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Non-perturbative nature of QCD

Quantum Chromodynamics:

@ Spontaneous chiral symmetry breaking

SU(Ny)r x SU(Ny)r = SU(Ny)y

@ The phase diagram of quantum chromodynamics

% 200
= |z Quarks and Gluons
= %‘ Critical point?
g @ @ o
= Fd @ <
® e
el l oY
& 100} 2 Hadrons e
Z
= B Ry 5
] & %
= " %
Color Super-
Neutron stars  conductor?
[ _u
1

7/

Net Baryon Density

Nuclei

Aarts, J. Phys. Conf. Ser. 706, 022004 (2016)

Guofeng Zhang (IQM) SCNU August 20, 2025



Classical methods VS Quantum computing

Lattice gauge theory:

@ Gauge theories describe interactions between particles mediated by gauge
fields.

o Lattice gauge theory is a successful discretization method that allows for
non-perturbative calculations.

Quantum simulation:
Classical MCMC methods:
@ Hamiltonian formulation

@ Action formulation of the theory o Sign-problem free

Suffers f i blem: .
@ outters from sigh problem o Parallel computation and global

o Real-time dynamics . . .
information processing

e High baryon density
@ Scalable to larger systems
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SU(2) gauge theory

SU(2) gauge theory
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The Kogut-Susskind formulation

The Kogut-Susskind formulation of the Yang-Mills Hamiltonian is given by:

] N-2 N-1 Ag? N-2
As the conjugate momenta of the Y N Y . )
gauge field, the chromoelectric fields (%) (§> (2) (%:) ( Zx)

and the gauge link satisfy the
canonical commutation relation:

1 3 5 e 2N3 2N-1
[L(rlm (Un)aﬁ} = (taUn)aﬁ y 2 4 6 o2 2N
[Rfl, (Un)a,@] _ (Unta)ag- Atas, Y. Y., et al., Nat. Commun. 12,
6499 (2021).

Guofeng Zhang (IQM) SCNU August 20, 2025



Purely fermionic formulation

For clarity in representation, we rewrite the Hamiltonian as:
_ AQ 2 1
H = tivHp + ="~ Ha + 5 Hin

To eliminate the gauge links, we consider the following local gauge transformation:

0= Hexp 10y - ZQJ

i>k
Under this transformation, the staggered fermion field transforms as:
06,0 = Ul U} 5+ Ujon
The mass term remains the same, and the hopping term becomes:

N-2

Hliin — @Hkin@T = Z (¢L¢n+1 + HC)

n=0
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Purely fermionic formulation

The Gauss's law:

Ga=L%—R: , —QL=0

n—1 "

The non-Abelian charge and the left and right color electric field transforms as:

0@’ = (U U, - Us )",

n n

OLLON = Lt — > (U UsY, - Ug¥)*Qb,

n
m>n

OR: 0 =R: , — > (UM ULY, UGN PQY,
m>n—1

The Gauss's law therefore transforms as:
0Geel =oLe' —eRr* 01 —0Qe' =1 —R* =0, n>0
0Giel =L§— > Qp - R, -Qf=IL§—> Qp—-R% =0, n=0

m>0 m>0
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Purely fermionic formulation

- .  ab ,
Adopt the adjoint representation R% = (Us%)™ L%, Gauss's law can thus be
solved recursively and gives:

a dj rradj djva
Ly = (U2 U %, - Ug™) "(R", + E Q%)
m>0
Finally, we obtain the form of the left color electric field under ©-transformation:

OL:Of = (UM UMY, - UsY) (R, + Y Q5)

m>0
adj rradj adj\ab b
- Z (Un—lUn—2 Uy )a m
m>n
dj dj dj\ab/ pb b
= U U U )™ (R + ) Qp)
m<n

The chromoelectric energy term can be expressed in terms of the fermionic field:

N-2 N—-2 2
L= OHe0T =Y erief=>" |y o
n=0 n=0 \k<n
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Qubit encoding

