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The Strong Interaction at 50 Years [Iain Stewart, 2023]
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Why rare decays?
Crucial to understand the mechanism of CP violation.
Strong phase of A (B → M1 M2) @mb scale at LP.

Precision determinations of the CKM matrix elements such as |Vub| .
Power corrections, QED corrections, BSM physics.

An ideal place to search for hints of new physics beyond the standard
model.

Flavour puzzles in rare decays (continuously updated).
▶ P′

5 and RK(∗) anomalies in B → K(∗) ℓ+ ℓ−.
▶ Penguin dominated hadronic B-meson decays: B → πK puzzle.
▶ Color suppressed hadronic B-meson decays: B → π0π0 puzzle.
▶ Polarization fractions of penguin dominated B(s) → VV decays.

Pecision calculation in rare decays: Interesting to understand the strong
interaction dynamics of heavy quark decays.

▶ Factorization properties of the subleading-power amplitudes.
▶ Perturbative properties of the (higher-twist) B-meson DAs (soft functions).
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Theory tools for precision flavour physics

New Physics: LNP

↓

EW scale (mW ): LSM +LD>4

↓

Heavy-quark scale (mb):

Leff =−GF√
2 ∑

i
Ci Qi +Leff ,D>6

↓

QCD scale (ΛQCD)

Aim: ⟨f |Qi|B̄⟩=?

QCD factorization
[Diagrammatic approach].

SCET factorization
[Operator formalism].

Lattice QCD.

(Light-Cone) QCD sum rules
[Khodjamirian, Melić, YMW,
Eur. Phys. J. ST 233 (2024)
271].

QCD is complicated (non)-perturbatively (Factorization, Resummation,
Multi-loop techniques).
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Reviews on Light-Cone QCD Sum Rules
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Double Radiative Bq-Meson Decays
Leading-order contributions at O(α0

s ):

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

(a) (c)(b)Kinematics:

pµ =
n ·p

2
n̄µ ≡

mBq

2
n̄µ , qµ =

n̄ ·q
2

nµ ≡
mBq

2
nµ .

Interplay of the soft︸︷︷︸ and collinear︸ ︷︷ ︸ QCD dynamics!
Bq-meson photons

Decay amplitude:

¯A (B̄q → γγ) =−4GF√
2

αem

4π
ε∗α

1 (p)ε∗β
2 (q) ∑

p=u,c
VpbV∗

pq

8

∑
i=1

Ci T(p)
i,αβ .

Hadronic tensors:

T7,αβ = 2mb(ν)
∫

d4xeiq·x ⟨0|T
{

jem
β (x), q̄L(0)σµα pµ bR(0)

}
|B̄q(p+q)⟩

+[p ↔ q,α ↔ β ] ,

T(p)
i,αβ = −(4π)2

∫
d4x

∫
d4yeip·x eiq·y ⟨0|T

{
jem
α (x), jem

β (y),P(p)
i (0)

}
|B̄q(p+q)⟩ ,

(i = 1, ...6, 8) .

Main task: Construct the SCET factorization formulae beyond the leading power.
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General aspects of Bq → γ γ
Parametrization:

T(p)
i,αβ = im3

Bq

[(
g⊥αβ − iε⊥αβ

)
F(p)

i,L −
(

g⊥αβ + iε⊥αβ

)
F(p)

i,R

]
.

▶ Only two helicity form factors due to the Ward identities and the transversity conditions.
▶ Similar decomposition for the radiative leptonic B-meson decay amplitude.

Hierarchy structure due to the chiral weak interactions and helicity conservation:

F(p)
i,L : F(p)

i,R = 1 :
(

ΛQCD

mb

)
.

In analogy to the two-body nonleptonic B → VV decays [Beneke, Rohrer, Yang, 2007].

Transversity form factors:

F(p)
i,∥ = F(p)

i,L −F(p)
i,R , F(p)

i,⊥ = F(p)
i,L +F(p)

i,R .

The two-photon final states as the CP eigenstates with the eigenvalues +1 and −1.
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Current status of Bq → γ γ
QCD factorization at leading power in Λ/mb and at NLO in αs [Descotes-Genon, Sachrajda, 2003].

▶ No collinear strong interaction dynamics at LP (⇒ no need of the hadronic photon LCDAs).
▶ The two-loop b → qγ matrix elements of QCD penguin operators NOT included.

⇒ A complete factorization-scale independence at NLO is absent!

Subleading power contributions from the weak annihilation diagrams [Bosch, Buchalla, 2002].

▶ Complex perturbative hard functions evaluated at one loop.
▶ Diagrammatic factorization established at two loops.

Previous model-dependent calculations introduce additional systematic uncertainties.

The new (technical)-ingredients from [Shen, YMW, Wei, 2020]:

▶ A complete NLL calculation for the LP contribution ⇒ 2-loop evolution of ϕ+
B .

▶ The NLP factorization for the energetic photon radiation off the light quark.
The so-called soft form factor introduced by Beneke and Rohrwild is calculable!

▶ The NLP factorization for the light-quark mass effect.

▶ The NLP factorization for the SCET current J(A2) ⊃ (ξ̄hc Whc)γ⊥α PL

(
i
−→
/D⊤

2mb

)
hv.

▶ The NLP factorization for the subleading twist B-meson LCDAs (2-particle ⊕ 3-particle).
▶ The resolved photon contribution with the dispersion technique.

