Inclusive and exclusive semileptonic decays
of heavy mesons on lattice

Zhi Hu

Theory Center, Institute of Particle and Nuclear Studies,
High Energy Accelerator Research Organization (KEK), Tsukuba, Japan

Collaboration with Alessandro Barone, Ahmed Elgaziari, Shoji Hashimoto, Andreas Juettner,
Takashi Kaneko, Ryan Kellermann

Based on JHEP 07 (2023) 145, PoS LATTICE2024 (2025) 241, PRD 112 (2025) 014501

@ iry
@ toavwxs

S 8 S AR,
> % Ii =T 05, <
Y & 78l THE 17" INTERNATIONAL CONFERENCE
e oy ON HEAVY QUARKS AND LEPTONS
4 > Sept. 15-19, 2025 + Beijing, China
* ¥

Hosted by Peking University, University of Chinese Academy of Sciences
Supported by State Key Laboratory of Nuclear Physics and Technology,

it

Center for High Energy Physics, Peking University,
National Natural Science Foundation of China (NSFC)

-k



https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://pos.sissa.it/466/241
https://pos.sissa.it/466/241
https://pos.sissa.it/466/241
https://pos.sissa.it/466/241
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f

Semileptonic decays of B ) -meson

* in the quark level it corresponds to b — clv, W+ I
* the golden channel to measure V, ; - « -
e ey cb
* we work in the rest frame of the initial B<s>[ X (Xes)
q(s) > q(s)
meson
* exclusive: decay into one specific hadronic
state, we concentrate on final state B (s) X c ( X c S) +[4+v I
containing only one meson ¢ & /
* * !/ *
Xc(Xes) = D). D5y Disyo: Dy Disyr sy P \
_ (s) _ I c(s)
* inclusive: sum over all possible X (X) v Mg, (1.0,0,0) v = My, 1
* the long-standing V., tension =2
5 5 Veb for exclusive: w = v-v' = |14 —
MXc(s)
for inclusive: w = Mp_— q° ©
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V.p tension

experimental measurements
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V.p tension

experimental measurements

OPE for inclusive decay

widths and moments
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V.p tension

experimental measurements

OPE for inclusive decay lattice three-point correlators

widths and moments for exclusive form factors

I I I ! ! { T T T T T T T T T T 607
e — this work F L A
5 N R
<) 551
2 10 [ g
— — L i
s N> X : \\\\:\ .
Q ()] 2 [ ,§\ — \\ “‘\\
(©) () s | & 50 gy g
~— S~ mo e
A A 5 L o~
= o X S n
&) = '~ 5 I e
Vv v — 45
Né, I - - this work
[ —- Fermilab/MILC
TR IS IS ST S S S S BRSO i
10 i1 12 13 2 15 40 1{0. - .1\'1‘ - ‘1!2. L .1!3. - l1ﬁ4‘ .
w w
1 | 1
0 0.5 1 1.5
E,.. (GeV) E.. (GeV) dr
=G (fr 5 1s 5 2)

2 2
X =X(0) + &X(l) | (&) X @) a8 (lu_ﬂ') X (70) d(,(]

. : " F(2) LS A ORI (O bk
2 3 2 = E, k% 7 =
+(”—G) X<G>+(”—D) X<D>+(@) XIS 4, Pr(2)¢r(2) = Vo +1+42
my my my

[Fermilab: PRD 92 (2015) 034506,
HPQCD: PRD 92 (2015) 054510,
JLQCD: PRD 109 (2024) 074503 ] @

HQL 2025, Beijing, 2025/09/18 Inclusive and exclusive from lattice 4pt 6 KEK

[PRD 89 (2014) 014022, PLB 822 (2021) 136679,
[HEP 10 (2022) 068]



https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.034506
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.034506
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.034506
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.034506
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.054510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.054510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.054510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.92.054510
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.074503
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.89.014022
https://www.sciencedirect.com/science/article/pii/S0370269321006195?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269321006195?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269321006195?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0370269321006195?via%3Dihub
https://link.springer.com/article/10.1007/JHEP10(2022)068
https://link.springer.com/article/10.1007/JHEP10(2022)068
https://link.springer.com/article/10.1007/JHEP10(2022)068
https://link.springer.com/article/10.1007/JHEP10(2022)068

V.p tension

experimental measurements

OPE for inclusive decay lattice three-point correlators

widths and moments for exclusive form factors
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Four-point-correlator methodology

a long, but not exhaustive, line of
development
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Simulation of 4-pt correlators

Four-point correlators on the lattice

JT(t2) I (t1)

¢B(s) (tsnk) ¢TB(S) (tSI'C)

q(s)

G0 (@t%) = [ & 5 (B} e®) 10 | B2 )

tsnk — tsre and t, — to fixed
vary t; = vary t® = t, — t;, can only take discrete value, multiple of lattice spacing a
J. =V, — A, V, =bykc, A, = by*y>c
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Four-point correlators and inclusive decays

drinc —> known leptonic tensor and kinematical factors

dg?dw

X |Vcb|2 VVMV K*Y
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

hadronic tensor W#*¥ encodes all the non-perturbative
dynamics
W (q, w)

1
2Mp (2m)

jd‘*x el 4% (B | J1(x) 1, (0) | By )

Crp(at®)

eiq-x
=[x o (5. i), | 5,)
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

hadronic tensor W#*¥ encodes all the non-perturbative
dynamics
W (q, w)

