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Introduction

Coupling constants gH(∗)HV , where H = (B(s),D(s)),V = (ρ,K∗, ω, ϕ)

• offer valuable insights into the non-perturbative aspects of the long-distance
dynamics in strong interactions

• play a crucial role in extracting the low-energy constants λ and β in HMχPT,
which are essential for describing heavy-light meson interactions at low energies

• enter the residue of the H → V transition form factor V ,A0 and T1 , which are
key to extracting the CKM and the LFU parameters

• help understand the final-state interactions (FSIs), potentially contributing
strong phases and paving the way for direct CP violation in non-leptonic B
meson decays

By including NLO corrections and higher-twist contributions, we accurately
determined these coupling constants via LCSRs
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LCSRs for the H∗
(s)H(s)V couplings

• Def. with the eff. Lagrangian[Casalbuoni,et al.,95’][Yan,et al.,92’][Cheng,et al.,05’]

⟨V (p, η∗)H∗
(p + q, ε)|Leff |H(q)⟩ ≡ −gH∗HV ϵαβρση

∗α
ε
∗βpρqσ,

• Vacuum−V correlation function

Fµ(p, q)= i
∫

d4xe−i(p+q)·x ⟨ V (p, η∗)|T
{

jµ(x), j5(0)
}
|0⟩=ϵµνρση

∗νpρqσF((p + q)2, q2),

where, jµ = q̄1 γµ Q and j5 = (mQ + mq2 )Q̄ i γ5 q2,

• Double dispersion relation

F((p + q)2, q2)=−
gH∗HV fH∗ fH m2

H mH∗[
m2

H∗ −(p + q)2
] [

m2
H −q2

]+∫∫
Σ

ρcont (s1, s2) ds1ds2[
s1−(p + q)2

] (
s2−q2

)+· · · .

The relevant matrix elements used to define the heavy meson decay constants

⟨0 |j5| H(p)⟩ = fH m2
H ,

〈
H∗

(p + q, ε)
∣∣jµ∣∣ 0〉 = fH∗mH∗εµ.

ρcont (s1, s2) captures the combined spectral density of excited and continuum states
Σ denotes the duality region occupied by these states in the (s1, s2)-plane
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LCSRs for the H∗
(s)H(s)V couplings

• light-cone OPE expressed as a double dispersion relation

F(OPE)
((p + q)2, q2) =

∫∫
ds1 ds2

ρ(OPE)(s1, s2)
(s1 − (p + q)2)(s2 − q2)

,

where the involved dual spectral density ρ(OPE)(s1, s2) refers to

ρ
(OPE)

(s1, s2) ≡
1

π2
Ims1 Ims2F(OPE)

(s1, s2) ,
q

p+ q

q2

q̄1

Q

up

ūp

q

p+ q

q2

q̄1

Q

jµ(x)

j5(0)

k

up

ūp

q

p+ q

q2

q̄1

Q

jµ(x)

j5(0)

kk

up

ūp

• performing the double Borel transformation with respect to the variables
(p + q)2 → M2

1 and q2 → M2
2

fH fH∗ gH∗HV = −
1

m2
H mH∗

Σ̃∫∫
ds1 dss exp

(
m2

H∗ − s1
M2

1

+
m2

H − s2
M2

2

)
ρ
(OPE)

(s1, s2) .

Boundary Σ̃ dual to ground state, arises from subtracting continuum contrib. using the parton-hadron duality ansatz
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Double spectral density at LO

• Sum contributions from individual twists up to twist-5

F(LO)
= F(LO)

2p,tw2 + F(LO)
2p,tw3 + F(LO)

2p,tw4 + F(LO)
2p,tw5 + F(LO)

3p,tw4

• Compact form through the power expansion

F(LO)
=

1 + m̂q2
mQ

4∑
i=0

4∑
j=1

{∫ 1

0
du δV

i C(r1, r2, u)j ALO
2p, ij (u)

+

∫ 1

0
dv
∫ 1

0
dα1

∫ 1−α1

0
dα3 δV

i C(r1, r2, α)
j ALO

3p, ij (v, α)
}

where δV = mV /mQ , α = (α1, α3), m̂q2 = m2
q2

/m2
Q

C(r1, r2, u) =
1

ūr1 + ur2 − 1
,

and r1 = (p + q)2/m2
Q , r2 = q2/m2

Q
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Double spectral density at LO

