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Coherent Background

+
¢ Abackground(S )

U(S) X Abkg(s)_l_Aresonances(S) |2

2 2
Abkg(S ) | T |Aresonances(S ) | +Abkg(S )A;X;sonances(s ) + Aresonances(s )Agkkg(s )

\ Jnterference from Background J



2
0= |Abkg(s )+Aresonances(s ) |

= |Abkg(S ) |2 + [ Aresonances(S) |2 +Abkg(S)Ar>z30nanceS(S) + Aresonances(S)Agkg(S)

Interference from Background

* A onances Usually takes the form of Breit-Wigner (B-W) function: such as

JIZAT,, X Be® \| PG/9)
s—M2+iMT\/BQD) +/s

* Apkg(s) usually takes the form of a smooth function, no pole structure

e Generally Ankg(s) is difficult to determined from first principle, usually
empirical(constant/phase space, polynomial, exponential, power-law etc.)



Example of Coherent

2
0= |Abkg(S )+Aresonances(s ) |

2 2
— |Abkg(s ) | + |Aresonances(s ) | +Abkg(s )A;Xésonances(s ) + Aresonances(s )A[;kkg(s )

" Interference from Background

Phys. Rev. Lett, 122, 102002 (2019)  Phys. Rev. D, 104, L091104 (2021 ~1S- Fev. D, 104, 052012 (2021)
Lo 0 ete” - ntrY(2S)
ete” - nD"D e N ) y 1
o_dr(s) = ‘\/F(ﬁ) + 62¢BW(S) resse (\/E) — Zewk . BWk(S) + gitbeont Deont
Gdresdm) = |c\/P(m) + e#1By(m) P(m)/P(Ml)+ei*”ZBZ(m)«/P(m)/P(M‘2)|2 — _ g
ee - AA /
N DL IR LI IRLRLANLIL N B B ~ 150 - 3 a /
1000} — & 16000 oo E Yeont = (I)(\/g)
. l ’ B Ig igﬁ 3 —— PL+ BW[y(3770)] :i ' ( \/‘;) "
L 1| 1w
e g = | vony = Jas)erup,,
LT : E I e 7y R =
' 411 4|2 4?31 — '4.14 415 4I6 by T u= \/E Mthresh
ECM(GeV) 34 35 36 37 38 3% 4(0G :‘17 ) 42 43 44 45 46
Phase space (const) background‘ ‘power law background exponential background
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Coherent Background an

PhyS Rev. Lett, 122 , 102002 (2 019) Parameter = Solution I Solution II Solution III Solution IV
c (MeV~—3/2) (6.24+0.5) x 104
M; (MeV/c?) 4228.6 + 4.1
, o 2 I (MeV) 77.0 + 6.8
Odres{m) = |c P(m) + €'B,(m)\/ P(m)/P(M,) + e#2B,(m)\/ P(m)/P(M2)| My (MeV/c?) 4404.7 £ 7.4
Iy (MeV) 191.9 +13.0
el (ev)  77.4+101 86+1.6 99.5+14.6 11.1+2.3
I (eV)  100.4+13.3 64.2+8.0 664.2 + 80.0 423.0 + 47.0
o1 (rad) —-20£01 30x02 -09+£01 -22+0.1
o2 (rad) 21+£0.2 25£02 —-23£01 -19£0.1
Fit1 Fit II
Phys. Rev. D, 104, L091104 (2021) S —
n 8.8+04 8.2+ 0.6
% : PO o 2
dr(oy — M i oy (fb) O(fixed) 24071470 1440+270
o (s) ‘ vV 70 (\/g) +e“BW(s) X2 /ndof  62.0/31 34.6/29
B (x107°) 247150 144727
Parameters Solution I Solution II Solution IIT Solution IV
M(Y4220) (MeV/c?) 42342435
{(Y4220) (MeV) 18.0+ 8.8
BI*¢(Y4220) (eV) 1.63 +0.82 1.64 +0.83 0.02 £ 0.01 0.02 + 0.01
P hy S. Rev. D, 1 04: 052012 (2 02 1) M(Y4390) (MeV/c?) 4390.9 + 7.4
'°(Y4390) (MeV) 143.6 +11.3
BI¢(Y4390) (eV) 10.64 + 4.36 19.73 + 5.57 9.79 +3.46 19.12 £2.01
M(Y4660) (MeV/c?) 4652.5+41.0
2 '°(Y4660) (MeV) 154.9 £25.3
dressed _ idp ideont BI¢(Y4660) (eV) 475 +4.28 10.21 +5.21 4.69 +3.59 10.58 +3.78
o (\/‘;) o Z € BWi (3) Te Peont Pyano) (rad) 1.68 £ 0.04 1.44 £0.05 6.27 +0.05 6.03 + 0.04
k (660 (rad) 6.07 £ 0.04 4.65+0.04 6.03 + 0.04 471+ 0.04
Doy, (rad) 3.14 £0.83 2.70 £0.55 2.99 +0.67 2.45+0.13
Po(x10%) 3.80 £2.49 4.04 +2.66 3.79 +2.44 370+ 1.92
2 9.47 £ 5.46 9.79 + 5.60 9.50 +5.37 9.09 + 3.82