We employ the standard Jordan-Wigner transformation:

|
—

n
On =0y, (_ialz)
l

I
o

Therefore, the lattice Hamiltonian can be mapped to the spin system as follows:

n Z’ﬂ+ Z’I’L
H = mz [(_1) +1U22”2+1+1}

1
+ 2 — + z -
3 (030050410 0m19 + Oop 105,490,153 + H.C)
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SU(2) gauge theory

Qubit encoding

Where we replace the two components of the staggered fermion with:
(b:z) P2on
n = —
i <¢% pontr

The three components of the é . . . - '.‘ .
non-Abelian charge are encoded as: e

Jordan-Wigner map

1
_ + -
Qi_5(02n+102n+H'C') bl 1
2l v O
A 32
i I
Q% - 5 (02n+102n - HC) %{ 3 r @
1 § 0 99
2 _ 2 (g2 _ g2
@n 4 (930 = T5n41) Atas, Y. Y., et al., Nat. Commun. 12,

6499 (2021).
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Variational quantum algorithm

Variational quantum algorithm
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Motivation

The free energy of a system at finite temperature can be expressed as:

E(B) —TS(B)
Tr [p(8)H] + T'Tr [p(B) log p(B)]

We propose a parametrized mixed state as:

F(p)

= S RUEei e ©)

The parameterized unitary operator U(f) is constructed by the QAOA

P

d
Uu(o) = H H exp (i6;; H;)

Generally, the greater the values of p and d, the stronger the representation power
of the ansatz.
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Random sampling process

Randomly select a set of M states in an orthonormal basis:{¢g, @1, - - - ,goM}.J

|

Construct the initial mixed state from
the chosen pure states:p(6) = >, B;U(0)|¢:){¢:|U(0)T.

)

Minimize the free energy with regard to the parameterized mixed state
and output the final parameters 6.

!

Choosing another set of M states and repeat steps 2 and 3,
using the parameters from the previous step as the initial parameters.
2

No

6% — D] < e

[Output the final parameters 6(%)
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Monte Carlo sampling

Initialize a state |p;), calculate the eigenstate U(0)|yp;) and its energy E;.

|

Update the input state by randomly flipping
one of its qubits and measuring its energy E; again.

¥
E; > E; No e~ (Bi=E)/T  p
No
Yes

Add ¢; to the set of sampled Yes
states (I),EZ = Ej, PYi = Pj.
J No
¢ Add p; to the set of
lYes sampled states .

[Output the set of sampled states <I>.}
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e

The result from random sampling process

The thermal average of an observable O:
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The result from Monte Carlo sampling
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The thermal average of an observable:
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e

The result from IBM’s quantum hardware

The thermal average of an observable O:
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Summary

Summary

In this work, we present the first direct simulation of chiral symmetry breaking
using the 1+1D SU(2) non-Abelian gauge theory on a quantum computer:

@ We propose a variational quantum algorithm to prepare the Gibbs state.

@ We employ the VQA to calculate the chiral condensate of the SU(2)

non-Abelian gauge theory with different m /g, temperatures, and chemical
potentials.

© We employ the Monte Carlo sampling to extend our quantum algorithm to
large systems.

Our exploration highlights the potential of implementing current or near-term
quantum computers to study QCD phase transition, especially at high chemical
potential where the Taylor expansion used in classical lattice calculations fails.
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SU(2) gauge theory in the continuum

The Lagrangian density of SU(2) non-Abelian gauge theory:

1 - , _
L= —ZF;}VF” @+ iy (O +ig ARt )Y — mapep.

We adopt the temporal or Weyle guage Af = 0:

H= /d:v [Zw(x)é(x) —c].

oL - oL (—yFp, FrP)
I — — in®, Ty = _ 14w _ _pOla
Y= o) U 2T 5,0 T T 000D

H= /dm {—iz/ryl((‘)l +igA{t* ) + mapyp + % (L%)?] .
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SU(2) gauge theory on lattice

Dimensionless lattice variables:

(),
Falw) - amwa( ).

