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Qutline

* Introduction to deconfined quantum critical points
* Example: Zy x Zs with mixed anomaly Vecy? ., ~ Vecy,

» Type-I DQCP with E2!'-type anomaly
< dual non-anomalous invertible symmetry

* Example: D8 with E.:*-type anomaly Vec7; ~ Rep(Hs)

» Type-Il DQCP with EX*-type anomaly
< dual non-anomalous non-invertible symmetry

* Conclusion



Usual phase transition

* Spontaneous symmetry breaking
* Order parameter and Ginzburg-Landau theory

* Question: Is there a continuous phase transition
breaking/restoring two different symmetries?
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Deconfined quantum critical points (DQCP)

* Consider a spin model on a square lattice

* Symmetry: spin rotation and lattice rotation

* Possible DQCP in 2+1D: NCCP1 £= Z\
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Solvable model example: 1+1D Z3 x Zy DQCP

* Anomalous Z$ x Z5 symmetry:
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* Two Zs5 domain walls carry (fuse into) one Zg charge — Zy4
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Solvable model example: 1+1D Z3 x Zy DQCP

* Mapping to non-anomalous Z4 symmetry
:[i[ASB ~ U, ]il:(?;(jg_kl <~ Uy.
j j

75 — Ly — 78

Ty % Usual SSB Ly
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75 % Ly J
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75 Vv X 75 %
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Categorical understanding

e From Vecg?;x% with v3(g, h, k) = (_1)91h2k2 = H3(ZQ X Zo,U(1)) = Z‘;’
* Gauge a non-anomalous subgroup Zs,
* (Tachikawa 2017) Resulting In the extension

ZQ — Z4 — ZQ
with 2-cocycle

es(h, k) = hk € HX(Zy,75) = Zs
* Dual symmetry is Vecy,

* Morita equivalent fusion categories:
Vecy? g~ Vec%4 7 (Vec%3 T ) =7 (VGCZ L)
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+ From Vec .z, with vs(g, h, k) = (~1)9e B3(Z, x 2, U (1)) = 2
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Generalization to other groups with other anomaly

- Generalization of Tachikawa 2017: VeCf;ig@(Q)_w(‘J) ~ VecZ;ng)_“(Q)

* But the 3-cocycle is of special form v3 = a — €3(q)
HB(A X Q,U(1)) = ®pyq=3by? = Opr=3H"(Q, H'(A,U(1)))

q3 . vy € Fy® = HY(Q,H?(A,U(1))) Aisanomalous
2 : vy € By” = H'(Q, H*(A,U(1)))

1 o vs € B3 = HX(Q,HY(A,U(1))) Tachikawa’s case
0 e | 13e B =H3Q,H°A,U(1))) Anomaly of Q
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Generalization to other groups with other anomaly

* Generalization of Tachikawa 2017 VeCwa(Q) ~ Veczv@@_“@

XNey Q
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Generalization to other groups with other anomaly

* Generalization of Tachikawa 2017: VeCZf’ ~ Vecii;:?g)_“@
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Generalization to other groups with other anomaly

* Generalization of Tachikawa 2017: VeCZf’ ~ Vect—e2(9)=w(a)

A><lé2Q
* But the 3-cocycle is of special form v3 = a — €3(q)
HB(A X Q,U(1)) = ®pyq=3by? = Opr=3H"(Q, H'(A,U(1)))

q3 . vy € Fy® = HY(Q,H?(A,U(1))) Aisanomalous
) Y vs € By® = HY(Q, H*(A,U(1))) 2
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Generalization to other groups with other anomaly

» Generalization of Tachikawa 2017: Vecif ~ Vecii;:g)_w@

* But the 3-cocycle is of special form v3 = a — €3(q)
HB(A X Q,U(1)) = ®pyq=3by? = Opr=3H"(Q, H'(A,U(1)))

vy € Fy® = HY(Q,H?(A,U(1))) Aisanomalous

Uy € E21’2 _ Hl(Q,HQ(A,U(l))) Sytisgce)tpyon—invertible
vy € B3 :@U(l))) Tachikawa's case

vy € By =H*(Q)H(A,U(1)))  Anomaly of Q
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Physical meanings of E%' and EL:# anomalies

* Bulk SPT/topological order/symTFT

* Domain wall decoration picture (Chen-Lu-Vishwanath 2013,
Wang-Ning-Cheng 2021)

* Remarks: can be used to classity SPT/anomalies also in fermionic
systems (Gu-Wen 2012, Wang-Gu 2017 & 2018) (Y1 Zhang's talk)
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From bulk SPT to boundary anomalous symmetry