* How interference cause the problem of multiple
solutions

* |s there connection between the parameters of
different solutions

e Can the solutions be found by a reliable and
efficient way



Interfering B-W functions
and Multiple Solutions

o Interference cause multlples solutlon eve W|thout background (mterference between B W functlons)

k=n

o) < AW =Y —

S_
=1 Pk

|, = M7 —iM, T,

e Multiplicity of solutions: 2”_1, in which n is the number of resonances.

* Multiple solutions share the same mass, width parameters, but with different phase angle and
Br x 1

Phys. Rev. Lett, 129, 102003, 2022 Studied Throughly
ete™ - ntnw(3823) Int. J. Mod. Phys A 26, 4511 (2011)
arXiv: 0710.05627

Parameters Solution I Solution II

M{[Ri] 4406.9 £17.2 £ 4.5 Chin. Phys. C 42, no. 4, 043001 (2018)

Ciot[R1] 128.1 4+ 37.24+ 2.3
Coto- BBy 0.3640.1040.03  0.30 & 0.09 + 0.03

M[Rs)] 4647.9 + 8.6 £ 0.8 arXiv: 1505.01509

Lot [R2) 33.1418.6 £ 4.1

Toto-Bf2Bz 0.24£0.07£0.02  0.06  0.03 £ 0.01 Phys. Rev. D 99, 072007 (2019)

[0 267.1+£16.24+3.2 —324.8+43.0+£5.7




Explanation of the multiple solutions
of interfering B-W functions

e Multiple solutions and the zeros of amplitude (Phys. Rev. D, 99,
072007, 2019) :

e Set a zero of the amplitude to its conjugate, get a new solution

k=n k=n i=n—1
: 1 H-_ (s —q;)
Al) = Y —— = ( YPoly(s,n— 1) = ——L
k=1° " Pk oS T Pk [ G —po)

= H;i”_l (S o qi,)
o) =A@ = |l—= P = —= 2, q'i=qgior q'i=q*
1_[k=1 (s _pk) Hk=1 (s _pk)

Multiple solutions by B-W interference: Determined by

the zeros of the amplitude ;


https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.072007
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.072007

‘Exact Multiple Solution’ in
case of Coherent Background

o Generallze the conclusmn of mterferlng B w functlons
to the case with coherent background:

Phys. Rev. D, 99, 072007, 2019

I (gm=qm)[B(s)—B(gm)]
{B(s) — B(s) = B(s) + S—a
. x o 4= Z—’:—Z‘zk

As the case of the B-W functions interference:

 Find the zeros of the amplitude

e Set one of some of the amplitude’s zero to its conjugate



https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.072007

‘Exact Multiple Solution’ In

* Generalize the conclusion of interfering B-W functions
to the case with coherent background:

Phys. Rev. D, 99, 072007, 2019

S=qm

{B(S) e B( ), — B(S) + (qnx_q;r)[B(s)_B(qnz)]

e Seton St o of the amplitude’s zero to its conjugate


https://journals.aps.org/prd/abstract/10.1103/PhysRevD.99.072007

Problem of ‘Exact Multiple
Solutlon in Coherent Background

Except for some speclal case, the background functlon form o
will be altered

 Special cases like: constant background, polynomial background etc.

