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Inclusive decays of heavy quarks

❖ Fully inclusive heavy hadron decays 

➡ , 


❖ Semi-inclusive heavy hadron decays  

➡  ( , only  is detected)


➡  ( )


➡ 


➡ 

Hb → X Hc → X

Hc → ℓ+Xs,d Hc → ℓ+νℓXs,d ℓ+

Hb → ℓ−Xc,u Hb → ℓ−ν̄ℓXc,u

Hc → ℓ+ℓ−Xu, γXu

Hb → ℓ+ℓ−Xs,d, γXs,d

2

Lifetime



Why inclusive decays?

❖ Compared to exclusive decays 

➡ Better theoretical control


❖ More specific reasons  

➡ Determine fundamental SM parameters —— CKM matrix elements 

➡ Precise test of the SM ——search for new physics 

➡ Test of heavy quark expansion

3

More important with more powerful 
experiments (BESIII, STCF)



Why inclusive decays?
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✦ Cross check: Test : inclusive vs exclusiveVcs,cd

❖ Determine fundamental SM parameters —— CKM matrix elements 

➡ Test the CKM mechanism by comparison values determined by other values 

❖ Flavor puzzle. : inclusive vs exclusive 

➡ Check the experiment and theory frameworks

Vcb, Vub



Why inclusive decays?
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❖ Precise test of the SM ——search for new physics 

❖ Flavor puzzle.  anomalies:  in b → s P′ 5 B → K*ℓℓ

[LHCb, ’20]

✦ Key issue: First-principle calculation of long-
distance penguin in this channel is still missing 
➡  Only achieved in 


✦ Solution: Test FCNC inclusive decays

➡  Inclusive 


B → γγ

B → Xsℓℓ

[QQ,Shen,Wang,Wang, PRL, ’23]

[Huber,Hurth,Jenkins,Lunghi,QQ,Vos, JHEP, ’19,’20,’24]



Why inclusive decays?
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[Lenz et al, ’22]

0 1

[Cheng, ’21]

[Lenz et al, ’22]

❖ Test of heavy quark expansion  

➡ Semi-inclusive decay spectra and hadron lifetimes rely 
on identical HQE parameters 

➡ Extraction from inclusive spectra and apply in lifetimes 

❖ This works well for bottom, but for charm …



Theoretical Framework

7



Theoretical framework

❖ Optical theorem  

❖ Operator product expansion (OPE)


➡ Short distance 


➡ Dynamical fluctuation in D meson 

x ∼ 1/mc

∼ ΛQCD
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Systematic OPE in HQET.

∑ ⟨D |H |X⟩⟨X |H |D⟩ ∝ Im∫ d4xe−ipD⋅x⟨D |T{H(x)H(0)} |D⟩

T{H(x)H(0)} = ∑
n

Cn(x)On(0) → 1 +
ΛQCD

mc
+

Λ2
QCD

m2
c

+ . . .



Theoretical framework

• Heavy quark effective theory
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Subtract the big intrinsic momentum,

Leave only ~  degrees of freedom.ΛQCD

v = (1,0,0,0)

Similar to 
m

1 − v2
= m +

1
2

mv2 + . . .

hv(x) ≡ e−imcv⋅x 1 + γ ⋅ v
2

c(x)

L ∋ h̄viv ⋅ Dhv

−h̄v
D2

⊥

2mc
hv − a(μ)gh̄v

σ ⋅ G
4mc

hv + . . .



Theoretical framework

❖ OPE and Perturbative QCD: Systematical expansion of   and αs(mc) ΛQCD/mc
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 Dim-3:   partonic decay rateh̄vhv (c̄γμc)

 Dim-5: h̄vD2
⊥hv, gh̄vσ ⋅ Ghv .

 Dim-6: , h̄vDμ(v ⋅ D)Dμhv (h̄vΓ1q)(q̄Γ2hv), . . .

 …

 LO: α0
s (mc)

 NLO: αs(mc)

 …

⟨T{H(x)H(0)}⟩ = ∑
n

Cn(x)⟨On(0)⟩

 NNLO: α2
s (mc)



Theory versus Experiment

❖ Electron energy spectrum ( )


❖ Up to finite power, the obtained spectrum is NOT the experimental spectrum


➡  Observables require integration over final states


➡   ,   (n=1,2,3,4) are the observables


➡  Shape function —— infinite power summation?

y ≡ 2Ee/mc

Γ = ∫
dΓ
dy

dy ⟨En
ℓ⟩ =

1
Γ ∫

dΓ
dy

En
ℓ dy

11

1
Γ0

dΓ
dy

= 12(1 − y)y2θ(1 − y)

+
2μ2

π

m2
c

[ − 10y3θ(1 − y) + 2δ(1 − y)]
−

2μ2
G

3m2
c

[6y2(6 − 5y)θ(1 − y)] + 𝒪(αs,
Λ3

m3
c

)

×

[Neubert, ’93]



Precent Progresses on Bottom Decays 
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Charged-current bottom decays
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[Fael, Milutinb, Vos, ’24]❖ Kolya: An automatic calculation package for 


➡ Input favored parameters


➡ Output numerical predictions

B̄ → ℓ−ν̄ℓXc



Neutral-current bottom decays
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❖ Updated  results for LHCb


➡ Sum-of-exclusive for the high-  region


➡ Dominated by , also contributed by S-wave , tail effects from 

B̄ → Xsμ+μ−

m2
μμ

K, K* Kπ K*(1410,1430)

[Huber,Hurth,Jenkins,Lunghi,QQ,Vos, JHEP, ’19,’20,’24]



Precent Progresses on Charm Decays 
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Experimental status

16
[CLEO, ’09]

[BESIII, ’21]

CLEO measurements BESIII measurements

D+ → e+XD0 → e+X D+
s → e+X D+

s → e+X

B(D+
s → Xe+νe) = (6.30 ± 0.13 ± 0.10) %

2% precision!



