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The QCD Phase Diagram: From Theory to Experimental Signatures

OUTLINE AND MOTIVATIONS

B To provide a field-theoretical justification for stochastic hydrody-
namics

B To determine the magnitude of the multiplicative noise and study its
effect.

B To reveal some unusual behavior (critical phenomena) through the
framework
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The QCD Phase Diagram: From Theory to Experimental Signatures

FLUID DYNAMICS FOR RELATIVISTIC QCD MATTER

Fluid dynamics is a universal effective field theory (EFT) of non-
equilibrium many-body systems with a stable equation of state and

® Conservation of charge: 9,/ = 0

® Conservation of energy and momentum: 9,T#" = (

JF = nut+ v
T" = eufu’ + pA* + o
AP = gt + ufu’ v = —kTAM 0, <%>
Tl = - <8iuj + 0u' — %6”V -u> — €87V -u

The dissipation terms are described by the shear viscosity 1, bulk
viscosity ¢ and charge conductivity k
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The QCD Phase Diagram: From Theory to Experimental Signatures

DYNAMICAL MODEL IN RHIC BEAM ENERGY SCAN

Additional factors must be considered, such as:

© Finite size and finite expansion rate effects
© Freeze-out, resonances, global charge conservation, and others

® Non-dissipation effects

X The role of fluctuations is enhanced in nearly perfect fluids, i.e.,
long time tails
¥ Fluctuations are dominant near critical points
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The QCD Phase Diagram: From Theory to Experimental Signatures

FLUCTUATIONS IN HYDRO

® The deterministic hydro equations do not lead to spontaneous fluc-
tuations

® The occurrence of fluctuations is a consequence of the microscopic
dynamics and must persist at the coarse-grained hydro-level

Introducing non-linear dissipation with density dependent transport co-
efficients and random noises:

- JE+ 6 S
TRV, THY 4 gV SR ,

(04) =0 ((0") ~ Lyx)slx — )t - 1)

(0) =0 {(6™)") ~ Lalx)élx — )t - 1)
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The QCD Phase Diagram: From Theory to Experimental Signatures

REPRESENTATION IN MSRJD FIELD THEORY

In terms of the slow variable (a conserved density), the free energy
of the fluid:

A

Fp] = /de {%W@Q + gzp(x, t)? + % v(x, £)° + ... + hlx, )Y(x, t)}

The diffusion equation:

0(x, t) = V {n(zp) \V <%ﬁ]> } + 0x, t)

where the Gaussian noise term 6(x, t) has a distribution

1

P[O] ~ exp <_Z / d°x dt O(x, )L(¥)10(x, t)>
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The QCD Phase Diagram: From Theory to Experimental Signatures

REPRESENTATION IN MSRJD FIELD THEORY, CONT.

The conductivity, k(1), is field-dependent: k(v) = ky (1 + Ap)

The partition function is given as: & Martin, Siggia and Rose,
PhysRevA.8:423(1973)

Z

|

/ S P[6] exp (-i{p le.0.m [9), 9])>
- / Dy D exp <— f dx dt L0, ib))

The effective Lagrangian of this theory is:

Do/
2

L1,) = D (3 - Dov?) ¥ — =~ (V) ¥ - BLUED

Note: Dy = rkg and A = A/r + Ap.

The noise kernel is still unknown.
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The QCD Phase Diagram: From Theory to Experimental Signatures

TIME REVERSAL SYMMETRY

Stochastic theories must describe the detailed balance condition:
Py — y) o AT [kpT

P (g — 1)

Definie the time-reversal symmetry: ¢ Janssen, ZPhyB.23:377(1976)

D) > P(—t) Blt) > — [ib(—t) n %

d
_F
£%£+w

if we choose the noise kernel: L) = ¥ [kgTk(p)| V

Such TSR implies the fluctuation-dissipation relation

<¢(11, t) [v’f(lp)ﬁ%] (2o, f2)> = O(ty — 1) <¢(I1, t) (o, f2)>
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The QCD Phase Diagram: From Theory to Experimental Signatures

SIMPLER EXAMPLE OF MODEL B

© Linearized propagator:

Yn) < V) ——{1—>—

® Vertex and new vertices:

© Loop contributions:

We find that multiplicative noise contributes to the long-time tails of the density cor-
relation functions at leading order. ¢ JC and Schefer, JHEPO1 (2021)071
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The QCD Phase Diagram: From Theory to Experimental Signatures

1P| EFFECTIVE ACTION

Consider the generating functional with local source J, J:
W[J,7] = —In ] DD e~ U] LTI}