QCD factorization for the long-distance penguin contribution to Bd,s → γγ decays by introducing a
novel generalized bottom-meson distribution amplitude [Qin, Shen, Wang, YMW, 2023].
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SCET factorization at leading power
QCD → SCETI matching at LP:

8

∑
i=1

Ci T(p)
i,αβ =

8

∑
i=1

Ci H(p)
i

{∫
d4xeiq·x ⟨0|T

{
jem
β ,SCETI

(x),
[
(ξ̄hcWhc)γ

⊥
α PL hv

]
(0)
}
|B̄q⟩

+[p ↔ q,α ↔ β ]
}
.

Universal SCETI correlation function independent of the weak-operator index!

Perturbative matching coefficients at NLO:

8

∑
i=1

Ci H(p)
i = (−2 i) mb(ν)mBq V(p)

7,eff ,

V(p)
7,eff = Ceff

7 C(A0)
T1

+ ∑
i=1,...,6,8

αs(µ)
4π

Ceff
i F(p)

i,7 .

▶ The hard function C(A0)
T1

from matching the heavy-light tensor current onto SCETI.

▶ The hard functions F(p)
i,7 (i = 1, ..6,8) from perturbative matching of the b → qγ matrix

elements [Buras, Czarnecki, Misiak, Urban, 2002].

▶ V(p)
7,eff due to both the electro-weak scale and the heavy-quark mass scale fluctuations.
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SCET factorization at leading power
SCETI → SCETII matching in coordinate space:

Tαβ =
∫

d4xeiq·x ⟨0|T
{

jem
β ,SCETI

(x),
[
(ξ̄hcWhc)γ⊥α PL hv

]
(0)
}
|B̄q⟩

=
∫

dt J

(
n̄ ·q
µ2 t

)
⟨0|(q̄sYs)(tn)γ⊥β /nγ⊥α PL (Y†

s hv)(0)|B̄q⟩ .

▶ The explicit form of the SCETI electromagnetic current [Lunghi, Pirjol, Wyler, 2003]:

jµq,SCETI
(x) = ∑

q
Qq

[
qhc

(
γµ
⊥

1
in+Dhc

i /Dhc⊥+ i /Dhc⊥
1

in+Dhc
γµ
⊥

)
/n+
2

qhc

]
(x)

+∑
q

Qq
[
qs(x−)γµ

⊥ qhc(x)
]
.

▶ Only need the one-loop jet function [2-loop result by Liu and Neubert, 2020].

J = 1+
αs(µ)CF

4π

[
ln2
(

µ2

mb ω

)
− π2

6
−1
]
+O(α2

s ) .

▶ The soft dynamics encoded in the twist-two HQET B-meson LCDA [Grozin, Neubert, 1997].
▶ The resulting LP factorization formula:

¯ALP(B̄q → γγ) = i
4GF√

2
αem

4π
ε∗α

1 (p)ε∗β
2 (q)

[
g⊥αβ − iε⊥αβ

]
eq fBq m2

Bq K−1(mb,µ)[
∑

p=u,c
VpbV∗

pq mb(ν)V(p)
7,eff(mb,µ,ν)

] ∫ ∞

0

dω
ω

ϕ+
B (ω,µ)J(mb,ω,µ) .
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SCET factorization at leading power

No common choice of the factorization scale to avoid the parametrically large logarithms.
⇒ QCD rsummation for the enhanced logarithms with the standard RG formalism.

RG evolution functions for the hard functions at NLL [Beneke, Rohrwild, 2011]:

V(p)
7,eff(mb,µ,ν) = Û1(mb,µh,µ)V(p)

7,eff(mb,µh,ν) ,

K−1(mb,µ) = Û2(mb,µh,µ)K−1(mb,µh) .

[The NNLL evolution functions are actually also available.]

Taking the factorization scale of order
√

mb ΛQCD ⇒ No resummation for the jet function.

RG evolution of ϕ+
B (ω,µ) at two loops [Braun, Ji, Manashov, 2019]:

dϕ+
B (ω,µ)
d ln µ

=

[
Γcusp(αs) ln

ω
µ
− γη (αs)

]
ϕ+

B (ω,µ)+Γcusp(αs)
∫ ∞

0
dxΓ(1,x)ϕ+

B (ω/x,µ)

+
( αs

2π

)2
CF

∫ 1

0

dx
1− x

h(x)ϕ+
B (ω/x,µ) .

The last missing element for the NLL predictions of exclusive B-meson decay observables!
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SCET factorization at leading power
Solving the integro-differential equation governing the ϕ+

B evolution nontrivial but interesting.
▶ One-loop eigenfunctions first derived in [Bell, Feldmann, YMW, Yip, 2013].
▶ Collinear conformal symmetry for the Lange-Neubert kernel at one loop

⇒ Commutation relations [Braun, Manashov, 2014].
▶ The two-loop eigenfunctions depend on the strong coupling αs [Braun, Ji, Manashov, 2019]
▶ The explicit solution to the momentum-space evolution equation at 2-loops [Galda, Neubert,

Wang, 2022].

