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Apology

This talk is related to the generalized symmetry,
but I won’t directly talk about symmetry itself.
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Plan of this talk
1. Multi-wavefunction overlap

2. Matrix Product Representation

3. Boundary Conformal Field Theory

4
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�
<latexit sha1_base64="HATuKsNs5LfqGhDc7zcND2AMQXQ="></latexit> | 1i , | 2i , | 3i

<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

⌃
<latexit sha1_base64="q6TSLTRIZrq49BphJXQOvnQBORk="></latexit>

⌃
<latexit sha1_base64="q6TSLTRIZrq49BphJXQOvnQBORk="></latexit>
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|
i

<latexit sha1_base64="1WNogppPGOJGXg+sWTN/XWKvYNg="></latexit>

|
i

<latexit sha1_base64="1WNogppPGOJGXg+sWTN/XWKvYNg="></latexit>

|
i

<latexit sha1_base64="1WNogppPGOJGXg+sWTN/XWKvYNg="></latexit>

Idea: Generalization of the inner prod.

Main Idea: Generalizing an inner product to measure the “higher” nontriviality.
e.g. 1+1d case

5

· · · |"i |"i |#i |"i |#i |#i · · ·
<latexit sha1_base64="2QBLzW8gDqJpCHgIaJvm9Q4gFm4="></latexit>

· · · h"| h"| h#| h"| h#| h#| · · ·
<latexit sha1_base64="L7jGDR7C9xWvdViEOJsgDzAxSKA="></latexit>

inner prod.

Thanks to the spatial direction, we can consider an overlap of three states：

triple inner prod.
=<latexit sha1_base64="S7blpWwcjymRxfX+3N8gJMC80So="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>
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| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

=<latexit sha1_base64="S7blpWwcjymRxfX+3N8gJMC80So="></latexit>

=<latexit sha1_base64="S7blpWwcjymRxfX+3N8gJMC80So="></latexit>

=<latexit sha1_base64="S7blpWwcjymRxfX+3N8gJMC80So="></latexit>

=<latexit sha1_base64="S7blpWwcjymRxfX+3N8gJMC80So="></latexit>h 1|
<latexit sha1_base64="bY8YP2+7r+DlBbRSYA900v/pto4="></latexit>

The inner product is important to compute the Berry phase. 

Berry phase ≒ h 1| 2i · h 2| 3i · · · h L| 1i
<latexit sha1_base64="6l5JNysYZEqccnZOI9ERMwsuF2g="></latexit>

[Fukui, et. al., J. Phys. Soc. Jap. 74 (2005).] 

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

�
<latexit sha1_base64="HATuKsNs5LfqGhDc7zcND2AMQXQ="></latexit> | 1i , | 2i , | 3i

<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

⌃
<latexit sha1_base64="q6TSLTRIZrq49BphJXQOvnQBORk="></latexit>

⌃
<latexit sha1_base64="q6TSLTRIZrq49BphJXQOvnQBORk="></latexit>

(a) tensor network approachTwo implementations:
(b) boundary conformal field theory

arXiv:2304.05356
arXiv:2507.12525



/14

Matrix Product State
Matrix Product States: [ ..., review paper:  Cirac et.al. arXiv:2011.12127,...] 

6



/14

Matrix Product State
Matrix Product States:

:orthonormal basis of

[ ..., review paper:  Cirac et.al. arXiv:2011.12127,...] 

