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Heavy-ion collisions and the quark-gluon plasma

Study high-temperature
properties of the
strong interaction (QCD)

Collision of atomic nuclei at
LHC or RHIC

Creates high-temperature
QCD matter = Quark-Gluon
plasma (QGP) [Alberica Toia 2013, CERN COURIER]
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Time-evolution of the QGP in heavy-ion collisions

before collision Glasma Pre-equilibrium local thermal equilibrium QGP

0.1 fm/c 1 fm/c 10 fm/c
Classical
Yang-Mills

QCD
kinetic theory Hydrodynamics Transport models

freeze-out

Interested in pre-equilibrium stages (“Initial stages”)
→ QCD out of equilibrium→ Use QCD kinetic theory to simulate plasma evolution
[Rev.Mod.Phys. 93 (2021) [Berges, Heller, Mazeliauskas, Venugopalan]]
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Effective kinetic theory (EKT) description of the QGP

Microscopic description

Gluons with distribution function f (t, x,p)

Time evolution described by Boltzmann equation at leading-order1

How many particles/gluons

1[JHEP 01 (2003) [Arnold, Moore, Yaffe], Int.J.Mod.Phys.E 16 (2007) [Arnold]]
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Effective kinetic theory (EKT) description of the QGP

Microscopic description

Gluons with distribution function f (t, x,p)

Time evolution described by Boltzmann equation at leading-order1

Azimuthal symmetry around beam axis ẑ ,
Bjorken expansion, homogeneous in transverse plane

How many particles/gluons

1[JHEP 01 (2003) [Arnold, Moore, Yaffe], Int.J.Mod.Phys.E 16 (2007) [Arnold]]

Florian Lindenbauer 7 / 41How the nonequilibrium initial stages influence medium-induced radiation

https://iopscience.iop.org/article/10.1088/1126-6708/2003/01/030
https://www.worldscientific.com/doi/abs/10.1142/S021830130700832X


Observables in EKT

Fundamental quantity: Distribution function f (p)

Energy-Momentum tensor:

Tµν = νg

∫
d3p

(2π)3
pµpν

p
f (p) ← “Moments of distribution function”

Longitudinal pressure PL = Tzz

Transverse pressure PT = Txx = Tyy

How many ‘hard’ particles

⟨pf ⟩
⟨p⟩ =

∫
d3p p f (p)2∫
d3p p f (p)

← “particle number weighted with energy”
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Thermalization in isotropic plasmas

(Left): Initially over-occupied system

(Right): Underocc. system: Soft thermal bath formed (bottom-up thermalization)

First studied in Phys.Rev.Lett. 133 (2024) [Kurkela, Lu], see also Phys.Rev.D 105 (2022) [Fu, Ghiglieri, Iqbal, Kurkela]
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Bottom-up thermalization in heavy-ion collisions

Initial condition2, with λ = g2NC:

f (p⊥, pz) = “squeezed” 1
λ × exp

(
−p2

)
/p

thermalizes at3 τBMSS =
(

λ
12π

)−13/5
/Qs ,

Markers represent different stages
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2
[Phys.Rev.Lett. 115 (2015) [Kurkela, Zhu]]

3
[Phys.Lett.B 502 (2001) [Baier, Mueller, Schiff, Son]]
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4
[Phys.Rev.Lett. 115 (2015) [Kurkela, Zhu]]

5
[Phys.Lett.B 502 (2001) [Baier, Mueller, Schiff, Son]]
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Time-evolution of the QGP in heavy-ion collisions

before collision Glasma Pre-equilibrium local thermal equilibrium QGP

0.1 fm/c 1 fm/c 10 fm/c
Classical
Yang-Mills

QCD
kinetic theory Hydrodynamics Transport models

freeze-out

Interested in pre-equilibrium stages (“Initial stages”)
→ QCD out of equilibrium→ Use QCD kinetic theory to simulate plasma evolution
[Rev.Mod.Phys. 93 (2021) [Berges, Heller, Mazeliauskas, Venugopalan]]
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Possible probes of initial stages