Applying the Laplace transformation of the LCDA [Galda, Neubert, 2020]

ϕ̃+
B (η ,µ) =

∫ ∞

0

dω
ω

ϕ+
B (ω,µ)

(ω
ω̄

)−η
,

⇒ the general solution to the two-loop RGE of ϕ+
B (ω,µ)

ϕ̃+
B (η ,µ) = exp

[
S(µ0,µ)+aγ (µ0,µ)+2γE aΓ(µ0,µ)

] ( ω̄
µ0

)−aΓ(µ0 ,µ)

× Γ(1+η +aΓ(µ0,µ))Γ(1−η)

Γ(1−η −aΓ(µ0,µ))Γ(1+η)
exp
[∫ αs(µ)

αs(µ0)

dα
β (α)

G (η +aΓ(µα ,µ),α)

]
× ϕ̃+

B (η +aΓ(µ0,µ),µ0) .

⇒ The NLL resummation improved expression for the LP decay amplitude.
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Historical remarks on the B-meson LCDA
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QCD factorization beyond leading power
The NLP factorization from the hard-collinear propagator:

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

(a) (c)(b)

Heavy quark expansion (the soft quark momentum k):

i(q/− k/)
(q− k)2 =

iq/
(q− k)2 − i k/

(q− k)2︸ ︷︷ ︸ .
power suppressed

The yielding NLP amplitude:

Thc,NLP
7,αβ = 2eq mb(ν)mBq

∫
d4x

∫ d4ℓ

(2π)4 exp [i(q− ℓ) · x] 1
ℓ2 + i0

×⟨0|q̄(x) γ⊥β (/q−/ℓ) /̄n γ⊥α PR hv(0)|B̄q⟩ .
▶ Light-cone decomposition of the four-momentum (/q−/ℓ):

/q−/ℓ =
n · (q− ℓ)

2
/̄n︸ ︷︷ ︸ +

n̄ · (q− ℓ)

2
/n︸ ︷︷ ︸ +

(
/q⊥−/ℓ⊥

)
.

vanishes obviously the only relevant term

The third term does not contribute to the matrix element (hint: symmetry with α ↔ β ).
▶ Applying the IBP reduction leads to

Thc,NLP
7,αβ =

[
i eq mb(ν)mBq

] ∫
d4x

∫ d4ℓ

(2π)4 exp [i(q− ℓ) · x]
n̄µ

ℓ2 + i0

× ∂
∂xµ

⟨0|q̄(x) γ⊥β /n /̄n γ⊥α PR hv(0)|B̄q⟩ .
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QCD factorization beyond leading power
Performing the integration over ℓ leads to (note that qµ = (n̄ ·q/2)nµ )

Thc,NLP
7,αβ =

[
−

eq mb(ν)mBq

4π2

] ∫
d4x

eiq·x

x2

(
2vµ −nµ

)
× ∂

∂xµ
⟨0|q̄(x) γ⊥β /n /̄n γ⊥α PR hv(0)|B̄q⟩ .

The second term nµ
(
∂/∂xµ

)
[...] = 2 (∂/∂ n̄ · x) [...] can be computed directly.

The equation of motion for the non-local operator [Kawamura, Kodaira, Qiao, Tanaka, 2001]:

vµ
∂

∂xµ
[q̄(x)Γhv(0)] = i

∫ 1

0
duū q̄(x)gs Gαβ (ux)xα vβ Γhv(0)+(v ·∂ ) [q̄(x)Γhv(0)] .

▶ Translation invariance of the HQET matrix element (note the total translation operator ∂α )

(v ·∂ )⟨0| [q̄(x)Γhv(0)] |B̄q(v)⟩=−i Λ̄ ⟨0| [q̄(x)Γhv(0)] |B̄q(v)⟩ .
▶ The yielding NLP factorization formula (preserving the large-recoil symmetry)

Thc,NLP
7,αβ =

[
−2 i eq mb(ν) fBq mBq

] [
g⊥αβ − iε⊥αβ

]{1
2
−
(

Λ̄
λBq

)
+
∫ ∞

0
dω1

∫ ∞

0
dω2

1
ω2

[
1

ω2
ln

ω1

ω1 +ω2
+

1
ω1

]
Ψ4(ω1,ω2,µ)︸ ︷︷ ︸

}
.

∝ ω1 ω2 at small ωi
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QCD factorization beyond leading power
The NLP correction from the non-vanishing quark mass:

Tmq ,NLP
7,αβ =

[
−i eq mb(ν)mq fBq mBq

] [
g⊥αβ − iε⊥αβ

] ∫ ∞

0
dω

ϕ−
B (ω,µ)

ω
.

The asymptotic behaviour of ϕ−
B (ω,µ0)→ constant at small ω .

Rapidity divergence implies the breakdown of the naive soft-collinear factorization.

Nonperturbative parametrization of the convolution integral [BBNS, 2001]:

∫ ∞

0
dω

ϕ−
B (ω,µ)

ω
=

[∫ ΛUV

0
+
∫ ∞

ΛUV

]
dω

ϕ−
B (ω,µ)

ω

=

[
ϕ−

B (0,µ)XNLP +
∫ ΛUV

0
dω

ϕ−
B (ω,µ)−ϕ−

B (0,µ)
ω

]
+
∫ ∞

ΛUV
dω

ϕ−
B (ω,µ)

ω
.

⇓ UV and IR Finite!

XNLP = [1+ρS exp(iφS)] ln
(

ΛUV

Λh

)
.

▶ Alternative estimate from the LCSR method also possible [Li2, Lü, Shen, 2022].