1
2Mp (2m)
(2m)°

=} o 09(a + px,) (Bl (O] Xes KXo |1v(0>|Bs>|6(w — Ex,,) |
Bs

XCS

Crp(at®)

J ; ei q-x
= | d°x
2Mp,

jd‘*x el 4% (B | J1(x) 1, (0) | By )

(Bs |71 (%t) 1, (0) | By)

 (2m)3 E
=N T 5O(q + pyy) (Bl 0| Xes )5 Uy (OB, Yo st
4-‘ ZMBS
XCS
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

- . E
G (t9) = | doo W (@) o

hadronic tensor W#*¥ encodes all the non-perturbative

dynamics Laplace transform

W, (q, w) <spec’cral representation
1 ,
4 iqx T C W
ZMBS(ZTL')_[d xe (leju(x)]v(o) |Bs> ]u]v nv
(2m)3

=} o 09(a + px,) (Bl (O] Xes KXo |1v(0>|Bs>|6(w — Ex,,) |
Bs

XCS
Crp,(at%)
ei q-x
=[x o (5. i), | 5,)
F (2m)®

— Z_‘ —ZMB 53) (q + pxcs) (BS |]Z(0)|XCS>(XCS ], (0)|B;) e~ Excs

Xcs (E)
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

- . E
G (t9) = | doo W (@) o

hadronic tensor W#*¥ encodes all the non-perturbative

dynamics Laplace transform
W, (1q, w) <spec’cral representation
el Cx LR TATHEYROIES Gy - Wy
(2m)3 ; ill-posedness in Hadamard's terms
- 2Mj §®(q + px,.) (Bsln(O)|Xcs{Xes )y (0)|Bs>|5 (w — Ex,,) | the infamous inverse problem

XCS

Crp(at®)

ei q-x

= | d3x
J o g,
h (2m)®

— Z_‘ —ZMB 53) (q + pxcs) (BS |]Z(0)|XCS>(XCS ], (0)|B;) e~ Excs

Xcs (E)
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

- . E
G (t9) = | doo W (@) o

hadronic tensor W#*¥ encodes all the non-perturbative

dynamics * luckily, for inclusive observables, what we
need is the smearing of the spectral
Wi (q, w) ,
S jd‘*xeiQ"‘(B | 70) 1, (0) | Bs ) jdw Wav (@) K ()
2Mp, (2m) e ’ * thus, if we could approximate the smearing
(2m)’ kernel as

=} o 09(a + px,) (Bl (O] Xes KXo |Jv(0>|Bs>|6(w — Ex,,) |
B

X, s KKV (a)) — Z alpctv(e—a)a)k

K
Crp(at®)
igx
—_ 3
= Jd X 2M,,

¥ @1 () B
B 4.. 2Mj_ 5 (q +px..) (Bs|JE(0)| X s X s |1, (0) B e ~Exes

Xcs (E)
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Four-point correlators and inclusive decays

—> known leptonic tensor and kinematical factors

- . E
G (t9) = | doo W (@) o

hadronic tensor W#*¥ encodes all the non-perturbative

dynamics . luckily, for inclus%ve observables, what we
(0.0 need is the smearing of the spectral
W (q,w
1 . dew Wy (0) K** ()
= o [ et (B 110 1,0 | B,) '
ZMBS(27T3) * thus, if we could approximate the smearing
(2m)
= Y 20 50 (q -+ pa) (B O Koo} Xes 1 OB (0 — By, ) [ Kermetas
X Bg KKV (a)) — Z alpctv(e—a)a)k
K
Crutv (a.t%) * inclusive decay widths and moments become
= Jdgx 2M, ( Bs |];(x'tE)]v(0) | Bs ) dl-'inc
\{ (2n)3 ) o' 2 Ve t" = ka
] 44 o, 07 (@ Pre) (BolTL O Xl Xesl) )1 e dg* £ i Gun )
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Four-point correlators and exclusive decays

excC
Xcs

known functional forms and
2
dw o |VCb| ?Xcs (W) ® ‘%Xcs (W) > kinematical factors
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Four-point correlators and exclusive decays

excC
Xcs

known functional forms and
2
dw o |VCb| TXcs (W) ® KXCS (W) > kinematical factors

form factors, non-perturbative information,
defined from three-point correlators

® S wave
= D, (0)
(B, 0|V} | Dy, v') = [hy (0, + ) + h_(v, — v},) | [Mp Mp,
(By, 0| AL | Dy, v') =0
= Di(17)
(Bs,v V;;

D:,v,0) = [hyeyuup, 0 P07 | (Mg Mp,
=1

(BSIU|A; | D;,v’, (7) [(w + l)hAle” - (e . U) (hsz” + hA3v;‘)] "MBSMD;

® Pwave,j= %
= D, (0%)

(Bs, 0| VE| Dz, v') =0
(B, 0| AL | D2, v') = [8+ 0y + V) + 8- (v, — })) | |[Mp,Mpy,

[ ] D;I a+)
<B5,0|V;: | D, v, o') = [ngeF + (€-0) (gvzvy +gV3v;,)] 1,MBSMD;1 ,
(Bs,v |AL | D, v, a) =i [gAeﬂaﬁ7e“v"ﬁ07] ,,MBSMDQI . i
s O
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XCS
dw

Four-point correlators and exclusive decays

€eXC

o |Vep|* F x,, (W) ® Ky _ (w)

known functional forms and

C]p,]v (q’ tE)
ei q-x

XCS

3
jdeMBS(

(2m)°
2Mj

5P (q +px,,)
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By | 7} (x,t®) J,(0) | Bs)