Produced early (energetic or heavy):
Jets
Phys.Lett.B 803 (2020) [Andres, Armesto, Niemi, Paatelainen, Salgado], JHEP 08 (2023) 027 [Hauksson, Iancu], Phys.Lett.B 850

(2024) [Boguslavski, Kurkela, Lappi, FL, Peuron], JHEP 12 (2024) [Barata, Salgado, Silva] arXiv:2509.03868 [Altenburger,

Boguslavski, FL], arXiv:2509.19430 [Pablos, Takacs], arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev], arXiv:2512.17009

[Barata, Milhano, Sadofyev, Silva], . . .
Heavy quarks, quarkonium
Phys.Rept. 858 (2020) [Rothkopf], Phys.Rev.D 109 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron], Phys.Rev.C 109 (2024)

[Du], Phys.Rev.Lett. 134 (2025) [Avramescu, Greco, Lappi, Mäntysaari, Müller], . . .

Weakly interacting with background:
Lepton production
Nucl.Phys.A 1030 (2023) [Coquet, Du, Ollitrault, Schlichting, Winn], Phys.Rev.D 111 (2025) [Garcia-Montero, Plaschke,

Schlichting]

Photon production/polarization?
JHEP 03 (2024) [Garcia-Montero, Mazeliauskas, Plaschke, Schlichting], Phys.Rev.C 109 (2024) [Hauksson, Gale]
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Outline

1 Introduction

2 QCD kinetic theory

3 Jets in heavy-ion collisions and harmonic approximation: q̂

4 Beyond the jet quenching parameter: C (q⊥)

5 Jet spectrum from small-distance form of C (x)
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Jets in heavy-ion collisions

Highly energetic partons created in
initial collision

Interact with nonequilibrium plasma

Resulting particle shower measured

→ Imprints of medium interactions

Many event generators exist,
rely on simplifying assumptions
(isotropic, thermal, . . . )

→ Describe jet quenching in
out-of-equilibrium plasma!

P

QK

K'

P'

Figure by F. Lindenbauer
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Obtaining the gluon emission spectrum

Energy loss dominated by gluon radiation

ω
dI

dω
∼ Re

∫
t1,t2

∂x · ∂yG (x, t2; y, t1)y=0 − Gvac,

dI /dω : Spectrum
=Probability of emitting gluon
with energy ω (relative to vacuum)

ω: emitted gluon energy

k: transverse momentum

tform ∼
√

ω/q̂: formation time

P

QK

K'

P'

Green’s function solves

(i∂t − δE + iC (x, t))G (x, t; y, t1) = δ2(x− y)

Input: dipole cross section = potential in Schrödinger equation

C (x) =

∫
d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)
, C (q⊥) = (2π)2

dΓel

d2q⊥

‘broadening probability’

Probability of receiving

momentum kick q⊥

energy shift

Phys.Rev.D 79 (2009) [Arnold]
JETP Lett. 65 (1997) [Zakharov]

Nucl.Phys.B 483 (1997) [Baier, Dokshitzer, Mueller, Peigne, Schiff]
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Harmonic approximation for radiation

Input: dipole cross section = potential in Schrödinger equation

C (x) =

∫
d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)
, C (q⊥) = (2π)2

dΓel

d2q⊥

Harmonic approximation (for jets |x| ≪ 1 important!)