▶ The complete SCET factorization in demand but rather challenging.
Refactorization-based subtraction scheme? [Beneke, Neubert, Feldmann, Liu, Wang2, ... ]

Yue-Long Shen (OUC) Theory Overview of Rare b Decays Beijing, Sep. 19, 2025 16/39



QCD factorization beyond leading power
The NLP contribution from the subleading SCET current [Beneke, Feldmann, 2002]

J(A2) ⊃ (ξ̄hc Whc)γ⊥α PL

(
i
−→
/D⊤

2mb

)
hv + ... , Dµ

⊤ ≡ Dµ − (v ·D)vµ .

Arise from the HQET representation of the QCD b-quark field.

The resulting non-local hadronic matrix element

TA2,NLP
7,αβ =

[
−

i eq m2
Bq

2

] ∫
d4x

∫ d4ℓ

(2π)4 exp [i(q− ℓ) · x] 1
ℓ2 + i0

×⟨0|q̄(x) γ⊥β /n /̄n γ⊥α
−→
/D PL hv(0)|B̄q⟩ .

⇒ Applying the HQET equation of motion at the the classical level

q̄(x)Γ−→
D ρ hv(0) = ∂ρ [q̄(x)Γhv(0)] + i

∫ 1

0
duū q̄(x)gs Gλρ (ux)xλ Γhv(0)−

∂
∂xρ q̄(x)Γhv(0) ,

leads to the soft-collinear factorization formula

TA2,NLP
7,αβ =

[
ieqfBq m2

Bq

][
g⊥αβ − iε⊥αβ

]{1
2

(
Λ̄

λBq

)
−1

∫ ∞

0
dω1

∫ ∞

0
dω2

Φ3(ω1,ω2,µ)
ω1(ω1 +ω2)

}
.

▶ The convolution integral free of the end-point divergence (because Φ3 ∼ ω1 ω2
2 at small ωi).

▶ In agreement with the counterpart contribution to B → γℓν [Beneke, Braun, Ji, Wei, 2018].
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QCD factorization beyond leading power
The two-particle higher-twist B-meson LCDAs up to the O(x2) accuracy:

⟨0|(q̄sYs)β (x) (Y
†
s hv)α (0)|B̄q⟩

=−
i f̃Bq (µ)mBq

4

∫ ∞

0
dω e−iωv·x

[
1+/v

2

{
2
[
ϕ+

B (ω,µ)+ x2 g+B (ω,µ)
]

− 1
v · x

[
(ϕ+

B (ω,µ)−ϕ−
B (ω,µ))+ x2 (g+B (ω,µ)−g−B (ω,µ))

]
/x
}

γ5

]
αβ

.

The three-particle higher-twist B-meson LCDAs up to twist-6 [Braun, Ji, Manashov, 2017].
▶ The EOM relation between the two-particle and three-particle LCDAs.

−2
d2

dω2 g−B (ω,µ) =
[

3
2
+(ω − Λ̄)

d
dω

]
ϕ−

B (ω,µ)− 1
2

ϕ+
B (ω,µ)

+
∫ ∞

0

dω2

ω2

[
d

dω
− 1

ω2

]
Ψ5(ω,ω2,µ)+

∫ ω

0

dω2

ω2
2

Ψ5(ω −ω2,ω2,µ) .

▶ The systematic parametrization requires 8 independent LCDAs.

The higher-twist factorization formula at tree level:

THT,NLP
7,αβ ≃

[
− i eq mb(ν) fBq mBq

] [
g⊥αβ − iε⊥αβ

] {
−1+2

∫ ∞

0
dω lnω ∆ϕ−

B (ω,µ)︸ ︷︷ ︸
−2

∫ ∞

0
dω2

1
ω2

Φ4(ω1 = 0,ω2,µ)
}
. ≡

[
−ω

d
dω

ϕ−
B (ω,µ)−ϕ+

B (ω,µ)
]
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QCD factorization beyond leading power
The NLP contribution from the weak annihilation diagram:

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

b

q̄

γ(p)

γ(q)

(a) (c)(b)

The resulting helicity form factors:

6

∑
i=1

Ci F(p),WA,NLP
i,L =

fBq

mBq

[
F

(p),WA
V −F

(p),WA
A

]
,

6

∑
i=1

Ci F(p),WA,NLP
i,R =

fBq

mBq

[
F

(p),WA
V +F

(p),WA
A

]
.

▶ The weak-annihilation effect will spoil the large-recoil symmetry (non-vanishing F(p)
i,R ).

▶ Massive quark loops generate the non-trivial strong phase.
⇔ Dual to the final-state rescattering B̄q → Hc H′

c̄ → γ γ at hadronic level.
▶ Tree-operator contributions consistent with [Bosch, Buchalla, 2002].

The NLP contribution from the (anti)-collinear photon radiation off the bottom-quark:

Teb ,NLP
7,αβ =

[
− i eq fBq m2

Bq

] [
g⊥αβ − iε⊥αβ

]
.

▶ Local correction preserves the large-recoil symmetry!
▶ In analogy to the P7 contribution to Bq → γℓℓ̄ with the B-type insertion [Beneke, Bobeth,

YMW, 2020].
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The resolved photon contribution
The NLP contribution from the “hadronic" component of the on-shell photon state [Ball, Braun,
Kivel, 2003].