• The part involving soft functions is denoted by the following notations

A(LO)
2p, 01(u) = f ⊥V ϕ

⊥
2;V (u) , A(LO)

2p, 12(u) = −
1

2
f ∥V ψ

⊥
3;V (u) ,

A(LO)
2p, 22(u) =

f ⊥V
4

[
4uūϕ⊥

2;V (u) + ϕ
⊥
4;V (u)

]
, A(LO)

2p, 23(u) = −
1

2
f ⊥V ϕ

⊥
4;V (u) ,

A(LO)
2p, 33(u) = −f ∥V uūψ⊥

3;V (u) , A(LO)
2p, 34(u) =

3

4
f ∥V ψ

⊥
5;V (u),

A(LO)
2p, 43(u) =

f ⊥V
2

uū
[
2uūϕ⊥

2;V (u) + ϕ
⊥
4;V (u)

]
, A(LO)

2p, 44(u) = −
3

2
f ⊥V uūϕ⊥

4;V (u) ,

A(LO)
3p, 22(v, α) = f ⊥V

{
2v̄
[
Φ

⊥(2)
4;V (α) − Φ

⊥(1)
4;V (α)

]
− Ψ

⊥
4;V (α) − (v − v̄)Ψ̃⊥

4;V (α)

−
2(v − v̄)

ᾱ

[
Φ̂

⊥(2)
4;V (α) − Φ̂

⊥(1)
4;V (α) + Φ̂

⊥(3)
4;V (α) − Φ̂

⊥(4)
4;V (α)

]}
,

A(LO)
3p, 23(v, α) = f ⊥V

2(v − v̄)(r2 − 1)

ᾱ

[
Φ̂

⊥(2)
4;V (α) − Φ̂

⊥(1)
4;V (α) + Φ̂

⊥(3)
4;V (α) − Φ̂

⊥(4)
4;V (α)

]
.

• the LO double spectral density

ρ
LO

(s1, s2) =
1

π2
Ims1 Ims2F(LO)

((p + q)2, q2).
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Double spectral density at NLO

• To achieve NLO precision, we express the invariant amplitude

F(OPE)
((p + q)2, q2) = F(LO)

((p + q)2, q2) +
αs CF
4π

F(NLO)
((p + q)2, q2),

(b) (c) (d)

q2

q̄1

(a)

• factorization formula for twist-2 contributions at NLO

F(NLO)
((p + q)2, q2) = (1 + m̂q2 )f ⊥V (µ)

∫ 1

0
du C(r1, r2, u) · T (1)

(r1, r2, µ) · ϕ⊥
2;V (u, µ),

• the NLO double spectral density:

ρ
NLO

(s1, s2) =
1

π2
Ims1 Ims2F(NLO)

((p + q)2, q2).
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Double spectral density at NLO

• Combining all one-loop contrib., the results agree with a previous study [H.D. Li,et al.,20’]

T (1)
(r1, r2, µ)

=
αs CF
4π

{
(−2)

[
1 − r1
r3 − r1

ln
1 − r3
1 − r1

+
1 − r2
r3 − r2

ln
1 − r3
1 − r2

+
3

1 − r3

](
1

ϵ
+ ln

µ2

m2
Q

)

+ 2

[(
1 − r1
r3 − r1

+
1 − r2
r3 − r2

)
Li2 (r3) −

1 − r1
r3 − r1

Li2 (r1) −
1 − r2
r3 − r2

Li2 (r2)
]

+ 2

[(
1 − r1
r3 − r1

+
1 − r2
r3 − r2

)
ln2

(1 − r3) −
1 − r1
r3 − r1

ln2
(1 − r1) −

1 − r2
r3 − r2

ln2
(1 − r2)

]

+

[
1 − r3

r3

(
1 − r3 − 2r1

r3 − r1
−

2 (1 − r3 + r2)
r3 − r2

)
+

1 − 6r3
r23

+ 1

]
ln (1 − r3) +

1 − 9r3
r3 (1 − r3)