Phenomenological status
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A model calculation 
basically with only 
phase-space effects.

Question: convergent expansion of  and ?αs(mc) ΛQCD/mc



Heavy quark expansion for charm
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[Fael,Mannel,Vos, ’19]❖ Heavy quark expansion up to dimension-7 operators (LO)


➡ QCD and HQET operator matching by calculating quark-gluon diagrams


➡ Free to choose HQET operator basis, but RPI ones are favored


➡  is like ,  is not like :  appears in operators, not WCs


➡ Operator mixing at LO: 4q operators to 2q operators

c → d b → u c → s b → c ms



Pheno-1. Determine the HQE parameters

19

[Shao,Huang,QQ,2502.05901]



Theoretical results

❖ Theoretical results for total decay rate and energy moments (NNLO & )


❖ For Dim-6 4-quark operator contributions, practically difficult to extract


➡  Vacuum-Insertion-Approximation (VIA), 


➡  HQET Sum Rules

Λ3
QCD/m3

c

τ0 = 0

20

NLO analytical integration NNLO numerical results provided by

authors of [Chen,Chen,Guan,Ma,’23]

Dim-5, Λ2
QCD/m2

c Dim-6, Λ3
QCD/m3

c

2
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(1)

where the prefactor is defined as �̂0 = G2
F /(192⇡

3), and
Vcq denotes the relevant CKM matrix element, the lead-
ing coe�cient of the QCD �-function �0 = 11 � 2nf/3,
and the mass ratio ⇢ ⌘ m2

s/m
2
c . We choose to use the

active quark number nf = 4 corresponding to the light
quark number nl = 3. The parameters µ2

⇡, µ
2
G, ⇢

3
D and

⌧0 denote the D meson matrix elements of the kinetic en-
ergy operator, the chromomagnetic operator, the Darwin
operator and the dimension-six four-quark operators, re-
spectively. Unlike in [14], where the two c ! q (q = d, s)
transition contributions are summed, here we list them
separately. The formulas for the electron energy mo-
ments used in this work are also adopted from (3) of [14].

Notify that (1) and the electron energy moment for-
mulas in [14] are expressed in terms of the charm quark
pole mass, mc. As analyzed in [14], the pole scheme
results su↵er from the renormalon problem and hence
exhibit poor convergence behavior, and they need to be
transformed to a more theoretically robust scheme. In
practice, we adopt the 1S mass scheme, and the relation
between the pole and 1S masses can be found in [16–18].

Global Fit. — The theoretical formulas including (1)
and (3) of [14] are parameterized by the hadronic matrix
elements of the dimension-five and dimension-six HQET
operators, as well as the two CKM matrix elements |Vcs|
and |Vcd|. We aim to determine these parameters by
fitting the theoretical predictions to experimental data.
The available measurements, including the branching ra-
tios of D ! Xs+de+⌫,

B(D+ ! Xd+se+⌫e) = 0.1602(32), (2)

B(D0 ! Xd+se+⌫e) = 0.0636(15),

B(Ds ! Xd+se+⌫e) = 0.0631(14),

and the electron energy spectra [19, 20], have been trans-
lated into corresponding decay widths and electron en-
ergy moments in [14]. However, because all these observ-
ables are approximately proportional to |Vcs|2+ |Vcd|2, it
is challenging to individually extract the two CKM ma-
trix elements. To overcome this di�culty, we incorporate
all available measurements of exclusive semileptonic de-
cay modes to constrain the branching ratios of the inclu-
sive Du,d,s ! Xse+⌫ and Du,d,s ! Xde+⌫ processes.

Our analysis utilizes the world-average values for each
exclusive decay mode provided by the Particle Data
Group (PDG) [21] and some recent precise measure-
ments, which are summarized in Table III of Appendix A.

For unmeasured channels, we employ isospin symmetry
to relate their branching ratios to those of measured
modes. This procedure ensures that basically all dom-
inant decay channels are accounted for. Further details
regarding the reconstruction of the inclusive semileptonic
branching ratios from these exclusive decay modes are
described in Appendix A.

Assuming the uncertainties of the di↵erent exclusive
decay channels are uncorrelated, we have obtained the
inclusive branching ratios for Du,d,s ! Xse+⌫ and
Du,d,s ! Xde+⌫ by summing the exclusive decay modes,
with the resulting values and their uncertainties listed in
Table I. A comparison of these results with direct inclu-
sive measurements (2) reveals consistency within 1� 2�.
This agreement indicates that the exclusive measure-
ments successfully collect basically all considerable de-
cay modes and account for the entirety of the inclusive
decay, thereby validating the use of the sum-of-exclusive
branching ratios as a reliable proxy for the inclusive de-
cay branching ratios.

D+ D0 Ds

Xse
+⌫e 14.60± 0.16% 5.81± 0.06% 5.58± 0.14%

Xde
+⌫e 0.96± 0.03% 0.45± 0.01% 0.49± 0.03%

TABLE I. The branching ratios of semi-leptonic inclusive
D decays, derived from the sum of the experimentally well-
measured exclusive decay modes.