The dispersion technique [Khodjamirian, 1999; Braun, Khodjamirian, 2013; YMW, 2016]:

T̃7,αβ = 2mb(ν)
∫

d4xeiq·x ⟨0|T
{

jem
β (x), q̄L(0)σµα pµ bR(0)

}
|B̄q(p+q)⟩

∣∣
q2<0

+[p ↔ q,α ↔ β ]

= −
i eq mb(ν)m2

Bq

2

{(
g⊥αβ − iε⊥αβ

)
F̃7,L(n̄ ·q,n ·q)+ [p ↔ q,α ↔ β ]

}
.

Power countering scheme for the four-momentum q:
n̄ ·q ∼ O(mb) , n ·q ∼ O(Λ) .

The hadronic dispersion relation:

T̃7,αβ = −imb(ν)m2
Bq

(
g⊥αβ − iε⊥αβ

) {
∑
V

cV fV mV TBq→V
1 (0)

n̄ ·q
(
m2

V/n̄ ·q−n ·q− i0
)

+
∫ ∞

ωs
dω ′ ρhad(n̄ ·q,ω ′)

ω ′−n ·q− i0

}
.

The constant cV determined by the flavour factor and the electric charge of the QED quark-current.

LCSR for the tensor B → V form factors:

∑
V

cV fV mV

n̄ ·q
exp
[
− m2

V
n̄ ·qωM

]
TBq→V

1 (0) =
eq

2
1
π

∫ ωs

0
dω ′ e−ω ′/ωM Imω ′ F̃7,L(n̄ ·q,ω ′) .
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The resolved photon contribution
Improved dispersion relations (setting n ·q = 0) [Master formula]:

T7,αβ =−
i eq mb(ν)m2

Bq

2

(
g⊥αβ − iε⊥αβ

) { 1
π

∫ ∞

0

dω ′

ω ′ Imω ′ F̃7,L(n̄ ·q,ω ′)︸ ︷︷ ︸
LP factorization formulae

+
1
π

∫ ωs

0
dω ′

[
n̄ ·q
m2

V
exp
(

m2
V − n̄ ·qω ′

n̄ ·qωM

)
− 1

ω ′

]
Imω ′ F̃7,L(n̄ ·q,ω ′)︸ ︷︷ ︸

}
+[p ↔ q,α ↔ β ] .

nonperturbative modification
Power counting scheme for the sum-rule parameters:

ωs =
s0

n̄ ·q
∼ O

(
Λ2

QCD

mBq

)
, ωM =

M2

n̄ ·q
∼ O

(
Λ2

QCD

mBq

)
.

⇒ Nonperturbative modification yields the soft non-factorizable contribution.

Spectral density at tree level:

1
π

Imω ′ F̃7,L(n̄ ·q,ω ′) = fBq ϕ+
B (ω ′,µ)︸ ︷︷ ︸+O(αs, Λ/mb) .

of O(1/Λ)[O(1/mb)] for ω ′ ∼ O(Λ)[ω ′ ∼ O(Λ2/mb)]

Power suppressed soft contribution!

Alternative LCSR calculation with the subleading-twist photon LCDAs [Shen, YMW, 2018].
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Summary for the helicity amplitudes of Bq → γγ
Final expressions for the factorized NLP corrections:

8

∑
i=1

Ci F(p), fac,NLP
i,L = Ceff

7

[
Fhc,NLP

7,L +Fmq ,NLP
7,L +FA2,NLP

7,L +FHT,NLP
7,L +Feb ,NLP

7,L

]
+

fBq

mBq

[
F

(p),WA
V −F

(p),WA
A

]
,

8

∑
i=1

Ci F(p), fac,NLP
i,R =

fBq

mBq

[
F

(p),WA
V +F

(p),WA
A

]
.

Large-recoil symmetry violation from the weak annihilation correction completely.

Final expressions for the two helicity amplitudes:

¯AL = ∑
p=u,c

Vpb V∗
pq

8

∑
i=1

Ci

[
F(p),LP

i,L +F(p), fac,NLP
i,L +F(p),soft,NLP

i,L

]
,

¯AR = ∑
p=u,c

Vpb V∗
pq

8

∑
i=1

Ci

[
F(p),LP

i,R +F(p), fac,NLP
i,R +F(p),soft,NLP

i,R

]
.

The fundamental nonperturbative functions: HQET B-meson LCDAs.
▶ Key hadronic inputs for exclusive B-meson decay phenomenologies, for instance B → πℓν ,

B → D(∗)ℓν , B → K∗γ , B → K(∗)ℓℓ, B → ππ [Lü, Shen, Wang, YMW, 2023].
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B-meson distribution amplitudes in HQET
The LP contribution depends on λBq and the inverse-logarithmic moments.

Applying the general ansatz of the 2- and 3- particle B-meson LCDAs

ϕ+
B (ω,µ) = ω f (ω) , Φ3(ω1,ω2,µ0) =−1

2
κ(µ0)

[
λ 2

E(µ0)−λ 2
H(µ0)

]
ω1 ω2

2 f ′(ω1 +ω2) ,

Φ4(ω1,ω2,µ0) =
1
2

κ(µ0)
[
λ 2

E(µ0)+λ 2
H(µ0)

]
ω2

2 f (ω1 +ω2) ,

Ψ4(ω1,ω2,µ0) = κ(µ0)λ 2
E(µ0)ω1 ω2 f (ω1 +ω2) .