C (x, t) =
1

4
q̂(t)x2, q̂ =

d⟨p2⊥⟩
dL

=
d⟨p2⊥⟩
dt

=

∫
d2q⊥ q2⊥

dΓel

d2q⊥

q̂ quantifies momentum broadening, “jet quenching parameter”

Schrödinger equation for harmonic oscillator → analytic solution!
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Results for q̂: Broadening

Obtain Jet quenching parameter from
kinetic theory, input f (k),

q̂ij =

∫
q⊥<Λ⊥
p→∞

dΓ qiqj |M|2f (k)(1 + f (k ′))

Medium modifications
(screening)

Energetic parton
(jet)

Plasma particle
(quark, gluon)

NB: Isotropic screening to prevent
plasma instabilities! Phys.Lett.B 214 (1988)

[Mrowczynski], Phys.Rev.D 68 (2003) [Romatschke, Strickland]

Phys.Rev.D 110 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]
Phys.Lett.B 850 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]]
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Results for q̂: Broadening

Obtain Jet quenching parameter from
kinetic theory, input f (k),

q̂ij =

∫
q⊥<Λ⊥
p→∞

dΓ qiqj |M|2f (k)(1 + f (k ′))

Simulations of jet equilibration

→ q̂ accurately captures
transverse momentum broadening

→ Remarkable collapse of different
couplings λ ∈ (2, 20)!

Jet evolution in thermal equilibrium6

0 100 200 300 400

tT (q̂⊥/T 3)

0.00

0.25

0.50

0.75

1.00

〈p
2 ⊥
〉/
〈p

2 ⊥
〉 e

q

∼ q̂⊥t

0 10 20
tT

0.0

0.5

1.0

→See talk by F. Zhou

on Wednesday 10:30

Phys.Rev.D 110 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]
Phys.Lett.B 850 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]]

6
[arXiv:2510.25669 [Boguslavski, FL, Mazeliauskas, Takacs, Zhou]]
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Results for q̂: Broadening

Obtain Jet quenching parameter from
kinetic theory, input f (k),

q̂ij =

∫
q⊥<Λ⊥
p→∞

dΓ qiqj |M|2f (k)(1 + f (k ′))

Bands: Vary cutoff and initial conditions

Little jet energy dependence

Supports large values from Glasma6 and
lower values in hydrodynamic stage

q̂ during pre-equilibrium stage

10−1 100 101

τ (fm/c)

0

2

4

6

8
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q̂
(G

eV
2
/f

m
)

Glasma
Kinetic
theory

Hydrodynamics

λ = 10
Qs = 1.4 GeV

Ejet = 100 GeV

Ejet = 20 GeV

Phys.Rev.D 110 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]
Phys.Lett.B 850 (2024) [Boguslavski, Kurkela, Lappi, FL, Peuron]]

6[Phys.Lett.B 810 (2020) [Ipp, Müller, Schuh]]
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Problems with q̂ for radiation

Recall: q̂ appeared in small-distance expansion:

C (x) =

∫
d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)︸ ︷︷ ︸
expand: ∼ 1

4
x2q2⊥+...

≈ 1

4
q̂x2,physical quantity,

enters equations

as potential

expansion parameter

But: expansion coefficient q̂ divergent,

q̂ =
d⟨p2⊥⟩
dL

=
d⟨p2⊥⟩
dt

∼
∫

d2q⊥ q2⊥ C (q⊥)︸ ︷︷ ︸
1/q4⊥for large q⊥

∼
∫

dq⊥
q⊥

→ log divergence

Need cutoff Λ⊥ to restrict momentum transfer q⊥ < Λ⊥
(needed in eikonal limit p →∞)

Can we do better? → Consider full kernel C (q⊥)
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Outline

1 Introduction

2 QCD kinetic theory

3 Jets in heavy-ion collisions and harmonic approximation: q̂

4 Beyond the jet quenching parameter: C (q⊥)

5 Jet spectrum from small-distance form of C (x)
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Momentum broadening kernel vs. jet quenching parameter

Momentum broadening kernel:

C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Compare to q̂,

q̂ij =

∫
q⊥<Λ⊥
p→∞

dΓ qiqj |M|2f (k)(1 + f (k− q))

different
integration measure

weighted with
momentum transfer

momentum cutoff
needed

Similar quantity, less differential,

q̂ij =

∫
d2q⊥
(2π)2

qiqjC (q⊥),

C (q⊥) is more general than q̂
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Recall: Kinetic theory and bottom-up thermalization

before collision Glasma Pre-equilibrium local thermal equilibrium QGP

0.1 fm/c 1 fm/c 10 fm/c
Classical
Yang-Mills

QCD
kinetic theory Hydrodynamics Transport models

freeze-out
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Angular dependence and contribution to q̂

q⊥/Tε

10−2

10−1

100

101

φ

0

π/8

π/4

3π/8

π/2

0.0

0.5

1.0

1.5

2.0

2.5

Deb
ye

m
ass

C(q⊥, φ) q 3
⊥/T 2

ε

τ/
τR

=
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λ

=
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φ = 0

φ = π/2

angular average

form q⊥ � Tε

0.0

0.5

1.0

1.5

2.0

2.5

C (q⊥, ϕ) is 2D function
Contribution to q̂ =

∫
d2q⊥ q2⊥C (q⊥)/(2π)

Peaked at Debye mass ■ for later times
Along beam (ϕpq = 0): Much larger and different form at early times

beam axis

jet direction

broadening
along beam

broadening
transverse to beam

arXiv:2509.03868 [Altenburger, Boguslavski, FL]
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Angular average

C (q⊥) =

∫
dΓPS |M|2 f (k)(1 + f (k− q))

Normalize using (Landau-matched)
thermal kernel

Angular average
C (q⊥) =

1
2π

∫ 2π
0 dϕC (q⊥, ϕ)

Late times → thermal

Small-momentum transfer
enhanced

What to do with jet quenching?
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arXiv:2509.03868 [Altenburger, Boguslavski, FL]
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Small-distance behavior of C (x)

Obtained via Fourier trafo
C (x) =

∫ d2q⊥
(2π)3

(1− e iq⊥·x)C (q⊥)

Small-distance behavior important for
jet quenching!

For λ = 10, always smaller than in
equilibrium

Take small distance behavior and
calculate jet emission spectrum
arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]
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fixed b Tε = 0.01
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0.84
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0.88
φb = 0

φb averaged

φb = π/2

arXiv:2509.03868 [Altenburger, Boguslavski, FL]
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Outline

1 Introduction

2 QCD kinetic theory

3 Jets in heavy-ion collisions and harmonic approximation: q̂

4 Beyond the jet quenching parameter: C (q⊥)

5 Jet spectrum from small-distance form of C (x)
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Calculating the spectrum from small-distance behavior

Input for jet spectrum: Dipole cross section C (x, t) (small-distance important)

Often used in harmonic approximation: C (x, t) = 1
4 q̂(t)x

2

→ Differential Eq. for spectrum reduces to harmonic oscillator:

(i∂t − δE + iC (x, t))G (x, t; y, t1) = δ2(x− y)

Green’s function known!

Disadvantage: q̂ not well-defined (cutoff-dependence)
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Small-distance form of C (x)

Proper expansion for small distance:

C (x, t) =
1

4
q̂0(t)x

2 log
1

x2µ2
∗(t)

Expand perturbatively around harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

C (x, t) =
q̂0(t)

4
x2 log

Q2

µ2
∗︸ ︷︷ ︸

harmonic approximation

− q̂0(t)

4
x2 log(Q2x2)︸ ︷︷ ︸

perturbation
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Obtaining the spectrum – Schematic
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Output: Spectrum dI
dω d2k

P

QK

K'

P'

q̂0(τ), µ∗(τ)

“Improved opacity
expansion”

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]
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Small-distance form of C (x)

Proper expansion for small distance:

C (x, t) =
1

4
q̂0(t)x

2 log
1

x2µ2
∗(t)

+O(q̂0x4µ2
∗)

µ∗ and q̂0 are medium-parameters uniquely
determined from large-cutoff form of q̂(Λ⊥),

q̂(t) ≈ 2q̂0(t) log
Λ⊥
Qs

+ b(t)

Obtain µ∗ via

µ2
∗(t) =

1

4
exp(−b(t)/q̂0(t) + 2γE − 2)
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Qs τ
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Bjorken expansion