Our global fit incorporates the following observables
to determine the theoretical parameters, including the
inclusive Xs+d branching ratios (2), the electron energy
moments listed in (12) of [14], and the sum-of-exclusive
Xs and Xd branching ratios provided in Table I. As the
number of available observables is insu�cient to simul-
taneously determine all HQE parameters along with the
CKM matrix elements, we adopt the vacuum insertion
approximation [22] for the four-quark operator contri-
butions, which sets all ⌧(Di ! Xq) = 0 [13]. This is
referred to as Scenario 1 of our fitting procedure. To as-
sess the theoretical uncertainties introduced by this as-
sumption, the fits are also performed under a second sce-
nario. In Scenario 2, the weak annihilation parameters
are adopted as ⌧(Dd ! Xd) = ⌧(Ds ! Xs) = ⌧val =
�0.11 GeV3, ⌧(Du ! Xd,s) = ⌧(Dd ! Xs) = ⌧(Ds !

[King, Lenz, Piscopo, Rauh,’19]



Theoretical results

❖ Theoretical results for total decay rate and energy moments (NNLO & )Λ3
QCD/m3

c
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For the initial four electron energy moments, the theoretical results are as follows,
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where the NLO and NNLO coe�cients are given by

a(1)1 =
1093� 180⇡2

900
, a(1)2 =

4243� 720⇡2

10800
, a(1)3 =

144037� 25200⇡2

1058400
, a(1)4 =

69827� 12600⇡2

1411200
, (4)

a(2)1 =
�0

4
a(1)1 `� 7.70077, a(2)2 =

�0

4
a(1)2 `� 2.77835, a(2)3 =

�0

4
a(1)3 `� 1.06371, a(2)4 =

�0

4
a(1)4 `� 0.42438,

with ` ⌘ log(µ2/m2
c). The NLO results a(1)1�4 are obtained by phase space integration of the analytical di↵erential

decay widths given by [34]. The numerical NNLO results a(2)1�4 are provided by authors of [35]. Our results for the
NLO corrections to the first two electron energy moments are consistent with [36], and first four ones at LO align
with [21].

The aforementioned results are highly sensitive to the charm quark mass mc, given that they are proportional to
high powers ofmc. A proper choice of the charm mass, such as its scheme, is essential for precise theoretical predictions
and hence the extraction of non-perturbative parameters. While the perturbative calculations mentioned above rely
on the pole mass, this choice is deemed inappropriate due to the renormalon ambiguity. To circumvent this issue, an
appropriate short-distance mass is required. The kinetic mass scheme has been e↵ectively utilized in semileptonic B
decays, utilizing a cuto↵ scale of 1 GeV [37, 38]. However, this approach does not result in a convergent expansion in
the case of charm [39]. In the following, we will thus consider two other charm mass schemes:1

• The MS mass scheme: the pole mass mc is expressed in terms of the MS mass mc(µ) as [40–43]
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• The 1S mass scheme: the pole mass mc is expressed in terms of the 1S mass mc,1S as [26–28]

mc = mc,1S +mc,1S
↵s(µ)2C2

F

8
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For the MS mass scheme, we substitute the pole mass in (1) and (3) with (5) and expand consistently up to order
↵2
s. The formulas are listed in (15).

1 An alternative method for treating the quark mass within the heavy quark expansion is proposed by [39].



Mass scheme

❖ Pole mass scheme (suffering from renormalon)


1 - 30% - 36% - 62%


❖  mass scheme


 1 + 52% + 46% + 44%


❖ 1S mass scheme (half of  mass)


 1 - 13.1% - 4.8% + 1.8%


❖ Kinetic mass scheme


Not work for charm, because it requires expansion of  and 

Γ/ΓLO = 1 − 0.77αs − 2.38α2
s − 10.73α3

s ≈

MS

Γ/ΓLO = 1 + 1.35αs + 3.02α2
s + 7.69α3

s ≈

J/ψ

Γ/ΓLO ≈

μ2/m2
c αs(μ)

22

Not convergent,

negative at NNNLO!

Γ = m5
c (Γ(0) + αsΓ(1) + α2

s Γ(2)) = (mc(1 + αsm(1) + α2
s m(2)))

5
(Γ(0) + αsΓ(1) + α2

s Γ(2))

Answer: convergent expansion of  !αs(mc)

Convergent, 

but very slowly!

[Fael,Schönwald, Steinhauser, ’20]

[Hoang,Ligeti,Manohar, ’98; Hoang,Teubner, ’99]

[Melnikov,van Ritbergen, ’99]



Experimental data
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dΓ
dy

= ay2(1 + by)(1 − y)

Extrapolation

Statistical uncertainties uncorrelated,

Systematic uncertainties fully correlated.

Original 
data

All-bin 
distribution

Lorentz boost Rest 
frame

MC Simulation Electron energy 
moments

    

    

[Gambino,Kamenik, ’10]



Global fit
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MS scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.5
D0,+ 0.09± 0.01 0.27± 0.14 - -

Ds 0.09± 0.02 0.39± 0.12 - -

Scenario 2 2.1
D0,+ 0.11± 0.02 0.26± 0.14 �0.002± 0.002 0.003± 0.002

Ds 0.12± 0.02 0.38± 0.13 �0.003± 0.002 0.005± 0.002

TABLE I. The �2 fitting results in the MS mass scheme. Scenario 1 excludes the dimension-six operator contributions while
Scenario 2 includes them. The �2/d.o.f. in the fit, along with the central values and uncertainties for the HQET parameters,
are displayed.