1 A~ -
6u1/}a($) - Waﬂwa(n%

where &L is the anti-Hermitian lattice derivative defined by

Buda(n) = 5 [datn+ ) — daln— ).
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SU(2) gauge theory on lattice

The quantum theory of the free Dirac field:

He = [ do [-idy'0r0 + miv]

=3 () 1 o+ ) = bl = 1) + )
The Canonlcal equation:

OH 1 .m
s = (~3m )27 Bt D = v = 1] = i 250x(m)
The plane wave solution: 1 (n) = u(E,p)e”*Ft+irna

P(n+1) = ¢(n—1) = p(n) (P — e™P*) = 2isin(pa) y(n)

The matrix ~:

o_ - (1 0 1y 0 1 5 =« (0
’Y_O'_<O_1 57_7’0’_ _1 0 77_0'_ 1
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SU(2) gauge theory on lattice

Thus:

(Fato 5TE Yutm o

We get the dispersion relation of 1 :

™4 L sin?(pa)
e asmpa

E? =
For negative energy solutions:  1)(n) = v(E, p)e!Ft—irna
Y(n+1) = ¢(n—1) = (n) (77 — ) = —2isin(pa) ¥ (n)

E-m %sin(pa) B
< %Sin(pa) E+4+ 2 > ¥(n) =0

We get the dispersion relation of 1) :

Thus:
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SU(2) gauge theory on lattice

Hic= [ o (i67'000) = 3 (=52 ) w10 (0(a-+ 1)~ vl = 1)

n

Transformation:
$(n) = ("9")"x(n), ¥i(n) =xT(n)(x°4")"
Hi =) (‘) X () (709 9 (09" x (4 1)
=X () (¥° ") ()" x(n - 1)]

=5 (-2 ) W0t + 1) = ()t - 1)
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SU(2) gauge theory on lattice

The staggered fermion:

o e o e (O

n:0 1 2 3 4 5
N: 0 1 2

We relabel n as:  n, =2N, +p,

Hg = NZ (;;) [XT(2N + p)x(2N + p+1) — X' (2N + p)x(2N + p — 1)]

> (‘22) X;(N){ap,pfl Xpr (N) = Xpr (N = 1)]

00,0041 [Xpr (N + 1) = X (N)] }
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SU(2) gauge theory on lattice

The ~ matrix:

1 _ sy 5 _ T _
Fpp’ =10,y = (607/’/—1 - 5%’79/"!‘1)’ Fpp’ = Opp = (6f’7f’/—1 + 5/’7/"4'1)

SO:

Hi= ). <42> XZ(N){F‘ZP/ [ (N +1) = X (N = 1)]

*F;p’ [Xp’ (N+1) - 2Xp’(N) + Xp’(N —1)] }

= 3" (W) [T 0000 (V) = a T} Oa o (V)]

N,p,p’
where: 1
0o (V) = 1 (6N +1) = xp(N — 1)
01X (N) = —5 (xp(V + 1) = 2x,(N) + X (N — 1))

4a?
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SU(2) gauge theory on lattice

The mass term:

Hy, = [ domiy = Z ¥ ()10 (n)

= 3 X M6 () X () = 3 (1" Tt )y x(m)

The quantum theory of the free Dirac field:
Hp = Z {(—z) XL(N) {Fiplalxp,(]\f) — aI‘,l)p, Oh X, (N)
N,p,p’

m

)T X (V)] }

The Canonical equation:

Xp(N) = Z{ { 01 —al}, O +i(—1)”TZI‘Sp/]Xp/(N)}

a(ZXp o
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SU(2) gauge theory on lattice

We get:

. . ) . nm
Z {ngp,xp/(N) + [ZF;p,al + zafzp,Dl +(-1) Zépp/] Xp’(N)} =0

pl
The plane wave solution:  x,(N) = u(E’p)e—z‘EthNm
The first-order derivative:

XP(N +1) - XP(N —1)

O1x,p(N) = 1a

1 ip2a —ip2a { .
= EX’)(N) (e p2a _ o—ip2 ) = %sm(an)Xp(N)

The second-order derivative:

Txo(N) = 77 06 (N +1) = 2(N) + 3, (N = 1)