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

6
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Matrix Product State
Matrix Product States:

M i
ab =

<latexit sha1_base64="veRCA1MZ50KHhlXvOgZh8ZOMRwI="></latexit>

:orthonormal basis of

i a b
<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit>

i a b
<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit>

[ ..., review paper:  Cirac et.al. arXiv:2011.12127,...] 

a, b = 1, ..., n: unphysical
<latexit sha1_base64="kJ8XHPt62Ihpj2O6H6G5KKvaZUA="></latexit>

i = 1, ..., N : physical
<latexit sha1_base64="VopP6DP6Luee7UCJG/8GNc71Pe0="></latexit>

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

6

i a b
<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit>
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Matrix Product State
Matrix Product States:

�!
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|MiL :=
X

i1,...,iL

tr(M i1 · · ·M iL) |i1, ..., iLi
<latexit sha1_base64="AxaxuB4OMkihJiWNb1dSyIng2LE="></latexit>
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Matrix Product States:
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ab =
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TM =
X

i

M i⇤ ⌦M i =
<latexit sha1_base64="9szRbZ3+qzBEvFPZV6jirHBkzkg="></latexit>

Transfer Matrix and Mixed Transfer Matrix:
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<latexit sha1_base64="AxaxuB4OMkihJiWNb1dSyIng2LE="></latexit>

TMN =
X

i

M i⇤ ⌦N i =
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Matrix Product State
Matrix Product States:

�!
<latexit sha1_base64="UCXBJkBl0eTIHUZS8RShZ68ORlc="></latexit>M i

ab =
<latexit sha1_base64="veRCA1MZ50KHhlXvOgZh8ZOMRwI="></latexit>

TM =
X

i

M i⇤ ⌦M i =
<latexit sha1_base64="9szRbZ3+qzBEvFPZV6jirHBkzkg="></latexit>

Transfer Matrix and Mixed Transfer Matrix:

:orthonormal basis of

i a b
<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit>

i a b
<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit> i a b

<latexit sha1_base64="i0xzjKLm2C0rj23JDK6oaVGSWj0="></latexit>

Transfer matrix as an operator:

TM =
X

i

M i⇤ ⌦M i =
<latexit sha1_base64="9szRbZ3+qzBEvFPZV6jirHBkzkg="></latexit>

|MiL :=
X

i1,...,iL

tr(M i1 · · ·M iL) |i1, ..., iLi
<latexit sha1_base64="AxaxuB4OMkihJiWNb1dSyIng2LE="></latexit>

TMN =
X

i

M i⇤ ⌦N i =
<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>

[ ..., review paper:  Cirac et.al. arXiv:2011.12127,...] 

TM · ⇤ :=
X

i

M i⇤M i† ()
<latexit sha1_base64="tEnS5uuPYjYtMNXtv1vbEPB/fWo="></latexit>

a, b = 1, ..., n: unphysical
<latexit sha1_base64="kJ8XHPt62Ihpj2O6H6G5KKvaZUA="></latexit>

i = 1, ..., N : physical
<latexit sha1_base64="VopP6DP6Luee7UCJG/8GNc71Pe0="></latexit>

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

L =
O

x

Lx, {|ii}Ni=1 Lx

<latexit sha1_base64="4EI1Rq8FCROx/tANX+H/cbQCY6M="></latexit>

6
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Mixed Transfer Matrix:

Triple inner prod. of MPSs.

TMN =
X

i

M i⇤ ⌦N i =
<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>

for two MPS matrices M and N.

[S.O., S. Ryu, Physical Review B 109 (2024) 115152] 
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Mixed Transfer Matrix:

Triple inner prod. of MPSs.

Let         be a vector space of fixed points of         :VMN
<latexit sha1_base64="q5Zq+seI9QUHzDSHG8VCkDYdnAI="></latexit>

TMN =
X

i

M i⇤ ⌦N i
2 =

<latexit sha1_base64="ePWtqp6i3QTHWrmI4a6mIlcGE2c="></latexit>

⇤MN
<latexit sha1_base64="0zMnQOs+LQkPXf7GJrQJes+P1Bk="></latexit>

⇤MN
<latexit sha1_base64="0zMnQOs+LQkPXf7GJrQJes+P1Bk="></latexit>

TMN =
X

i

M i⇤ ⌦N i =
<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>

for two MPS matrices M and N.