- Given arbitrary anomaly 3-cocycle v3 € H*(G,U(1))
* Bulk 2+1D group cohomology SPT models (Chen-Gu-Liu-Wen 2011)

* Anomalous symmetry action on 1+1D spin chain:
91 92 93 94

Ug){giH{gg:}) = [ [ vs7 (9 95,97 97 {99:})

(5)

L 37 (95 R e
« Multiplication rule:  U(9)U(h) = H 5 (gL h1, g )U(gh)
gy 3 i

* Symmetry Iocal|zat|on/fract|onal|zat|on
* Associator = Anomaly:  [U(g)U(h)]U (k)| = v3(g,h,k)U(g) [UR)U(K)] |,
* Similar to extracting F symbol from local unitaries in Yu-An Chen’s talk




Example: D8 group

a” 7% — Dy — 72 H3(Dg, U(1)) = Zy x Zo x Zs

v3(a a2z a8 x’) = (—1)" (670 | 2552 | =83 1850 (1| 2H 214 | )|
(G7V3) - (D872<)

A= (H,7) ACa
(1,0) Vecy,
fax it ((x),1) or ((maz) = Zo, 1) RepHs
Zo 72X 7 ((za);1) 02r ((gga3> = Zo, 1) RepQHg
((a ) = Za, 1) M
Lo 0 0 0 ((:L’, a2> = Ly X 2L, 1) (;RepHgl)
((33,‘12) = Za X Zz3,7) RepHs
U(1) Zo, 0  Zy O ((za, a?) = Z2 X Z2,1) |RepHs
((a:a, az> = Za X Zz,v) RepHs

Recall Hao Zhang's talk on A-bimodules o



Example: D8 group
32 x 75 — Dg — 7.5
* Anomalous symmetry actions:
U(a)|{ai,ai, z:}) = | | Xa,CNOTg, 4, H(_l)(aj—az-)[1+5gj€{000,111}} {ai, @i, w}),
g (¢5)

U(CL2)|{ELZ', as, $Z}> _ ]: Xdi H(_l)(&j—&i)égj6{001,010,011,100} ’{ELZ, a;. 33@}>,
(i3)

)

U(x)|{&z,az,azz}> = ‘{&z —+ 56—“71,&1-,% —+ 1}> = HCNOTC—LZ.@iXxngLi,C_ZZ',ZUZ'}>.
* Projective representation of A on G domain wall
U(a®)U(z) = U(z)U(a®) | [(-1)@ %)

(i7)
* Gauging A -> dual non-invertible symmetry ~ Vec; ~ Rep(Hs)



Different types of DOQCP

* Type-I DQCP with (G, v3, A): The dual symmetry after gauging A
IS invertible

- iff A'is an Abelian normal subgroup of G, and v5 € E% + B39

* Type-1l DQCP with (G, v3, A): The dual symmetry after gauging A
IS non-invertible

- AIs non-Abelian
- A Is non-normal
- Ais Abelian normal, but v3 € B2



Spontaneous symmetry breaking of
non-invertible symmetry”

* To obtain DQCP of A and Q, we need to find SSB of the dual
non-invertible symmetry

4Ca ACA % SSB? ACa
O >
v Q % Q Vv
C = Vecj,, DQCP
Mey @ o, Q A x
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Dual non-anomalous non-invertible symmetry

* Condition for the existence of a gapped symmetric phase for 4Ca
* The dual symmetry Is non-anomalous
* The dual symmetry exists fiber functor

V3

* For the case of C = Vecy, q, we can convert the problem of
#(fiber functors) to a concrete cocycle problem

e The class v3| 4/ is trivial.

e The number of double cosets A\G/A’ is 1.

— G = AA..
— |[AnA| = |A|'C';|‘".

e The class (12 - 95 *)|anas € H2(AN A’,U(1)) of the subgroup AN A’ is nondegenerate.
<= For every element g # e in AN A’, there exists h € AN A’, such that gh = hg and 2(g, h)/¥5(g,h) #

— ANA =&, (Zn, x Zn,) and (12 -¢Q_1)|AnA/ is cohomologous to the 2-cocycle w(g, h) = Hf{zl e
with k; € Z;\(/}

27|"iki a1 b
N, i h;




summary

* DQCP and SSB of the dual generalized symmetry can be related
by gauging

* Type-I/ Il DQCP depending on the dual symmetry is invertible /
non-invertible

» Two types of anomalies in E2' and B’

* Conditions of dual symmetry being non-anomalous (admits fiber
functors)
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