* Generally the ‘multiple solution’ with coherent background is approximate
If the background form unaltered

The widely used background function (.e.g exponential, power law)
provide infinite multiplicity of zeros

There are technical difficulties to reliably find zeros
e Usually no analytic solution nor closed form

* Numeric method depend on initial value heavily
11



Multiple Solutions with Coherent

PhyS ReV. Lett’ 1 22’ 1 02002 (201 9) _lzlz\x/;a\r/nfg% ; Solution I_Solzg;i;)r:lt I(Eo)l(uﬁ)o_r;lll Solution 1V
Background contribute to new solutions 1 otev/c) 1228.6 + 4.1
Taresdm) = |cy/P(m) + €9 By(my POm)/P(VL) + 2By (mPOm)POE)| 2 (Ve 1919 £ 150

rel (eV) 77.4+101 86+1.6 99.5+14.6 11.1+2.3
rs (eV)  100.4+ 13.3 64.2+8.0 664.2 +80.0 423.0 +47.0

¢1 (rad) —-20+0.1 30#£02 -09%+01 -22+0.1
o2 (rad) 214+0.2 25+02 -23+£01 -19+£0.1
Phys. Rev. D, 104, L091104 (2021) Fit] kel
. i oo (o) 379 £22 320 7130
Background contribute to new solutions n 88404 8206
I 2 ¢ () - 183t 24017,
a¥(s) = '\/a (—) + e'"?BW(s) oy (fb)  O(fixed) 2407 150" 14407770
Vs x2/ndof 620131 34.6/29
B (x107°) 247750 144757
Parameters Solution I Solution II Solution IIT Solution IV
Phys. Rev. D, 104, 052012 (2021) M(¥4220) (MeV/c?) 42342 £35
I°!(Y4220) (MeV) 18.0 + 8.8
BT?¢(Y4220) (eV) 1.63 +0.82 1.64 £0.83 0.02 +0.01 0.02 £0.01
M(Y4390) MeV/c?) 43909+ 74
B B 2 I'°l(Y4390) (MeV) 143.6 +11.3
a_dressed (\/g) — Z el¢k . BWk (S) + e’upcom '(l)cont BT?¢(Y4390) (eV) 10.64 £ 4.36 19.73 £5.57 9.79 +3.46 19.12 £2.01
M(Y4660) (MeV/c?) 4652.5 +41.0
k I'°l(Y4660) (MeV) 154.9 +25.3
BT¢(Y4660) (eV) 475 £4.28 10.21 £5.21 4.69 +3.59 10.58 +3.78
5y ¢ ) (rad) 1.68 +0.04 1.44 £0.05 6.27 £0.05 6.03 + 0.04
Background seems doesn’t ) ) 607 % 0.04 4654004 603 % 0.04 4714 004
- - Goyy (rad) 3.14 +0.83 2.70 +0.55 2.99 +0.67 2.454+0.13
ContrlbUte to new SOIUtIOnS Po(x10°%) 3.80 £2.49 4.04 £2.66 3.79 +£2.44 3.70 £ 1.92
P1 947 £5.46 9.79 £5.60 9.50 £5.37 9.09 + 3.82

12




Factorization of Amplitudes

e BW-only Case (Fundamental Theorem of Algebra)

k=n k=n ==l
: 1 [I_, G—aq)

A = Y —— = YPoly(s,n — 1) = —=L
k=1° " Pk 3t T Pk [1._ G —po)

e Coherent Background Case (Hadamard Factorization Theorem, ’Fundamental Theorem of
Algebra ’ for entire functions)

L f@ =) + BKG(s) = Co"eM O] (1 = Syetn<ieatit

kls—Pk Tk

e 1;: zeros of f(2)

= [a], in which a is the order of f(2), i.e.log f(z) = O(|z|") when | z|is sufficiently
large

e h(z) polynomial of degree p

13



1 BW + Exponential Background,
a case with closed form

zeros 1, = p; — A2W( ~ ),

W.(z) : Lambert W-function, defined as the inverse function of g(z) = ze®, multiple value
function, infinite values indexed by integer &

1
. A(s) has order 1, thus A(s) = AS+BH (1 = s/r)e
$ = D1

Value of coefficient A¥IB can be determined by the value of A(s) and its derivative some where

e_WJrBH (1 = s/r,) (who can prove?)

