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Gravity… not included

Weak force

Strong force

Electromagnetic  
force

New Physics

Grand  
Unified  
Theory
(GUT)



Unification of symmetries

Unification of couplings

Unification of matters

Basics of GUTs
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GGUT ⊃ GSM = SU(3)C × SU(2)L × U(1)Y

g3 = g2 = g1

The scale where three gauge couplings are unified, denoted as  in this talkMGUT

L Q

up to a loop factor for a 
simple Lee group

Weak hypercharge: 



GUT models
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Pati-Salam (1973, 1974)   SU(4)c × SU(2)L × SU(2)R := G422



GUT models
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And Higgses .5, 45, 24

H. Georgi S. Glashow



GUT models
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Fritzsch, Minkowski (1975)

SO(10)

GC
422

G422

GC
3221

G421

G3221

G3211

GSM

G51 Gflip
51

SU(5)

cosmic string

monopole 

domain wall
: parity C ψL ↔ ψC

R

G51 = SU(5) × U(1)

G422 = SU(4)c × SU(2)L × SU(2)R

G3221 = SU(3)c×SU(2)L×SU(2)R×U(1)B−L

G3211 = SU(3)c×SU(2)L×SU(1)Y×U(1)B−L

G421 = SU(4)c×SU(2)L×U(1)R

flip: isospin flipping , u ↔ d ν ↔ e

SO(10) GUT



RG running of gauge couplings
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b1 =
41
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b2L = −
19
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b3 = − 7

Gi = SU(3)c, SU(2)L, U(1)Y, ⋯

 function at leading order β

Given   for gauge coupling  of group αi =
g2

i

4π
gi Gi

Unification scale?



RG running of gauge couplings
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gauge couplings match 
exactly at a fixed scale



RG running of gauge couplings
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(GUT scale)

gauge couplings match 
not at a fixed scale, but 
approach to a value in 
the deep UV limit

Asymptotic GUT



UV behaviour of GUT
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RGE of gauge coupling above the GUT scale

16π2 dYa

dt
=

1
2

Nϕ

∑
b=1

YbY†bYa + Ya
Nϕ

∑
b=1

Y†bYb + 2YbY†aYb + 2κ
1
2

YbTr(Y†bYa + Y†aYb) − 3g2[C2(F)Ya + YaC2(F)] ,

: depending on fermion and Higgs 
particle contents of the model
b10

take SO(10) as an example,  α10 =
g2

10

4π

2π
dα10
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= b10α2
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10 (μ0) −
b10

2π
log(

μ
μ0

)

Landau pole at        μ = MX exp( 2π
α10b10

)
asymptotically approach to     

2π
−b10 log(μ/MX)

α10(μ > MX) =
α10(MX)

1 − α10(MX) b10

2π log( μ
MX

)

 for   α10 → ∞ b10 > 0

   for   α10 → 0 b10 < 0

t = log(μ/μ0)



UV behaviour of GUT: another possibility?
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A theory is said to be asymptotically safe if the 'essential' coupling parameters approach a fixed point as 
the momentum scale of their renormalization point goes to infinity. 
 
——S. Weinberg in Ultraviolet divergences in quantum theories of gravitation, 1979

Fixed points in  functionβ βi =
dαi

dt

αiO

unstable, d2αi

dt2
=

dβi

dt
> 0

βi =
dαi

dt

αiO

stable, d2αi

dt2
=

dβi

dt
< 0

Asymptotic safety in the UV limit

 might approach to a fixed, 
non-vanishing and finite value.  

The third phase for UV 
behaviour of gauge theories

α10

⇒

RG running of Yukawa couplings above the GUT scale 

(in particular, the top quark Yukawa coupling) 

asymptotically free?

asymptotically safe?

Landau pole?