<BS |]Z (0)|XCS)tXcs |]V(0)|Bs> e_EXCS

tE

kinematical factors

form factors, non-perturbative information,
defined from three-point correlators

® S wave
= D, (0)
(B, 0|V} | Dy, v') = [hy (0, + ) + h_(v, — v},) | [Mp Mp,
(By, 0| AL | Dy, v') =0
= Di(17)

(Bs, 0| VE| D2, v, 0) = [hyepup, €0 P07 | (M Mp:
<BS,U|A; | D;,v’, (7) = i[(w + l)hAleﬂ - (e . U) (hsz” + hABv;l)] ]'MBSMD;

® Pwave,j= %
= D, (0%)

(Bs, 0|V} | Dk, v') =0
(Bs,0| AL Dl v') = 840y +v3) + 8- (v —v3) | M Mp;,

m D, 1)

(Bo,v| V| Dy, v, o) = [gviey + (€ 0) (§v20, +8vav)) ] VM Mp, ,
(Bs,v |AL | D, v, a) =i [gAeWﬁq,e"‘v"ﬁv')’] ,,MBSMDQI .
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Four-point correlators and exclusive decays

excC
Xcs

known functional forms and
2
X |Vcb| F Xcs W) ® KXCS (w) > kinematical factors

form factors, non-perturbative information,
defined from three-point correlators

dw

C]u]v (q’ tE) ® S wave
el 1% = D, (07)
= Jdgx 2Mpy (Bs |]Z(x,tE)]v(0) | Bs) (B, 0| V]| Dy, v') = [hy (v, +0}) +h_ (0, = },)] {Mp Mp,
S (Bszle;Zle,v’)=0
(2m)’ o
- ZMB 5(3) (q + pxcs) XCS |]V (O)|B5> e EXCSt m D (1)
s

Xcs (Bo,0| Vi | D5, v, 0) = [hyeapy v P ] VMg, Mp;

(BS,U|A; | D;,v’, (7) = i[(w + l)hAleﬂ - (e . U) (hsz” + hA3v;4)] ]'MBSMD;
® Pwave,j= %
= D (0%)
(Bs, 0|V} | Dk, v') =0
(Bs,0| AL Dl v') = 840y +v3) + 8- (v —v3) | M Mp;,
m D, (1)
(Bo,v| V| Dy, v, o) = [gviey + (€ 0) (§v20, +8vav)) ] VM Mp, ,
(Bs,v |A;§ | D, v, a) =i [gAeWﬁ,,e"‘v"ﬂv'Y] ,,MBSMDQI .
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Four-point correlators and exclusive decays

excC
Xcs

known functional forms and
2
X |Vcb| F Xcs W) ® :K‘XCS (w) > kinematical factors

form factors, non-perturbative information,
defined from three-point correlators

dw

C]u]v (q’ tE) ® S wave
el 1% = D, (07)
= Jdgx 2Mpy (Bs |];[(x, tE)]v(O) | Bs) (B, 0| V]| Dy, v') = [hy (v, +0}) +h_ (0, = },)] {Mp Mp,
S (Bszle;Zle,v’)=0
(2m)’ o
- ZMB 5(3) (q + pxcs) XCS |]V (O)|B5> e EXCSt m D (1)
s

Xcs (Bo,0| Vi | D5, v, 0) = [hyeapy v P ] VMg, Mp;

(BS,U|A;|D;,UI, (7) = i[(w + l)hAleﬂ - (e . U) (hsz” + hA3v;4)] ]'MBSMD;

) Pwave,j:%

= D}, (0%)
E) (Bs,v| V1| Dz, 0') =0
¢ ulv (t (Boso| A% | D20, ) = 840y + ) + 8 (0 — 230 ] M Moy,
m D, (1)
. L E (3] Vi [P ,2) = [s1ns + (-0 (5030, + 80381 ¥ 7,
multiple-exp fitting of C; ;, (tF) (5, 0| A3 | D ) = [ty #o7] (W Tl

. ©
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Numerical considerations and results



Lattice setup

RBC/UKQCD on B; to X

* gauge configuration from [PRD 78 (2008) 114509,

PRD 107 (2023) 114512]
+ gauge field: Iwasaki gauge action

* sea quarks: 2+1-flavor DWF action
« lattice size: 24°>x64
 lattice spacing: a =~ 0.11 fm, energy unit:
a~! ~ 1.785 GeV
 correlator simulation
« DWF action for s, ¢ at near-to-physical mass

+ Relativistic Heavy Quark (RHQ) actions
[PRD 55 (1997) 3933, PRD 76 (2007) 074505,
PRD 76 (2007) 074506] for b at physical mass
 Twisted BC to induce 10 different momenta
along the (1,1,1) direction

JLOCD on Dg to X

gauge configuration from [PRD 78 (2008) 114509,
PRD 107 (2023) 114512]
» gauge field: tree-level Symanzik improved

« sea quarks: 2+1-flavor Mobius DWF action

« lattice size: 48°x96

 lattice spacing: a = 0.055 fm, energy unit:
a ! = 3.610 GeV

correlator simulation

*  Mobius DWF action for all valence quarks

* s,c quark simulated at near-physical values

« four momenta: (0,0,0), (0,0,1), (0,1,1),
(1,1,1)

currently only proof-of-concept
investigation using one ensemble for each

HQL 2025, Beijing, 2025/09/18
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Inclusive: numerical subtleties 4

