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F. Dulat, A. Lazopoulos, B. Mistlberger 2018
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Slide based on M. Grazzini’s talk @ Higgs10
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Passarino, Czakon, 
Klappert, Niggetiedt, Re, 
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2002~2021
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State-of-the-Art QCD Calculations @ NNLO Marcoli’s slide @ Loop Summit 2
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https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


State-of-the-Art QCD Calculations @ NNLO
➤NNLO QCD predictions for  processes (NNLO revolution since 2015 ) 

➤ Accomplished during past 10 years on case-by-case basis 
➤ As parton-level event generators (fully differential final state information) 
➤ Current frontier at NNLO  

➤Typical size of corrections and uncertainty 
➤ NLO corrections: 10~100%, uncertainty: 10~30% 
➤ NNLO corrections: 2~15%, uncertainty: 3~8% 
➤ expect N3LO to yield uncertainty at level of 1% 

➤So, is NNLO solved? 
➤ In principle yes: STRIPPER, given the relevant amplitudes and enough 

computational resources, the NNLO calculation is streamlined. 
➤ But: 

➤ Prohibitive computational cost (loop AMP, IR subtraction) 
➤ Missing cross-validation (many years between 1st and 2nd) 
➤ Still a long way to automated NNLO event generation

2 → 2

2 → 3

Snowmass White Paper, Comput. Softw. Big Sci. 6 (2022)
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NNLOJET: Parton Level Event Generator

https://nnlojet.hepforge.org/index.html

A.Huss, L.Bonino, O.Braun-White, S.Caletti, XC, J.Cruz-Martinez, J.Currie, 
W.Feng, G.Fontana, E.Fox, R.Gauld, A.Gehrmann-De Ridder, T. Gehrmann, 

E.W.N.Glover, M.Höfer, P.Jakubcik, M.Jaquier, M.Löchner, F.Lorkowski, I.Majer, 
M.Marcoli, P.Meinzinger, J.Mo, T. Morgan, J.Niehues, J.Pires, C.Preuss, 

A.Rodriguez Gracia, K.Schönwald, R.Schürmann, V.Sotnikov, G.Stagnitto, 
D.Walker, J.Whitehead, T.Z.Yang, H.Zhang,

➤ NNLO parton level event generator 
➤ Based on antenna subtraction 

➤ Provides infrastructure 
➤ Process management 
➤ Phase space, histogram routines 
➤ Validation and testing

➤ Parallel computing 
(MPI) support  

➤ Typical runtimes:  
60 k ~ 250 k core-hours
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NNLOJET: Parton Level Event Generator
➤ Processes implemented:

➤ Open-source code release: NNLOJET v1.0.2 
➤ Analytic matrix elements and subtraction 
➤ Download from nnlojet.hepforge.org 

➤ Runcard options: 
➤ Process/sub-process selection 
➤ Generic histogramming 
➤ Multi-run feature: e.g. jet radius 
➤ Example runcards for published studies 

➤ Cluster workflow management: Dokan 
➤ Automated resource allocation 
➤ Works with slurm and htcondor (Ixplus) 
➤ Combination of results, quality control

https://github.com/aykhuss/dokan
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Development of Antenna Subtraction Method Based on Marcoli’s slide @ Loop Summit 2

Sector antenna 

mapping

[Gehrmann-De 
Ridder, Gehrmann, 
Glover ’05]

[Glover, Pires ’10]
[Gehrmann-De Ridder, Glover, Pires ’12]
[Gehrmann-De Ridder, Gehrmann, Glover, Pires ’13]

[Currie, Glover, Wells ’13]

[XC, Gehrmann, Glover, Huss, Marcoli ’22]
[Gehrmann, Glover, Marcoli ’23]

[Bonino, Gehrmann, Marcoli et. al. ’24]

[Gehrmann, Schürmann ’22]
[Gehrmann, Stagnitto ’22]

[Fox, Glover, Marcoli ’24]

[Fox, Glover ’23]
[Braun-White, Glover, Preuss ’23]
[Braun-White, Glover, Preuss ’23]

[XC, Marcoli ’25]
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https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf
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https://inspirehep.net/literature/2948353


X0
3

X0
4

X1
3

XC, Gehrmann, Glover, Huss, Marcoli JHEP 10 (2022) 099 

Antenna Subtraction @ NNLO
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https://arxiv.org/pdf/2203.13531


Antenna Subtraction @ NNLO Marcoli’s slide @ Loop Summit 2
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https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


 Generalized Antenna @ NNLO

[Currie, Glover, Wells ’13][Weinzierl ’08]