[S.O., S. Ryu, Physical Review B 109 (2024) 115152] 
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Mixed Transfer Matrix:

Triple inner prod. of MPSs.

Let         be a vector space of fixed points of         :VMN
<latexit sha1_base64="q5Zq+seI9QUHzDSHG8VCkDYdnAI="></latexit>

TMN =
X

i

M i⇤ ⌦N i
2 =

<latexit sha1_base64="ePWtqp6i3QTHWrmI4a6mIlcGE2c="></latexit>

⇤MN
<latexit sha1_base64="0zMnQOs+LQkPXf7GJrQJes+P1Bk="></latexit>

⇤MN
<latexit sha1_base64="0zMnQOs+LQkPXf7GJrQJes+P1Bk="></latexit>

TMN =
X

i

M i⇤ ⌦N i =
<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>

for two MPS matrices M and N.

[S.O., S. Ryu, Physical Review B 109 (2024) 115152] 

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>
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Mixed Transfer Matrix:

Triple inner prod. of MPSs.

Let         be a vector space of fixed points of         :VMN
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[S.O., S. Ryu, Physical Review B 109 (2024) 115152] 

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

lim
l!1

<latexit sha1_base64="4UeNL7P37IB4oybnI3rEnbOu2Ck="></latexit>
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Mixed Transfer Matrix:
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⇤MN ⇤NL ⇤ML
<latexit sha1_base64="Sf1iNlSLmKTxX+uXgyIpWZCb1cc="></latexit>
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<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>
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Mixed Transfer Matrix:

Triple inner prod. of MPSs.

Let         be a vector space of fixed points of         :VMN
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TMN =
X

i

M i⇤ ⌦N i
2 =
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= tr(⇤MN ⇤NL ⇤ML)
<latexit sha1_base64="Mq0M9o+e0ma+yhpUiRmgYs38AxM="></latexit>

higher Berry phase

TMN =
X

i

M i⇤ ⌦N i =
<latexit sha1_base64="k7rZWJRAkU9AqpyrICoofprQTVA="></latexit>

for two MPS matrices M and N.

[S.O., S. Ryu, Physical Review B 109 (2024) 115152] 

|Mil |Nil |Lil
<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>
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<latexit sha1_base64="p2G9w6bRDNmfGu4ShHNp3Vfk04c="></latexit>

|Mil |Nil |Lil
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Application 2: Fiber functor
Let’s consider a    -symmetric SPT phases.C

<latexit sha1_base64="5lMBPhgfrdNRpsDqcQlT8GuBUes="></latexit> Ox =
<latexit sha1_base64="X6kGGycvuKFxHJbtMAedMnhlOfQ="></latexit>

(x 2 C)
<latexit sha1_base64="DqEp41AJ4BGfWySXkObRI1cjwGY="></latexit>

Assume an MPO rep of C-sym:
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Triple inner prod. of BCFT states.  
Conformal field theory

B↵
<latexit sha1_base64="i/dGJnWg5QvszHp/xB+XH/8tgpw="></latexit>

: boundary condition
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Higher Berry Curvature
We can compute the higher Berry curvature perturbatively:

: higher Berry curvature
A := �i h ↵, d ↵i

<latexit sha1_base64="nDODpcK/62LSfvld2o0MFa+wDE8="></latexit>

F := dA
<latexit sha1_base64="el/FJfT1x67QZIGgGaUbqIMJvm8="></latexit>

c.f.B := �i hB↵, dB↵,^dB↵i
<latexit sha1_base64="yPsC79LX0NTDtLD+RmSMm5CHWgE="></latexit>

H := dB
<latexit sha1_base64="kiMvOO/aaBhFlAz/sLUmaZWx6mI="></latexit>

[CHKKOR 25]
[Xueda Wen, 2507.12546]
[Christian Copetti, 2507.15466 ]
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Higher Berry Curvature
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I
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X
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Ex.1) In SU(2)_k WZW model, We have a SU(2)-family of BCFT states: 