−
(1 − r1) (1 − 3r1)

r1 (r3 − r1)
ln (1 − r1) +

2 (1 − r2)
r2 (r3 − r2)

ln (1 − r2) − 3

}
,

• double spectral density

ρ
(OPE)

(s1, s2) = ρ
(LO)

(s1, s2) +
αs CF
4π

ρ
(NLO)

(s1, s2)
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Quark-hadron duality and sum rules

• parameterization of the boundaries [Khodjamirian,Melić,Wang, Wei, 20’]

( s1
s∗

)α
+

( s2
s∗

)α
≤ 1 , s1, s2 ≥ m2

Q .

probe the three regions, generated at

α = 1 , s∗ = 2s0 , (triangle);

α =
1

2
, s∗ = 4s0 , (concave);

α = 2 , s∗ =
√
2s0 , (convex);

• Assuming equal Borel parameters M2
1 = M2

2 = 2M2 allows us to rewrite the sum rule

fH fH∗ gH∗HV = −
1

m2
H mH∗

exp
(

m2
H + m2

H∗

2M2

)[
F(LO)

(M2
, s0) +

αs CF
4π

F(NLO)
(M2

, s0)
]
.

• define the integral over the triangular region

F(M2
, s0) ≡

∫ ∞

−∞
ds1

∫ ∞

−∞
ds2 θ(2s0 − s1 − s2) exp

(
−

s1 + s2
2M2

)
ρ(s1, s2) .

Hua-Yu Jiang School of Physics
Precision Heavy-Light Meson Couplings via LCSRs 12 / 29



Introduction LCSRs LCSRs Numerical analysis Conclusions and Outlook

1 Introduction

2 LCSRs for the H∗
(s)H(s)V couplings

3 LCSRs for the H(s)H(s)V couplings

4 Numerical analysis

5 Conclusions and Outlook

Hua-Yu Jiang School of Physics
Precision Heavy-Light Meson Couplings via LCSRs 13 / 29



Introduction LCSRs LCSRs Numerical analysis Conclusions and Outlook

LCSRs for the H(s)H(s)V couplings

• Def. with the eff. Lagrangian[Casalbuoni,et al.,95’][Yan,et al.,92’][Cheng,et al.,05’]

⟨V (p, ε∗)H2(p + q)|Leff |H1(q)⟩ ≡ gH1H2V (q · ε∗),

• Vacuum−V correlation function

Π((p + q)2, q2) = i
∫

d4x eiq·x 〈V (p, ε∗)
∣∣T{j†5 (x), j5(0)

}∣∣0〉,
where, j5 = (mQ + mq2 )Q̄ i γ5 q

• Double dispersion relation

Π((p + q)2, q2) =
(q · ε∗)gH1H2V fH1

fH2
m2

H1
m2

H2[
m2

H1
− q2

][
m2

H2
− (p + q)2

] +

∫∫
Σ

ρcont (s1, s2) ds1ds2[
s1 − q2

] [
s2 − (p + q)2

] + · · ·

≡ (q · ε∗) F((p + q)2, q2)
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LCSRs for the H(s)H(s)V couplings
• light-cone OPE expressed as a double dispersion relation

Π
OPE

((p + q)2, q2) = (q · ε∗)
∫∫

ds1 ds2
ρOPE(s1, s2)

(s1 − (p + q)2)(s2 − q2)

where the involved dual spectral density ρ(OPE)(s1, s2) refers to

ρ
(OPE)

(s1, s2) ≡
1

π2
Ims1 Ims2Π

(OPE)
(s1, s2) ,

q

p+ q

q2

q̄1

Q

up

ūp

q

p+ q

q2

q̄1

Q

jµ(x)

j5(0)

k

up

ūp

q

p+ q

q2

q̄1

Q

jµ(x)

j5(0)

kk

up

ūp

(b) (c) (d)

q2

q̄1

(a)

• performing the double Borel transformation with respect to the variables q2 → M2
1 and

(p + q)2 → M2
2

fH1
fH2

gH1H2V =
1

m2
H1

m2
H2

∫ +∞

−∞
ds1

∫ 2s0−s2

−∞
ds2 exp

[m2
H1

− s1
M2

1

+
m2

H2
− s2

M2
2

]
ρ

OPE
(s1, s2) .