X = J dw W, (w) k* (w) drinc

><|
[]

Fe<w\
y | L\
A y

QU
24 =
KEK
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Inclusive: numerical subtleties 4=

S|
Il

r dw W, (w) k" (w) drinc

>
1

rwmax dqz
dw W,y () k¥ (w)

e\
p )
N A )
\ y

o5 if:\i\,&_«;\",;/ >
KEK
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Inclusive: numerical subtleties S

F= | do W@ e @) _ grine
X =
rwmax dqz
= dw W, (w) k* (w)
= Jr dw W,y () k*¥Y (w) 0(w .y — @) step function to cut off unphysicsl contributions
Wo

©
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Inclusive: numerical subtleties

><|
Il

dw W, (w) k" (w)

rwmax

dw W,y () k¥ (w)

= rooda) Vl/uv(w) kY (w) 0 (wmax — @)

wWo

—

Q

—

[ 4 W (@) K9 (@) 6, (0pmag — @)
g J

(O6)

= K" (w)

HQL 2025, Beijing, 2025/09/18

>

a=1

step function to cut off unphysicsl contributions

smeared step function, need o — 0
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Inclusive: numerical subtleties S

><|
Il

J dw W, (w) k" (w) _ drinc
X =

rwmax dqz
= | dw W,y () k¥ (w)
= Jr dw W,y () k*¥Y (w) 0(w .y — @) step function to cut off unphysicsl contributions

Wo
< [ do W@ @) B (0 — )

o smeared step function, need o — 0

= K" (w)
N
Kéw (0, N) = Z af,“;{ (e=@)k tbe highest order ac-cess.ible, N , is determined by the
— time range T of lattice simulation, need N/T — oo
N
k=0

©
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Inclusive: numerical subtleties S

X = Jr dw W, () k* (w) _ drinc
X =
rwmax dqz
— J dw VVMV (w) k*Y (w)
= Jr dw W,y () k*¥Y (w) 0(w .y — @) step function to cut off unphysicsl contributions
Wo
~ Jr dw W,y () k¥ () 05 (wmax — w)
0 ~ - smeared step function, need o — 0
= K (@)
N
K" (w,N) = Z a’ (e~@)k the highest order accessible, N, is determined by the
o e 7k time range T of lattice simulation, need N/T — oo
N
= X(o,N;L,a,m) = z af‘“;c Cr.p, (k;V = 13, a,m) continuum, infinite-volume, and chiral extrapolations
e S and error controls

» ©
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Inclusive: kernel approximation

K (w,N) =

an

HQL 2025, Beijing, 2025/09/18

=

o

18,

N
(e~ )¢ = X(o,N;L,a,m) = Z
k=0

Inclusive and exclusive from lattice 4pt

78,

C][,L]V(k' IV = L3, a, m)
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Inclusive: kernel approximation
Method 1: Chebyshev method

* shifted Chebyshev polynomial

T () = ZO £ (e

« approximate the kernel as analytically calculable

N Y = j dw K () T () ()
K @=) i@ ’
j=0

to change the domain
h(w) =Ae ™ + B

- finally we have Chebyshev matrix element
S o [ a0 W @) Ty @)
T=) i) s
j=0 '] wv
N > Gy = Z Cé“; £
_ N o O
o X = Zk—o ag’k Cuy (k) g

HQL 2025, Beijing, 2025/09/18 Inclusive and exclusive from lattice 4pt 31 KEK



Inclusive: kernel approximation

Method 1: Chebyshev method [PRD 112 (2025) 014501]
* shifted Chebyshev polynomial . *c
=7 (h o] - [-1,1 e
(a)) ( (a))) [wo, 0] = | to change the domain O ° °5

h(w) = Ae™ + B

E Tk ok
Tj(w) = t; (e™®) o]
k=0 T et

i apprOXimate the ker nel as analytically calculable 10 0 3 6 9 1 15 18 21
(00] J
w _ ny = =
w N ol Coj = | doK; (@) Tj(w) Aw) - 2t | St | = 2Tk
K; (w) = Y Ti(w) wo :
j=0 A :
. finally we have Chebyshev matrix element . = ;
[0'e) ; - (T) ’ ) (To) aa; ‘ <T3’>:\ A
_ Nl (i), < | doWy(@ T(w) =
X z : - Coj (Tj ) wv 0 ‘
J=0 , N . :
o uv v 1
—_— N - ao-,k - Z . Co_'j tj “Jﬁw v B ' “71 ! - <T30)04 A, v l u‘ ' ‘Ll ! " <71(“>“\ A,
_ M‘V ]=k i Ai A " 6) A:A;
S X = E A 1e| Cuv () e
k=0 . . '
* Chebyshev matrix elements are bounded by +1
* exponentially decreasing coefficients c ] (. . Maa )
[JHEP 07 (2023) 145] 3 <«©\ﬁ>
KEK
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Inclusive: kernel approximation
Method 2: Backus-Gilbert (HLT) method

 functional representing the systematic errors from kernel
approximation

Ala] = j: dw [K(w) — Ekak e—a)kr

 functional representing the statistical errors from lattice
simulation

Bla] = Ek i Cov[G (), G (O] ay

« compond functional

Ala]
=(1-21)——+41B
Wylal = (1~ 2) 3o + 25 al
 for each A, minimize W, [a], resulting in a*(1)
 find the A* to maximize W,[a*], and use the

corresponding a*(1*)

33 ©
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Inclusive: kernel approximation