Performing a Legendre transform to the 1Pl effective action via
background field method with ¢ = ¥ + 6:

I, ¥ = Wiy, 7] — /dtd% (]\P +if1'f)

Taking the derivative of the 1Pl effective action w.r.t. the classical
field ¥ yields the e.o.m. encoded the long time tails in the evolution of
the density:

2
KA%

(0 — DV?)¥ — ;

VA2 4 / d>x'dt’ V(x', t)2(x, t;x', ') = 0
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The QCD Phase Diagram: From Theory to Experimental Signatures

DOUBLE LEGENDRE TRANSFORMATION

= NPl effective action — e.o.m. for n-point functions

v" Couple a bi-local source %zpaKabzpb to the system ® Cornwall,

Jackiw and Tomboulis,

PhysRevD.10:2428 (1974)

v' Plug in the 1-loop 1PI effective action

v' Sum beyond 1-loop terms

v Apply the stationary conditions:

oW
0Ja

- <¢a> = \Paz

1

= %<¢a¢b> = §[q’a‘1’b + Ggp)

oW
O0Kap

1

IV, Gav] = WJa, Kap) — Ja¥a — =Kap[Ya¥p + Gagl

2
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The QCD Phase Diagram: From Theory to Experimental Signatures

2P| EFFECTIVE ACTION

The 2PI effective action is given by:

1 6%S 1
\:Pa, a = \Pa N - _T l G F \Ija, Ga
['[¥q, Gap) = S[¥q] + 2 SU5T, Gap 5 1T 1og(G)| + T'g| b]

The higher order fluctuations are:

exp(—T'r[¥a, Ganl) =

— 260G anSbs

v RIS

— [33[%, Sa] — Jad¥a — Kap(S¥adtp — GAB)} }

with 1 838 ol’ ol
E F = F

a =~ A i ’ Ka =

J 20Y,6¥YpoY, Gre oV, b 0Gyp
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The QCD Phase Diagram: From Theory to Experimental Signatures

DSE IN MIXED REPRESENTATION

The loop diagrams generated by I'r use the full propagator G,:

O @ &

Taking the derivative w.r.t G, obtain the DS equation (¥, = 1, 2):
211 212 ‘C}'
2ol 299 «@»

O
L

In time-momentum mixed representation

Yt k%) = mm{/&yw@+chmyﬂhmk+yy

2 (KA3>2 31/ 1.4 / ’
6D EY) = [ d ECI ) Clt k + )
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The QCD Phase Diagram: From Theory to Experimental Signatures

NUMERICAL SIMULATIONS IN HYDRO LIMIT

3D curve of 6G(t, k) and the iterative solutions of DSE

& JC and Schefer, JHEP06(2023)057
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The QCD Phase Diagram: From Theory to Experimental Signatures

LONG-TIME BEHAVIOR

0.050

dlog(6GRr)/dt

A logarithmic plot of the loop
corrections to the retarded t
6Gp(k, t)

The logarithmic derivative of
6Gp(k, t) w.r.t t

The long-time behavior of the diffusion cascade is conjectured to be ~
nlexp(—DE*t/n) because of the n-loop terms (shown but not reached).
& Delacretaz, SciPostPhys.9:034 (2020)

October 11, 2025@ DUT, Dalian 14/30



The QCD Phase Diagram: From Theory to Experimental Signatures

MODE COUPLING THEORY (MCT)

e For non-critical fluids, the gradient expansion method is used with
k€ <1

e For critical fluids, their behaviors are characterized by the trans-
port coefficients in the MCT ( = Poisson bracket terms + the critical
transport coefficients )

By applying a naive approximation within the MCT, the well known
retarded function G~'(w, k) = iw — T}, of the diffusion mode is modified
to:

B T
=

K(k€) with K(k€ = x) = 5 11+ 2+ (3 —x7h arctan|(x)]

[y ]

no is the bare shear viscosity. ¢® Kawasaki, AnnPhys.61:1(1970)
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The QCD Phase Diagram: From Theory to Experimental Signatures

MobDEL H

© Linearized propagator:

® Vertices and new vertices:

® Mode-coupling loop contributions:

SASATASS

w2 [he contribution of multiplicative noise is sub-leading order com-
pared to that induced by mode couplings.
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The QCD Phase Diagram: From Theory to Experimental Signatures

SCALING FORMS OF THE TRANSPORT COEFFICIENTS

Four modified critical transport coefficients:

) = DI(k&)"Fp(we”, kE)