confined to the triangular duality region with α = 1 and s∗ = 2s0, wherein s2 ≤ 2s0 − s1
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Hard-collinear factorization for the correlation function at LP

• factorization formula:
Π

OPE
LP ((p + q)2, q2) = qµ

(
T (0)

V + T (1)
V

)
⊗
〈
OV
µ

〉
• matrix element of the vector light-cone operator

〈
OV
µ

〉
=
〈
V (p, ε∗)

∣∣q̄′(x)γµq(0)
∣∣0〉 ,OV

µ = q̄′(x)γµq(0) LP
= nµχ̄(x)

n̄/
2
χ(0),

OV
µ = nµ

∫
dω1dω2 e

i
2
ω1(n·x)JV (ω⃗) ≡ nµOV ,JV (ω⃗) ≡ χ̄n, ω1

n̄/
2
χn, ω2

• Therefore, rewrite the factorization formula
Π

OPE
LP ((p + q)2, q2) = (n · q)

∫ 1

0
du
(
T (0)

V + T (1)
V

) 〈
JV (ω⃗)

〉
.

where
〈
OV
〉
=
〈
V (p, ε∗)

∣∣ ∫ dω1dω2 e
i
2
ω1(n·x)JV (ω⃗)

∣∣0〉 , 〈JV (ω⃗)
〉
=

n̄ · ε∗

2
mV f ∥V ϕ

∥
2;V (u) ,
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Hard-collinear factorization for the correlation function at LP
• NLO hard function

T (1)
V (r1, r2, u) =

αs CF
4π

[
T (1), a

V + T (1), b
V + T (1), c

V + T (1), d
V

]
,

• the NLO renormalized hard function New

T (1)
V (r1, r2, u) =

αs CF
4π

1

r3 − 1

{[
2

(
2 −

1 − r1
r3 − r1

ln
1 − r3
1 − r1

−
1 − r2
r3 − r2

ln
1 − r3
1 − r2

)

− 2(r3 − 1)

(
(r3 − 1) ln(1 − r3)
(r3 − r1)(r3 − r2)

+
(1 − r1) ln(1 − r1)
(r3 − r1)(r1 − r2)

+
(1 − r2) ln(1 − r2)
(r3 − r2)(r2 − r1)

)
−

r3 − 7

r3 − 1

]
ln
µ2

m2
Q

+
2
[
r23 − r3(r1 + r2) + 2r1r2 − r1 − r2 + 1

]
(r3 − r1)(r3 − r2)

[
Li2(r3) + ln2

(1 − r3)
]

−
2(r1 − 1)(r3 − r1 + r2 − 1)

(r3 − r1)(r1 − r2)

[
Li2(r1) + ln2

(1 − r1)
]

−
2(r2 − 1)(r3 + r1 − r2 − 1)

(r3 − r2)(r2 − r1)

[
Li2(r2) + ln2

(1 − r2)
]

−
[ r21 + r3(2 − 3r1 − 3r2) + 3r1r2 + 1

(r3 − r1)(r3 − r2)
+

r3(2r1r2 − r1 − r2) − r1r2
r23 (r3 − r1)(r3 − r2)

]
ln(1 − r3)

−
2(r1 − 1)(r3r1 − r2)
r1(r3 − r1)(r1 − r2)

ln(1 − r1) −
2(r2 − 1)(r3r2 − r1)
r2(r3 − r2)(r2 − r1)

ln(1 − r2) +
3r21 + 6r3 − 1

r3(r3 − 1)

}
,

subtracting the UV and IR divergence in the MS scheme
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The factorization scale independence for the correlation function

• The derivative of the twist-two NLO correlation function on the scale µ

d
d lnµ

Π
OPE
LP (r1, r2, µ) = −mV f ∥V (q · ε∗)

∫ 1

0
du
{( d

d lnµ
ϕ
∥
2;V (u, µ)

) [
T (0)

V (r1, r2, u, µ) + T (1)
V (r1, r2, u, µ)

]
+ ϕ

∥
2;V (u, µ)

d
d lnµ

[
T (0)

V (r1, r2, u, µ) + T (1)
V (r1, r2, u, µ)