Method 2: Backus-Gilbert (HLT) method

functional representing the systematic errors from kernel
approximation

Ala] = j: dw [K(w) — Ekak e—a)kr

functional representing the statistical errors from lattice
simulation

Bla] = Zk i Cov[G (), G (O] ay

compond functional

Ala]
=(1-)==+B
Wyla] = (1~ 1) roc + ABlal
for each A, minimize W, [a], resulting in a*(1)
find the A* to maximize W, [a*], and use the

corresponding a*(1*)

balance between systematical and statistical errors

HOQL 2025, Beijing, 2025/09/18 Inclusive and exclusive from lattice 4pt
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Inclusive: kernel approximation
Method 2: Backus-Gilbert (HLT) method

Kernel approximation N =9, q*> =0.26 GeV?
functional representing the systematic errors from kernel ' i

CHEB wp =0
approximation 10| w== CHEB {02
o ) 08l e BGexp wo = 0 /."‘ e
Ala] = j dw [K (w) — 2 ay, e“*”“] ------ BGexp wo =0.9umin 55/ 2. %
Wy k 0.6 : 7 [ ”"\
functional representing the statistical errors from lattice '

simulation

Bla] = Zk i Cov[G (), G (O] ay

compond functional

Ala] 0 1 5 3 1

Wylal = (1 — 1) —= + AB|a] aw
Al0]
for each 1, minimize W; [a], resulting in a* (1) « comparisons between Backus-Gilbert and
find the A* to maximize W, [a*], and use the Chebyshev methods [[HEP 07 (2023) 145]
corresponding a*(1*) * for more results on BG/HLT method, see

[2504.06063, 2504.06064 |

balance between systematical and statistical errors ©
(\{®]
KEK
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Inclusive: error from kernel approximation
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0.030

0.025 1

(g2, w) [lattice units]

=0)
=0.1

(
o

K

0.000 +

—0.005

Inclusive: error from kernel approximation

Kernel Approximation N = 10, ¢* = 0.22 GeV?

0.020

0.015 1

0.010 A

0.005 1

—— Unsmeared kernel

—— Smeared kernel
Chebyshev wy = 0.9wmin

""" Chebyshev wy =0

T

T T
0.0 0.2 0.4

T T
0.6 0.8 1.0

w [lattice units]

[PRD 112 (2025) 014501]
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(g2, w) [lattice units]

~(1=0)
K, 001

0.030

0.025 1
0.020 1 N
0.015 1
0.010 1
0.005 1

0.000 1

—0.005

Kernel Approximation N = 10, ¢* = 0.22 Gel?

—— Unsmeared kernel

—— Smeared kernel
Chebyshev wy = 0.9wmin

----- Chebyshev wy =0

o= 0.01

S p———— el it

smaller 0 = smaller smearing width
= more high frequency component

T T T
0.4 0.6 0.8
w [lattice units]
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Inclusive: error from kernel approximation

Kernel Approximation N = 10, ¢* = 0.22 GeV?

0.025 1

0.020 A

0.015 1

0.010 A

0.005 1

0.000 ===+

—0.005

=y

\ —— Unsmeared kernel
—— Smeared kernel
=== Chebyshev wy = 0.9min

Chebyshev wy =0

oc=0.1

I
I
1

0.0

[PRD 112 (2025) 014501]

T T T
0.2 0.4 0.6
w [lattice units]

| Wikipedia for Chebyshev

0.8

(q?,w) [lattice units]

=0)
=0.01

«
o

K,

0.030

0.025 1
0.020 A .
0.015 1
0.010 1
0.005 1

0.000 1

—0.005

Kernel Approximation N = 10, ¢* = 0.22 Gel?

1 o=001

[
| —— Unsmeared kernel

—— Smeared kernel
=== Chebyshev wy = 0.9wmin
----- Chebyshev wy =0

smaller 0 = smaller smearing width
= more high frequency component

-y 2t

0.0

T
0.2

T T T
0.4 0.6 0.8 1.0
w [lattice units]

= To(x) == Ti(x) == T2(x) == Ts(x) == T4(x)

1.0

0.5F

-0.5

-1.0f

Polynomial ]
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N controls the highest
frequency in the Chebyshev
approximation
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Inclusive: error from kernel approximation

Kernel Approximation N = 10, ¢* = 0.22 GeV?

0.030
: —— Unsmeared kernel
0.025 - —— Smeared kernel
=== Chebyshev wy = 0.9wpin .
N N R Chebyshev wy =0 Z
= 0.0204 5
£ 00151 — 0 1 E
= o = =
3 | 3
Nc“ 0.010 A i‘?',
ilj 0.005 A ii
< <
0.000 :
|
|
~0.005 T > T T
0.0 0.2 0.4 0.6 0.8 1.0

w [lattice units]

[PRD 112 (2025) 014501] :

0.030

0.025 1
0.020 A .
0.015 1
0.010 1
0.005 1

0.000 1

—0.005

Kernel Approximation N = 10, ¢* = 0.22 Gel?

