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Introduction

Non-perturbative nature of QCD
Quantum Chromodynamics：

Spontaneous chiral symmetry breaking

SU(Nf )L × SU(Nf )R → SU(Nf )V

The phase diagram of quantum chromodynamics

Aarts, J. Phys. Conf. Ser. 706, 022004 (2016)
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Introduction

Classical methods VS Quantum computing

Lattice gauge theory:

Gauge theories describe interactions between particles mediated by gauge
fields.
Lattice gauge theory is a successful discretization method that allows for
non-perturbative calculations.

Classical MCMC methods:

Action formulation of the theory
Suffers from sign problem:

Real-time dynamics
High baryon density

Quantum simulation:

Hamiltonian formulation
Sign-problem free
Parallel computation and global
information processing
Scalable to larger systems
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SU(2) gauge theory

The Kogut-Susskind formulation

The Kogut-Susskind formulation of the Yang-Mills Hamiltonian is given by:

H =
1

2∆

N−2∑
n=0

(
ϕ†nUnϕn+1 +H.C.

)
+m

N−1∑
n=0

(−1)n+1ϕ†nϕn +
∆g2

2

N−2∑
n=0

L2
n

As the conjugate momenta of the
gauge field, the chromoelectric fields
and the gauge link satisfy the
canonical commutation relation:[

La
n, (Un)αβ

]
= (taUn)αβ ,[

Ra
n, (Un)αβ

]
= (Unt

a)αβ .
Atas, Y. Y., et al., Nat. Commun. 12,

6499 (2021).

Guofeng Zhang (IQM) SCNU August 20, 2025 7 / 45



SU(2) gauge theory

Purely fermionic formulation
For clarity in representation, we rewrite the Hamiltonian as：

H = m̃Hm +
∆2g2

2
Hel +

1

2
Hkin

To eliminate the gauge links, we consider the following local gauge transformation:

Θ =
∏
k

exp

iθk ·∑
j>k

Qj


Under this transformation, the staggered fermion field transforms as:

ΘϕnΘ
† = U†

n−1U
†
n−2 · · ·U

†
0ϕn

The mass term remains the same, and the hopping term becomes:

H ′
kin → ΘHkinΘ

† =

N−2∑
n=0

(ϕ†nϕn+1 + H.C.)
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SU(2) gauge theory

Purely fermionic formulation
The Gauss’s law：

Ga
n = La

n −Ra
n−1 −Qa

n = 0

The non-Abelian charge and the left and right color electric field transforms as:

ΘQa
nΘ

† = (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

n

ΘLa
nΘ

† = La
n −

∑
m>n

(Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

m

ΘRa
n−1Θ

† = Ra
n−1 −

∑
m>n−1

(Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

m

The Gauss’s law therefore transforms as:

ΘGa
nΘ

† = ΘLa
nΘ

† −ΘRa
n−1Θ

† −ΘQa
nΘ

† = La
n −Ra

n−1 = 0, n > 0

ΘGa
0Θ

† = La
0 −

∑
m>0

Qa
m −Ra

−1 −Qa
0 = La

0 −
∑
m≥0

Qa
m −Ra

−1 = 0, n = 0
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SU(2) gauge theory

Purely fermionic formulation
Adopt the adjoint representation Ra

n =
(
Uadj
n

)ab
Lb
n, Gauss’s law can thus be

solved recursively and gives:

La
n = (Uadj

n−1U
adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≥0

Qb
m)

Finally, we obtain the form of the left color electric field under Θ-transformation:

ΘLa
nΘ

† = (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≥0

Qb
m)

−
∑
m>n

(Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

m

= (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≤n

Qb
m)

The chromoelectric energy term can be expressed in terms of the fermionic field:

H ′
el → ΘHelΘ

† =

N−2∑
n=0

ΘL2
nΘ

† =

N−2∑
n=0

∑
k≤n

Qk

2
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SU(2) gauge theory

Qubit encoding

We employ the standard Jordan-Wigner transformation:

φn = σ−
n

n−1∏
l=0

(−iσz
l )

Therefore, the lattice Hamiltonian can be mapped to the spin system as follows:

H = m̃

N−1∑
n=0

[
(−1)n+1 σ

z
2n + σz

2n+1

2
+ 1

]

−1

2

N−2∑
n=0

(
σ+
2nσ

z
2n+1σ

−
2n+2 + σ+

2n+1σ
z
2n+2σ

−
2n+3 + H.C.