1S scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.9
D0,+ 0.04± 0.01 0.33± 0.02 - -

Ds 0.06± 0.02 0.44± 0.02 - -

Scenario 2 0.33
D0,+ 0.09± 0.02 0.32± 0.02 �0.003± 0.002 0.004± 0.002

Ds 0.11± 0.02 0.43± 0.02 �0.004± 0.002 0.005± 0.002

TABLE II. Same as Table I except for the 1S scheme.

expansion and its superior fitting performance, we adopt the results from “Scenario 2, 1S scheme” as our primary
outcomes, with the correlation matrices for the extracted parameters given in (19) in the appendix. We consider
their discrepancies from “Scenario 1, 1S scheme” results as systematic uncertainties arising from unknown power
corrections, and eventually suggest the values for the HQET parameters are quoted as

µ2
⇡(D

0,+) = (0.09± 0.05)GeV2, µ2
⇡(D

+
s ) = (0.11± 0.05)GeV2, (14)

µ2
G(D

0,+) = (0.32± 0.02)GeV2, µ2
G(D

+
s ) = (0.43± 0.02)GeV2,

⇢3D(D0,+) = (�0.003± 0.002)GeV3, ⇢3D(D+
s ) = (�0.004± 0.002)GeV3,

⇢3LS(D
0,+) = (0.004± 0.002)GeV3, ⇢3LS(D

+
s ) = (0.005± 0.002)GeV3,

which are exactly the values that are presented in the abstract.

FIG. 1. The comparison between the results for µ2
⇡ (left) and µ2

G (right) in “Our work” and those obtained in the literature. The
“Inclusive(B), 2021” [37] results are obtained in a global fit to semi-leptonic inclusive B decay observables for the corresponding
B meson parameters, which are related to the D meson ones by the heavy quark symmetry. The “LQCD(B), 2018” [47] and
“QCDSR(B), 1996” [48] results for µpi

2 are also for the B meson, calculated by using lattice QCD and QCD sum rules,
respectively. The “Mass Relation(D), 2002” [49] and “Mass Relation(D), 1992” [50] results for µ2

G are obtained by using the
two versions of mass relations between the D(s) and D⇤

(s) mesons.

The parameter of the chromomagnetic operator, µ2
G, can be determined using the two versions of mass relations

between the D(s) and D⇤
(s) mesons [49–51], and the average values of the two determinations are given by [8] to be

µ2
G(D

0,+) = (0.34±0.10)GeV2 and µ2
G(D

+
s ) = (0.36±0.10)GeV2. Our results obtained in the 1S scheme are consistent

with these values but exhibit smaller uncertainties and indicate a larger breaking of the SU(3) flavor symmetry. Our
results are also basically consistent with the values ⇠ 0.3GeV2 for the B mesons extracted from inclusive B meson
decays [37] in various bottom mass schemes. Regarding the parameter of the kinetic operator, µ2

⇡, our results are
in basic agreement with the imprecise lattice result µ2

⇡ = (0.05 ± 22)GeV2 [47] and the QCD sum rule calculation

6

MS scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.5
D0,+ 0.09± 0.01 0.27± 0.14 - -

Ds 0.09± 0.02 0.39± 0.12 - -

Scenario 2 2.1
D0,+ 0.11± 0.02 0.26± 0.14 �0.002± 0.002 0.003± 0.002

Ds 0.12± 0.02 0.38± 0.13 �0.003± 0.002 0.005± 0.002

TABLE I. The �2 fitting results in the MS mass scheme. Scenario 1 excludes the dimension-six operator contributions while
Scenario 2 includes them. The �2/d.o.f. in the fit, along with the central values and uncertainties for the HQET parameters,
are displayed.

1S scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.9
D0,+ 0.04± 0.01 0.33± 0.02 - -

Ds 0.06± 0.02 0.44± 0.02 - -

Scenario 2 0.33
D0,+ 0.09± 0.02 0.32± 0.02 �0.003± 0.002 0.004± 0.002

Ds 0.11± 0.02 0.43± 0.02 �0.004± 0.002 0.005± 0.002

TABLE II. Same as Table I except for the 1S scheme.

expansion and its superior fitting performance, we adopt the results from “Scenario 2, 1S scheme” as our primary
outcomes, with the correlation matrices for the extracted parameters given in (19) in the appendix. We consider
their discrepancies from “Scenario 1, 1S scheme” results as systematic uncertainties arising from unknown power
corrections, and eventually suggest the values for the HQET parameters are quoted as

µ2
⇡(D

0,+) = (0.09± 0.05)GeV2, µ2
⇡(D

+
s ) = (0.11± 0.05)GeV2, (14)

µ2
G(D

0,+) = (0.32± 0.02)GeV2, µ2
G(D

+
s ) = (0.43± 0.02)GeV2,

⇢3D(D0,+) = (�0.003± 0.002)GeV3, ⇢3D(D+
s ) = (�0.004± 0.002)GeV3,

⇢3LS(D
0,+) = (0.004± 0.002)GeV3, ⇢3LS(D

+
s ) = (0.005± 0.002)GeV3,

which are exactly the values that are presented in the abstract.

FIG. 1. The comparison between the results for µ2
⇡ (left) and µ2

G (right) in “Our work” and those obtained in the literature. The
“Inclusive(B), 2021” [37] results are obtained in a global fit to semi-leptonic inclusive B decay observables for the corresponding
B meson parameters, which are related to the D meson ones by the heavy quark symmetry. The “LQCD(B), 2018” [47] and
“QCDSR(B), 1996” [48] results for µpi

2 are also for the B meson, calculated by using lattice QCD and QCD sum rules,
respectively. The “Mass Relation(D), 2002” [49] and “Mass Relation(D), 1992” [50] results for µ2

G are obtained by using the
two versions of mass relations between the D(s) and D⇤

(s) mesons.