5 —P1 L

. Moreover, numeric results implies A(s) =

14



1 BW + Exponential Background,
__acase with closed _

, One Solution: A(s) =

3_2_15;2+B (1 — S/Fk),
$— D1 1;[

, Another solution : A'(s) =

e BT (1 = s/r)
e

;_ (9m=qm)[B(s)=B(gm)]
[T, (1= s/r {B(s) — B(s)' = B(s) + ,
HjeZ(l — /1))

JA(S)/A(S)

Generally not possible to find another solution A’(s) such
that A(s)/A’(s) is a constant

Infinite multiplicity of zeros, but not all of them are important

unimportant zeros: far from poles, very large or small imagery part
15



1 BW + Exponential

zeros distribution in s-plane

Example in PRD, 99, 072007, 2019 < [

0.15

Ja = (0.0125 + 0.025i) GeV?
p = M?—iMT = (16.0 — 0.4i) GeV?
LA = 3GeV

zeros distribution in s-plane

Solution 1

Solution |




1 BW + Exponential: Method

A(S)/A’(S) - Hjez(l — S/G) _ 1 — S/F] HjEZ,j;é](l — S/r])
HJEZ(I —siry) - 1=slr Hjez,jaéJ(l — s/7j)

o All the zeros but one are outside the region of interest

* regions close to poles, covered in center-of-mass energy ( .e.g s in cross section scan)

1 —s/ry

.« 7 Pk significant impact on the resonance parameters
— S§/ry

HjeZ,j;éJ(l — s/1;)

) HjeZ,j;éJ(l = s/1)

, vary slowly in the region of interest, can be approximately treated as constant

Set r; = r7, get another solution

17



Multiple BW functions +

* Need to evaluate generalized Lambert W function, no tools at hand

* Numerical method applied to find zeros. To avoid initial value sensitive problem, a mathematical
trick is implemented:

* assuming we have function f(z) and h(z), with known poles and zeros

e Seeds of zeros: consider function F(z|€) = f(z) + eh(z), when ¢ — 0, zeros of F(z| €) either
localized around the zeros of f(z), or poles of h(z). One can easily find the zeros of F(z|¢)
when € is sufficiently small. Denote these zeros as ‘seeds’ of zeros

e ¢ evolves from a small value to 1, zeros of F(z| €) evolves from ‘seed’ to the zeros of f(z)+h(z)

Z .
. In n BW functions cases, define f(s) = —— + zy¢ ™", h(s) = Z i
\) —P1 =0 S — Di
S
L=n — +B
. Amplitudes satisfy: A(s) = H e 2A° H(l —z/r,)
o S~ Di
=1 k

18



Multiple BW functions +
exponential background: Example

Parameters Solution I Solution II Solution IIT Solution IV
Phys. Rev. D, 104, 052012 (2021) {74220 (4o
{(Y4220) (MeV) 18.0 + 8.8
BI*¢(Y4220) (eV) 1.63 +0.82 1.64 +0.83 0.02 £ 0.01 0.02 + 0.01
9 M(Y4390) (MeV/c?) 43909 + 7.4
{(Y4390) (MeV) 1436 + 11.3
g dressed (v/35) = Z ¢i% . BW, (s) + gideont Jop BI*¢(Y4390) (eV) 10.64 + 4.36 19.73 + 5.57 9.79 + 3.46 19.12 +2.01
. M(Y4660) (MeV/c?) 4652.5+41.0
[{(Y4660) (MeV) 154.9 +25.3
BI¢(Y4660) (eV) 475 +4.28 1021 +5.21 4.69 +3.59 10.58 +3.78
M \/ 127 T¢ B D(,/s
B?V (5) = k k "k Tk (v/5) , by (rad) 1.68 + 0.04 1.44 +0.05 6.27 + 0.05 6.03 +0.04
\/E s—M % + iM kl"}?t (I)(M k) ¢y (aseo) (rad) 6.07 £ 0.04 4.65 £ 0.04 6.03 £ 0.04 471+ 0.04
B, (rad) 3.14 +0.83 270 £0.55 2.99 +0.67 245+ 0.13
_ ou = /s — Po(x10%) 3.80 £ 2.49 4.04 +2.66 3.79 +2.44 370+ 1.92
VONY = \/Q) (\/';) ePotpy, U s—M thresh 9.47 +5.46 9.79 + 5.60 9.50 + 5.37 9.09 + 3.82