Asymptotic GUT in 5D
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2π
dαi

dt
= βi

2π
dα̃i

dt
= 2πα̃i + biα̃2

i

Cacciapaglia, and Cornell, Cot, Deandrea, 2012.14732; 2210.03596

5D SU(5)       

5D SO(10)



Breaking chain

A successful and realistic SO(10) aGUT
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5D SO(10) MKK

BC
4D Pati-Salam

MPS

16
SM

Particle contents
No  Higgs126

5D SO(10)MKK ∼ 1010 GeV
BC 4D Pati-Salam

MPS ∼ 106 GeV
16 SM

Fang, Wang, YLZ, arXiv:2505.08068

Gao-Xiang Fang Zhi-Wei Wang

Asymptotic grand unification in SO(10) with one extra dimension



5D GUTs
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2π
dαi

dt
= βi

2π
dα̃i

dt
= 2πα̃i + biα̃2

i

4D EFT

ψ0(xμ) +
dof

∑
KK=1

ψKK(xμ)

5D QFT
U

V 
br

an
e

IR
 b

ra
ne

One extra dimension 

ψ(xμ, y)

dof = { 1, μ < MKK

[μ/MKK], μ > MKK
S1/(Z2 × Z2)

≃

S = ∫ d4xdy ℒ5D = ∫ d4xℒ4D +
dof

∑
KK=1

∫ d4x ℒKK

SM particles KK modes

, for α̃i = dof × αi μ ≫ MKK

α̃i(t) = αi(t)S(t)

In 5D, it is useful to introduce ’t Hooft coupling for the gauge coupling

S(t) = { 1 for μ < 1/R ,
μR = MZRet for μ > 1/R .

gi

MKK = 1/R

gi

KK

Holger Gies, hep-th/0305208; Tim Morris, hep-ph/0410142 

g̃ = kgb



Symmetry breaking
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Boundary Conditions (BCs) to achieve the first breaking: SO(10) → SO(6) × SO(4)

SO(6) ≃ SU(4)c, SO(4) ≃ SU(2)L × SU(2)R

+ + + + + + − − − −
+ + + + + + − − − −
+ + + + + + − − − −
+ + + + + + − − − −
+ + + + + + − − − −
+ + + + + + − − − −
− − − − − − + + + +
− − − − − − + + + +
− − − − − − + + + +
− − − − − − + + + +

BC on UV brane BC on IR brane

+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +
+ + + + + + + + + +

Fermions and Higgses BCs are arranged accordingly, such that those appearing in 4D PS model have zero mode, and  

5D SO(10)MKK ∼ 1010 GeV
BC 4D Pati-Salam

MPS ∼ 106 GeV
16 SM

 Higgs to achieve the second breaking: 16 G422 → GSM

16 = (4,2,1) + (4,2,1) = (1,1,0) + (1,1,1) + (1,2, −
1
2

) +(3,1, −
2
3

) + (3,1,
1
3

) + (3,2,
1
3

)

G422 G321



Yukawa coupling in 5D SO(10)
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yt = 2 y10cu
10 + 2 y120(cd′￼

120 +
1

3
cd

120)

yb = 2 y10cd
10 + 2 y120(cd′￼

120 +
1

3
cd

120)

yτ = 2 y10cd
10 + 2 y120(cd′￼

120 − 3cd
120)

yν = 2 y10cu
10 + 2 y120(cd′￼

120 − 3cd
120)

S ⊃ − ∫ d4xdy y10Ψ16H10Ψ16 + iy120Ψ16H120Ψ16 + y16νSH16Ψ16 +
L
2

μM νSνc
S δ(y − L) + h . c .

S ⊃ − ∫ d4x y1ψLh1ψR + ψL(y′￼1h′￼1 + y15h15)ψR + y4νSh4̄ψR +
1
2

μMνSνc
S + h . c .

ℳν =
0 mD 0

mD 0 mS

0 mS μM

mν =
m2

D

m2
S

μM

mD = yν⟨HSM⟩

mS = y16⟨H16⟩

Ψ16 = ψL + Ψc
R Ψ16 = Ψc

L + ψR H10 ⊂ h1, H120 ⊃ h1′￼+ h15, H16 ⊃ h4

Inverse seesaw



RGEs for gauge couplings in 5D

UV behaviour of gauge coupling
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dα̃i

dt
= β̃i = α̃i +

b10

2π
α̃2

i

α̃i =
2π

e−t+ci − b10
→

2π
−b10

βi =
bi

2π
α2

i

RGEs for gauge couplings in 4D

’t Hooft coupling: α̃i(t) = αi(t)S(t)

