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Are extreme deviations rare?
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Our everyday experience 
says - yes

Whether  it  a  massive  flood,  a  stock  market  crash,  or  a  huge 
measurement error
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Earthquakes, word frequency, ………….., high-energy collisions

But they happen far more 
often than our intuition 

suggests
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Adapted from a presentation by Jean Cleymans
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−
d2N

dpT dy
y=0, μ=0

= gV
pTmT

(2π)2 [1 + (q − 1)
mT

T ]
− q

q − 1

−
d2N

dpT dy
y=0,μ=0

= gV
pTmT

(2π)2
e− mT

T

Phenomenological (power-law)                       

Boltzmann-Gibbs Maxwell-Boltzmann                        

☛
q → 1



Physical scenarios

Fluctuating ambience, 
long-range correlations, finite size, fractal 

dynamics

G. Wilk, Z. Włodarczyk, Phys. Rev. Lett. 84, 2770(2000)

W. M. Alberico, A. Lavagno, Eur. Phys. J. A 40 (2009) 313

J. S. Lima, A. Deppman, Phys. Rev. E 101 (2020) 040102 040102 (R)

A. Deppman, E. Megías, D. P. Menezes, Phys. Rev. D 101 (2020) 034019 
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C. Tsallis, J. Stat. Phys. 52, 479 (1988) 

❖ Such  scenarios  need  a  beyond-Boltzmann-Gibbs  perspective,  and 
nonadditive statistics is one such framework
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❖ Such  scenarios  need  a  beyond-Boltzmann-Gibbs  perspective,  and 
nonadditive statistics is one such framework

C. Tsallis, J. Stat. Phys. 52, 479 (1988) 

❖ In  this  lecture  we  discuss  the  transport  of  energetic  particles 
through the QGP in the framework of nonadditive statistics
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❖ QGP: a study of evolutions
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❖ Evolution 1: that of the high-energy particles (e.g. the heavy quarks) inside 
the QGP; dictated by the Boltzmann Transport Equation (BTE), the Fokker-
Planck Equation (FPE)……
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❖ Evolution 2: that of the background medium, dictated by the hydrodynamic 
equation

❖ Evolution 1: that of the high-energy particles (e.g. the heavy quarks) inside 
the QGP; dictated by the Boltzmann Transport Equation (BTE), the Fokker-
Planck Equation (FPE)……
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❖ Evolution 2: that of the background medium, dictated by the hydrodynamic 
equation

❖ Evolution 1: that of the high-energy particles (e.g. the heavy quarks) inside 
the QGP; dictated by the Boltzmann Transport Equation (BTE), the Fokker-
Planck Equation (FPE)……
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We study evolution 1
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❖ QGP: a study of evolutions
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−
∂f
∂t

+ ⃗v . ⃗∇r f + ⃗F . ⃗∇p f = C[ f ]

The Boltzmann Transport Equation
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BTE

−
∂f
∂t

=
∂

∂pi (Ai f +
∂

∂pj
Bij f) = − ⃗∇p . ⃗ℙ

small momentum transfer
FPE

Hom. plasma, space av.
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FPE: drag and diffusion

−

Ai = ∫ dynamics ⊗ phase space × (pi − p′ �i)

= ⟨⟨(pi − p′�i)⟩⟩
Bij = ⟨⟨(pi − p′�i)(pj − p′�j)⟩⟩

p

Q

p’

Q’
2
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FPE: drag and diffusion

❖ Molecular chaos

−
F(2) = f (1)

HQ × f (1)
bath

−

Ai = ∫ dynamics ⊗ phase space × (pi − p′ �i)

= ⟨⟨(pi − p′�i)⟩⟩
Bij = ⟨⟨(pi − p′�i)(pj − p′�j)⟩⟩
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FPE: exponential stationary solution?

−
∂f
∂t

=
∂

∂pi (Ai f +
∂

∂pj
Bij f) = − ⃗∇p . ⃗ℙ

D.B. Walton and J. Rafelski Phys. Rev. Lett. 84, 31 (2000)
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FPE: exponential stationary solution?

−
∂f
∂t

=
∂

∂pi (Ai f +
∂

∂pj
Bij f) = − ⃗∇p . ⃗ℙ

−
f = fst = exp[−Φ(p; T, q)]Ansatz
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FPE: exponential stationary solution?
−

f = fst = exp[−Φ(p; T, q)]
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FPE: exponential stationary solution?

−

Ai f +
∂

∂pj
Bij f = 0

☛
−

f = fst = exp[−Φ(p; T, q)]
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“Fluctuation-dissipation relation”

FPE: exponential stationary solution?

−

Ai f +
∂

∂pj
Bij f = 0

☛

☛

−
f = fst = exp[−Φ(p; T, q)]
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We know the stationary 
distribution if we know the 

transport coefficients

FPE: exponential stationary solution?
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Do we know the transport coefficients?

Yes……

B. Svetitsky Phys Rev D 37, 2484 (1988)

S.K. Das, J. Alam, P. Mohanty, Phys Rev C 80, 054916 (2009)
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Recapitulation

−

Ai = ∫ dynamics ⊗ phase space × (pi − p′ �i)

= ⟨⟨(pi − p′�i)⟩⟩
Bij = ⟨⟨(pi − p′�i)(pj − p′�j)⟩⟩

p

Q

p’

Q’
2



!28

FPE: exponential stationary solution?
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No. This function is similar to the one obtained in 
nonadditive statistics.