Zeros of Solution | (\/E as variable)

zeros evolved from Lambert W function
(first 6 zeros)

-1.33X10-4-2.03X10-9i

1
2 5.04+0.43i 2  -4.2342-0.0090i

...............................................................................................................

zeros evolved from BW-functions’ pole

4 6.32-4.51i 4 . -4.3914+0.0718i

...............................................................................................................

...............................................................................................................

6 6.87-8.13i 6  -4.653+0.0774i




Multiple BW functions +
exponentlal background: Example

OnIyOnezero fllpped '|n the t‘able -

Parameters 'So,ut,on, __________________ Solutionll . . SolutionMl. . :____S__Q_l_l_l_tl_Q_r_!__l\_’___,_SQI_l_JI_I_QD__V?_
. ByScan  ByFlipzero: ByScan : ByFlipzero: ByScan : By Flip zero

M(Y(4220))/GeV/ | 49349
To(Y4220/MeV. 480
Bree(vd4220)/ev : 163 i . 1.64 1. 1.6 1 002 . .. 0017 i 002 §... 205

M(Y(4390))/GeV/ 4390.9
royy4390)yMev . 1436
______ Bree(Y43oyev : 10.64 | 1973 694 979 L0000 1912  NISSe

M(Y(4660))/GeV/ 4652 5
reqyaseo/MeV . 1549
EIressiey | 498 | 1021 = A1 469 . 506 @ 1058 & 9.88
_______ $vazzolrad) | 168 | 144 143 ¢ 627 . 626 | 603 o 169
_______ bvacofrad) | 607 | 465 468 ¢ 603 . 602 | 471 = 609
_________ énvfrad) 0 314 270 ¢ 268 . 299 . 800 245 818
_______________ Po . 380 . 404 .~ 88  38v9 .~ 88 370 880

D1 947 ¢ 979 . 947 950 . 947 | 909 | 947

* For models contalnlng N BW functlon we can flip n zeros at most

20




Exp BKG + BW: LineShape
of the

Linéhapeh | | | o LieSrhé-pe -

42— 42_

3-53— 3.53—

af : af .

: s Solution | : lll\vs Solution |

2.5 2.5

0.5: 0.5;

O a1 4.2 43 4.4 45 4.6 47 48 04_ T4 4.2 43 4.4 45 4.6 47 4.8

* Fit Program can find Sol Il and Sol lll, but
failed to find Sol V

e Sol V close to Sol |

* Poorer line shape agreement tp Solution |

21



B-W functions + Powerlaw

I=n

 Cannot make Hadmard Factorization directly: not converge.

Let w = In(s/u?), Hadamard Factorization validated for variable w:

CAG) =A@ =] x e T (1 —wir)
i=1 >~ Pi jez

Zeros can also be achieved by the ‘seed evolution’ method:

1=n I=n
Z; Z;
A(s) = E —+€24/ P, zero of E — and pole of 7,/s” are known
. i=1 ° P i=1 ° P