UV fixed point

b10 = (−
11
3

+
1
6 ) C2(SO(10)) +

4
3 ∑

F

T(F) +
1
6 ∑

S

T(S)

bi = −
11
3

C2(Gi) +
4
3 ∑

F

T(Fi) +
1
6 ∑

S

T(Si)

b10 < 0 ⟹

Standard Model, (b3, b2L, b1 ) = (− 7, −
19
6

,
41
10 )

Pati-Salam Model, (b4, b2L, b2R) = (− 5,
7
3

, 3)

βi =
bi

2π
α2

i + (S(t) − 1) b10

2π
α̃2

i

 coefficient including KK contributionsβ

 appears as scalarV5



UV behaviour of gauge coupling
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Gauge couplings asymptotically safe

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0.01

0.05
0.10

0.50
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b10 = − 28 +
16
3

nΨ16,c +
1
6

nH10,r +
14
3

nH120,r

 Higgs is not recommended126

+
4
3

nH45,r + 2nH54,r+
35
3

nH126,c +
2
3

nH16,c + ⋯



Deriving Yukawa RGEs
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Gamma matrices ( ) and chiral representation  in the gauge space of 32 × 32 16 SO(10)

ΨL = PLΨ = (Ψ16
0 )

Γχ = iΓ1Γ2⋯Γ10 = (−I16 0
0 I16) PL,R =

1
2

(I32 ∓ Γχ){Γa, Γb} = 2δab

ΨR = PLΨ = ( 0
Ψ16) 32 = 16 + 16

−ℒY = Ψ̄i [ y10(ΓaPR)ijHa
10 +

1
3!

y120(ΓaΓbΓcPR)ijHabc
120 ] Ψj + y16νSHk

16(PR)kjΨj + h . c .

Field arrangements: Fermion , Scalars ∼ 16 + 16 ∼ 10 + 120 + 16 (  is not included)126

Feynman rules



Calculate loop diagrams one by one 

Deriving Yukawa RGEs
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Assuming  small enough, thus its contribution can be ignored.y16

16π2 dy10

dt
4D

= η10
4D

y10 − 96Y120y†
10y120 + 10Y10y†

10y10 + +60(y10y†
120y120 + y120y†

120y10)

16π2 dy120

dt
4D

= η120
4D

y120 + 104y120y†
120y120 + 5(y120y†

10y10 + y10y†
10y120)

16π2 dy10

dt
KK

= η10
KK

y10 + 10y10y†
10y10 + 60(y10y†

120y120 + y120y†
120y10) + +60(y10y†

120y120 + y120y†
120y10)

16π2 dy120

dt
KK

= η120
KK

y120 + 104y120y†
120y120 + 5(y120y†

10y10 + y10y†
10y120)

η10
4D

= −
270
8

g2
10 + 8 Tr(y10y†

10)

η120
4D

= −
270
8

g2
10 + 8 Tr(y120y†

120)

η10
KK

= −
171
8

g2
10 + 16 Tr(y10y†

10)

η120
KK

= −
219
8

g2
10 + 16 Tr(y120y†

120)

16π2 dyr

dt
= 16π2 dyr

dt
4D

+ (S(t) − 1)16π2 dyr

dt
KK

RGE for Yukawa couplings

0-mode contribution

KK-mode contribution



Deriving Yukawa RGEs

21

2π
dα̃y10

dt
= [2π + 26α̃y10 + 24α̃y120 −

171
8

α̃10]α̃y10

2π
dα̃y120

dt
= [2π + 10α̃y10 + 120α̃y120 −

219
8

α̃10]α̃y120

RGEs for ’t Hooft couplings                    α̃yr(t) = αyr(t)S(t), αyr =
y2

r

4π
, r = 10, 120

RG flow of Yukawa couplings
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Asymptotic freedom 
might be achieved 
for suitable size of 
gauge couplings 



Explicitly running Yukawa couplings from EW scale to UV
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y10Ψ16H10Ψ16 + iy120Ψ16H120Ψ16 + y16νSH16Ψ16 +
L
2

μM νSνc
S δ(y − L) + h . c .

y1ψLh1ψR + ψL(y′￼1h′￼1 + y15h15)ψR + y4νSh4̄ψR +
1
2

μMνSνc
S + h . c .

yt qLh̃tR + yb qLhbR + yτ lLhτR + κ [lLH̃H̃Tlc
L] + h . c .