The factorized NLP corrections can then be parameterized by the local HQET parameters.

The NLP soft contribution sensitive to the precise shape of ϕ+
B (ω,µ).

ϕ+
B (ω,µ0) =

∫ ∞

0
ds

√
ws J1(2

√
ws)η+(s,µ0) , η+(s,µ0) = 1F1(α;β ;−sω0) .

▶ Such three-parameter ansatz [Beneke, Braun, Ji, Wei, 2018] is advantageous, since the
resulting RG evolution can be done analytically in terms of 2F2 functions.

▶ An alternative parametrization of the twist-two B-meson DA in Laplace space [Galda,
Neubert, Wang, 2022]:

ϕ̃+
B (η , µ) =

∫ ∞

0

dω
ω

(ω
ω̄

)η
ϕ+

B (ω,µ)
|η |≪1
=

1
λB(µ)

[
1+ ∑

n≥1

ηn

n!
σB

n (µ)

]
.

▶ New parametrization of the momentum-space DA in terms of associated Laguerre
polynomials [Feldmann, Lüghausen, van Dyk, 2022; Feldmann, Lüghausen, Seitz, 2023].
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Theory predictions for the helicity amplitudes
Breakdown of the various QCD mechanisms:

▶ NLL effects
stabilize the
factorization-
scale
dependence.

▶ Factorizable
NLP effects
around
O(30%).

▶ Destructive
effects from
the NLP soft
corrections.

▶ Strong phase
from the
2-loop matrix
element of Pc

2
and the weak
annihilation.
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Phenomenological observables for Bq → γγ
Time-integrated branching fraction (for the flavour-tagged measurement):

▶ The yielding theory predictions

BR(Bd → γγ) =
(

1.44+1.35
−0.80

)
×10−8 , BR(Bs → γγ) =

(
3.17+1.96

−1.74

)
×10−7 .

with the dominant uncertainties from λBq , σ̂ (1)
Bq

, σ̂ (2)
Bq

and the QCD renormalization scale ν .
▶ Both the factorizable and soft NLP corrections are numerically important.
▶ The ratio of the two branching ratios for Bd,s → γγ

BR(Bs → γγ)
BR(Bd → γγ)

= 33.80
(

λBd

λBs

)2

+O

(
Λ
mb

,αs

)
.

The λBq -scaling violation effect due to the NLP contributions approximately (10−20)%.
▶ The ratio λBs : λBd = 1.19±0.14 from QCDSR [Khodjamirian, Mandal, Mannel, 2020].
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Phenomenological observables for Bq → γγ
Time-dependent CP asymmetries:

Aχ
CP(t) =

Γ̄χ (B̄q(t)→ γγ)−Γχ (Bq(t)→ γγ)
Γ̄χ (B̄q(t)→ γγ)+Γχ (Bq(t)→ γγ)

=−
A

dir,χ
CP cos(∆mq t)+A

mix,χ
CP sin(∆mq t)

cosh(∆Γq t/2)+A
χ

∆Γ sinh(∆Γq t/2)
.

▶ |A dir,χ
CP | and

|A mix,χ
CP |

around
(10−40)%
for Bd → γγ .

▶ Tiny CP
asymmetries
for Bs → γγ
as expected.

▶ The difference
between
A

dir,∥
CP and

A dir,⊥
CP due to

the NLP
corrections.
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Exclusive b → sℓℓ̄ anomalies

Several LHCb measurements deviate from the Standard Model (SM) predictions by 2−3σ .

▶ Angular observables in B → K∗µ+µ− [JHEP 02 (2016) 104, 1005 citations].

▶ Branching fractions of B → Kµ+µ−, B → K∗µ+µ−, and Bs → ϕ µ+µ−.

b → s µ+µ− anomaly

Several LHCb measurements deviate from Standard model (SM) predictions∗ by 2-3σ:
▶ Angular observables in B(0,+) → K∗(0,+)µ+µ− LHCb, arXiv:2003.04831, arXiv:2012.13241

▶ Branching ratios of B → Kµ+µ−, B → K∗µ+µ−, and Bs → ϕµ+µ−

LHCb, arXiv:1403.8044, arXiv:1506.08777, arXiv:1606.04731, arXiv:2105.14007

]4c/2 [GeV2q
0 5 10 15

5'
P

1−

0.5−

0

0.5

1
(1

S)
ψ/J

(2
S)

ψ
Combined
Run 1 2016

SM from DHMV

LHCb

]4c/2 [GeV2q
0 5 10 15 20

]2
/G

eV
4 c × 

-8
 [

10
2 q

/d
Bd 0

1

2

3

4

5

LCSR Lattice Data

LHCb

−µ+µ+ K→+B

∗: based on hadronic assumptions on which there is no theory consensus yet

B. Capdevila FPCP 2023 1/27Better understanding of the local and non-local hadronic effects in high demand.
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A longstanding charming-penguin story
(Non)-factorizable quark loops in B → Kℓℓ:

▶ OPE works far below the charm-quark
threshold!

▶ QCD factorization valid for
1GeV2 < q2 ≪ 4m2

c .

▶ Factorizable charm loops reduced to B → K
form factors.

▶ Charm-loop induced spectator effects
calculable in QCD factorization [Beneke,
Feldmann, Seidel, 2001, 2005].