)

+
∆2g2

2

N−2∑
n=0

∑
k≤n

Qk

2
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SU(2) gauge theory

Qubit encoding

Where we replace the two components of the staggered fermion with:

ϕn =

(
ϕrn
ϕgn

)
←→

(
φ2n

φ2n+1

)

The three components of the
non-Abelian charge are encoded as:

Qx
n =

1

2

(
σ+
2n+1σ

−
2n + H.C.

)
Qy

n =
i

2

(
σ+
2n+1σ

−
2n − H.C.

)
Qz

n =
1

4

(
σz
2n − σz

2n+1

)
Atas, Y. Y., et al., Nat. Commun. 12,

6499 (2021).
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Variational quantum algorithm

Variational quantum algorithm
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Variational quantum algorithm

Motivation

The free energy of a system at finite temperature can be expressed as：

F (β) = E(β)− TS(β)
= Tr [ρ(β)H] + TTr [ρ(β) log ρ(β)]

We propose a parametrized mixed state as:

ρ(θ) =
∑
i

PiU(θ)|φi⟩⟨φi|U(θ)†

The parameterized unitary operator U(θ) is constructed by the QAOA:

U(θ) =

p∏
i=1

d∏
j=1

exp (iθijHj)

Generally, the greater the values of p and d, the stronger the representation power
of the ansatz.
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Variational quantum algorithm

Random sampling process

Randomly select a set of M states in an orthonormal basis:{φ0, φ1, · · · , φM}.

Construct the initial mixed state from
the chosen pure states:ρ(θ) =

∑
i PiU(θ)|φi⟩⟨φi|U(θ)†.

Minimize the free energy with regard to the parameterized mixed state
and output the final parameters θ.

Choosing another set of M states and repeat steps 2 and 3,
using the parameters from the previous step as the initial parameters.

∥θ(k) − θ(k−1)∥ < ϵ

Output the final parameters θ(k).
Yes

No
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Variational quantum algorithm

Monte Carlo sampling

Initialize a state |φi⟩, calculate the eigenstate U(θ)|φi⟩ and its energy Ei.

Update the input state by randomly flipping
one of its qubits and measuring its energy Ej again.

Ei > Ej

Add φj to the set of sampled
states Φ,Ei = Ej , φi = φj .

|Φ| > N

Output the set of sampled states Φ.

e−(Ej−Ei)/T > p

Add φi to the set of
sampled states Φ.

Yes

Yes

No

Yes

No

No
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Result

Result
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Result

The result from random sampling process

The thermal average of an observable O:

⟨O⟩ =
∑
i

Pi⟨φi|U(θ)†OU(θ)|φi⟩

0 50 100 150 200 250 300
T/g

−4.0

−3.5

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

〈ψ̄
ψ
〉/
g

ma,m/g = 5

ma,m/g = 10

ma,m/g = 15

ma,m/g = 20

ma,m/g = 25

ma,m/g = 30

Exact
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T/g

−4.0

−3.5

−3.0

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

〈ψ̄
ψ
〉/
g

ma,m/g = 5

µ/g = 4

µ/g = 6

µ/g = 8

µ/g = 10

µ/g = 20

µ/g = 30

µ/g = 40

Exact
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Result

The result from Monte Carlo sampling

−4

−3

−2

−1

0

〈ψ̄
ψ
〉/
g

−4

−3

−2

−1

0

〈ψ̄
ψ
〉/
g
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T/g

−4

−3

−2

−1

0

〈ψ̄
ψ
〉/
g

0 50 100 150 200 250 300

T/g

ma,m/g = 5

ma,m/g = 10

ma,m/g = 15

ma,m/g = 20

ma,m/g = 25

ma,m/g = 30

Exact

The thermal average of an observable:

⟨O⟩ = 1

N

∑
i

⟨φi|U(θ)†OU(θ)|φi⟩

0 20 40 60 80 100

T/g

−6

−5

−4

−3

−2

−1

0

〈ψ
ψ
〉/

g

0 20 40 60 80 100

T/g

ma,m/g = 5ma,m/g = 5
MC
Exact
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Result

The result from IBM’s quantum hardware

The thermal average of an observable O:

⟨O⟩ =
∑
i

Pi⟨φi|U(θ)†OU(θ)|φi⟩
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Exact
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Summary
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Summary

Summary

In this work, we present the first direct simulation of chiral symmetry breaking
using the 1+1D SU(2) non-Abelian gauge theory on a quantum computer:

1 We propose a variational quantum algorithm to prepare the Gibbs state.

2 We employ the VQA to calculate the chiral condensate of the SU(2)
non-Abelian gauge theory with different m/g, temperatures, and chemical
potentials.

3 We employ the Monte Carlo sampling to extend our quantum algorithm to
large systems.

Our exploration highlights the potential of implementing current or near-term
quantum computers to study QCD phase transition, especially at high chemical
potential where the Taylor expansion used in classical lattice calculations fails.
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Supplementary Materials

SU(2) gauge theory in the continuum

The Lagrangian density of SU(2) non-Abelian gauge theory:

L = −1

4
F a
µνF

µν,a + iψ̄γµ(∂µ + igAa
µt

a)ψ −mψ̄ψ.

We adopt the temporal or Weyle guage Aa
0 = 0:

H =

∫
dx
[∑

π(x)ϕ̇(x)− L
]
.

Π1 =
∂L

∂(∂0ψ)
= ψ̄iγ0, Π2 =

∂L
∂(∂0Aa

1)
=
∂(− 1

4F
b
µνF

µν,b)

∂(∂0Aa
1)

= −F 01,a.

H =

∫
dx

[
−iψ̄γ1(∂1 + igAa

1t
a)ψ +mψ̄ψ +

1

2
(La)

2

]
.
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Supplementary Materials

SU(2) gauge theory on lattice

Dimensionless lattice variables:

M → 1

a
M̂,

ψα(x)→
1

a1/2
ψ̂α(n),

ψ̄α(x)→
1

a1/2
ˆ̄ψα(n),

∂µψα(x)→
1

a3/2
∂̂µψ̂α(n),

where ∂̂µ is the anti-Hermitian lattice derivative defined by

∂̂µψ̂α(n) =
1

2

[
ψ̂α(n+ µ̂)− ψ̂α(n− µ̂)

]
.

Guofeng Zhang (IQM) SCNU August 20, 2025 26 / 45



Supplementary Materials

SU(2) gauge theory on lattice
The quantum theory of the free Dirac field:

HF =

∫
dx

[
−iψ̄γ1∂1ψ +mψ̄ψ

]
=
∑
n

(
− i

2a

)
ψ†(n)γ0γ1 (ψ(n+ 1)− ψ(n− 1)) +

m

a
ψ†(n)γ0ψ(n)

The Canonical equation:

ψ̇(n) =
∂H

∂(iψ†(n))
=

(
− 1

2a

)
γ0γ1 [ψ(n+ 1)− ψ(n− 1)]− im

a
γ0χ(n)

The plane wave solution: ψ(n) = u(E, p)e−iEt+ipna

ψ(n+ 1)− ψ(n− 1) = ψ(n)
(
eipa − e−ipa

)
= 2i sin(pa)ψ(n)

The matrix γ:

γ0 = σz =

(
1 0
0 −1

)
, γ1 = iσy =

(
0 1
−1 0

)
, γ5 = σx =

(
0 1
1 0

)
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Supplementary Materials

SU(2) gauge theory on lattice
Thus: (

E − m
a − 1

a sin(pa)
− 1

a sin(pa) E + m
a

)
ψ(n) = 0

We get the dispersion relation of ψ :