Ψ16 = ψL + Ψc
R Ψ16 = Ψc

L + ψR Ψc
R ∼ (4̄,1,2) Ψc

L ∼ (4̄,2,1)

κ =
y2

4

m2
S

μM

+y6(ψLH6Ψc
L + Ψc

RH6ψR) + y′￼6(ψLH6LΨc
L + Ψc

RH6RψR) + y10(ψLH10Ψc
L + Ψc

RH10ψR) + h . c .

SM

Pati-Salam, 4D

Pati-Salam, KK

SO(10), 5D

h1 ∼ (1,2,2), h15 ∼ (15,2,2)ψL ∼ (4,1,2), ψR ∼ (4,1,2), νS ∼ (1,1,1)



Explicitly running Yukawa couplings from EW scale to UV
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2π
dαt

dt
= [9

2
αt +

3
2

αb + ατ −
9
4

α2L −
17
20

α1 − 8α3]αt

2π
dαb

dt
= [3

2
αt +

9
2

αb + ατ −
9
4

α2L −
1
4

α1 − 8α3]αb

2π
dατ

dt
= [3αt + 3αb +

5
2

ατ −
9
4

α2L −
9
4

α1]ατ

2π
dαy1

dt
= [6αy1 + 4αy1′￼−

45
4

α4 −
9
4

(α2L + α2R)]αy1

2π
dαy1′￼

dt
= [2αy1 + 8αy1′￼−

45
4

α4 −
9
4

(α2L + α2R)]αy1′￼

2π
dαy15

dt
= [8αy15 + 2αy1 −

45
4

α4 −
9
4

(α2L + α2R)]αy15

2π
dαy1

dt KK
= [10αy1 +

3
2

αy6 + 4αy1′￼−
5
2

αy10 +
9
4

αy6′￼−
81
8

α4 −
45
8

(α2L + α2R)]αy1

2π
dαy1′￼

dt KK
= [2αy1 +

3
2

αy6 + 12αy1′￼+
15
2

αy10 +
9
4

αy6′￼−
129
8

α4 −
45
8

(α2L + α2R)]αy1′￼

2π
dαy15

dt KK
= [2αy1 +

3
2

αy6 + 9αy15 +
3
2

αy10 +
9
4

αy6′￼−
129
8

α4 −
45
8

(α2L + α2R)]αy15

2π
dα̃y10

dt
= [2π + 26α̃y10 + 24α̃y120 −

81
8

α̃4 −
45
8

(α̃2L + α̃2R)]α̃y10

2π
dα̃y120

dt
= [2π + 10α̃y10 + 120α̃y120 −

129
8

α̃4 −
45
8

(α̃2L + α̃2R)]α̃y120



Explicitly running Yukawa couplings from EW scale to UV
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κ =
y2

4

m2
S

μM

Matching 



Explicitly running Yukawa couplings from EW scale to UV
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Asymptotic unification? 

Exact unification? 

Matching 



Explicitly running Yukawa couplings from EW scale to UV
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α̃yr(t) = αyr(t)S(t)

αyr =
y2

r

4π

→
μ −

17116π α̃ U
V10 +1

=
μ −19/8

→
μ −

21916π α̃ U
V10 +1

=
μ −505/152

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
10-9
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1

β̃y ∼ (c1α̃y − c2α̃10) α̃y



Parameter space for asymptotically free Yukawa couplings
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GUT is a hot topic for its rich phenos, in particular facing to the future neutrino and GW 
measurements. These studies focus at / below the GUT scale. Its UV behaviour has been 
paid less attention.


GUT also provides a plateau to discuss fundamental properties of QFT, Asymptotic GUT 
(aGUT) is one of them.


We demonstrate that aGUT is realised in a 5D SO(10) with minimal and realistic field content.


 

Gauge couplings are unified asymptotically in the deep UV regime. 


Yukawa couplings should be unified exactly at the KK scale. Their UV behaviour are very 
model-dependent, with a realistic content: complex , real , and , asymptotic 
freedom for Yukawa couplings are achieved in some parameter space. 


The rep  is not welcome in 5D SO(10) aGUT.

10 120 16

126

Conclusion

5D SO(10)MKK ∼ 1010 GeV
BC 4D Pati-Salam

MPS ∼ 106 GeV
16 SM

Thanks and questions …