] }
,

• the evolution equations of the twist-2 LCDA and the heavy quark mass

d
d lnµ

ϕ
∥
2;V (u, µ) = 2

∫ 1

0
du′ V (u, u′)ϕ∥

2;V (u′, µ) ,

d
d lnµ

mQ(µ) = −6
αs CF
4π

mQ(µ) ,

where the evolution kernel is given by[Efremov and Radyushkin, 80’]

V (u, u′) =
αs CF
4π

[
2ū
ū′

(
1 +

1

u − u′

)
θ(u − u′)

∣∣∣∣
+

+
2u
u′

(
1 +

1

u′ − u

)
θ(u′ − u)

∣∣∣∣
+

]
,

the plus distribution function is defined as

V (u, u′)
∣∣∣∣
+

= V (u, u′) − δ(u − u′)
∫ 1

0
dtV (t, u′) .
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The factorization scale independence for the correlation function
• Inserting these evolution equations, then we obtain the first term∫ 1

0
du
( d

d lnµ
ϕ
∥
2;V (u, µ)

) [
T (0)

V (r1, r2, u, µ) + T (1)
V (r1, r2, u, µ)

]

= 4 ·
αs CF
4π

∫ 1

0
du
ϕ
∥
2;V (u, µ)

r3 − 1

{[
1 − r1
r3 − r1

ln
1 − r3
1 − r1

+
1 − r2
r3 − r2

ln
1 − r3
1 − r2

+ 2

]

+

[
−

1

2
+

(r3 − 1)2 ln(1 − r3)
(r3 − r1)(r3 − r2)

−
(r3 − 1)(r1 − 1) ln (1 − r1)

(r3 − r1)(r1 − r2)
+

(r3 − 1)(r2 − 1) ln (1 − r2)
(r3 − r2)(r1 − r2)

]}
,

and the second term reads∫ 1

0
du ϕ∥

2;V (u, µ)
d

d lnµ

[
T (0)

V (r1, r2, u, µ) + T (1)
V (r1, r2, u, µ)

]

= 4 ·
αs CF
4π

∫ 1

0
du
ϕ
∥
2;V (u, µ)

r3 − 1

{[
−

1 − r1
r3 − r1

ln
1 − r3
1 − r1

−
1 − r2
r3 − r2

ln
1 − r3
1 − r2

− 2

]

+

[
−

(r3 − 1)2 ln(1 − r3)
(r3 − r1)(r3 − r2)

+
(r3 − 1)(r1 − 1) ln(1 − r1)

(r3 − r1)(r1 − r2)
−

(r3 − 1)(r2 − 1) ln(1 − r2)
(r3 − r2)(r1 − r2)

]
+

1

2

}
.

• Put them together, we obtain

d
d lnµ

Π
OPE
LP (r1, r2, µ) = O(α

2
s ) ,

Hua-Yu Jiang School of Physics
Precision Heavy-Light Meson Couplings via LCSRs 19 / 29



Introduction LCSRs LCSRs Numerical analysis Conclusions and Outlook

1 Introduction

2 LCSRs for the H∗
(s)H(s)V couplings

3 LCSRs for the H(s)H(s)V couplings

4 Numerical analysis

5 Conclusions and Outlook

Hua-Yu Jiang School of Physics
Precision Heavy-Light Meson Couplings via LCSRs 20 / 29



Introduction LCSRs LCSRs Numerical analysis Conclusions and Outlook

Input parameters

• Decay constants [Gelhausen,et al.13’]

• Scale, Borel and threshold parameters
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Scale dependence

• The µ dependence
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Borel and threshold dependence

• The Borel parameter dependence

• The threshold parameter dependence
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Numerical analysis for the H (∗)
(s) H(s)V couplings

• Power corrections
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Numerical analysis for the D∗
(s)D(s)V couplings
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Numerical analysis for the D(s)D(s)V couplings
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The H(s)H(s)V couplings from B → V transition form factors
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Conclusions and Outlook

• In this talk, we present our recent progresses for the calculation of
the strong H∗HV and HHV couplings from LCSRs via involving
the NLO QCD corrections at leading twist and higher power
contributions at leading order.

• The further improvements are necessary from two aspects:
• More perturbation corrections and higher power contributions need

to be included.
• The dispersion relation relating the strong couplings and the residue

of the H → V form factors need to be clarified.
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Thanks!
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