1 . . 1
= 13X (N) (€20 — 24 e7P2%) = 52 Xp(V) (cos(p2a) — 1)
Guofeng Zhang (IQM) SCNU August 20, 2025



SU(2) gauge theory on lattice
Thus:

1 . 1 am
Z {Ergp, ~ 5, s1n(p2a)F/1)p, + % (cos(p2a) — 1) Fip’ +(-1) a} Xp(N) =0

’

E+(-1)"= — o sin(p2a) + 5= (cos(p2a) — 1) B
< sin(p2a) + 55 (cos(p2a) — 1) —E4(-1)"2 ) X(N)=0

We get the dispersion relation of x(NV):

m? 1 m? 1
B2 — pey + = 502 (1 = cos(p2a)) = = + = pe 5 sin %(pa)
For negative energy solutions:  x,(N) = v(E, p)e!Ft-PN2a
Xp(V+1) = xp(N —1)
81Xp(N) ==£ L

4a

1 ; ; )
Xo(N) (e7%¢ = ¢72%) = — = sin(p2a)x, (V)

" da
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SU(2) gauge theory on lattice

The second-order derivative:

Oix,p(N) = é (xp(N 4+ 1) = 2x,(N) 4+ x,(N — 1))
= ﬁXp(N) (e7P2% — 24 'P2%) = #Xp(N) (cos(p2a) — 1)

Thus:

1 1 nm
Z { EFO . % sm(p2a)1"’1,p, + % (cos(p2a) — 1) Ff’)p, + (1) a} Xp(N) =0

p/

— 5, sin(p2a) + 5 (cos(p2a) — 1) E+(-1)nz ) X(N) =0

We get the dispersion relation of x(N):

< —E+(-1)"= % sin(p2a) + ﬁ (cos(p2a) — 1)

2 1 2 1
72—2 %2 (1 — cos(p2a)) = % + = e 5 sin %(pa)
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Eliminate the gauge field

We consider the following local gauge transformation
0= Hexp 10y - Z Q;)
ji>k
Under this transformation, the staggered fermion field transforms as

Wkd)nW];r = exp(i@Z Z an)gbnexp(fi@,’i Z an)

m>k m>k
= exp (i0;Q7,) pnexp (—10;Q7)
1 -Nna a -na a
= ¢n + [ZGkQTN n] a [Zeanv [Zok no d’n” +

= ¢n - iegTa¢7z - *' (GZTG)2 ¢n +

1
= (10T 4 o (0T )6,
= eop(<ibiT) 6, >k,
Wion k—q/)n, otherwise.
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Eliminate the gauge field

Under this transformation, the staggered fermion field transforms as
00,0 = Ul U} 5+ Ujon

The mass term remains the same, and the hopping term becomes

N-2
Hl:in — @I—Ikin@Jr = Z (¢L¢n+1 + HC)

n=0

The Gauss's law

Ga=L%—R: , —QL=0

n—1 "

Although Gauss's law is formally gauge-invariant, its explicit representation may
be modified under the O-transformation. In the following, we shall explicitly
derive the form of Gauss’s law in the transformed coordinate system.
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Eliminate the gauge field

We first consider the expression of the non-Abelian charge under the W-rotation
WiQi Wi = Wil 76, W
= o} U TU] ¢,
= d):rrlz (Uk)pl (Ta)ln (Uzz)nngznéipéjq
i j 1
= Qf);rn (Uk)pl (Ta)ln (U;I)nq%[?(Tb)ij (Tb)qp + iéijéqp]
= (U wQ, m >k,
WkanW,I =Q5,, otherwise.
Thus, we obtain the form of the non-Abelian charge under the ©-transformation
0QLe" = WoWy - Wy QW _, - - Wiw]
= WoW, --- anlQZW;{q . WJWJ

dj yradj djyab b
= (U1 UR%s - Ug ™)™ Q.
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Eliminate the gauge field

Given that the W-rotation and the gauge link U,, exhibit the same matrix

structure
Wn} = (Z Q%) W,
m>n

Thus, the left color electric field L takes the following form under the
O-transformation

OLLOT = WoWy - W, LEW,] - WiW{

= WoWy - Wy_1(Ly, — ZQa Wiy
m>n
= Ly — > (UB U, - UG YY),
m>n
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Eliminate the gauge field

Since the left and right color electric field are related by an adjoint representation,

-\ ab . . .
R = (U24)™ LY, we can obtain the form of the right color electric field under
the ©-transformation as follows

@RZQT = R% — Z (Ugdesijl .. Ugdj)ale;n.

m>n

The Gauss's law therefore transforms as
0Gier =0Le' —eRr* 0t —eQef =L —R?* =0, n>0.