) = Kk(k&)"E (wE”, kE)
w k&) = (k&) E, (WE”, kE)

) = 7 (R&)TF, (W€, kE)

e These coefficients differ from the hydrodynamic limit, in which D =
km” and v = n/w no longer hold, where w is enthalpy.

e The dynamical exponent z is determined as z = 4 — i) + xp for the
diffusion mode in the regime where k > £,
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The QCD Phase Diagram: From Theory to Experimental Signatures

CRITICAL DYNAMICS IN MODEL H

e self-consistent calculation with ansatz: z = 3.054 & Ohta and Kawasaki,
(1976)

e renormalization group (RG) theory: z = 3.036 & Siggia, Halperin, and
Hohenberg (1976)

e real-time fRG approach:

z =3.0507 ford = 3 & Chen, Tan and Fu [2406.00679]
z = 5.0b1 & Roth, Ye, Schlichting, and von Smekal
[2409.14470]

e Metropolis algorithm: z is function of shear viscosity & Chattopadhyay,

Ott, Schaefer and Skokov [2403.10608]

4.2} o model HO
¢ model H
= Kawasaki approximation

3.9+
5 3.6]
[N

3.31

3.0f XK

1072 1071 10° 10t
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The QCD Phase Diagram: From Theory to Experimental Signatures

SELF-CONSISTENT EQUATIONS

Re-scale the frequency and the momentum as (s,r) = (w€%, w'€?), (x,y) = (kE, K'E)
and [, Allw, k, &) = €722 [2, Al(s, x)

(s, x) = &2 2 Aj(r-,y-) £ y*(1 — cos® 0)
12\9/ r : - 2 wly2 ip +J/220(—1° v.)
g )—11“— +y? AEQ(I’_,y_)‘ - Uy + §o Lo\ =Ty, It
v X5 (ro, ) (2 +1) — (x? + 1) y*(1 — cos” 0)
B _ 2 ) - —
iy Sy " e siARlrp
A 2 2%
(s, x) = 522_7 v Afy(r-,9-) 52372 <1 — COS Q) yi X4, vy
e _ 2 wly? : 5
r.y ‘—ir_ + y? AfQ(r_,y_)) - ‘_im _|_ygr ZEQ(I’JNJ’JF)

Obviously, Kawasaki’s approximation of correlation is ¥, = £25,/(x? + 1)
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The QCD Phase Diagram: From Theory to Experimental Signatures

DOMINANT KINETIC CONTRIBUTION

In the one-loop approach, the main contribution comes from the re-
gion in which the external momentum of order parameter, represented
by the vector x, is parallel to the inner momentum of momentum den-
sity, represented by the vector y_.

1_
15(0, x) / h% dy/ dcos@ cos”
1—¢2 —lO—l—y)

In the momentum region, where y_ ~ ex (y, ~ ex for anti-parallel), the
loop contribution can be estimated as x. This recovers the Kawasaki
approximation of ¥yy ~ x?X¢, ~ x° for large x.
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The QCD Phase Diagram: From Theory to Experimental Signatures

SELF-CONSISTENT EQUATIONS, CONT.

. L 252 3¢, (r_, y_ y° cosf — cos’ 0
c (s,1) = & 7/ 1" )

‘2 WX ir, +y2 S5 (—ry,p.)

B —ip_ 4+ y2 Y, (r_,y.)

AC L gt 22 S (r,y.)  ypiy? (cosf —cos’0) ¥t X (ry, y.)
nls,x) = &€ Fox ;

|~i1”+ +y2 _(132(14+:<V+)

/ / dr/ —dy/ sin 6d0

Note that the UV cutoffs, wy and A, are introduced. Both are proportional to the
microscopic scale of £,

—ir_ +y2 ¥, (r_y_ )‘
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The QCD Phase Diagram: From Theory to Experimental Signatures

RENORMALIZED TRANSPORT COEFFICIENTS

The renormalization of n: & Kovtun, Moore and
Romatschke [1104.1586]

7 pTA

= _l_——
Nr =1 60 1

Re(A12) vs k (Fixed w) : Re(A12) vs k (Fixed w) Re(A12) vs k (Fixed w)

10 10 10 10 10 10 10 10 10
k (Momentur m) k (Momentum) k (Momentum)

From left to right are the corrected shear modes with UV cutoffs of 24,
30, and 36.
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The QCD Phase Diagram: From Theory to Experimental Signatures

THE ONE-LOOP RESULTS

Alpha/Beta Functions vs w (Fixed k, £&=100.000, Z=3.000, A=3.0e+01) Krylov Iteration 1 (Residual: 7.98e+00)

