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Chiral algebras pervade the study of 2d CFT.


Chiral algebra 


OPE:   


The Laurent modes of the chiral operators define a family of topological lines (with 
position-dependent couplings but independent of choices of curves, similar to boost)
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• Stress tensor  





Virasoro algebra:  


• Conserved current  (chiral if the CFT is unitary and compact)


,         


Affine Kac-Moody algebra:  ,   


• Superconformal algebra, W-algebra
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Chiral algebras are spectrum generating symmetries


  (chiral part of) Hamiltonian in radial quantization





Operators form representations under the chiral algebra:


highest weight state:  ,  

L0 −
c

24
=

[L0, Ln] = − nLn

L0 |h⟩ = h |h⟩ Ln |h⟩ = 0

Representation and Character

|h⟩ L−1 |h⟩ L−2 |h⟩

L2
−1 |h⟩

L0 = h L0 = h + 1 L0 = h + 2 character:  χh(q) = Tr [qL0− c
24 ]

example: non-degenerate rep at c > 1
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qh− c − 1

24

η(q)



Tube algebras are built out of topological defects that commute with stress-tensor


Topological defects  Fusion category


Topological defects generally define a non-invertible symmetry


=

Topological Defects
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Fusion: a × b = c + ⋯

   = [Fd
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Associator

• Non-invertible fusion: a × ā = 1 + ⋯

• Can annihilate local operators c

O → =Õ 0



Generally, non-invertible symmetries map local operators to defect operators


Tube Algebra

Tube algebra  the algebra formed by lasso operators=

c

a

b

c
a

b

d

e
=

Operators form representations under the tube algebra.
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→Lasso action:
O Õ

x ∈ Hom(a × c, c × b)



Krammer-Wannier Duality Symmetry (  category) in Ising CFTTY(ℤ2)

Example

                η × η = 1 η × 𝒟 = 𝒟 × η = 𝒟 𝒟 × 𝒟 = 1 + η

η
σ (−1) ⋅ σ =

η

η

η

 = μμ

𝒟

η
μ  = 2 ⋅ σ

𝒟

η

σ  = 2 ⋅ μ



Questions:

• How do chiral algebras interact with topological defects?


• How are chiral algebras affected by discrete gauging?


• Can one construct a chiral algebra from non-local currents?


To answer to these questions, we naturally arrive at the concept of chiral tube algebra.
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• preserve Virasoro symmetry 

• generally breaks extended chiral algebra 

except for  with  center

SU(2)
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θaJa
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Ug g ∈ ℤ2

Is the chiral algebra completely broken?



Q: Is the chiral algebra completely broken?

A: No. Instead, in every defect Hilbert space, we can define a twisted Kac-Moody algebra. 


Twisting

J3 J3

J+ e2πiθJ+

J− e−2πiθJ−

* Every  element are related to a Cartan element by conjugationSU(2)

Ug = exp(2πiθJ3
0)

θ ∼ θ + 2
Laurent expansion is twisted by the defect.
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The action of twisted Kac-Moody algebra is naturally captured by the Lasso operator.


These Lasso operators form a chiral tube algebra (isomorphic to  for each )𝔰𝔲(2)1 θ

 Chiral Tube Algebra𝔰𝔲(2)1

Ja
n(±θ)

Uθ

Uθ

Ja
θ,n =

Uθ

→

modes of chiral operators 

topological defect







[J3
θ,n, J3

θ,m] =
n
2

δn+m,0

[J+
θ,n, J−

θ,m] = (n + θ)δn+m,0 + 2J3
θ,n+m

[J3
θ,n, J±

θ,m] = ± J±
θ,n+m



What are the irreducible representations (irreps) of this chiral tube algebra?


          


Same Hilbert space structure as the reps of the original Kac-Moody algebra


highest weight state:  


highest weight of the subalgebra isomorphic to 
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What are the characters ?


To answer this, we need to construct the Virasoro generators . For Kac-Moody algebra, 
they are given by the Sugawara construction


      


However, because the chiral tube algebra is twisted, we get additional contributions from 
the normal ordering ambiguity fixed by 
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Spin  irrep

•  Dimension of the highest weight state is shifted





•  Dimension of the raising operators is shifted


      


•  The raising operators also change the  Cartan charges


      


•  The shifts in dimension of the raising operators are correlated with the  charges 


Spectral flow: 
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Spin  irrep                            


Spectral flow: 


Spin  irrep
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 WZW model


                                       Global symmetry:        


                                       Chiral tube algebra:     


The (defect) Hilbert space splits into irreps of the chiral tube algebra

Defect partition function depends on only the conjugacy class
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Gauge  diagonal Cartan of  in  WZW model.


Some  chiral currents become non-local


Q: What happens to chiral algebra? Can we construct one from non-local currents?

A: There should be an analog of chiral algebras after gauging because gauging reshuffles 
states between defect Hilbert spaces. After gauging, the states in the same irreps are 
simply redistributed into different defect Hilbert spaces. Similar to tube algebra!

ℤN ∈ U(1) [SU(2) × SU(2)]/ℤ2 SU(2)1

𝔰𝔲(2) × 𝔰𝔲(2)

Non-local Chiral Operators

W

W†J−
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J3

J−

J+

J 3

W
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 Wilson lineℤN



After gauging, we get a dual  symmetry from the Wilson lines . 


The defect Hilbert space of  is


charge  states in 


where  is the defect Hilbert space before gauging


 defect Hilbert space


States from  carries charge  under the dual  symmetry


What are the chiral tube algebra acting on these defect Hilbert spaces?
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•   is a local current and is not twisted by 


•   are non-local currents
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Chiral Tube Algebra
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projector to charge  sector
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Chiral Tube Algebra
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In an irrep of chiral tube algebra, there are states from different defect Hilbert space.     
Let us define a defect character that sums over states from the same defect Hilbert space.





The irrep of the chiral tube algebra is labeled by 


eigenvalue of  ,       spin 
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 WZW model is the same as compact boson at self-dual radius . 


After  gauging, the theory becomes compact boson at radius , which has the 
chiral tube algebra (both chiral and anti-chiral part) we constructed before.


The torus partition function can be decomposed into characters of chiral tube algebra
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We introduced chiral tube algebras to 

• describe the interplay between chiral algebras and topological defects 

• discuss what happens to chiral algebras after gauging (non-local currents)


We focused on the example of  tube algebra and its orbifolds.

The structure generalizes to (didn’t have time to discuss)

• Superconformal algebras and their bosonization

• W-algebras and their orbifolds

Future directions and open questions:


• Chiral tube algebra with non-invertible topological defects?


• Chiral tube algebra from general chiral defect operators with fractional dimension?


• Application to 4d  SCFT?
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