—— Unsmeared kernel

—— Smeared kernel

=== Chebyshev wy = 0.9wmin
----- Chebyshev wy =0

o= 0.01

T T T T
0.0 0.2 0.4 0.6 0.8 1.0
w [lattice units]

= To(x) == Ti(x) == T2(x) == Ts(x) == T4(x)

T T T T T T T T T

1.0
0.5F
0.0F

-0.5

[Wikipedia for Chebyshev |
Polynomial ] L
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smaller 0 = smaller smearing width
= more high frequency component

o —» 0 and N — oo limits
should be taken together

1
we seto = —
N

N controls the highest
frequency in the Chebyshev
approximation
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Inclusive: error from kernel approximation

Ncut—1 N

N
=) i), = D i), + Y i),

=0 Jj=0 J=Ncut

Jj=
T limits the largest N, we could access

> N
) )
/
fm«
]
\\\///7
\ar?,
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Inclusive: error from kernel approx1mat10n

N Neut—1 N
T V |5 V [ -1
7 — z c” T] _ Z ST Z o (T) ’ [PRD 112 (2025) 014501]
o,)] / J uv . »J 174% 102] ® e
j=0 j=0 J=Ncut 5 -
* T limits the largest N, we could access v e
™ l¢)
* boundedness of Chebyshev matrix element and exponentially e .
. o« e 106 °
decresing coefficients ) ° L0
v (]) 3 EI) 4 1I2 1I5 ll8 21
(Tlu>u1 A M <T1‘J)‘il,/\, (T:;“>0\ A
(TSU/ b <T>ﬂ)01 A (Tun;ix,
" (TTU>UA.A( <Tsﬂ)nt (T;)tn
[[HEP 07 (2023) 145] “ ©
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Inclusive: error from kernel approx1mat10n

N Neye—1 N
~ V ~ ’V ~ —1 ]
X C,u ,1} _ /i (T ) 4 C,u <T]) 10 [PRD 112 (2025) 014501]
o,)] O- J uv 0,] 174% 102] ® e
=O Ji =0 J =N cut : 3 ’ o
I 1077 4 (@]
T limits the largest N, we could access = 0] oLt
* boundedness of Chebyshev matrix element and exponentially R .« °
. . . 1076_ .
decresing coefficients . ° et
N 5 1 0 3 6 9 12 15 18 21
2 _ J
[PRD 112 (2025) 014501] 5max - Z ) |Cf| ) oo o o
] =N cut i wh = 0.9 n wo = 0.9y W = 0.9wiin
1.0 :
(T1) a, (T2) (Ts) 4,4,
= [ 1] ® ® [ ] ] juig.w iig.w iig.gwl
S s
1 <
N=— =
o gg 0.4 ! 7 ) | e ]
S T wa T T o (T,
— == Ground-state contribution
001 @ Cheby. Method
0.00 0.02 0.04 0.06 0.08 0.10 S (T2,
[[HEP 07 (2023) 145] "

HOQL 2025, Beijing, 2025/09/18 Inclusive and exclusive from lattice 4pt


https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://journals.aps.org/prd/abstract/10.1103/kltp-1p1f
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145
https://link.springer.com/article/10.1007/JHEP07(2023)145

Inclusive: X before taking physical limits

JLOCD ensemble on D — X, lv,

RBC/UKQCD ensemble on B, - X lv,

[PRD 112 (2025) 014501]
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® X'V(d) A CHEBuwy=0
| /?i'\‘-’(q'z) 20- 4 CHEB wy = 0.9pmin
{’i’:(q') @ BGexp wy =0
® Q) . ¢  BGexp wy = 0.9%min
N 25+ 1 BGcheb wy =0
év ®  BGcheb wy = 0.9wmin
- , :
<1 f* i
: %
3
10
0.8 éﬁ]
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q® (GeV?)
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Exclusive: B, — D form factors befor limits

1.0 1

0.8 1

0.6 1

—— k3 from FLAG 2024 Tab. 46 (HPQCD 19)

0.4 1 e from FLAG 2024 Tab. 46 (HPQCD 19)

hy from FLAG 2024 Tab. 45 (FNAL/MILC 15C & HPQCD 15)
h_ from FLAG 2024 Tab. 45 (FNAL/MILC 15C & HPQCD 15)
0.2 1 X h% in this study

h? in this study

heavy-quark convention for form factors

(B |1 D5 ) = [ (v + vi) + 12 (v = w)] [ M M,

different conventions
14+7r 1—r1r
S(n2) — S _ S
@) =5 A W) - k2 ) |
1—w

1
@2 =7 [T 1) + T b ) |

BCL parameterizations

+
0.0 T = IIF A RS — — — ]~~~ "~ S 2N\ NT-1 + n Tl—N+ n N+
fi@q°) = an [z" — (1) FZ
0.9 n=0
' T T T T T T NO —_ 1
1.0 1.1 1.2 1.3 1.4 1.5 fs(qz) _ z 40,1 r= My /Mp,
w 0 - n
. . n=0 /_1 Fw— 1+r
preliminary results from our study , = Vor
- 1+7r
vi+w+
V2r
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Exclusive: B, — D form factors before limits
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preliminary results from our study

preliminary a'(l) ag a'g — a8 aIL a;
from 4pt -0.24248 -9.61441 0.61836 -2.58817 -10.4371
0.69609 6.20441 0.01669 0.65081 5.66506
6.20441 58.6077 0.12821 5.84714 54.5366
0.01669 0.12821 0.00062 0.01541 0.11655
0.65081 5.84714 0.01541 0.66499 6.11029
5.66506 54.5366 0.11655 6.11029 63.8852
HPQCD 2019
(pRD 101 2020) 0745151
ay aj a ag af a;
0.66574 —0.25944 -0.10636 0.66574 -—3.23599 -0.07478
0.00015 0.00188 0.00070 0.00015 0.00022 0.00003
0.06129 0.16556 0.00188 0.01449 0.00001
3.29493 0.00070 0.18757 —0.00614
0.00015 0.00022  0.00003
0.20443  0.10080
4.04413
P
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Exclusive: excited-state channels
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Conclusions and perspectives