The parameter of the chromomagnetic operator, µ2
G, can be determined using the two versions of mass relations

between the D(s) and D⇤
(s) mesons [49–51], and the average values of the two determinations are given by [8] to be

µ2
G(D

0,+) = (0.34±0.10)GeV2 and µ2
G(D

+
s ) = (0.36±0.10)GeV2. Our results obtained in the 1S scheme are consistent

with these values but exhibit smaller uncertainties and indicate a larger breaking of the SU(3) flavor symmetry. Our
results are also basically consistent with the values ⇠ 0.3GeV2 for the B mesons extracted from inclusive B meson
decays [37] in various bottom mass schemes. Regarding the parameter of the kinetic operator, µ2

⇡, our results are
in basic agreement with the imprecise lattice result µ2

⇡ = (0.05 ± 22)GeV2 [47] and the QCD sum rule calculation

Differences between Scenarios 1 and 2 as systematic uncertainties.

Reliable perturbative 
calculation ensures a 
good fit!

❖ Global fit in two mass schemes, each with Scenario 1 (  ) and Scenario 2 (  )Λ2
QCD/m2

c Λ3
QCD/m3

c

4-q operator contributions

vanish under VIA, .τ0 = 0
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Sizable breaking effects of 
flavor SU(3) symmetry and 
heavy quark symmetry.

❖ Extracted nonperturbative HQE parameters

μ2
π μ2

G
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Convergent expansions of  and  !αs(mc) ΛQCD/mc

❖ Various contributions to inclusive  and  decay widthsD0,+ D+
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❖ Treat the  as unknown parameters, instead of input


❖ Difficult for inclusive measurements to separate  and   Sum of exclusive channels

Vcs,cd

Xs Xd ⇒

Compatible within 1-2σ

4

meson, such as D+ ! ⇡+⇡�⇡0e+⌫ from non-⌘/! sources
and D+ ! ⇡+⇡�⇡+⇡�e+⌫.

Summary and Outlook. — We present the first deter-
mination of the CKM matrix elements |Vcs| and |Vcd|
using high-precision data from inclusive and sum-of-
exclusive charm decays. This work provides a crucial
independent test of the CKM mechanism in the charm
sector, serving as a benchmark for comparison with re-
sults obtained from exclusive charm decay channels. Our
final determined values for these CKM matrix elements
are |Vcs| = 0.968 ± 0.022 ± 0.026 ± 0.014 and |Vcd| =
0.299± 0.025± 0.007± 0.002. These results reveal a ten-
sion of approximately 3� with the current world-average
exclusive values. This finding, combined with the long-
standing puzzles related to |Vcb| and |Vub|, suggests a
possible hint of non-CKM dynamics.

We anticipate that future experiments can provide di-
rect measurements of the sum-of-exclusive D ! Xs and
D ! Xd decay branching ratios, which would allow for
a better control of their uncertainties. Direct measure-
ments of the inclusive D ! Xs and D ! Xd decay rates
would be preferable. This is because they are not subject

to the potential issues of missing decay modes and would
provide the electron energy spectra, leading to a more
robust global fit for determining |Vcs| and |Vcd|.
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Appendix A: Reconstruction of Inclusive Branching
Ratios from Exclusive Data

D+ decays D0 decays Ds decays

Mode BR(%) Mode BR(%) Mode BR(%)

D+ ! K̄0e+⌫e 8.72± 0.09 D0 ! K�e+⌫e 3.549± 0.026 Ds ! �e+⌫e 2.34± 0.12

(K�⇡+)K̄⇤(892)0e
+⌫e 3.54± 0.09 [23] (K̄0⇡�)S-wavee

+⌫e 0.079± 0.017 Ds ! ⌘e+⌫e 2.27± 0.06

(K�⇡+)S-wavee
+⌫e 0.228± 0.011 D0 ! K⇤(892)�e+⌫e 2.04± 0.047 [24] Ds ! ⌘0e+⌫e 0.81± 0.04

D+ ! K̄1(1270)
0e+⌫e 0.230± 0.026 D0 ! K̄1(1270)

�e+⌫e 0.101± 0.018 Ds ! f0(980)e
0⌫e 0.164± 0.013

D+ ! ⌘e+⌫e 0.111± 0.007 D0 ! ⇡�e+⌫e 0.291± 0.004 Ds ! K0e+⌫e 0.288± 0.026

D+ ! ⇡0e+⌫e 0.372± 0.017 D0 ! ⇢(770)�e+⌫e 0.145± 0.007 Ds ! K⇤(892)0e+⌫e 0.205± 0.020

D+ ! ⇡+⇡�e+⌫e 0.245± 0.008 D0 ! a(980)�e+⌫e 0.0133+0.0034
�0.0030

D+ ! ⇡0⇡0e+⌫e 0.0315± 0.0027 [25]

D+ ! !e+⌫e 0.169± 0.011

D+ ! ⌘0e+⌫e 0.020± 0.004

D+ ! a(980)0e+⌫e 0.017± 0.008

TABLE III. Branching ratios of selected exclusive decays of the D+, D0, and Ds mesons in units of percentage. All the values
without references are taken from the PDG [21].

The branching ratios for the inclusive D0, D+, Ds !
Xs,d`⌫ decays are reconstructed by summing over the
relevant exclusive decay modes, which are listed in TA-
BLE III with their measured branching ratios. All
of these values are taken from the PDG [21], ex-
cept for three cases. The branching ratio of D+ !
(K�⇡+)K̄⇤(892)0e

+⌫e is taken from [23]; that of D0 !
K⇤(892)�e+⌫e is taken from [24]; the branching ratio of
D+ ! ⇡0⇡0e+⌫ is reconstructed in this work based on
the results of [25]. Some of them can be summed di-

rectly, while the others need to be prefabricated, with
the details described below. We note that possible con-
tributions from additional rare exclusive channels are not
included in the reconstruction, but we regard that their
branching ratios are negligible compared to the quoted
modes and can be safely covered by the overall uncer-
tainties at the current stage.

