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This talk is related to the generalized symmetry,
but | won’t directly talk about symmetry itself.
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Plan of this talk

1. Multi-wavefunction overlap
2. Matrix Product Representation

3. Boundary Conformal Field Theory
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Two implementatlons. (a) tensor network approach arXiv:2304.05356
(b) boundary conformal field theory arXiv:2507.12525 5 /14
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Two applications: 1. gerbe structure over the parameter space X.
2. Fiber functor of C-symmetric SPT phases.
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The higher Berry phase is the Diximer-Douady class of the gerbe. | ¢ .,
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Let’s consider a C-symmetric SPT phases. 0, = —0——+b—0— (1 € C)

Paste the state along the symmetry lines.

E.g. Torus (1| ' //x
Z

[R. Thorngren et. al., JHEP 04 (2024) 132 ]
[K. Inamura, S.0O, arXiv:2408.15960 ]

We (partially) justified this method in [Inamura-Ohyama 24]. 9 /14
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Analogy
M Anpr Vya
M), IN),  Ba|CEFT | B Ba By
PN U CFT
S | Aun Ayt ‘Paﬂ wﬁ’)’
& N\ | Bs
Amn Yas : bdy. cond. changing ope

higher Berry phase: (B,, B, B.,) := Phase of (1a3(01)15-(02)1~a(63))

This defines a “gerbe” str. over boundary conformal manifolds. 10/14
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Ex.1) In SU(2)_k WZW model, We have a SU(2)-family of BCFT states:

[M. Kudrna, JHEP 03 (2023) 228]
|By) = Uqy |Bo), Uy :=exp (iwc”j{dzJa | Bo) 281/2 :

The triple inner product is realized as a modulated boundary state

U(g(8)) := exp (i / 46.7%(8)w" (6))

)
w 0< 60 <6,
= (0|U (g(0))|B where
CFT < | (g( ))| 0>7 wa(@) — ¢ wa_‘_é‘w? 0, <0 <0,
(W +owg O <O <27
: : : 1
B is the 2" order contribution and H =Hwyz  — H=Fk

27 93 11 /14
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Ex.2) Compact boson at R =N x R, 4., (N € Z) [MR. Gaberdiel, et.al., JHEP 11 (2001) 016.]
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Ex.2) Compact boson at R = N x Ryq., (N € Z) [MR. Gaberdiel, et.al., JHEP 11 (2001) 016.]
J3(2) = V2iNOX (), J*(z) = eFONX+iF)

They generate the SU(2)_1 current algebra.

The moduli space of boundary condition is an orbifold: SU(2)/Zyn

However, the higher Berry phase is again the WZ term and

1 1
— H = — : fractional higher Berry phase
2m SU(2)/Zn N J y P

Rem. The orbifold cohomology is computed by Kawasaki: H? . (SU(2)/Zn;Z) ~ Z

orb.
[T. Kawasaki, Mathematische Annalen 206 (1973) 243.] 12/14
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Slogan: Gerbe over X <— Line bundle over [L.X
[K. Waldorf, Mathematische Zeitschrift 286 (2016) 325—-360.]

Let’s consider the WZW model for simply conn. Lie grp G. B(g(0)))
Modulated boundary states form a line bundle over L. |
L— LG, Le=|B(g(9))) ’
We can compute the ordinary Berry phase for L.
(B(9(0))|B(g(8) +39(8))) = 1 +iSvyzw + - - LG

[S. Iso, et.al., Phys. Lett. B 244 (1990) 241.]

Thus, the line bundle is isomorphic to the Michelson’s line bundle:
[J. Mickelsson, Commun. Math. Phys. 110 (1987) 173. ]

ke H*(LG,Z) ~ 7

This is an anomaly of boundary coupling constants. 13/14

g(0)




Summary

Summary
triple inner product of matrix product states

triple inner product of boundary states

line bundle over the loop space

Future work

Higher structure on conformal manifold

Spelling out full higher structures on boundary conformal manifolds

|
Thank you! 14/14






Injective MPS and Key properties

[D. Perez-Garcia, et.al., Quant. Inf. Comput. 7 (2007) 401]
|njective MPS matrices: [D. Pérez-Garcia, et.al., Physical Review Letters 100 (2008)]

M" is injective if the following map is injective as a linear map:
Mat,(C) — L
X e Y tr(XMY M) iy, i)

Three important theorems:
(1) An injective MPS matrices generates an invertible state.

(2) Two injective MPS matrices M*, N* generate the same state
«— 3JU € PU(n) s.t. M =UN'UT
(3) If two injective MPS matrices M*, N' generate the same state,

the mixed transfer matrix has unique fixed point A/ . 15 /14



Non-chiral deformation

Compact boson
J3(2) = V2INOX (2), J*(z) = e=NXHiR)

eTiNX (:E)
_—
Neumann, X | =0
: 271 N (2
Im(lzl)n—l>0+ ViN,i%(z) X exp <:|:W /ZJm)] By) = eFNX@) | By

16/14



Perturbative computation

1(0] exp [z /0 ” dO(w? + 5wa(e))Ja(e)] 0);

= (0| exp [z (w“Jg + Z 5w%J,ﬁ,’;>} 0}

meZ
_ Z ::—'L<O| (wa1J31 4 Z 5wgglj7?z11> X oo X (warJgT 4+ Z 5wg,z”rjgzrr> |O>L-
r=0 m1EZL mrEL

17/14



Discussion: general dimension

Underlying Geometry Classification tensor network
O+1d system complex line bundle H*(X;7Z) —
1+1d system algebra bundle H°(X;Z) MPS
2+1d system ?? bundle H*(X;7) PEPS

Conjecture: K(Z;d + 2) = BAut(Agy1)- Aat+1: “higher” algebra of a d+1-d TN.
e.g. d=0 K(Z;2) = BAut(C), C: cpx. line spand by the ground state.
e.g.d=1 K(Z;3 Aut(B(H)), B(H): generated by the MPS matrices.

)=8B
e.g. d=2 K(Z;4) £ BAut(BiMod(R)), BiMod(R): cat. of bimodule over R.
(R: type-III; v.N. alg.)

Can we construct BiMod(R) from (2+1)-d PEPS? 18/14




Remark: Numerical Comp.

The inner product is important to compute the Berry phase.
[Fukui, et. al., J. Phys. Soc. Jap. 74 (2005).]

/Y < R > Berry phase = <¢1\¢2> : <¢2‘¢3> e <¢LW1>

1) W2) [1)3) We can compute the Berry phase numerically.
We generalized this method to the higher Berry phase.

r25
r24
r23
122 5
-Zlg
£
i
—
F19 R
18
17

0.06 1

0.041

fi/2m

0.021

N

0.001

..... . 1
—0.02+ : : i

Higher Berry phase = | | (Triple Inner Prod. of |¢1), [4)2) S
9 yp 1;[( ripie inner Frod. o V1) 192) [¥s)) Higher Berry phase= 1.00029

[K. Shiozaki, N. Heinsdorf, S. O., Phys.Rev.B 112 (2025) 3, 035154]
The total amount ends up with being quantized to 1. 19/14