211 (BetaFunSigma) Re(Z12) (AlphaFunSigma) Im(Z12) (AlphaFunSigma)
~ = Initial, k=4.91e-02 (small) o0 dilliesb e b LA PR LU 0.00 1
1000 —— Final, k=4.91e-02 (small)
~=- Init 34e-01 (medium)
—— Final, k=5.34e-01 (medium) 0011
- Initial, k=5.81e+00 (large) | :
—— Final, k=5.81e+00 (large) 0.25
800
-0.02 4
-0.03 1
600 & ~
= S S
W 7} E -0.04
o ~ =+ Initial, k=5.81+00 (large) =
—— Final, k=5.81e+00 (large)
4004 0.054
0101 0.05
-0.064 ==+ Initial, k=4.91e-02 (small) \
2004 —— Final, k=4.91e-02 (small) \
Initial, k=5.34e-01 (medium) b
0.07 4 — Final, k=5.34e-01 (medium) X
~ = Initial, k=5.81e+00 (large) \
—— Final, k=5.81e+00 (large)
10° 107 107 10° 10' 10° 10° 10° 107 107" 10° 10' 10° 10° 10° 107 107" 10° 10" 10° 10°
w (Frequency) w (Frequency) w (Frequency)
A11 (BetaFunDelta) Re(A12) (AlphaFunDelta) Im(A12) (AlphaFunDelta)
175 ~ = Initial, k=4.91e-02 (smal) ~=- Initial, k=4.91e-02 (small) 0.0
—— Final, k=4.91e-02 (small) —— Final, k=4.91e-02 (small)
~ = Initial, k=5.34e-01 (medium) - Initial, k=5.34e-01 (medium)
150 4 —— Final, k=5.34e-01 (medium) —— Final, k=5.34e-01 (medium)
~ - Initial, k=5.81+00 (large) 80 1 - Initial, k=5.81e+00 (large) 251
—— Final, k=5.81e+00 (large) —— Final, k=5.81e+00 (large)
125 501
60 -
100 4 ‘@ S 751
= g ]
< 3> 4
& E
75 40 -10.0 4
50 -12.54
204 ~=- Initial, k=4.91e-02 (small)
—— Final, k=4.91e-02 (small)
251 -15.0 4 == Initial 34e-01 (medium)
77777777777777777777777777777777 —— Final, k=5.34e-01 (medium)
- Initial, k=5.81e+00 (large)
o] o 4754 —— Final, k=5.81¢+00 (large)
10° 107 107" 10° 10' 10° 10° 107 107 107" 10° 10’ 10 10° 107 107 10" 10° 10' 10° 10°
w (Frequency) w (Frequency) w (Frequency)

The iteration results maintain the shape.
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The QCD Phase Diagram: From Theory to Experimental Signatures

THE SELF-CONSISTENT RESULTS

Alpha/Beta Functions vs w (Fixed k, £=100.000, Z=3.000, A=3.0e+01) Krylov Iteration 20 (Residual: 8.60e+00)

211 (BetaFunSigma) Re(Z12) (AlphaFunSigma) Im(Z12) (AlphaFunSigma)
60 1 4 0.00
127 -0.054
50
101 -0.10
40
— =~ Initial, k=4.91e-02 (small) Initial, k=4.91e-02 (small)
—— Final, k=4.91e-02 (small) 5081 — 91e-02 (small) —~ 0154
= — =~ Initial, k=5.34e-01 (medium) b - 34e-01 (medium) S
bt —— Final, k=5.34¢-01 (medium) 1 —_ 34e-01 (medium) g
301 —~- Initial, k=5.81e+00 (large) o 064 " 81e+00 (large) B
—— Final, k=5.81e+00 (large) 1 — Final, k=5.81e+00 (large) -0.209
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——- Initial, k=4.91e-02 (small)
—— Final, k=4.91e-02 (small)
0.2 20304 —==- Initial, k=5.34e-01 (medium)
104 —— Final, k=5.34€-01 (medium)
— == Initial, k=5.81e+00 (large)
00 035~ Final. k=5.816+00 (large)
10° 107 107" 10° 10' 10 10° 10° 107 10" 10° 10' 10 10° 107 107 107" 10° 10’ 10° 10°
w (Frequency) w (Frequency) w (Frequency)
A11 (BetaFunDelta) Re(A12) (AlphaFunDelta) Im(A12) (AlphaFunDelta)
——- lInitial, k=4.91e-02 (small) 6 ~ =+ Initial, k=4.91e-02 (small) 0.04
= Final, 91e-02 (small) = Final, k=4.91e-02 (small)
71 — == Initial 34e-01 (medium) — == Initial, k=5.34e-01 (medium)
—— Final, k=5.34e-01 (medium) —— Final, k=5.34e-01 (medium)
——- Initial, k=5.81e+00 (large) 51 — == Initial, k=5.81e+00 (large)
61 —— Final, k=5.81e+00 (large) —— Final, k=5.81e+00 (large) 0.2
5 44
044 ——- Initial, k=4.91e-02 (small)
S N
< 41 g 3
< T 34 T
© = -064
N Final, k=5.81e+00 (large)
24
0.8
24
14
" -1.0q
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Eventually, the self-consistent results show a significant
scale but only a slight modification in shape.
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The QCD Phase Diagram: From Theory to Experimental Signatures