For the decay D+ ! Xse+⌫, we consider the measured

2
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(1)

where the prefactor is defined as �̂0 = G2
F /(192⇡

3), and
Vcq denotes the relevant CKM matrix element, the lead-
ing coe�cient of the QCD �-function �0 = 11 � 2nf/3,
and the mass ratio ⇢ ⌘ m2

s/m
2
c . We choose to use the

active quark number nf = 4 corresponding to the light
quark number nl = 3. The parameters µ2

⇡, µ
2
G, ⇢

3
D and

⌧0 denote the D meson matrix elements of the kinetic en-
ergy operator, the chromomagnetic operator, the Darwin
operator and the dimension-six four-quark operators, re-
spectively. Unlike in [14], where the two c ! q (q = d, s)
transition contributions are summed, here we list them
separately. The formulas for the electron energy mo-
ments used in this work are also adopted from (3) of [14].

Notify that (1) and the electron energy moment for-
mulas in [14] are expressed in terms of the charm quark
pole mass, mc. As analyzed in [14], the pole scheme
results su↵er from the renormalon problem and hence
exhibit poor convergence behavior, and they need to be
transformed to a more theoretically robust scheme. In
practice, we adopt the 1S mass scheme, and the relation
between the pole and 1S masses can be found in [16–18].

Global Fit. — The theoretical formulas including (1)
and (3) of [14] are parameterized by the hadronic matrix
elements of the dimension-five and dimension-six HQET
operators, as well as the two CKM matrix elements |Vcs|
and |Vcd|. We aim to determine these parameters by
fitting the theoretical predictions to experimental data.
The available measurements, including the branching ra-
tios of D ! Xs+de+⌫,

B(D+ ! Xd+se+⌫e) = 0.1602(32), (2)

B(D0 ! Xd+se+⌫e) = 0.0636(15),

B(Ds ! Xd+se+⌫e) = 0.0631(14),

and the electron energy spectra [19, 20], have been trans-
lated into corresponding decay widths and electron en-
ergy moments in [14]. However, because all these observ-
ables are approximately proportional to |Vcs|2+ |Vcd|2, it
is challenging to individually extract the two CKM ma-
trix elements. To overcome this di�culty, we incorporate
all available measurements of exclusive semileptonic de-
cay modes to constrain the branching ratios of the inclu-
sive Du,d,s ! Xse+⌫ and Du,d,s ! Xde+⌫ processes.

Our analysis utilizes the world-average values for each
exclusive decay mode provided by the Particle Data
Group (PDG) [21] and some recent precise measure-
ments, which are summarized in Table III of Appendix A.

For unmeasured channels, we employ isospin symmetry
to relate their branching ratios to those of measured
modes. This procedure ensures that basically all dom-
inant decay channels are accounted for. Further details
regarding the reconstruction of the inclusive semileptonic
branching ratios from these exclusive decay modes are
described in Appendix A.

Assuming the uncertainties of the di↵erent exclusive
decay channels are uncorrelated, we have obtained the
inclusive branching ratios for Du,d,s ! Xse+⌫ and
Du,d,s ! Xde+⌫ by summing the exclusive decay modes,
with the resulting values and their uncertainties listed in
Table I. A comparison of these results with direct inclu-
sive measurements (2) reveals consistency within 1� 2�.
This agreement indicates that the exclusive measure-
ments successfully collect basically all considerable de-
cay modes and account for the entirety of the inclusive
decay, thereby validating the use of the sum-of-exclusive
branching ratios as a reliable proxy for the inclusive de-
cay branching ratios.

D+ D0 Ds

Xse
+⌫e 14.60± 0.16% 5.81± 0.06% 5.58± 0.14%

Xde
+⌫e 0.96± 0.03% 0.45± 0.01% 0.49± 0.03%

TABLE I. The branching ratios of semi-leptonic inclusive
D decays, derived from the sum of the experimentally well-
measured exclusive decay modes.

Our global fit incorporates the following observables
to determine the theoretical parameters, including the
inclusive Xs+d branching ratios (2), the electron energy
moments listed in (12) of [14], and the sum-of-exclusive
Xs and Xd branching ratios provided in Table I. As the
number of available observables is insu�cient to simul-
taneously determine all HQE parameters along with the
CKM matrix elements, we adopt the vacuum insertion
approximation [22] for the four-quark operator contri-
butions, which sets all ⌧(Di ! Xq) = 0 [13]. This is
referred to as Scenario 1 of our fitting procedure. To as-
sess the theoretical uncertainties introduced by this as-
sumption, the fits are also performed under a second sce-
nario. In Scenario 2, the weak annihilation parameters
are adopted as ⌧(Dd ! Xd) = ⌧(Ds ! Xs) = ⌧val =
�0.11 GeV3, ⌧(Du ! Xd,s) = ⌧(Dd ! Xs) = ⌧(Ds !
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Xd) = ⌧nonval = 0.002 GeV3, which are the central values
extracted in a global fit in [14], based on the assumption
that all the valence and non-valence contributions are
equal. Furthermore, to evaluate the quality and consis-
tency of the sum-of-exclusive data, we conducted the fits
using three di↵erent data selection strategies: (S1) all
the six values listed in Table I are adapted; (S2) only
the three Xs values are included, while the Xd values are
excluded; (S3) only the three Xd values are included,
while the Xs values are excluded.

