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I Introduction

•Serious discrepancies have been revealed between 
experimental data and theoretical predictions. 

• � → ��,  ��  puzzles are remarkable problems 
existing in B decays
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(1) � → �� puzzle:
Perturbative QCD (PQCD) and QCD factorization (QCDF) 
are two main theoretical methods for calculating B decays in 
these several decades.

Theoretical prediction gives a much small branching ratio 
for  �0 → �0� 0 decay mode.

Calculation of NLO can’t solve this problem.
4



T ~tree,   C~ color suppressed tree, �~penguin,   ���~electroweak penguin 

Generally, based on the factorization theroem, the 
amplitude for � → ��  decays are generally like

There are the counting rules for the decay amplitudes in the 
SM

where � is Wolfenstein parameter  �~0.22  
H.N. Li, S. Mishima, A.I. Sanda, PRD72,114005(2005) 5



(2) � → �� puzzle:
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From theoretical side, based on the factorization theroem, 
the amplitude for � → �� decays are generally like

T’ ~tree,   C’~ color suppressed tree, �′~penguin,   ���
′ ~electroweak penguin 

�~0.22

H.N. Li, S. Mishima, A.I. Sanda, PRD72,114005(2005)

The amplitudes obey the counting rule In the SM

7



The relation about CP violation is expected

Experimental data give: 
��� �+ → �0K+ − ��� �0 → �−K+ = 0.120±0.021

��� �+ → �0K+ ≃ ��� �0 → �−K+ 

This is contradictory to the theoretical expectation in the SM

A.J. Buras, R. Fleischer, S. Recksiegel, F. Schwab, EPJC 32, 45 (2003)

based on factorization  method
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(3）The brief status for solving � → ��,  ��  puzzles 
a) Calculation up to next-to-leading order in QCD  (PQCD)

[1] H. N. Li, S. Mishima, and A. I. Sanda, PRD 72, 114005 (2005).
[2] Y. L. Zhang, X. Y. Liu, Y. Y. Fan, S. Cheng, and Z. J. Xiao, PRD 90, 014029 (2014).
[3] W. Bai, M. Liu, Y.Y. Fan, W.F. Wang, S. Cheng, and Z.J. Xiao, CPC 38, 033101 (2014). 
[4] J. Chai, S. Cheng, Y. H. Ju, D. C. Yan, C. D. Lü, and Z. J. Xiao, CPC 46, 123103 (2022).
….

b) Penguin annihilation and power correction (QCDF)
● Endpoint divergence in annihilation is modelled as 
      �� ≡  0

1��/�   →   �� = ln  ��
Λℎ

  1 + ������   

● Power corrections to the color-suppressed topology are parametrized  as 
      �2 → �2  1 + ������   

[1] H. Y. Cheng and C. K. Chua, Phys. Rev. D 80, 074031 (2009).
[2] H. Y. Cheng and C. K. Chua, Phys. Rev. D 80, 114008 (2009).
[3] Q. Chang, J. Sun, Y. Yang, and X. Li, Phys. Rev. D 90, 054019 (2014)
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c) A soft factor associated with pseudoscalar is introduced due to the 
residuel divergence in kT factorization in loop process  (PQCD)

[1] H.N. Li and S. Mishima, Phys. Rev. D 83, 034023 (2011).
[2] H.N. Li and S. Mishima, Phys. Rev. D 90, 074018 (2014). 
[3] X. Liu, H.N. Li, Z.J. Xiao, Phys. Rev. D 93, 014024 (2016).

d) Ressort to Final-state Rescattering effect 

[1] H. Y. Cheng, C. K. Chua, and A. Soni,,Phys. Rev. D 71, 014030 (2005).
[2] C. K. Chua, Phys. Rev. D 97, 093004 (2018)

1.   CPVs of  � → ��  are either too smal or wrong sign compare to exp.  data,
       The cases of  � → �� are similar
2.   The gloabal fit is not completly satisfactory either.  Br. of � → �0�0 is still 1/3  
        smaller then exp. data, but CPV is larger.
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d) New physics is invoked 

