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Introduction

Motivation

- Intrinsically Relative Theories (e.g., 6D SCFTs with [D()| £ N?)

[Witten; 1998], ..., [Gukov, Hsin, Pei; 2020]
Not always possible: Relative QFT — Absolute QFT

Partition Vector — Partition Function

- SymTFT FrameWOrk fOr MiXed States [Luo, Wang, Bi; 2025], [Schafer-Nameki, Tiwari,
Warman, Zhang; 2025], [Qi, Sohal, Chen, Stephen, Prem; 2025]

a) String Compactifications: Mixed State Boundary conditions
b) Holographic Systems: Ensamble of Theories
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Introduction

Outline

- Wigner's Quasi-Probabilistic Function
a) Continuum Case
b) Discrete Case
c) Wavefunction Interpretation
- Wigner's Quasi-Probabilistic Function and SymTFTs for Mixed States
a) Folding and Unfolding
b) Examples
- Compactification (and Holography)
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Wigner's Quasi-Probabilistic Function

Wigner (1932)

Classical Statistical Mechanics: Gibbs-Boltzmann formula

2
1
P(x,p)dxdp = e Pdsdp, =L+ V(x), B= T

Quantum Mechanics: von Neumann formula
(Q) =TrQe #"

Drawback: challenging computationally.
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Wigner's Quasi-Probabilistic Function

Wigner (1932): Continuum Case

Wigner's Alternative: Start with phase space density
1 : .
Wx.p) =+ [ dylx = )it y)

with QM Wavefunction ¢ (x) = (x|i) (pure state). wigner, 1932]

Integration over Lagrangian submanifolds in phase space

/de x,p) = [(x)]2 and /dx W(x,p) = ‘/dxw e=o|” = 13(p)2

Key Equation: Expectation values as phase space integrals

| xdo Wix.ple(x.p) = (6)
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Wigner's Quasi-Probabilistic Function

Wigner (1932): Continuum Case

Generalization to Mixed States:
1 ~ ,. ~
Wyix.p) = 1 [ dalx—alpbes e, 5= 3 plu (o

Integration over Lagrangian Submanifolds in Phase Space:

[ oWz = a1, [ axWytxi) = (ol5lp)

Expectation Values as Phase Space Integrals:

TG = [ ddo W, (x. ple(x. p)
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Wigner's Quasi-Probabilistic Function

Wigner (1932): Continuum Case

Comments:
- W,(x, p) takes negative values — "Quasi-Probabilistic Function”

- Non-Uniqueness: Function of N variables — Function of 2/N variables

Wirl(xp) = S / dq (x — rq| plx + sq)e(r+9ws
iy

- Computationally favorable: Explicit Quantum Corrections fk[r’sl

WE(x,p) = e+ hA™ p 2 4
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Wigner's Quasi-Probabilistic Function

Discrete Case

Phase space (X7 p) S ZN X ZN, then [Wootters; 1987], [Bouzouina, Bievre; 1996], [Bianucci,
Miquel, Paz, Saraceno; 2001], ..., [Heckman, Hiibner, Murdia; 2025]

1 .
Wp[r.,s](x’p) =5 Z (x = rq| p|x + sq)elt)Pa  ged(r+s, N) =1
q

with normalization factor change due to

=

—1
27i / /!
e nan(n'—n") _ S e

==
3
Il
o

for all units of g € Zy, as characterized by gcd(g, N) = 1.
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Wigner's Quasi-Probabilistic Function

Wavefunction Interpretation

Introduce displacement, dilation and conjugation operators

Uy = exp(—ixp) with Uy |X'> = |x +x’>
Vp, = exp(+ipX) with V,|p'y = |p+p')
A, with  A|x) = |rx)
c with C|x) =|—x), C|p) = |-p)
and the doubled operator
Ux,p = exp(—ixp + ipX)
Ui, = U, A,

Then, with phase cancellation due to Baker-Campbell-Hausdorff,

W/LY,S](

1 R )
xp)= o Z (x — rq| plx + sq)elr+2)Pa

- 2—T( pul cullhy = Zp, (z;| vk, cullt| )y
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Wigner's Quasi-Probabilistic Function

Wavefunction Interpretation

Given the N-dimensional Hilbert space H consider the double
HoOH
and map the mixed state p to the vector (operator-state mapping)
o) = pili) ®|7)
i
and, with respect to the point ¢ = (x, p) in phase space, define

= (elcUl ® (eullT

e

(@l

which derives from the Choi state [choi; 1975]

|Choi) o< > " |e) @ |&)
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Wigner's Quasi-Probabilistic Function

Wavefunction Interpretation

Previous definitions are such that
(ol |p) = wirl(o)

with phase space point ® = (x, p). Further, given a classical
function f(®) on phase space define

(Frsl) =3 (o) (ol]
(0]

then one has the overlap

(ol o) -2 Y@ eTlo) = 3 F(@)WLrl(@).
O]
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Wigner's Function and Symmetry TFTs

SymTFT and Wavefunction Interpretation

Consider a relative QFT with partition vector |Z) and a choice of
absolute form (assuming existence) as specified by the Lagrangian

ACD

specifying electric and magnetic bases to the SymTFT Hilbert space H.
Then, the QFT partition function with some background e € A is

Z(Ne)= (N e|Z).