e By flipping at most n zeros, one gets multiple solutions

22



BW functions+ Powerlaw

TABLEIII. Results of the fff to the e" e~ — 777 y(3684) cross section for the case when the continuous part is described by oy, in
p y
Eq. (6). The uncertainties injjolve statistical and systemafic ones propagated from the cross section measurement in Table 1.
Phy S. Rev' D’ 1 C 1’ 052012 (202 1) Parameters Solution I Solution I Solution TIT Solution IV
M(Y4220) (MeV/c?) 42344 +£3.2
2 I'°'(Y4220) (MeV) 17.6 £ 8.1
. . BT¢(Y4220) (eV 1.59 £ 0.75 1.63 £0.78 0.02 £0.01 0.02 +0.01
o.dressed (\/E) _ equk . BW, (8) + e’tqbcom, J ,‘/} ( ) (V)
- k cont M(Y4390) (MeV/c?) 4390.3 £6.0
k I'°Y(Y4390) (MeV) 1433 +10.0
BI'*¢(Y4390) (eV) 10.70 +4.13 20.72 £2.46 9.86 £4.11 19.44 +2.04
M otree p () M(Y4660) (MeV/c?) 4651.0 +37.8
Bkvk(s) = 2 : ’ ll;re(eY‘;iz%%(Mi}’) 472 +£3.7 11.15+3.23 192428 4.66 £4.20 11.28 +3.25
\/ES_Mk_*_ler'}cot (D(Mk) ( ) (eV) . 79 . . . . . .
Py (a20) (rad) 1.68 £ 0.04 1.39 £0.06 6.24 +0.05 5.95+0.04
a Dy aes0) (rad) 6.07 +0.03 4.77 £0.04 6.03 +0.06 477 £0.03
_ ¢ ( \/E) Peont (rad) 3.14+0.79 2.58 £0.13 2.99 +£0.92 2.40 +0.08
l//COIlt o n * a(x10°%) 4.81 +£35.83 5.28 +33.23 5.13 +£26.55 3.48 +£24.16
\) n 8.65 + 3.66 8.72 +3.40 8.69 & 3.09 8.43+3.53

Zeros of Solution | (w = log(s/ ,uz) as variable, y= 1 GeV)

zeros evolved from origin zeros evolved from interfering BW-
functions’ zeros

3 . 3.772242.27861 3 . 2.8812-6.2768i

................................................................................................................................................................................................................................

................................................................................................................................................................................................................................

6 . 3.7467-4.3578i , | 6 . 3.0374+6.2409i




Multiple BW functions + power-
Iaw background Example

OnIyOezero fllpped '|n the t‘able .

P Solution ] Solutionll . . S Ql_u__t_,!g_r_!__l_l_l__________________.____S__Q_l_utl_qn__I_\_I___,_Sgl_ut_l_q_n_y.’_’__
arameters Solutlon I : ,
. ByScan  ByFlipzero: ByScan : ByFlipzero: ByScan : By Flip zero

M(Y(4220))/GeV/ 4234.4

Mo Y4220/MeV . qT7E
_Bres(yaz2o)/fev | 159 | 1.63 .83 . 002 1 .. 0016 002 1.86
M(Y(4390))/GeV/ 4390.3

royya3eo)/MevV . 1433
______ Bres(v4390)fev . 1070 | 2072 {2398 | 986 [ 949 | 1944 [ .820
M(Y(4660))/GeV/ 4651.0

reqyaseo/MeV . 1554
ErEeseyes | 402 1115 1 1446 466 452 | 1128 SO 255
_______ brazofrad) | 168 139 | 144 ¢ 624 . 626 | 595 = 166
_______ bvasorad) . 607 477 . 468 ¢ 603 . 608 477 = 6.0
_________ bnvfrad) 314 258 . 88 299 . 868 | 240 = 881
___________ a(1o® 481 ( 528 . 481 . 513 . 481 = 348 L 481

n 8.65 8.72 8.65 8.69 8.65 8.43 8.65

* For models contalnlng N BW functlon we can flip n zeros at most

24




Pow BKG + BW: LineShape
_of the Multiple Solutions

| LmeShape o LlneShape -

Solution il vs Solution | Solution JIl vs Solution |

* Fit Program can find Sol Il and Sol lll, but

v$ Solution | failed to find Sol V

e Sol V close to Sol |

A AT T IR * Poorer line shape agreement tp Solution |
4.1 4.2 4.3 4.4 45 4.6 4.7 4.8

25



Summary and Prospective

* As that in BW-only case, the multiple solution is strongly connected to the zeros of
amplitude

* The multiple solutions are approximate, rather than exact, if one keeps the background form
* \We need only focus on the few zeros in the region of interest

e Close to the poles, imagery part not too big or small

e Determine a solution with zeros as much as the BW functions

e A reliable numerical method to find zeros is developed

* According to one solution, one can get others by flipping the few zeros in the region of
Interest, and set it to initial value of parameters and redo the fit

* In principle can be applied to more complex cases: more complex backgrounds, variable
width, Flatté formula etc.

20
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