[CHKKOR 25]
[Xueda Wen, 2507.12546]
[Christian Copetti, 2507.15466 ]

1

2⇡

Z

S3

H = k
<latexit sha1_base64="5njtu0wBjXHDc2xPiaQGMjrOWbo="></latexit>

[M. Kudrna, JHEP 03 (2023) 228]

11B := �i hB↵, dB↵,^dB↵i
<latexit sha1_base64="yPsC79LX0NTDtLD+RmSMm5CHWgE="></latexit>
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Higher Berry Curvature
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Ex.2) Compact boson at 

[CHKKOR 25]
[Xueda Wen, 2507.12546]
[ChrisHan Copea, 2507.15466 ]

R = N ⇥Rs.d., (N 2 Z)
<latexit sha1_base64="d6L2qn3lFBJygkOIbEPOjN4FzLw="></latexit>

[M.R. Gaberdiel, et.al., JHEP 11 (2001) 016.]
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Ex.2) Compact boson at 

[CHKKOR 25]
[Xueda Wen, 2507.12546]
[Christian Copetti, 2507.15466 ]

R = N ⇥Rs.d., (N 2 Z)
<latexit sha1_base64="d6L2qn3lFBJygkOIbEPOjN4FzLw="></latexit>

The moduli space of boundary condition is an orbifold: SU(2)/ZN
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2⇡

Z

SU(2)/ZN

H =
1

N
<latexit sha1_base64="eOwqZdp2tFlZfVfh7b3jGiJjwug="></latexit>

J3(z) =
p
2iN@X(z), J±(z) = e±(iNX+i X̂

N )
<latexit sha1_base64="RCOtc3TZtI9FscKqZAtM8r5GWWs="></latexit>

[M.R. Gaberdiel, et.al., JHEP 11 (2001) 016.]
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Higher Berry Curvature

They generate the SU(2)_1 current algebra.

We can compute the higher Berry curvature perturbatively:

: higher Berry curvature
A := �i h ↵, d ↵i
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Rem. The orbifold cohomology is computed by Kawasaki: H3
orb.(SU(2)/ZN ;Z) ' Z

<latexit sha1_base64="W3IqZxOugaTfKHt+1XKH3p1W2Js="></latexit>

[T. Kawasaki, Mathematische Annalen 206 (1973) 243.]

[M.R. Gaberdiel, et.al., JHEP 11 (2001) 016.]
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Loop space formalism
Slogan: Gerbe over Line bundle over 

[K. Waldorf, MathemaHsche Zeitschric 286 (2016) 325–360.]
 !

<latexit sha1_base64="1ZzJJ0ggwwwEQnqMHQ62FIKDl98="></latexit>X
<latexit sha1_base64="1UceQr/0OZ+QG0bV1aoDTPYEwVg="></latexit>

LX
<latexit sha1_base64="y84VCALpBeMJWFL+/naIPHac20Q="></latexit>
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Loop space formalism
Slogan: Gerbe over Line bundle over 

Let’s consider the WZW model for simply conn. Lie grp .
[K. Waldorf, Mathematische Zeitschrift 286 (2016) 325–360.]
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G
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Loop space formalism
Slogan: Gerbe over Line bundle over 

Modulated boundary states form a line bundle over      . 
Let’s consider the WZW model for simply conn. Lie grp .

L ! LG, L⇠ = |B(⇠(✓))i
<latexit sha1_base64="7H317FoeBTsnFgq6QVzJVojyNtw="></latexit>
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[S. Iso, et.al., Phys. Lett. B 244 (1990) 241.]
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k 2 H
2
(LG;Z) ' Z

<latexit sha1_base64="CUiKiasjKJrFjBi7NmWxVMVMnwc="></latexit>

[J. Mickelsson, Commun. Math. Phys. 110 (1987) 173. ]
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Loop space formalism
Slogan: Gerbe over Line bundle over 

Modulated boundary states form a line bundle over      . 

hB✏(g(✓))|B✏(g(✓) + �g(✓))i = 1 + iSk
WZW + · · ·
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Let’s consider the WZW model for simply conn. Lie grp .