[Reshetikhin, Turaev; 1991], [Turaev,Viro;1992], [Barrett, Westbury; 1996], [Witten; 1998], [Fuchs, Runkel,
Schweigert; 2002], [Kapustin, Saulina; 2010], [Kitaev, Kong; 2011], [Freed, Teleman; 2014], [Gaiotto, Kapustin,
Seiberg, Willett; 2014], [Gaiotto and J. Kulp; 2021], [Apruzzi, Bonetti, Garcia Etxebarria, Hosseini,

Schafer-Nameki; 2021], [Freed, Moore, Teleman; 2022], [Kaidi, Ohmori, Zheng; 2022], ...
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Wigner's Function and Symmetry TFTs

SymTFT and Wavefunction Interpretation

Independent of a choice of polarization we can associate Wigner's
function to a pure state

Pz =120(Z] = WEl(e,m),
and from it one extracts the partition functions squared

S whe,my=1z(n )R, Y Wi e,m)=[Z(R, m)?,
men eel

summing over Lagrangian submanifolds in phase space.
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Wigner's Function and Symmetry TFTs

Mixed States and SymTFTs

More generally consider the mixed states

Pz =Y zlZ)Z], ﬁB:Zb,|B,-><B

i
and define on phase space the classical function pg’s](tb) by

r(pepz) Z pE(o O)Wisl(o).

Then define with respect to the doubled SymTFT Hilbert space H ® H

(el =" pg (@) (ol
B

which is such that
{pBlpz) = Tr(pepz)
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Wigner's Function and Symmetry TFTs

Mixed States and SymTFTs
Overall: SymTFT with Hilbert space H ® H and boundary conditions

{pe|l and |pz)

derived from mixed states of the original SymTFT with Hilbert space H.

(| 12) (s )
——O0 ¢cC———0

SymTFT & S®S
The topological boundary condition {(pg| is defined with respect to any
function on phase space, independent of the existence of a polarization A.
A basis to the space of boundary conditions, for any fixed [r, 5], are
o) =3 (elcug! @ (eug!t
e

labelled by points ® in the phase space of the original SymTFT.



Wigner's Function and Symmetry TFTs

Doubled SymTFT Sandwich: W.*/(®) in Pictures

Evaluating the trace:

Wisl(®) = (@1l|p2) = 3" 7 (z| UGl Ul | Z)

1

Pictorial Presentation:

(@l loz) Ul loz)
Q—s—0 4TS
CUL:H
() (i)
lpz) (Zil |Z:)
/0 Yz O—o—0
UE]CU[;] T
(i) (iv)
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Wigner's Function and Symmetry TFTs

Defect and Symmetry Operators: Standard Story
Pure state p = |Z)(Z|:

ulcuh
(i) 2| O ANNNNNNNNNVGYIVPINNNNNNNNND 1Z)
(if) (2| «— o 12)
(iii) 2| @---------- ad 12)

Symmetry Theories, Wigner's Function, Compactification, and H



Wigner's Function and Symmetry TFTs

Example: 6D SCFTs

3-form potential C' and level matrix K;; (ADE Cartan Matrix):
Sip = @ / c'dc”,
Group of Surface Defects: D 2 Coker(K).
ID| # N? — Intrinsically Relative
Topological bulk operators 7,,(X) = exp (ifZ vy 6’) and linking
To(Z)To (Z) = exp (2mi x v KV x Ink(Z, ) 7o (Z) T ()

[Monnier; 2018], [Heckman, Tizzano; 2018], [Gukov, Pei, Putrov, Vafa; 2018], [Hsieh, Tachikawa, Yonekura; 2020],

[Gukov, Hsin, Pei; 2020], ..
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Wigner's Function and Symmetry TFTs

Example: 6D SCFTs

Defect group D is the “phase space” and

U, =exp <—iK,J/ C'6J>
6D
with label [v] € D where v = — [ Ki;C'.
E.g., for the pure state p7 = |Z)(Z| we have Wigner's function
Wz(v) = (vlpz) = (Z|U,CU}|Z)

where r = s = 1. This is the partition function of a doubled system
of 6D SCFTs (which is absolute) with 2-form symmetry group

r(2—form) o ]D)V )
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Wigner's Function and Symmetry TFTs

Compactification

Geometric Engineering:
HA/IIB/M/F

& Local Limit

X Tx

0|00

s 2 l Xloc

O———O

(B ®ilZi)

[Cveti¢, Heckman, Hiibner, Torres; 2022], [Gould, Lin, Sabag; 2023], [Cveti¢, Dierigl, Lin, Torres, Zhang; 2024]
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String Compactifications

Compactification: The Quiche
Decomposition of X with cross section K:
X =XU(l x K)uXx'"e

where X'°¢ = LJ;X°¢ is a disjoint union of local models centered on all
loci supporting localized degrees of freedom.