E2 =
m2

a2
+

1

a2
sin2(pa)

For negative energy solutions： ψ(n) = v(E, p)eiEt−ipna

ψ(n+ 1)− ψ(n− 1) = ψ(n)
(
e−ipa − eipa

)
= −2i sin(pa)ψ(n)

Thus: (
E − m

a
1
a sin(pa)

1
a sin(pa) E + m

a

)
ψ(n) = 0

We get the dispersion relation of ψ :

E2 =
m2

a2
+

1

a2
sin2(pa)
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Supplementary Materials

SU(2) gauge theory on lattice

HK =

∫
dx
(
−iψ̄γ1∂1ψ

)
=
∑
n

(
− i

2a

)
ψ†(n)γ0γ1 (ψ(n+ 1)− ψ(n− 1))

Transformation：
ψ(n) = (γ0γ1)nχ(n), ψ†(n) = χ†(n)(γ0γ1)n

HK =
∑
n

(
− i

2a

)[
χ†(n)(γ0γ1)nγ0γ1(γ0γ1)n+1χ(n+ 1)

−χ†(n)(γ0γ1)nγ0γ1(γ0γ1)n−1χ(n− 1)
]

=
∑
n

(
− i

2a

)[
χ†(n)χ(n+ 1)− χ†(n)χ(n− 1)

]
=
∑
n,α

(
− i

2a

)[
χ†
α(n)χα(n+ 1)− χ†

α(n)χα(n− 1)
]

=
∑
n

(
−i
2a

)[
χ†(n)χ(n+ 1)− χ†(n)χ(n− 1)

]
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Supplementary Materials

SU(2) gauge theory on lattice
The staggered fermion:

n : 0 1 2 3 4 5
N : 0 1 2

We relabel n as: nµ = 2Nµ + ρµ

HK =
∑
N,ρ

(
−i
2a

)[
χ†(2N + ρ)χ(2N + ρ+ 1)− χ†(2N + ρ)χ(2N + ρ− 1)

]

=
∑

N,ρ,ρ′

(
− i

2a

)
χ†
ρ(N)

{
δρ,ρ′−1 [χρ′(N)− χρ′(N − 1)]

+δρ,ρ′+1 [χρ′(N + 1)− χρ′(N)]

}
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Supplementary Materials

SU(2) gauge theory on lattice
The γ matrix:

Γ1
ρρ′ = iσy

ρρ′ = (δρ,ρ′−1 − δρ,ρ′+1) , Γ5
ρρ′ = σx

ρρ′ = (δρ,ρ′−1 + δρ,ρ′+1)

so:

HK =
∑

N,ρ,ρ′

(
− i

4a

)
χ†
ρ(N)

{
Γ5
ρρ′ [χρ′(N + 1)− χρ′(N − 1)]

−Γ1
ρρ′ [χρ′(N + 1)− 2χρ′(N) + χρ′(N − 1)]

}
=
∑

N,ρ,ρ′

(−i)χ†
ρ(N)

[
Γ5
ρρ′∂1χρ′(N)− aΓ1

ρρ′ □1 χρ′(N)
]

where:
∂1χρ(N) =

1

4a
(χρ(N + 1)− χρ(N − 1)

□1χρ(N) =
1

4a2
(χρ(N + 1)− 2χρ(N) + χρ(N − 1))
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Supplementary Materials

SU(2) gauge theory on lattice
The mass term:

Hm =

∫
dxmψ̄ψ =

∑
n

m

a
ψ†(n)γ0ψ(n)

=
∑
n

m

a
χ†(n)(γ0γ1)nγ0(γ0γ1)nχ(n) =

∑
n

(−1)nm
a
χ†(n)γ0χ(n)

The quantum theory of the free Dirac field:

HF =
∑

N,ρ,ρ′

{
(−i)χ†

ρ(N)
[
Γ5
ρρ′∂1χρ′(N)− aΓ1

ρρ′ □1 χρ′(N)