COMPARISON WITH KAWASAKI FUNCTION
(PRELIMINARY)

The order parameter sector has a curve similar to the Kawasaki approximation.

Sigma12 RealPart vs x (fixed s), iter=20

s=0.06

s=1.6 5s=60.0
7
— £=100 : — £=100 — £=100
£=200 ! 6 | £=200 £=200
6 — £=300 ,' — £=300 / 4 — — §&=300
— £=400 H — £=400 / — £=400
___ K(x)Line ! 5— ___ K(x)Line ! ___ K(x)Line
5 factor=0.229 / factor=0.217 ! factor=0.154
3
Bl
w
& 2+
1
0
T m — T T
10 107" 10 10
X
s=0.06 s=1.6 5=60.0
1e1 1e1 1e1
6 o e ———— — £=100 A0 I — £=100
£=200 £=200 §=200
5 — £=300 5 — £=300 3.5 — £=300
— £=400

— £=400 — £=400
___ K(x)Line ___ K(x)Line . K(x)Line
factor=58.040 factor=55.257 factor=39.202
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The QCD Phase Diagram: From Theory to Experimental Signatures

ORDER SHIFTED FOR 7n(£) (PRELIMINARY)

Under Kawasaki’s approximation, n = no(1 + ﬁ In £). However, the order is inverted
at the end. & Perl and Ferrell, PhysRevA.6.2358 (1972)

Delta12 RealPart / k* (iter=0)

w=1e—-09 1e-1 w=1e—-08
7
104 —— £=1000
61 . £2200.0
0.8 54 —— £=3000
N . —— £2400.0
) )
X 06 x 41
&) 5]
& 04 &
2 4
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0 N \
0.01 04 ,
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5
4 -
—— £=100.0 —— £=1000 T — £=1000
4l —— £=200.0 4 —— £=200.0 —— £=200.0
—— £=300.0 —— £2300.0 34 —— £=300.0
Y 3 —— £=400.0 ~ 34 —— §=4000 ~ —— £=4000
X X X
5 4 4327
D 2 T T .
[ @ [v4
14 iy
0 0
10" 10° 10? 107" 107 10° 107 107" 10 107 10 107"
k k k
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The QCD Phase Diagram: From Theory to Experimental Signatures

DECOUPLED SHEAR TERM (PRELIMINARY)

It is believed that the shear mode is decoupled and behaves as w ~ ngk? in the small
momemtum region.

Delta12 RealPart / k2 (iter=20)
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) i g 2]
3 2- 32 35
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The QCD Phase Diagram: From Theory to Experimental Signatures

DYNAMIC SCALING FOR z,,;,,. (PRELIMINARY)

To determine the value of “z,,im. , One applies the dimensionless
quantity.

Sigma12 ImagPart vs s' (fixed x), z=3.2 (renorm=3), iter=20
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The QCD Phase Diagram: From Theory to Experimental Signatures

DYNAMIC SCALING FOR z,,;,,. (PRELIMINARY)

To determine the value of “z,,im. , One applies the dimensionless
quantity.

Sigma12 RealPart vs s' (fixed x), z=2.8 (renorm=3), iter=20
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The QCD Phase Diagram: From Theory to Experimental Signatures

SUMMARY AND OUTLOOKS

X By comparing the one-loop approach, we gain more insight into the
evolution of the order parameter and the momentum density.

¥ By considering the magnitude of n, the order parameter relaxation

rate is D T
_ ??(kg)Q (1 + (RE)?) + -

For k& > 1, T ~ £* for large np, and tp ~ £° for small np

[y K(k€)

% By extending our model to include expanding systems, we can bet-
ter understand the dynamical nature of phase transitions.

Thank You for Your Attention!
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