Symmetry theory derives from the cross section:
K'—>5281®~'~®87T0(K)
Similarly, we have pure state physical boundary conditions:

X |Z) = |21) @ - @ | Zygxoe))

[Apruzzi, Bonetti, Garcia Etxebarria, Hosseini, Schafer-Nameki; 2021], [Heckman, MH, Torres, Turner, Yu; 2023]
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String Compactifications

Compactification: “Mixed State Boundary Conditions”

In contrast, boundary conditions do not decompose into tensor products:
X° = |B)) # il Bi)

Compare to Wigner's function (left) approach:

12) 1Zy)
1Z5)
pe (B
1Zs)
12) 1Zi)
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String Compactifications

Compactification: Mixed State Boundary Conditions

Decompose (assuming existence of the B;)

: : |B’1; y’m ’17 ;’m|B § : bll, yim Bi17~">im>>7

..........

where m = 7r0(K) is the number of connected components of K and
|Bis,. i) = |Bi) @ -~ ©[Bj,,) -

Coefficients b;, . ; = (B;

,,,,, i.|B)) are functions of the background
fields.

.....

The overall partition function is

(B|Z) = .Z b, (Bl Zi) - (Bl Zi)

which is a collection of direct products of absolute theories with partition
functions (B; |Z;) = Z; (B;,) weighted by b;,
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String Compactifications

Example: M-theory on T°/Z;
X = T°®/Z3 contains 27 singularities modelled on C3/Z3
= M-theory on X = T°/Z3 contains 27 Seiberg SCFTs E5**’
Each Seiberg SCFT Ey has defect lines and surfaces
pW = zM) @~ 7M)

from branes on cones over Hy(S°/Z3) = Z3 and H5(S°/Z3) = Zs.

X = S5/Zs

O .

Line / Surface

Spacetime

[Del Zotto, Heckman, Park, Rudelius; 2015], [Morrison, Schifer-Nameki, Willett; 2020], [Cveti&, Heckman, Hiibner,
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String Compactifications

Example: M-theory on T°/Z;

The 27 copies of the 5D SCFT Ej interact across the bulk X°:

S5/Zs
Z n==6
0 n=5
7° 374 n==4
525 Ho(T®/Z5) = { 72 n=3
7° @7y n=2
0 n=1
Z n=20

$°)2s

Boundary conditions ((B| compute from H,(T°/Z3). For example, an
u(1)®° gauge theory (abelian bulk modes) is associated to ((B| and
determines the coefficients b;, . i . [Cvetic, Heckman, Hiibner, Torres; 2022]
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String Compactifications

Computational Details for {(B|

Notation:
X = Tb/Zs, X'°¢ = L% (C3/Z3);, 0X'°° = 1% (S5/Z3);, X° = X \ X'o¢
Sequences setting boundary conditions:

0 — Hi(X®) 2% Hi(X) 25 H3(0X"°¢) 2% TorH3(X°) — 0

0o 20 2 ozt 2 22 2y 7l o

0 = Ha(X®) 25 Hy(X) 25 Hy(X"¢) s TorHy(X°) — 0
0> 7% 2 ozt 2, 22 ozt o,
Boundary conditions are such that the overall p-form gauge groups G() are
GO = (23 x u(1)°) /28,
6W = (z3° x u(1)?) /28,
¢® = y1)?.
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String Compactifications

Defect Operators
Symmetry Operators
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String Compactifications

Defect Operators
Symmetry Operators

o

~ ~
~ 0 ~

~ ~

o
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String Compactifications

Defect Operators
Symmetry Operators
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Conclusion and Outlook

Conclusion and Outlook

- Wigner's Quasi-Probabilistic Function applied to SymTFTs:

a) Pure states: Computable for intrinsically relative theories,
Independent of Lagrangian A C D

b) Mixed states: SymTFT Sandwich
(psl lpz)
O:S;‘S:O
Wave- / Partition function interpretation: W,Eg’s](cb) = (®l"s]|pz)
- Applications: String Compactifications
Bulk X° — ((X°|

- Outlook: Holographic Ensambles
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