* a systematic methodology to simultaneously extract inclusive and exclusive
observables from lattice four-point correlators

» lattice four-point correlators are expensive, better make most use of them

* infinite-volume, physical-mass and continuum limits
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Conclusions and perspectives

* a systematic methodology to simultaneously extract inclusive and exclusive
observables from lattice four-point correlators

» lattice four-point correlators are expensive, better make most use of them

* infinite-volume, physical-mass and continuum limits

Kernel Approximation N = 10, ¢* = 0.22 GeV?
0.030

N —— Unsmeared kernel
oo 0.025 — Smeared kernel
t=) | 4 7 ; B
X —_ CO',j a) I/llﬂv (a)) ’I} (a)) S 0.020 Y
; w £ 001
j=0 0 - . 0=0.1
. 00101 \\
iﬂj 0.005 \\‘\~
3 h . 1 c 1 B’ 02 04 06 08 10
S physica numerica = 2y — g
contents probes
ideally, infinite-
| ‘ | | | I ‘ | | volume limit before
W w N — o limit
1/L . —1‘-0 0.5 OTO 0.5 1.0 (E)
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Four-point correlators and exclusive decays

excC
Xcs

known functional forms and
2
dw o |VCb| TXcs (W) ® :]CXcs (W) > kinematical factors

form factors, non-perturbative information,
defined from three-point correlators

in the m¢, my, — oo limit, spectra of heavy-light mesons can | ® S
o (e ° u s a
be clarified by two quantum numbers of the light degree
of freedom g”:ﬁ :g”; = ([)h+(”ﬂ +0) + (@, = 03] M M,
s/ 0| Ay |Vs, U ) =
(n) : radial excitation A
 : angular momentum s
J-a gu d omentu (Bs, 0| VE| D2, v, 0) = [hyepup, €0 P07 | (M Mp:

(BS,U|A;|D;,UI, (7) = i[(w + l)hAleﬂ - (e . U) (hsz” + hA3v;4)] ]'MBSMD;

:P P
] ] ® Pwave,j= %
(1/2)— =S 0~ D, = Dy (0%)
1= Dg =], INT (B, 0| Vi, | DY o) =0
1/2)* =P,,, 0+ D* J = L& Siight (80|43 D) =[50+ 540+ 5040 P M,
(1/2)* = Py, Y —i@s
1t D;l =] heavy = D, (1Y)
(3/2)+ = P3/2 1+ DSl (Bs,v|V;;|D;1,v’,¢7) = [ngey + (e-0) (gvzf’y +8V3”;4)] VM Mp;
2+ 3-2 (Bs,leHD;l,v’, tT) =i [gAeWﬁ,,e"‘v"ﬂv'Y] ,,MBSMDQI .
s _
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C, oy receive contributions from different final states

S-channel P, »-channel P3 »-channel
parallel or DS(O—) I D;(l_) D;0(0+) : D;1(1+) Dsl(1+) : D;2(2+)
B hy h_  8v1,8v2,.8vs | fvi.fvafvs

to final-

hadron C h i h
momentum

8v1,:8v3 fvifvs

8v1,8v2.8vs | fvifva.fva

ha1,hanhas | 84,8

ha1,has 84/ 8- :

ha1,hao has | §4+/8-

hy 8vi fvi ky
haq SA fa
hp1, by 8Ar8v1 farfvi
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C, oy receive contributions from different final states

S-channel P, »-channel P3 »-channel
—— D,(07) | Di(17) |Dup(0"): DL(A%) | Dg(l¥) | Dh(2%)
perpendicular hy h_  8v1,8v2,8v3 | fvifva fvs

to final-

hadron C h i h
momentum

8v1,:8v3 fvifvs

8v1,8v2.8vs | fvifva.fva

ha1,hanhas | 84,8

ha1,has 8+:8— :

ha1,hao has | §4+/8-

hy 8vi fvi ky
hAl SA f A the current
lattice data in
hAll hV ga8v1 fA/fVl hand is coarse
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C, oy receive contributions from different final states

S-channel P, ,,-channel P3 »-channel
parallel or DS(O_) : D;(l_) D;0(0+) : D;1(1+) Dsl(1+) : D;2(2+)
Pergfﬁi‘fl“ hyhe  8v1.8v2.8vs | fvifvafvs
hadron C hyh ' 8v1.8vs fvifvas !
momentum | | 1
hy,h_ |  8v1,.8v2,.8v3 | fvi.fva fvs |
"havhazhas | 84,8 !
. ha1,has 8+/8— :
| ha1,hao has | §4+/8- | |
: hy : V1 fvi  ky
! h Al | ga fA ! the current
: : : lattice data in
| hA1/ hV | ga8v1 fA;fVl | hand is coarse
[Leibovich et al.,PRD57(1998):308-330] | n T
[Bernlochner et al.,PRD95.1(2017) ] ' fr()m HQET ') (i — i) (i)n
L me my me (E)
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C, oy receive contributions from different final states

S-channel P, ,-channel | P3,,-channel
Dy(07) ' D(17) D%,(0%) Dy (17)