[1] V. Barger, C.W. Chiang, P. Langacker, H.S. Lee, Phys.Lett. B 598, 218 (2004).
[2] S. Baek, P. Hamel, D. London, A. Datta, D.A. Suprun, Phys. Rev. D 71, 057502 (2005).
[3] R. Arnowitt, B. Dutta, B. Hu, S. Oh,  Phys. Lett. B 633, 748 (2006).
[4] C. Kim, S. Oh, and Y.W. Yoon, Phys. Lett. B 665, 231 (2008).
[5] N.B. Beaudry, A. Datta, D. London, A. Rashed, J.S. Roux, JHEP 01, 074 (2018).
[6] A. Datta, J. Waite, and D. Sachdeva, Phys. Rev. D 100, 055015 (2019).
......
etc.
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II B decays in perturbative QCD based 
on �� factorization (PQCD)

The decay amplitude of  � → �1�2 is

� =  �3�1  �3�2  �3�3  �� �1, �   
          
 ⋅ � � � �1, �2, �3, � ��1 �2, �  ��2 �3, � 

for � > �� = 1 GeV 
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The spinor wave function of B meson is taken from solving 
relativistic potential model 

[1] M.Z. Yang, EPJC 72, 1880 (2012).
[2] J.B. Liu and M.Z. Yang, JHEP 2014, 106 (2014).
[3] J.B. Liu and M.Z. Yang, PRD 91, 094004 (2015).
[4] H.K. Sun and M.Z. Yang, PRD 95, 113001 (2017).
[5] H.K. Sun and M.Z. Yang, PRD 99, 093002 (2019).
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n=1
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n=1
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n=2
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n=2
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The spinor wave function for light meson 

[1] V.M. Braun and I. Filyanov, Z Phys. C 48, 239 (1990).
[2] P. Ball, JHEP 01, 010 (1999).
[3] P. Ball, V.M. Braun, and A. Lenz, JHEP 05, 004 (2006).
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●Transverse momenta are kept to remove endpoint singlarity

Leading order diagrams in QCD

●Sudakov factor is introduced to suppress long-distance contribution 
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Most important next-to-leading order diagrams in QCD
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●With the B meson wave function taken from 
Relativistic potential model,  the suppression of 
Sudakov factor to soft contribution becomes weak. 

●Soft contributions are still large

[1] S. Lü and M. Z. Yang,
     NPB972, 115550  (2021).
[2] S. Lü and M. Z. Yang,
     PRD107, 013004 (2023).
[3] R.X. Wang, M.Z. Yang, 
     Eprint, arxiv:2212.09054，
     to appear in PRD.
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III. Introduction of soft form factors

 1  � > �� for hard scale
  

 2  � < �� for soft scale
�� = 1 GeV

�0
�� = ℎ0�� + �0��

ℎ0�� = �� ⊗�⨂��

hard form factor

soft form factor

Transition form factor 22



Production form factor

�1

�2

 �1�2 � 0 ≡−
1
2

��1��2�+
�1�2

�� = ��
2 / ��1 +��2 

Separation of hard and soft form factor:

�+
�1�2 = ℎ+

�1�2 + �+
�1�2

hard soft 23



The �� and �� transition form factors calculated 
perturbatively with � > �� are :

ℎ0�� = 0.23 ± 0.01 ℎ0�� = 0.29 ± 0.02

The total �� and �� transition form factors from 
LQCD and experimental constraint are

�0
�� = 0.27 ± 0.02 �0

�� = 0.33 ± 0.04

which result in 

�0�� = 0.04 ± 0.01 �0�� = 0.04 ± 0.02
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IV. Cotribution of color-octet quark-antiquark compoents
There is a  relation for the generators of the color SU(3) group 

���
� ���

� =−
1

2��
������ +

1
2
������

It can change the color non-singlet quark current into color 
singlet and octet operators 

The first term is the color suppressed trem, and the second color-octet one
25



Hadronic matrix element of color-octet operators
For example, the contribution of the operator �1 to the 
decay of �0 → �−�+ 

�1 = ���� 1 − �5 ������ 1 − �5 ��
� =  �−�+ �1�1 �0 

   = �1
��

 �−�+ ���� 1 − �5 ������ 1 − �5 �� �0 

       +2�1 �−�+ ��� 1 − �5 ���  ��� 1 − �5 ��� �0 

color-octet matrix element

Such matrix element may have nonzero value! 
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The color-octet quark pairs can be changed into color 
singlet by exchanging soft gluons at hadronic scale
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The contributions of the final quark pair in color-octet state are 
considered by treating the final quark-antiquark pairs in the hard 
decay diagrams in non-singlet states

28



●The contributions of the other diagrams can be analyzed 
similarly.