+i(−1)nm
a
Γ0
ρρ′χρ′(N)

]}
The Canonical equation:

χ̇ρ(N) =
∂H

∂(iχ†
ρ(N))

=
∑
ρ′

{
−
[
Γ5
ρρ′∂1 − aΓ1

ρρ′ □1 + i(−1)nm
a
Γ0
ρρ′

]
χρ′(N)

}
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Supplementary Materials

SU(2) gauge theory on lattice
We get:

∑
ρ′

{
iΓ0

ρρ′ χ̇ρ′(N) +
[
iΓ1

ρρ′∂1 + iaΓ5
ρρ′□1 + (−1)nm

a
δρρ′

]
χρ′(N)

}
= 0

The plane wave solution: χρ(N) = u(E, p)e−iEt+ipN2a

The first-order derivative:

∂1χρ(N) =
χρ(N + 1)− χρ(N − 1)

4a

=
1

4a
χρ(N)

(
eip2a − e−ip2a

)
=

i

2a
sin(p2a)χρ(N)

The second-order derivative:

□1χρ(N) =
1

4a2
(χρ(N + 1)− 2χρ(N) + χρ(N − 1))

=
1

4a2
χρ(N)

(
eip2a − 2 + e−ip2a

)
=

1

2a2
χρ(N) (cos(p2a)− 1)
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Supplementary Materials

SU(2) gauge theory on lattice
Thus:

∑
ρ′

[
EΓ0

ρρ′ −
1

2a
sin(p2a)Γ1

ρρ′ +
i

2a
(cos(p2a)− 1) Γ5

ρρ′ + (−1)nm
a

]
χρ′(N) = 0

(
E + (−1)nm

a − 1
2a sin(p2a) + i

2a (cos(p2a)− 1)
1
2a sin(p2a) + i

2a (cos(p2a)− 1) −E + (−1)nm
a

)
χ(N) = 0

We get the dispersion relation of χ(N):

E2 =
m2

a2
+

1

2a2
(1− cos(p2a)) = m2

a2
+

1

a2
sin2(pa)

For negative energy solutions： χρ(N) = v(E, p)eiEt−ipN2a

∂1χρ(N) =
χρ(N + 1)− χρ(N − 1)

4a

=
1

4a
χρ(N)

(
e−ip2a − eip2a

)
= − i

2a
sin(p2a)χρ(N)
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Supplementary Materials

SU(2) gauge theory on lattice
The second-order derivative:

□1χρ(N) =
1

4a2
(χρ(N + 1)− 2χρ(N) + χρ(N − 1))

=
1

4a2
χρ(N)

(
e−ip2a − 2 + eip2a

)
=

1

2a2
χρ(N) (cos(p2a)− 1)

Thus:

∑
ρ′

[
−EΓ0

ρρ′ +
1

2a
sin(p2a)Γ1

ρρ′ +
i

2a
(cos(p2a)− 1) Γ5

ρρ′ + (−1)nm
a

]
χρ′(N) = 0

(
−E + (−1)nm

a
1
2a sin(p2a) + i

2a (cos(p2a)− 1)
− 1

2a sin(p2a) + i
2a (cos(p2a)− 1) E + (−1)nm

a

)
χ(N) = 0

We get the dispersion relation of χ(N):

E2 =
m2

a2
+

1

2a2
(1− cos(p2a)) = m2

a2
+

1

a2
sin2(pa)
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Supplementary Materials

Eliminate the gauge field
We consider the following local gauge transformation

Θ =
∏
k

exp(iθk ·
∑
j>k

Qj)

Under this transformation, the staggered fermion field transforms as

WkϕnW
†
k = exp(iθak

∑
m>k

Qa
m)ϕnexp(−iθak

∑
m>k

Qa
m)

= exp (iθakQ
a
n)ϕnexp (−iθakQa

n)