10−1 100
τ/τR

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]

q̂0

q̂0 thermal

µ∗
µ∗ thermal
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Comparing to thermal system

Recall: q̂0, µ∗ obtained from large cutoff
behavior of q̂

Compare with an evolving thermal system

Tε(t) =

(
30ϵ(t)

π2

)1/4

with energy density from kinetic theory,

ϵ =

∫
d3p

(2π)3
|p|f (p)

Thermal forms of q̂0, µ∗ known7

100 101 102

Qs τ

10−2

10−1

100

λ = 10
Bjorken expansion

10−1 100
τ/τR

Late time
approache to thermal

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]

q̂0

q̂0 thermal

µ∗
µ∗ thermal

7
[Phys.Rev.D 78 (2008) [Arnold, Xiao]]
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Recall: Kinetic theory and bottom-up thermalization
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Isotropic toy models
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q̂0

q̂0 thermal
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µ∗ thermal
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Comparison with isotropic toy models
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Gluon spectrum

Fixed gluon energy ω = 3.5Qs

varying length (color in plot)

q̂(τ) =

{
q̂sim(τ), tmin ≤ τ ≤ tmin + L

0, τ > tmin + L ,

Form of spectrum dominated by ratio
ω/ωc

ωc =
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Comparison to equilibrium

Comparison to equilibrium: Maximum of
spectrum plot
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Comparison to equilibrium II
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Effect of modifications

Gluon spectrum
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Jet shape

Energy deposited in annulus
with radii r and R

dρ(r ,R)

dω
=

∫ Rω

rω
d2kω

dI

dω d2k

Qualitatively same behavior as
spectra maximum
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Conclusions

Use QCD kinetic theory to describe
initial nonequilibrium QCD plasma in heavy-ion collisions

Calculate momentum broadening of jets → q̂ and C (q⊥)

Taken as input to calculate gluon emission spectrum

Clear differences to thermal medium evolution,
even at large medium lengths

Outlook

Prediction/effects for specific more differential observables

General structure, scaling of spectra?

Improve QCD kinetic theory simulations of background
e.g., machine learning Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Spectrum more explicit

Spectrum is obtained via

dI (0)

dω d2k
= 2ᾱ

πωRe

{
k−2

(
e
−i k2

2ωCot(L,t0) − 1

)
+
∫ L
t0
dt Cot(t,t0)

P̂2(t,t0)
e
− k2

P̂2(t,t0)

}
,

dI (1)

dω d2k
=

ᾱπ

k4
Re

∫ L

t0

dt2

{
i

2ω

∫ t2

t0

dt1
q̂0(t1)

R̂2
21

e
− k2

P̂2
21

[
Q2

s (L, t2)Ia

(
k2

K̂21

,
k2R̂2

21

Q2
r

)
+ 2C12R̂21k

2Ib

(
k2

K̂21

,
k2R̂2

21

Q2
r

)]
− Cot20Q

2
s0(L, t2) Ia

(
k2

P̂2(t2, t0)
,
k2

Q2
b

)

+ 2 q̂0(t2)C
2(t2, L)Ib

 ik2

2ωC 2(t2, L)
(
Cot20 − 1

C(t2,L)S(L,t2)
− Cot(t2, L)

) ; k2

Q2
r C

2(t2, L)

 e
− ik2

2ωCot(L,t2)

}

And requires solving a differential equation[
d2

dt2
+Ω2(t)

]
F (t, t0) = 0 , Ω2(t) = −i q̂r (t)

ω
, q̂r (t) = q̂0(t) log

Q2
r

µ2
∗(t)

medium input,
obtained from q̂(Λ⊥)

scale,
obtained self-consistently

with specific boundary conditions: S(t0, t0) = ∂tC (t, t0)t=t0 = 0,
∂tS(t, t0)t=t0 = C (t0, t0) = 1
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Small-distance form of C (x)