This is an anomaly of boundary coupling constants.

We can compute the ordinary Berry phase for    .L ! LG, L⇠ = |B(⇠(✓))i
<latexit sha1_base64="7H317FoeBTsnFgq6QVzJVojyNtw="></latexit>

L ! LG, L⇠ = |B(⇠(✓))i
<latexit sha1_base64="7H317FoeBTsnFgq6QVzJVojyNtw="></latexit>

g(✓)
<latexit sha1_base64="2dt9Xhlp+TVIpRB1adoqE8RHN1U="></latexit>

L ! LG, L⇠ = |B(g(✓))i
<latexit sha1_base64="yErRgpq9XF20b1RzajoItPJp+4E="></latexit>

|B(g(✓))i
<latexit sha1_base64="nNf8Rtr0nxk72rUoFALmZS2F7yE="></latexit>

[K. Waldorf, Mathematische Zeitschrift 286 (2016) 325–360.]
 !

<latexit sha1_base64="1ZzJJ0ggwwwEQnqMHQ62FIKDl98="></latexit>X
<latexit sha1_base64="1UceQr/0OZ+QG0bV1aoDTPYEwVg="></latexit>

LX
<latexit sha1_base64="y84VCALpBeMJWFL+/naIPHac20Q="></latexit>

G
<latexit sha1_base64="N9VAUWthuwu4CKVnd+/IjEs8+LQ="></latexit>

LG
<latexit sha1_base64="G7RZPQL+GbZ+aoEKjJ+Bhlvl9hQ="></latexit>

[S. Iso, et.al., Phys. LeV. B 244 (1990) 241.]

k 2 H
2
(LG;Z) ' Z

<latexit sha1_base64="CUiKiasjKJrFjBi7NmWxVMVMnwc="></latexit>
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Summary
Summary

triple inner product of matrix product states
triple inner product of boundary states 

Future work
Higher structure on conformal manifold
Spelling out full higher structures on boundary conformal manifolds 

line bundle over the loop space

Thank you!
14
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(2) Two injective MPS matrices            generate the same state 

Injective MPS and Key properties
Injective MPS matrices:

M i
<latexit sha1_base64="tvMwY5oW7W8D2hOj/NTfmvXjZQs="></latexit>

is injective if the following map is injective as a linear map: 

X 7!
X

i1,...,iL

tr(XM i1 · · ·M iL) |i1, ..., iLi
<latexit sha1_base64="s2YKTAODYyMsZ+sZDfTaQ3SQhiY="></latexit>

Matn(C) ! L
<latexit sha1_base64="aAqcinD+ySYRa7lZp+n9GeetRuY="></latexit>

Three important theorems:

M i, N i
<latexit sha1_base64="Cq7iGHAXhx9627uGLgrzNp294v8="></latexit>

(3) If two injective MPS matrices            generate the same state, M i, N i
<latexit sha1_base64="Cq7iGHAXhx9627uGLgrzNp294v8="></latexit>

the mixed transfer matrix has unique fixed point         .

() 9!U 2 PU(n) s.t. M i = UN iU †
<latexit sha1_base64="FdAxOAa+tVFoFVgTQthBBGDxCew="></latexit>

⇤MN
<latexit sha1_base64="c4gFycDB9qjzakjbmpHcuFRvEEU="></latexit>

(1) An injective MPS matrices generates an invertible state. 