= ϕn + [iθakQ
a
n, ϕn] +

1

2!
[iθakQ

a
n, [iθ

a
kQ

a
n, ϕn]] + · · ·

= ϕn − iθakT aϕn −
1

2!
(θakT

a)
2
ϕn + · · ·

= (1− iθakT a +
1

2!
(−iθakT a)

2
+ · · · )ϕn

= exp (−iθakT a)ϕn, n > k,

WkϕnW
†
k = ϕn, otherwise.
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Supplementary Materials

Eliminate the gauge field

Under this transformation, the staggered fermion field transforms as

ΘϕnΘ
† = U†

n−1U
†
n−2 · · ·U

†
0ϕn

The mass term remains the same, and the hopping term becomes

H ′
kin → ΘHkinΘ

† =

N−2∑
n=0

(ϕ†nϕn+1 + H.C.)

The Gauss’s law

Ga
n = La

n −Ra
n−1 −Qa

n = 0

Although Gauss’s law is formally gauge-invariant, its explicit representation may
be modified under the Θ-transformation. In the following, we shall explicitly
derive the form of Gauss’s law in the transformed coordinate system.
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Eliminate the gauge field
We first consider the expression of the non-Abelian charge under the W -rotation

WkQ
a
mW

†
k =Wkϕ

†
mT

aϕmW
†
k

= ϕ†mUkT
aU†

kϕm

= ϕ†im (Uk)pl (T
a)ln (U

†
k)nqϕ

j
mδipδjq

= ϕ†im (Uk)pl (T
a)ln (U

†
k)nqϕ

j
m[2(T b)ij(T

b)qp +
1

2
δijδqp]

= (Uadj
k )abQ

b
m, m > k,

WkQ
a
mW

†
k = Qa

m, otherwise.

Thus, we obtain the form of the non-Abelian charge under the Θ-transformation

ΘQa
nΘ

† =W0W1 · · ·WN−1Q
a
nW

†
N−1 · · ·W

†
1W

†
0

=W0W1 · · ·Wn−1Q
a
nW

†
n−1 · · ·W

†
1W

†
0

= (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

n.
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Eliminate the gauge field

Given that the W -rotation and the gauge link Un exhibit the same matrix
structure

[La
n,Wn] =

(∑
m>n

Qa
m

)
Wn.

Thus, the left color electric field La
n takes the following form under the

Θ-transformation

ΘLa
nΘ

† =W0W1 · · ·WnL
a
nW

†
n · · ·W

†
1W

†
0

=W0W1 · · ·Wn−1(L
a
n −

∑
m>n

Qa
m)W †

n−1 · · ·W
†
1W

†
0

= La
n −

∑
m>n

(Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

m.
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Eliminate the gauge field

Since the left and right color electric field are related by an adjoint representation,
Ra

n =
(
Uadj
n

)ab
Lb
n, we can obtain the form of the right color electric field under

the Θ-transformation as follows

ΘRa
nΘ

† = Ra
n −

∑
m>n

(Uadj
n Uadj

n−1 · · ·U
adj
0 )abQb

m.

The Gauss’s law therefore transforms as

ΘGa
nΘ

† = ΘLa
nΘ

† −ΘRa
n−1Θ

† −ΘQa
nΘ

† = La
n −Ra

n−1 = 0, n > 0.

Adopt the adjoint representation Ra
n =

(
Uadj
n

)ab
Lb
n, Gauss’s law can thus be

solved recursively and gives

La
n = (Uadj

n−1U
adj
n−2 · · ·U

adj
0 )abLb

0
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Eliminate the gauge field
For n = 0, Gauss’s law gives

ΘGa
0Θ

† = La
0 −

∑
m>0

Qa
m −Ra

−1 −Qa
0 = La

0 −
∑
m≥0

Qa
m −Ra

−1 = 0

Thus we can represent the left color electric field by the background field and the
non-abelian charge

La
n = (Uadj

n−1U
adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≥0

Qb
m)

Finally, we obtain the form of the left color electric field under Θ-transformation:

ΘLa
nΘ

† = (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≥0

Qb
m)