Introduce cutoff

C (x) =

∫
|q⊥|<Λ

d2q⊥
(2π)2

C (q⊥)
(
1− e ix·q⊥

)︸ ︷︷ ︸
expand: ∼ 1

4
x2q2⊥+...︸ ︷︷ ︸

1
4
x2q̂(Λ)

+

∫
|q⊥|>Λ⊥

d2q⊥
(2π)3

C (q⊥)(1− e ix·q⊥)︸ ︷︷ ︸

expand:
x2 q̂0
4

(
1−γE−log

bΛ⊥
2

)
+O(x4)

q̂0 is constant related to large q⊥ behavior of C (q⊥ →∞)→ q̂0
2π

1
q4⊥

We know q̂(Λ) = q̂0 log
Λ2

Q2 + b (for large enough Λ)

C (x, t) =
1

2
x2b(t) +

x2q̂0(t)

2

(
1− γE − log

x Q

2

)

=
1

4
q̂0(t)x

2 log
1

x2µ2
∗(t)

medium input,
obtained from q̂(Λ⊥)

Expand perturbatively around harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]
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q̂0 is constant related to large q⊥ behavior of C (q⊥ →∞)→ q̂0
2π

1
q4⊥

We know q̂(Λ) = q̂0 log
Λ2

Q2 + b (for large enough Λ)

C (x, t) =
1

2
x2b(t) +

x2q̂0(t)

2

(
1− γE − log

x Q

2

)
=

1

4
q̂0(t)x

2 log
1

x2µ2
∗(t)

medium input,
obtained from q̂(Λ⊥)

Expand perturbatively around harmonic oscillator solution
→ “improved opacity expansion” JHEP 09 (2021) [Barata, Mehtar-Tani, Soto-Ontoso, Tywoniuk]

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]
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q̂0 and µ∗ from EKT

Recall: q̂0, µ∗ characterize small-x of C (x),

Get q̂0 from large-cutoff behavior,
q̂(t) ≈ 2q̂0(t) log

Λ⊥
Qs

+ b(t)

Get µ∗ via

µ2
∗(t) =

1

4
exp(−b(t)/q̂0(t) + 2γE − 2)

Thermal:

q̂0 = T 3NCCRg
4ζ(3)

2π3

µ2
∗ =

m2
D

4

(mD

2T

)2ζ(2)/ζ(3)−2
e
2γE−2−

(
ζ(2)
ζ(3)

−1
)
(1−2γE )+

σ+
πζ(3)

100 101 102

Qs τ

10−2

10−1

100

λ = 10
Bjorken expansion

10−1 100
τ/τR

arXiv:2511.07519 [Barata, Boguslavski, FL, Sadofyev]

q̂0

q̂0 thermal

µ∗
µ∗ thermal
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Outline

6 Machine learning and EKT
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Basic idea

vµ∂µf (x
µ,p) = C[f (xµ,p)]

C is local in position space, but
nonlocal in time

Train at one point → parallelize over
different points!

On finite momentum grid:

C : Rnχ → Rnχ

Network

Input

Output

Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Conformal transformation and rest frame

In 3D, f (p) direction-dependent

Boost to restframe, where

Tµν = νg

∫
d3p

(2π)3
pµpν

p0
f (p)

is diagonal

Rotate coordinate system such that Pz < Py < Px

Rescale units such that T = 1

Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Input-Outpus

Inputs Outputs

Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Isotropic systems

0 5 10 15
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thermal
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Tt= 0.10

Tt= 0.30

Tt= 0.75

Tt= 1.95

Tt= 6.10

thermal
Tt= 0.00
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3
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4

Monte Carlo truth
Neural Network

Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Anisotropic systems

0.0 0.5 1.0 1.5 2.0
Tt

0.00
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Eur.Phys.J.C 85 (2025) [Barrera Cabodevila, Kurkela, FL]
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Conclusions

Time evaluation of collision kernel costly

→ Train neural network

Good results for isotropic and anisotropic systems

Problems with staying at equilibrium
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