Cyovy | Perho fvufvafvs
Cvv, || hs/h- E fvifvs

vev, | e fvifvafvs
Ca,a, E ha1,haz has 8+78-
Caa, . hathas 94,8

AgA, E ha1,haz has +r8—
Cv,v, : hy fvi
Ca,a, E haq fa
Cv.a, : hay,hy farfn

s ©

HQL 2025, Beijing, 2025/09/18 Inclusive and exclusive from lattice 4pt KEK



How many fitting parameters?

| schamel | Pypchamnd | ypchamel ¢, - 4
D7) Dy17) | D0 | Dadh

Cyovy || Harho | fvifvafvs

Cvyv, | hehe E fvifvs

Cyov, | hesho | fvufvafvs

Cana, E ha1,haz has 8418

Caa, . hayhas 8+/8-

Caoa, E ha1,haz has 8+/8-

Cy,v, : hy fvi

Ca,a, E haq fa

Cv,a, o hauhy farfv

HQL 2025, Beijing, 2025/09/18
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Tulv
S

(w)e Fst + A4

]y]v

P

(w)e

—Ept
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How many fitting parameters?

S-channel P, ,-channel | P3,,-channel

Dy(07) ' D(17) D%,(0%) Dy (17)
CVOVO h+r h_ : fVlerzerS
Cvyv, | beh fvifvs
CVQV" h+’ h— : fVl’fVZ’fVB
Cana, " ha1, hao has 8+/8-
Caa, . havhas 8+:8-
Caoa, " ha1,haz has 8+/8-
Cy,v, : hy fvi
Ca,a, | haq fa
Cy,a, . hayhy farfv

Tulv TuJv

Cy ., (w, ) = AL (w)e st + AL (w)e =r!

some of the correlators receive
contributions from the same set of final

states = simultanesout fit and 2
consistent energies
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How many fitting parameters?

R | _SZIC??IFE"'} | P1jp-channel | P5/5-channel Cyp, (W, £) = AL (wyeEst + AL (w)e Ert
Ds(07) '+ Dg(17) D3 (0%) Dg (1)
Cyv. || hyh_ | Ffoifrafva » some of the correlators receive
C e e contributions from the same set of final
Vivy LAkl fvifvs states = simultanesout fit and 2
Cyov, || Berho | fvifvafvs consistent energies
Cana, " ha1,haz has 8+/8-
Caa, . hayhas 8+/8— . ALY = \/ JlV”V" XAVOVO = 4 but not 6
Caoa, " ha1,haz has 8+:/8- amphtudes
Cy,v, : hy fvi
Ca,a, | haq fa
Cv.a, . haphy farfvi
©
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How manv fitting parameters?

- - . ] Jv _ Julv -
| Schamel | Pyp-chamnel | Pyjpchannel ¢, (o t) = 407 (w)e st + A (w)e Er!
Ds(07) ' Ds(17) D5, (0%) Dg1 (17)
Cvyv, || Perhe | Forifrofvs some.of the correlators receive |
C W h contributions from the same set of final
|
Vivi s fvifvs states = simultanesout fit and 2
Cy,v, | heh : fvifvafva consistent energies
I
Capa, " ha1,haz has 8+r8—-
Caa, . hathas 8+/8— AL = \/ c/lV”V" XAVOVO = 4 but not 6
I
Caoa, " ha1,haz has 8+ 8- amphtudes
Cy,v, : hy fvi
C | 0 f we have a quite coarse data set =
A4, n Al A lattice dispersion relation to better
Cv,a, . hayhy farfv constrain P-channel energy = only S-
channel energy totally free
in total 5 free parameters at
every non-zero q- to describe E? = cosh™ | cosh MF + Z(l — Ccosp;)
Cyovo (1), Cyor, (0, Cy,y, (8) i ©
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How many fitting parameters?

Crat, (W, £) =

S-channel Py ,-channel | P3/,-channel
Dy(07) ' Di(17) D,(0%) Dy (1%)

Cyovey | Berho fvifvatvs
Cvyv, | hesh fvi.fva
Cv,v, | heho fvivfvafvs
Ca,a, a1, haz has 8+/8-

AA, . hayhas R

A4, " ha1, haz has E+r8-
Cv,v, : hy fr
Ca,a, ! haq fa
Cv.a, . hayhy farfn

in total 5 free parameters at
every non-zero q- to describe
each set of three correlators
2025/09/18

HQL 2025, Beijing

]y]v ]y]v _EPt

(w)e Est + A3 (w)e
some of the correlators receive
contributions from the same set of final

states = simultanesout fit and 2
consistent energies

Vonl \/qu"V" XCAVOVO = 4 but not 6

amphtudes

we have a quite coarse data set =
lattice dispersion relation to better
constrain P-channel energy = only S-
channel energy totally free

EP = cosh™? <cosh MP + Z(l — cos pl-)>
i
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Fitted S-channel energies at different q

1.5 -
energy expected from lattice dispersion 1.6 -
X  Ep, from fitting of VoV, V|V, VoV
1.4 T A\
1.5 1
1 & ﬁ
i’\’/
1.3 - A "
1.4 - ;/
3 S \
my 1.2 & 1.3 - EE/
i/
1.1 1 1.2 1 A
#\;/ : : :
X ‘/'9 energy expected from lattice dispersion
1.0 1 L.14 ‘ﬁ‘/“ i Ep- from fitting of AgAg, A4, Ag4
'A/ ED; from ﬁttmg of VJ_VJ_ 7AJ_AJ_ y VJ_AJ_
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
q* - a? q* - a?

* consistent with expectation within errors
* discrepancy as possible indicator of
systematic effects
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