The global fit results of the six setups are collected in
Table II, presenting the �2’s per degree of freedom and
the extracted values of the CKM matrix elements. Only
the S2 strategy yields a satisfactory goodness-of-fit in
both Scenario 1 and Scenario 2, with �2’s per degree of
freedom below the threshold for significance. They also
pass relevant robustness tests. In contrast, the �2’s per
degree of freedom for the S1 and S3 strategies in Scenario
1 are greater than at least 3. Consequently, the results
from the S2 strategy are chosen as the primary findings
of this paper. The determined CKM matrix elements are

|Vcs| = 0.968± 0.022± 0.026± 0.014, (3)

|Vcd| = 0.299± 0.025± 0.007± 0.002 (S2),

where the first uncertainty arises from experimen-
tal data, the second comes from varying the renor-
malization scale µ from 1 to 2.54 GeV, and the
third is due to the weak annihilation contributions.
The extracted HQET parameters read µ2

⇡(D
0,+) =

0.08(1) GeV2, µ2
G(D

0,+) = 0.34(4) GeV2, ⇢3D(D
0,+) =

�0.003(1) GeV3, ⇢3LS(D
0,+) = 0.004(1) GeV3, µ2

⇡(Ds) =
0.10(1) GeV2, µ2

G(Ds) = 0.46(3) GeV2, ⇢3D(Ds) =
�0.004(1) GeV3, ⇢3LS(Ds) = 0.005(1) GeV3, which are
perfectly consistent with those reported in [14], and pro-
vide further validation for the current fitting procedure.

S1 (Xs,d) �2/d.o.f. |Vcs| |Vcd|

Scenario 1 3.33 0.970± 0.022± 0.026 0.252± 0.006± 0.006

Scenario 2 1.22 0.962± 0.021± 0.025 0.253± 0.006± 0.006

S2 (Xs) �2/d.o.f. |Vcs| |Vcd|
Scenario 1 0.33 0.968± 0.022± 0.026 0.299± 0.025± 0.007

Scenario 2 0.18 0.954± 0.021± 0.025 0.297± 0.025± 0.007

S3 (Xd) �2/d.o.f. |Vcs| |Vcd|

Scenario 1 4.08 0.982± 0.023± 0.027 0.253± 0.006± 0.005

Scenario 2 1.24 0.974± 0.022± 0.026 0.254± 0.006± 0.006

TABLE II. The values of �2 per degree of freedom and the
determined values for |Vcs| and |Vcd| in the global fits with
di↵erent scenarios and sum-of-exclusive strategies. The first
uncertainty arises from experimental data, while the second
comes from varying the renormalization scale µ from 1 to 2.54
GeV.

A comparison of our determined CKMmatrix elements
(3) with the world-average values for |Vcs| and |Vcd| from

FIG. 1. Comparison of inclusive and exclusive determinations
of the CKM matrix elements |Vcs| and |Vcd|. The dark, light
and lighter purple contours represent our global fit results for
the inclusive values at the 1�, 2� and 3� confidence levels,
respectively. The blue and green bands denote the PDG av-
erages of the inclusive determinations at 1�, and the orange
band indicates the ratio |Vcd| / |Vcs| at 1� confidence level.

PDG [21] is presented in FIG. 1. These world-average
values shown by the cross in the figure are derived en-
tirely from exclusive decay channels. Our best-fit value
for |Vcs| is in excellent agreement with its PDG world
average, whereas our extracted value for |Vcd| exhibits a
discrepancy at the level of approximately 3� with respect
to the PDG average.

As shown in TABLE II, the S1 and S3 fitting strate-
gies making use of the D ! Xd data have worse per-
formance than S1 strategy. In Scenario 1 of both the
S1 and S3 fitting strategies, the fit quality is very poor.
This suggests that the assumption of the sum-of-exclusive
D ! Xd branching ratios being complete is likely prob-
lematic, pointing to the existence of unobserved c ! d
transition channels with significant contributions. This
observation is theoretically sound, as the impact of miss-
ing decay modes with same amount of branching ratios
is more pronounced for the D ! Xd channel, given that
its total branching ratio is smaller compared to that of
D ! Xs. Taking the S3 strategy as an example, we
further analyze the dependence of the global fit on the
c ! d transition data. For the (S3, Scenario 1) setup,
as shown in Table II, the individual contributions to the
�2/d.o.f. from D0, D+, Ds are 1.40, 2.12, 0.56, respec-
tively. This specific pattern suggests, from a data-driven
perspective, that the existence of undetected exclusive
non-strange decay channels is most probable for the D+



Summary and Prospect
❖ Theoretical studies of inclusive bottom decays are in very good shape.


❖ -expansion and heavy quark expansion are valid in inclusive charm decays (with an 
proper mass scheme chosen) 


❖For the first time, we determine
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➡ D meson HQE parameters from first principle

➡ CKM matrix elements  (inclusive)Vcs,cd



Summary and Prospect
❖ Possible theoretical improvements


➡ Include higher order radiative corrections, 


➡ Include higher power corrections, complete dimension-6 and -7 operator


➡ Include charmed baryons in the study 


➡ …… 


❖ Possible experimental improvements


➡ Laboratory frame -> rest frame


➡ Direct measurements of the moments 


➡ Separate 

𝒪(α3
s )

Xd, Xs
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[Fael,Mannel,Vos, ’19]❖ Heavy quark expansion up to dimension-7 operators (LO)


➡ LO results for decay widths, ,  are given (  )⟨En
e ⟩ ⟨(q2)n⟩ q2 ≡ (pe + pν)2

𝒴1 ≡ Ee/mc

❖ Leading-order Dim-7 operator WCs (  correction)


➡ only for  spectrum

Λ3
QCD/m3

c

b → c

[Finauri, ’25]
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❖  corrections to Dim-3 operator WCs ( -quark decay)


➡ NLO for  spectrum; zero-mass limit to 


➡ NNLO for  (total width and spectrum)


➡ NNNLO for  total width


๏ Analytical by expansion of  (10% uncertainty)


๏ Analytical at leading color (95% contribution)


๏ Numerical full contribution (AMFlow)

αs c

b → c b → u

b → u

c → s/d

δ = (1 − mq/mc)