[D. Perez-Garcia, et.al., Quant. Inf. Comput. 7 (2007) 401]
[D. Pérez-García, et.al.,  Physical Review LeVers 100 (2008)]
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Non-chiral deformation

J3(z) =
p
2iN@X(z), J±(z) = e±(iNX+i X̂

N )
<latexit sha1_base64="RCOtc3TZtI9FscKqZAtM8r5GWWs="></latexit>

Compact boson

16
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Perturbative computation

17
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Discussion: general dimension
Underlying Geometry Classification tensor network

0+1d system complex line bundle H
2
(X;Z)

<latexit sha1_base64="noQd9fc+bkyZvEieORewo+5PVsY="></latexit>

H
3
(X;Z)

<latexit sha1_base64="h8RcbaAvwsVrErUdPMUj2UspbO0="></latexit>

1+1d system algebra bundle

2+1d system ?? bundle H
4
(X;Z)

<latexit sha1_base64="GCbJttu0w7j1b7J0DwYNyWcBwJg="></latexit>

ー

MPS

PEPS

Conjecture:                                    .
e.g. d=0                            , K(Z; 2) = BAut(C)

<latexit sha1_base64="ZWTQsIR2zWu68xugbTwc2w3J3YA="></latexit>

K(Z; d+ 2) = BAut(Ad+1)
<latexit sha1_base64="kgX/udhOrA7+62OHdbPPrb9XGg0="></latexit>

Ad+1
<latexit sha1_base64="4pjmeB+Jf1NiqGN2Q5Hf2yMNIyQ="></latexit>

: “higher” algebra of a d+1-d TN.
: cpx. line spand by the ground state.C

<latexit sha1_base64="Ko/iafOhCjIztrR/r6gCDf5r9QQ="></latexit>

e.g. d=1                                , : generated by the MPS matrices.K(Z; 3) = BAut(B(H))
<latexit sha1_base64="w4Bga8Z90dPEDSX0jEl2MgR+haw="></latexit>

B(H)
<latexit sha1_base64="v5QW5v701d5qTVINd3mqOSsLPxU="></latexit>

e.g. d=2                                       ,  : cat. of bimodule over    .  K(Z; 4) = BAut(BiMod(R))
<latexit sha1_base64="XRzWm9qAXwkg/jZ+POOoSNvt7H8="></latexit>

BiMod(R)
<latexit sha1_base64="UnWZHhTvOar9hCvsSvwhT9F3peE="></latexit>

R
<latexit sha1_base64="52apytccIH24hSbNd8fxlCiXEWc="></latexit>

R
<latexit sha1_base64="52apytccIH24hSbNd8fxlCiXEWc="></latexit>

(   : type- v.N. alg.)III1
<latexit sha1_base64="WUmbpBJmOElVGTTRwX6+i9xWz1Q="></latexit>

?

Can we construct                from (2+1)-d PEPS?BiMod(R)
<latexit sha1_base64="UnWZHhTvOar9hCvsSvwhT9F3peE="></latexit> 18



/14

(Triple Inner Prod. of                       )

The inner product is important to compute the Berry phase. 

Higher Berry phase= 1.00029

We generalized this method to the higher Berry phase.
We can compute the Berry phase numerically.

Berry phase ≒ h 1| 2i · h 2| 3i · · · h L| 1i
<latexit sha1_base64="6l5JNysYZEqccnZOI9ERMwsuF2g="></latexit>

[Fukui, et. al., J. Phys. Soc. Jap. 74 (2005).] 

Higher Berry phase ≒
Y

4
<latexit sha1_base64="Xk5Ck3GUPcBtGOWNqc+jWpfIxEc="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

�
<latexit sha1_base64="HATuKsNs5LfqGhDc7zcND2AMQXQ="></latexit>

| 1i , | 2i , | 3i
<latexit sha1_base64="FqRGx/C0mVoZg9bJmyEYHKWem/w="></latexit>

The total amount ends up with being quantized to 1.

Remark:  Numerical Comp.

[K. Shiozaki, N. Heinsdorf, S. O., Phys.Rev.B 112 (2025) 3, 035154] 
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