phys.Lett.B 346 (1995) 87-93
Ellwanger, Hirsch, Weber, Z.Phys.C 69 (1996) 687-698,
…….
Fischer, Maas, Pawlowski, Annals Phys. 324 (2009) 2408-2437
Cyrol, Fister, Mitter, Pawlowski, Strodthoff, Phys.Rev.D 94 (2016) 5, 054005
Pawlowski, Schneider, Wink, arXiv:2202.11123 [hep-th]

Particularily important: Gauge-
consistency of the quark-propagator
With Kockler, Pawlowski
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Do we fulfil perturbation theory?

● Start of rebosonisation does 
not influence matter:
    fixed Point

● Low-energy quantities: 
  Error due to initial cutoff        
     ~ 1MeV 

Systematic checks: Intial scale
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Schwinger functional

Connected diagrams

1PI effective action
(Gibbs Free Energy)

1PI diagrams

Wetterich equation

Legendre T
ransf.

A brief introduction to the functional RG

Polchinski equation

Wetterich [Phys.Lett.B 301 (1993) 90-94]
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● Density channel (nμ)

What about the other channels?
Clear hierarchy known:

● Scalar-Pseudoscalar (σ-π)

● Diquarks (csc)

Optimization of bases:
J. Braun,  A. Geißel, J. Pawlowski, F.R. Sattler, N. Wink 

[….]

● Diagrammatically based 
block-diagonalization of 
bases.

● Removal of projection 
singularities.

● Mathematica package for 
typical tasks.

Tensor Bases
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Hydrodynamic approach to fRG

● Flow equation does not 
depend on lower n-point 
functions 

Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
Koenigstein, Steil, Wink, Grossi, Braun 
[Rev.D 106 (2022) 6, 065012]
Ihssen, Sattler, Wink 
[Phys.Rev.D 107 (2023) 11, 114009]
Ihssen, Pawlowski, Sattler, Wink 
[Comput.Phys.Commun. 300 (2024) 109182]
Ihssen, Pawlowski, Sattler, Wink 
[Phys.Rev.D 111 (2025) 3, 036030]
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Hydrodynamic approach to fRG

● Flow equation does not 
depend on lower n-point 
functions 

● Convection-Diffusion 
equation with 
sources(sinks)

● Full information contained 
in curvature mass of pion

Grossi, Wink [SciPost Phys.Core 6 (2023) 071]
Koenigstein, Steil, Wink, Grossi, Braun 
[Rev.D 106 (2022) 6, 065012]
Ihssen, Sattler, Wink 
[Phys.Rev.D 107 (2023) 11, 114009]
Ihssen, Pawlowski, Sattler, Wink 
[Comput.Phys.Commun. 300 (2024) 109182]
Ihssen, Pawlowski, Sattler, Wink 
[Phys.Rev.D 111 (2025) 3, 036030]

Hydrodynamic approach to fRG
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Finite element methods for couplings

1. Put it on a Mesh

or

2. Choose basis functions

3. Discretise the PDE

+ sensible time 
integration
Sattler, Ihssen, Wink, 

[Phys.Rev.D 107 (2023) 11, 114009]

Hydrodynamic approach to fRG
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Silver Blaze symmetryMomentum 
dependence of quark 
propagator
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Temperature dependence of Gluon propagator 
fits lattice calculations well.

QCD phase structure from the fRG

Lattice data from Ilgenfritz et al 
[Eur. Phys. J. C78.2 (2018), p. 127]

Lattice data from Boucaud et al.
[Phys.Rev.D 98 (2018) 11, 114515]

Vacuum: fRG and lattice results fit except in 
deep infrared (solution branches)
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Optimized regulators for symmetry 
breaking

A brief introduction to the functional RG
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Inclusion of Density mode            
and Diquarks

Ihssen, Hendricks, Pawlowski, Sattler
(in preparation)

Mapping out the phase diagram

Full Nf = 2+1

Pawlowski, Sattler, Steck
(in preparation)

Figure from 
Owe Philipsen (arXiv:2111.03590)



Results on physical point of QCD
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