FPE: exponential stationary solution?

D.B. Walton and J. Rafelski Phys. Rev. Lett. 84, 31 (2000)

S. Mazumder, T. Bhattacharyya, J. Alam, Phys Rev D 89, 014002 (2014)

−

fst = exp[−Φ(p; T, q)] = exp [−
1

q − 1
ln {1 + (q − 1)

E(p)
T }]; q ≠ 1
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FPE: exponential stationary solution?

D.B. Walton and J. Rafelski Phys. Rev. Lett. 84, 31 (2000)

S. Mazumder, T. Bhattacharyya, J. Alam, Phys Rev D 89, 014002 (2014)

−

lim
q→1

fst = fBG = exp {−
E(p)

T }

−

fst = exp[−Φ(p; T, q)] = exp [−
1

q − 1
ln {1 + (q − 1)

E(p)
T }]; q ≠ 1

No. This function is similar to the one obtained in 
nonadditive statistics.
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Walton and Rafelski investigate if the 
stationary distribution may be 

exponential and conclude that it is rather 
given by a nonadditive distribution.



!32

Generalized BTE/FPE (gBTE/
gFPE) with a power-law 

stationary solution

Another equation: same stationary solution
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❖ Molecular chaos

How to generalize?

−
F(2) = f (1)

HQ × f (1)
bath = eln[ f (1)

HQ] × eln[ f (1)
bath]
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❖ Generalize molecular chaos

How to generalize?

❖ Also consider energy and momentum conservation

−

F(2) = f (1)
HQ ⊗q f (1)

bath = e lnq[ f (1)
HQ]

q × e lnq[ f (1)
bath]

q

eq(x) = [1 − (q − 1)x]1/(1−q)
+ ; lnq(x) =

1 − x1−q

q − 1

T. Osada and G. Wilk, Phys. Rev. C 77, 044903 (2008)
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How to generalize?

−
∂f q

∂t
+ ⃗v . ⃗∇r f q + ⃗F . ⃗∇p f q = Cq[ f ]
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gBTE in the RTA

−
∂f q

∂t
= −

f − feq

τ
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gBTE in the RTA

❖ An approximate iterative analytical closed solution of 𝓰BTE in the RTA is proposed 

−
fi = fi−1 + ϵi , i ∈ ℤ>

−
∂f q

∂t
= −

f − feq

τ

T. Bhattacharyya, Physica A 624, 128910 1-12 (2023)

T. Bhattacharyya, M. Rybczyński, and Z. Włodarczyk, Phys. Lett. B 872, 140076 (2026)
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gBTE
small momentum transfer

gFPE/PPE

−
∂f
∂t

= −
∂

∂pi
(Ai,q f) +

∂
∂pi ( ∂

∂pj
Bij,q f 2−q)

A.R. Plastino and A. Plastino Physica A 222, 347 (1995)

T. Bhattacharyya, E. Megías, and A. Deppman, Phys. Lett. B 856 , 138907 (2024) 
T. Bhattacharyya, Physica A 624, 128910 1-12 (2023)

A. Deppman, A. K. Golmankhaneh, E. Megias, R. Pasechnik, Phys. Lett. B 839, 137752 (2023)
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Plastino-Plastino transport coefficients

−

Bij,q = ∫ dynamics ⊗ phase space(''interplay'') × (pi − p′�i)(pj − p′ �j)
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Jet-quenching parameter

PP: coll.+rad.

PP: coll.

FP: coll.+rad.

FP: coll.
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T. Bhattacharyya, E. Megías, and A. Deppman, Phys. Lett. B 856 , 138907 (2024)



!41

Differential energy loss

A modified form of  E. Braaten and M.H. Thoma, Phys. Rev. 
D 44, R2625 (1991) formula
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Y. Dokshitzer and D. Kharzeev, Phys. Lett. B 519 , 199 (2001)
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Data points (ALICE, Pb-Pb→D0, sNN =2.76 TeV )

DK+PP theoretical model (qb=1.10; ℓ=3 fm)

DK+FP theoretical model (ℓ=5 fm)
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❖ We find that the power-law stationary distributions arise in the studies of 
energetic particles passing through the quark-gluon plasma.

Summary and conclusions

❖ We motivate the use of  a generalized transport equation that yields such a 
stationary state.

❖ We discuss methods of computing transport coefficients (drag, diffusion, jet 
quenching parameter) and differential energy loss.

❖ We investigated a connection with an experimental observable (nuclear 
suppression factor). 

❖ Numerical solutions with the input of transport coefficients, collectivity
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“Complex systems,  by their  nature,  pose challenges to our understanding. 
They  typically  involve  many  components  intricately  connected  through 
networks.  Neither  the  parts  nor  the  networks  are  static.  Instead,  they 
mutually influence each other as they co-evolve”

From the webpage of Complexity Science Hub, Vienna
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L. McLerran and B. Schenke, Nucl. Phys. A 946, 158 (2016)
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n=3

−

ΦTs =
1

q − 1
ln (1 + (q − 1)

E(p)
T )
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D.B. Walton and J. Rafelski Phys. Rev. Lett. 84, 31 (2000)