▶ Soft charm loop computed in the OPE
controlled approach with the dispersion
relation [Khodjamirian, Mannel, Pivovarov,
YMW, 2010].

▶ Parametrization of the hadronic-operator
effects:

∆C(BK)
9 (q2) =

16π2H (BK)(q2)

f+BK(q2)
.

b s

q

b s

B̄
K̄
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A longstanding charming-penguin story

Yue-Long Shen (OUC) Theory Overview of Rare b Decays Beijing, Sep. 19, 2025 29/39



Charming-penguin effect in Bq → γγ
Soft-gluon radiation off the factorizable quark loop [Qin, Shen, Wang, YMW, 2023]:

g

b

q̄

q

γ

γ

The resulting helicity form factors:

8

∑
i=1

Ci F(p),soft4q
i,L =−

Qq fBq

mBq

∫ +∞

−∞

dω1

ω1 − i0

∫ +∞

−∞

dω2

ω2 − i0{(
C2 −

C1

2Nc

)
Qp [F(zp)−1]+6C6 Qc [F(zc)−1]

−
[(

C3 −
C4

2Nc

)
+16

(
C5 −

C6

2Nc

)]
Qq

}
ΦG(ω1,ω2,µ) .

▶ Adopt the favored power-counting scheme mb ≫ mc ∼ O(
√

ΛQCD mb)≫ ΛQCD.

▶ The long-distance penguin contribution is indeed power-suppressed.

▶ The subleading distribution amplitude ΦG defined by the HQET matrix element of the
non-local operator with quark-gluon fields localized on distinct light-cone directions:

⟨0|(q̄sSn)(τ1n)(S†
n Sn̄)(0)(S

†
n̄ gs Gµν Sn̄)(τ2n̄) n̄ν/nγµ

⊥γ5 (S
†
n̄hv)(0)|B̄v⟩

= 2 f̃B(µ)mB

∫ +∞

−∞
dω1

∫ +∞

−∞
dω2 exp [−i(ω1τ1 +ω2τ2)] ΦG(ω1,ω2,µ) .

=⇒ Non-trivial RG evolution of this soft function in analogy to the QED-generalized
bottom-meson distribution amplitude [Beneke, Böer, Toelstede, Vos, 2022].
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RG evolution of the B-meson soft function
Sample Feynman diagrams at one loop [Huang, Ji, Shen, Wang, YMW, 2024]:

(a) (b) (c) (d) (e)

Novel feature of the UV renormalization due to
the diagram (e):

▶ Generate the (unexpected?) mixing from
ω ′

i > 0 to ωi < 0, independent of the
initial condition of the soft function ΦG.

▶ The Wilson-line structure differs from
the one in the QED-generalized B-meson
soft function, on account of the absence
of the semi-infinite Wilson lines.

An exact solution to the RG equation can be de-
rived with the Laplace transform technique.

Numerics for the RG evolution:

-1

0

1

2

3

4

-1 0 1 2 3
-3

-2

-1

0

The constant phase of the RG-
evolved soft function with the default
initial condition.
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Bq → γγ versus Bq → Vℓℓ

Bq → Vℓℓ Bq → γγ

Factorization properties Incomplete @ LP (FFs, WA) Complete @ LP

[see PRL 134 (2025) 091901 for WA]

Perturbative corrections Incomplete @ NLO Complete @ NLL

[penguin amplitude, WA]

Nonperturbative inputs LCDAs of Bq- and vector-mesons @ LP Bq-meson LCDA @ LP

Bq → V form factors

NLP improvement Less studied (LCSR) better studied (QCDF, LCSR)

NNLO improvement Rather difficult (?) In active progress (Misiak et al)

QCD uncertainties Strong dynamical cancellation @ LP No strong cancellation @ LP

[photon-pole enhancement]
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NLO Weak Annihilation Correction to B →{K,π}ℓ+ℓ−
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B →{K,π}ℓ+ℓ−: Leading power amplitudes at large recoil
the contribution from semileptonic operators O9,10

A |O9,10 =
GF√

2
αem

π
VtbV∗

ts

[
ℓ̄γµℓpµ C9f+BK(q

2)+ ℓ̄γµ γ5ℓpµ C10f+BK(q
2)

]
the contribution from electro-magnetic penguin and four-quark operators B → (K,π)γ∗,γ∗ → ℓ+ℓ−

⟨P(p′)γ∗(q,µ)|H (t,u)
eff |B̄(p)⟩=−gem mb

4π2
T

(t,u)
P (q2)

mB

[
q2 (pµ +p′µ )− (m2

B −m2
P)qµ

]

b s

q

b s

B K KB

b s

the non-factorizable contribution: hard spectator scattering and annihilation

T
(t,u)

P |anni =−π2

Nc

FB fP
mB

∑
m=±

∫ ∞

0

dω
ω

∫ 1

0
duT(t,u)

P,m (ω,u,µ)ϕB,m(ω,µ)ϕP(u,µ) ,

B̄

B K

b s

(a) (b)

weak annihilation diagrams contribute at leading power for B → Pℓ+ℓ− and the longitudinal
polarization of B → Vℓ+ℓ−
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NLO WA correction to B →{K,π}ℓ+ℓ−: Analytic results
The hard function and jet function can be obtained by a two-step matching
the explicit expressions of the NLO weak annihilation corrections to the short-distance matching
functions T(t,u)

P,m{
T(u)