−
∑
m>n

(Uadj
n−1U

adj
n−2 · · ·U

adj
0 )abQb

m

= (Uadj
n−1U

adj
n−2 · · ·U

adj
0 )ab(Rb

−1 +
∑
m≤n

Qb
m)
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Eliminate the gauge field

The chromoelectric energy term can be expressed in terms of the fermionic field:

H ′
el → ΘHelΘ

† =

N−2∑
n=0

ΘL2
nΘ

† =

N−2∑
n=0

∑
k≤n

Qk

2

Consequently, the Hamiltonian can be reformulated as

H ′ → ΘHΘ† =
1

2

N−2∑
n=0

(
ϕ†nϕn+1 + H.C.

)

+ m̃

N−1∑
n=0

(−1)n+1ϕ†nϕn +
∆2g2

2

N−2∑
n=0

∑
k≤n

Qk

2

In the rotated frame,the Kogut-Susskind Hamiltonian is exclusively represented in
terms of fermionic degrees of freedom.
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Qubit encoding
As a second step, a Jordan-Wigner transformation is applied to map the fermionic
matter degrees of freedom to Pauli spin operators

ϕ†nϕn+1 = −
(
σ+
2nσ

z
2n+1σ

−
2n+2 + σ+

2n+1σ
z
2n+2σ

−
2n+3

)
,

ϕ†nϕn =
1

2

(
σz
2n + σz

2n+1 + 2
)
.

We can rewrite the chromoelectric energy term appearing in the Hamiltonian as

Hel =
N−2∑
n=0

∑
m≤n

Qm

2

=

N−2∑
n=0

(
n∑

l=0

Q2
l + 2

n−1∑
l=0

Ql

n∑
k=l+1

Qk

)

=

N−2∑
n=0

(N − n− 1)Q2
n + 2

N−3∑
n=0

Qn

N−2∑
k=n+1

(N − k − 1)Qk.
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Qubit encoding

We map the non-Abelian charge to Pauli spin operators

(Qa
n)

2
=

1

8

(
1− σz

2nσ
z
2n+1

)
, a = x, y, z

Qx
nQ

x
k =

1

4

(
σ+
2n+1σ

−
2nσ

+
2k+1σ

−
2k + σ+

2n+1σ
−
2nσ

+
2kσ

−
2k+1 + H.C.

)
,

Qy
nQ

y
k = −1

4

(
σ+
2n+1σ

−
2nσ

+
2k+1σ

−
2k − σ

+
2n+1σ

−
2nσ

+
2kσ

−
2k+1 + H.C.

)
,

Qz
nQ

z
k =

1

16

(
σz
2n − σz

2n+1

) (
σz
2k − σz

2k+1

)
,

Q2
n =

3

8

(
1− σz

2nσ
z
2n+1

)
,

QnQk =
1

2

(
σ+
2n+1σ

−
2nσ

+
2kσ

−
2k+1 + H.C.

)
+

1

16

(
σz
2n − σz

2n+1

) (
σz
2k − σz

2k+1

)
.
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Qubit encoding
The explicit form of the kinetic term is given by

Hkin = −1

2

N−2∑
n=0

(
σ+
2nσ

z
2n+1σ

−
2n+2 + σ+

2n+1σ
z
2n+2σ

−
2n+3 + H.C.

)
.

The mass term reads

Hm = m̃
N−1∑
n=0

[
(−1)n+1 σ

z
2n + σz

2n+1

2
+ 1

]
.

Finally, the chromoelectric Hamiltonian is expressed as

Hel =
3

8

N−2∑
n=0

(N − n− 1)(1− σz
2nσ

z
2n+1)

+
1

8

N−3∑
n=0

N−2∑
k=n+1

(N − k − 1)(σz
2n − σz

2n+1)(σ
z
2k − σz

2k+1)

+

N−3∑
n=0

N−2∑
k=n+1

(N − k − 1)(σ+
2n+1σ

−
2nσ

+
2kσ

−
2k+1 + H.C.)
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