●Two parameters �� 
8  and ��  

8  need to be introduced, which 
descibe the effect of color-octet quark pair changing to 
color singlet states by exchanging soft gluons. 

��
8 is for the factorizable diagrams

��
8  is for the non-factorizable diagrams
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For (V-A)(V-A) and (S+P)(S-P) operators, these two 
diagrams’ controbutions are:

The color-octet contributions of the other 
diagrams and operator insertions can be 
also obtained
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V. The nonperturbative parameters and SU(3) symmetry

The residual free parameters are

��1�2 ��
8 �1�2 ��

8  �1�2 

which are in principle nonperturbative and final-state-dependent 
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These nonperturbative parameters are  final-state-dependent

The pseudoscalar mesons compose a nonet under SU(3) flavor 
symmetry: 
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� = 39.3° ± 1.0°

The mixing of �-�’ is 

where � is the mixing angle, which is taken numerically as 

[1] Th. Feldmann, P. Kroll, B. Stech, Phys. Rev. D 58, 114006 (1998).

[2] Th. Feldmann, P. Kroll, B. Stech, Phys. Lett. B 449, 339 (1999).
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A: The SU(3) symmetry and symmetry breaking for color-octet 
parameters:

The Hamiltonian of the scattering of �8
1  �8

2 → �1
1 �1

2     is 

�0 = �0   �8
1 ��    �8

2 ��  ∙   �1
1+ �

�   �1
2+ ��      

Under SU(3) symmetry the parameters 
��
8 and ��

8  should be  �0 :  → �0�, �0�
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The consideratopn of SU(3) symmetry breaking 

The flavor SU(3)  symmetry is broken by the 
mass difference for the quarks u, d and s 

[1] X.G. HE, G.N. Li, D. Xu, 
Phys. Rev. D91,014029 (2015).

→ � =  
0 0 0
0 0 0
0 0 1
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Put W everywhere to consider SU(3) symmetry 

�1
1 = �11   ��

�  �8
1 �

�    �1
1+ ��      �8

2 ��   �1
2+ ��       

�2
1 = �12    �8

1 ��  ��
�   �1

1+ ��      �8
2 ��   �1

2+ ��       

Put W in the second term is the finally the same thing 

�0 = �0   �8
1 ��    �8

2 ��  ∙   �1
1+ �

�   �1
2+ ��      

CP symmetry of  strong interaction⇒ �11 = �12   
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SU(3) symmetry breaking at second order is 

  �0,  �11, �21, �22, �24
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B: The SU(3) symmetry and symmetry breaking for time-like 
production form factors:

The production form factor is defined by the matrix

 �1�2 � 0  

��� ≡ �� ��   

�, � = 1,2,3

The Hamitonian with SU(3) symmetry is
�0  = �0�   ��

�    ��
�  ���             

Under SU(3) symmetry  �0�   is relevant to the time-
like production form factor 38



●The leading-order symmetry breaking term is 

CP symmetry  requires    �11� = �13�   

●The secpnd-order symmetry breaking term is 

CP symmetry  requires    �21� = �23�   
39
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VI. Confronting the theoretical framework to experimental data 

A. The soft transition form factors

The hard form factor with � > ��  
and  �� = 1 GeV:

The total form factors from exp. 
data and LQCD:

The difference of them is the soft form factor
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●The color-octet parameters and the meson-pair production form factors 
can not be calculated with PQCD because of their nonperturbative property.

●These parameters can be fitted from the experimental data.

42



43



44



45/47



46/47



47/47



48/47



Discussion of ��-dependence:

● Br and CPV are not changed much around ��~1GeV
● The change becomes large when  �� > 2 GeV, where the scale of 
soft interaction is pushed too high
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VII. Summary 

1) We used the B meson wave function obtained from 
relativistic potential model.  Then the suppression of 
Sudakov factor to LD contribution is no longer sufficient.

2) A critical cutoff scale �� is introduced to insure 
perturbation calculation applicable.

3) Soft form factors, transition and production form factors, 
have to be introduced.

4) Contribution of color-octet final quark-antiquark pair is 
considered, which is crucial to explain the experimental 
data. 50
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