P,+, T(t)
P,+

}
⊃ −

2mBQqNc

mb

∫ 1

0
dτJ∥,+(ω,τ)

{
−

2

∑
i=1

Ci
[
HII

i (u,τ)δqu − H̃II
i (u,τ)δqd δPπ

]
,

6

∑
i=3

Ci H̃II
i (u,τ)

}
,

{
T(u)

P,−, T(t)
P,−

}
⊃

4mBQqNc

mb

J∥,−(n ·q, n̄ ·q,ω)

q̂2 −1+ i0

{
−

2

∑
i=1

Ci
[
HI

i(u)δqu − H̃I
i(u)δqd δPπ

]
,

6

∑
i=3

Ci H̃I
i(u)

}
,

the asymptotic behavior of B meson LCDA

ϕ+
B (ω)→ ω, ϕ−

B (ω)→ 1,J+(ω)→ 1, J−(ω)→ 1, ω → 0 ω → 0

ϕ±
B (ω)→ 1

ω
ln

µ
ω
, J+(ω)→ 1

ω
ln

ω
n̄ ·q

, J−(ω)→ ln2 ω
n̄ ·q

, ω → ∞

convergence of the convolution∫
dωJ+(ω)ϕ+

B (ω)→ finite,
∫ dω

n̄ ·q−ω
J−(ω)ϕ−

B (ω)→ finite
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NLO WA correction to B →{K,π}ℓ+ℓ−: Phenomenology

CP asymmetry in B → πℓ+ℓ− : about 15% corrections to ACP(B → πℓ+ℓ−)
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0.20
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-0.60

-0.30

0.00

Isospin asymmetry in B → πℓ+ℓ−: about 25% corrections to AI(B → πℓ+ℓ−)
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Pure Leptonic Decays and QED corrections

Theoretical uncertainty of pure leptonic days is very small:
fB = (189.4±1.4)MeV

Excellent place to determine |Vub| and |VtbV∗
ts|

Power enhancement in structure-dependent QCD corrections: comparable to
theoretical uncertainties. [Beneke, Bobeth, Szafron, 2018 ]

Endpoint singularity in the contribution from electro-magnetic penguin
operators: Refactorization. [Feldmann, Gubernari,Huber, Seitz, 2023 ]
QED corrections in B → τ+τ− [Huang, Shen, Zhao, Zhou, 2023 ]:

▶ Power enhanced, no endpoint singularity: much reliable theoretically
▶ No large logarithmic enhancement, about 0.04% contribution
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Current status of B → γ ℓ ν̄ℓ (for Belle II)
Factorization properties at leading power [Korchemsky, Pirjol, Yan, 2000; Descotes-Genon,
Sachrajda, 2002; Lunghi, Pirjol, Wyler, 2003; Bosch, Hill, Lange, Neubert, 2003].

Leading power contributions at NLL and (partial)-subleading power corrections at tree level
[Beneke, Rohrwild, 2011].

Subleading power corrections from the dispersion technique:
▶ Soft two-particle correction at tree level [Braun, Khodjamirian, 2013].
▶ Soft two-particle correction at one loop [YMW, 2016].
▶ Three-particle B-meson DA’s contribution at tree level [Beneke, Braun, Ji, Wei, 2018].
▶ Subleading effective current and twist-5 and 6 corrections (in the factorization limit) at tree

level [Beneke, Braun, Ji, Wei, 2018].

Subleading power corrections from the direct QCD approach:
▶ Hadronic photon corrections at tree level up to the twist-4 accuracy [Khodjamirian, Stoll,

Wyler, 1995; Ali, Braun, 1995; Eilam, Halperin, Mendel, 1995 ].
▶ Hadronic photon corrections of twist-two at one loop and of higher-twist at tree level [Ball,

Kou, 2003; Wang, Shen, 2018].

Leading power contributions at NNLL and the updated NLP corrections:
▶ Two-loop RG evolution of ϕ+

B (ω,µ) derived in [Braun, Ji, Manashov, 2019].
▶ Two-loop jet function obtained in [Liu, Neubert, 2020].
▶ Updated (approximate) NNLL analysis at LP [Galda, Neubert, Wang, 2022].
▶ Further improvement in progress [Shen, Wang, YMW, Wei, 2025].
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Theoretical wishlist
Systematic understanding of the (higher-twist) B-meson distribution amplitudes.

▶ Renormalization properties beyond the one-loop approximation [conformal symmetry].
▶ Perturbative constraints at large ωi [OPE technique].
▶ Rapidity/Ultraviolet subtraction to get rid of the radiative tail (short-distance effect).
▶ Nonperturbative determinations from the lattice QCD simulation.

QCD factorization for the subleading power corrections.
▶ SCET analysis for the pion-photon form factor as the first step [operator structures,

symmetry constraints, etc].
▶ General treatment of the rapidity divergences in the (naïve)-factorization formulae.
▶ Rigorous factorization proof taking into account the Glauber gluons.
▶ Novel resummation techniques for collecting enhanced logarithms.

Future phenomenological applications in preparation.
▶ Subleading power corrections to the radiative leptonic B → γℓν̄ℓ decays.
▶ Nonfactorizable quark-loop effects for B → Vℓℓ and B → Vγ .
▶ QED factorization for the exclusive bottom-meson decays.
▶ Factorization for the subleading power contributions to nonleptonic bottom-meson decays.
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