- .  ab ,
Adopt the adjoint representation R% = (U2%)™ L%, Gauss's law can thus be
solved recursively and gives

a __ adj adj adj\ab 1b
Ln_(U 71Un72'“ 0 ) LO

n
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Eliminate the gauge field

For n = 0, Gauss's law gives
OGO =L — > Qi —R*, —Qf=L§— > Q4 —R*, =0
m>0 m>0

Thus we can represent the left color electric field by the background field and the
non-abelian charge

Ly = (U2 Unby - U )™ (B2 + Z Q)
m>0

Finally, we obtain the form of the left color electric field under ©-transformation:

OL.o" = (U4 U, .- U ") (RY, + Z Q)

m>0
= > U U, - Uyl
m>n
dj dj djyab/ pb b
= (U,21U;% - Ug® )" (R, + Z Q)
m<n

Guofeng Zhang (IQM SCNU August 20, 2025
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Eliminate the gauge field

The chromoelectric energy term can be expressed in terms of the fermionic field

2
| — OHy0" = Z eL.ef = Z >
n=0 \k<n
Consequently, the Hamiltonian can be reformulated as
| =2
H' = OHO = 2 3 " (¢]dnr +H.C))
n=0
2
N-1 92 N-2
my (1) el + S
= n=0 k<n

In the rotated frame,the Kogut-Susskind Hamiltonian is exclusively represented in
terms of fermionic degrees of freedom.
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Qubit encoding

As a second step, a Jordan-Wigner transformation is applied to map the fermionic
matter degrees of freedom to Pauli spin operators

— + — + —
(bT ¢n+1 - = (O-Qnoén-&-10-27z+2 + 02n+10'§n+20'2n+3) )
(bT d)n = (UQn =+ 027L+1 + 2)

We can rewrite the chromoelectric energy term appearing in the Hamiltonian as

2

N-—-2
Hel = Z Qm
n=0 \m<n
N-—-2
= <ZQ1+QZQZ Z Qk)
n=0 =0 k=I+1
N-—-2 N-3 N-—-2

(N—n—-1Q2+2> Qu > (N—k—1)Q

n=0 k=n+1

3
I
<
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Qubit encoding

We map the non-Abelian charge to Pauli spin operators

1
(Qa) = g ( 05n05n+1) y a=X,Y,2

1

+ +
QnQ% = 1 (0311920055 11021 + 033 1102,03,09541 + H.C)
1
Y _ + -+ — + -+ -

Q= v (U2n+102n02k+1‘72k ~ 0934102002, 02541 T H-C') )

1
Q:Q% = 6 (050 = 05n11) (031 — O3k y1) 5

3 z z
Qi = 3 (1 - U2n02n+1) )

1
QnQr = (02n+1‘72n0;k‘72k+1 +H.C. ) 16 (Ugn - U§n+1) (ng - U§k+1) .
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Qubit encoding

The explicit form of the kinetic term is given by
=2
— + — + -
Hyin = ) Z (0900304102042 + 027 410504202,45 + H.C.) .
n=0

The mass term reads

N-1 O.Z + O.Z
_ = 1 n+1 Y2n 2n+1 1
N

Finally, the chromoelectric Hamiltonian is expressed as

3 N-2
Hel = é Z (N -—n- 1)(1 - 057L05n+1)
n=0
N 3 N-2
+ g N k — 1 (Oén - g;n-ﬁ-l)(agk - U§k+1)

n=0 k=n-+1

N-3 N-2

— 1)(02,4192,09402;,41 +H.C)
n=0 k:n+1
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