[Fazio,Neubert, ’99; 

Capdevila,Gambino,Nandi, ’21]

[Fael,Schonwald,Steinhauser, ’20]

[Chen,Li,Li,Wang,Wu, ’23]

[Chen,Chen,Guan,Ma, ’23]

[Ritbergen ’99; Brucherseifer,Caola,Melnikov, ’13]
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❖  corrections to Dim-5 and Dim-6 operator WCs (  correction)


➡ NLO for  spectrum; zero-mass limit to 


➡ NLO for  Darwin operator (total width)

αs Λ2
QCD/m2

c

b → c b → u

c → s/d

[Alberti,(Ewerth),Gambino,Nandi, ’12,’13; 

Capdevila,Gambino,Nandi, ’21]

[Moreno ’21]
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Mass scheme transformation

3

For the initial four electron energy moments, the theoretical results are as follows,
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where the NLO and NNLO coe�cients are given by

a(1)1 =
1093� 180⇡2

900
, a(1)2 =

4243� 720⇡2

10800
, a(1)3 =

144037� 25200⇡2

1058400
, a(1)4 =

69827� 12600⇡2

1411200
, (4)

a(2)1 =
�0

4
a(1)1 `� 7.70077, a(2)2 =

�0

4
a(1)2 `� 2.77835, a(2)3 =

�0

4
a(1)3 `� 1.06371, a(2)4 =

�0

4
a(1)4 `� 0.42438,

with ` ⌘ log(µ2/m2
c). The NLO results a(1)1�4 are obtained by phase space integration of the analytical di↵erential

decay widths given by [34]. The numerical NNLO results a(2)1�4 are provided by authors of [35]. Our results for the
NLO corrections to the first two electron energy moments are consistent with [36], and first four ones at LO align
with [21].

The aforementioned results are highly sensitive to the charm quark mass mc, given that they are proportional to
high powers ofmc. A proper choice of the charm mass, such as its scheme, is essential for precise theoretical predictions
and hence the extraction of non-perturbative parameters. While the perturbative calculations mentioned above rely
on the pole mass, this choice is deemed inappropriate due to the renormalon ambiguity. To circumvent this issue, an
appropriate short-distance mass is required. The kinetic mass scheme has been e↵ectively utilized in semileptonic B
decays, utilizing a cuto↵ scale of 1 GeV [37, 38]. However, this approach does not result in a convergent expansion in
the case of charm [39]. In the following, we will thus consider two other charm mass schemes:1

• The MS mass scheme: the pole mass mc is expressed in terms of the MS mass mc(µ) as [40–43]
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• The 1S mass scheme: the pole mass mc is expressed in terms of the 1S mass mc,1S as [26–28]
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For the MS mass scheme, we substitute the pole mass in (1) and (3) with (5) and expand consistently up to order
↵2
s. The formulas are listed in (15).

1 An alternative method for treating the quark mass within the heavy quark expansion is proposed by [39].
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For the initial four electron energy moments, the theoretical results are as follows,
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where the NLO and NNLO coe�cients are given by
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with ` ⌘ log(µ2/m2
c). The NLO results a(1)1�4 are obtained by phase space integration of the analytical di↵erential

decay widths given by [34]. The numerical NNLO results a(2)1�4 are provided by authors of [35]. Our results for the
NLO corrections to the first two electron energy moments are consistent with [36], and first four ones at LO align
with [21].

The aforementioned results are highly sensitive to the charm quark mass mc, given that they are proportional to
high powers ofmc. A proper choice of the charm mass, such as its scheme, is essential for precise theoretical predictions
and hence the extraction of non-perturbative parameters. While the perturbative calculations mentioned above rely
on the pole mass, this choice is deemed inappropriate due to the renormalon ambiguity. To circumvent this issue, an
appropriate short-distance mass is required. The kinetic mass scheme has been e↵ectively utilized in semileptonic B
decays, utilizing a cuto↵ scale of 1 GeV [37, 38]. However, this approach does not result in a convergent expansion in
the case of charm [39]. In the following, we will thus consider two other charm mass schemes:1

• The MS mass scheme: the pole mass mc is expressed in terms of the MS mass mc(µ) as [40–43]
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• The 1S mass scheme: the pole mass mc is expressed in terms of the 1S mass mc,1S as [26–28]

mc = mc,1S +mc,1S
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For the MS mass scheme, we substitute the pole mass in (1) and (3) with (5) and expand consistently up to order
↵2
s. The formulas are listed in (15).

1 An alternative method for treating the quark mass within the heavy quark expansion is proposed by [39].



Weak-annihilation Uncertainty
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The best-fit values only slightly change.

❖ Redo the fits, adopting the HQET SR calculation for the weak annihilation contributions

τ0(Dd → Xd) = τ0(Ds → Xs) = τval = (−0.18 ± 0.65) GeV3

τ0(Du → Xd,s) = τ0(Dd → Xs) = τ0(Ds → Xd) = τnonval = (0.45 ± 2.10) GeV3

[King, Lenz, Piscopo, Rauh,’19]
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Modification of D Lifetime Prediction

Experimental data

New Dim-5 parameter

New Dim-5,6 parameter



Determine the CKM matrix elements
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❖ Data choice strategy: all inclusive  data are used


➡  S1: Sum-of-exclusive  data, plus sum-of-exclusive  data, 


➡  S2: Sum-of-exclusive  data


➡  S3: Sum-of-exclusive  data


❖ For each strategy, two scenarios for weak-annihilation contributions


➡  Scenario 1: VIA, 


➡  Scenario 2: HQET SR, input the previous best-fit values

Xs+d

Xs Xd

Xs

Xd

τ0 = 0
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Robust test of the fit
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