[Gehrmann-De Ridder, Gehrmann, Glover, Heinrich ’07]

Marcoli’s slide @ Loop Summit 2
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https://inspirehep.net/literature/1215339
https://arxiv.org/abs/0807.3241v2
http://%5BWeinzierl%20%E2%80%9908%5D
https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


 Generalized Antenna @ NNLO

[Braun-White, Glover, Preuss ’23]

[Braun-White, Glover, Preuss ’23]

[Fox, Glover, Marcoli ’24]

➤ Constructed with an iterative algorithm 
➤ From the desired IR limits (not from 

physical matrix-elements) 
➤ Using projector (up-down) to 

connect full phase space (antennae) 
and subspace (IR limits) 

➤ Can be integrated analytically (as in 
conventional method)

[Fox, Glover ’23]
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5,3

X1
4,3

Fox, Glover, Marcoli JHEP 12 (2024) 225 

 Generalized Antenna @ NNLO
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https://arxiv.org/pdf/2410.12904


X0
5,3

X1
4,3

 jets @ NNLO 
Efficiency boost by a factor of 10

e+e− → 3
Fox, Glover, Marcoli JHEP 12 (2024) 225 

 Generalized Antenna @ NNLO
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Application of NNLOJET at the LHC
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PDF grids: APPLfast and PineAPPL

367 LHC data 119 HERA data

  running over 3 order of magnitudeαs

NNLOJET: New Feature To Be Released

➤ All LHC and HERA di-jet double- and triple-differential measurements. 
➤ APPLfast PDF grids from NNLOJET NNLO di-jet predictions. 
➤ Fitting of the strong coupling constant： .αs(mZ) = 0.1178 ± 0.0022

Ahmadova, Britzger, XC, Gaßler et. al., Phys. Rev. Lett. 135 (2025) 3
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https://journals.aps.org/prl/accepted/10.1103/knrv-2r3t


 recoil @ NNLO QCDpp → γγ +

F. Buccioni, XC, W.J. Feng, T. Gehrmann et. al., Phys. Rev. Lett. 134 (2025) 17

dσ/dpγγ
T

dσ/dϕacop
dσ/dϕ*η

dσ/daT

➤ Di-photon production at the LHC with  GeV 
➤ The main SM background of  
➤ Large pQCD and photon fragmentation corrections 
➤ NNLO =  terms: 

➤ NNLO in  and  channels: 
 
Tree and 1-loop ME: OpenLoops 
 
Two-loop, five-point full colour contributions 

➤ LO loop-induced process for  channel 
➤ NNLO  = NNLO + NLO (loop-induced new result) 

➤ Comparison with ATLAS 13 TeV data: 
➤ Better agreement but still with systematic deviation 
➤ Loop-induced corrections are crucial for the 

reduction of systematic uncertainties. 
➤ Future plan （to be included in public release）:  

➤ Impact of various photon-isolation algorithm 
➤ Extend to [0,1] GeV to complete N3LO

pγγ
T > 1

H → γγ

𝒪(α3
s )

qq̄ qg

gg
+

pγγ
T ∈
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https://inspirehep.net/literature/2872231


Drell-Yan @ N3LO QCD (  slicing)qT

dσ/dmW
T /σ

CDF II

XC, Gehrmann  et. al. PLB 840 (2023) 

3

and the beam functions [70–72], using the rapidity reg-
ulator proposed in [73]. These newly available results
provide the key ingredients for applying qT -subtraction
to processes with colorless final states at N3LO. The
perturbative beam functions are expressed in terms of
harmonic polylogarithms [74] up to weight 5, which can
be evaluated numerically with standard tools [75].

The resolved contribution above the q
cut
T for N3LO

Drell-Yan production contains the same ingredients of
the NNLO calculation with one extra jet. Fully di↵eren-
tial NNLO contributions for Drell-Yan-plus-jet produc-
tion have been computed in [76–78]. The application to
N3LO qT -subtraction further requires stable fixed-order
predictions at small qT [79–81], enabling the cancella-
tion of the q

cut
T between resolved and unresolved contri-

butions to su�cient accuracy. In this Letter, we em-
ploy the antenna subtraction method [82–85] to compute
Drell-Yan production above q

cut
T up to NNLO in pertur-

bation theory, implemented in the parton-level event gen-
erator NNLOJET [76, 79]. To achieve stable and reliable
fixed order predictions down to the qT ⇠ 0.4 GeV re-
gion, NNLOJET has been developing dedicated optimiza-
tions of its phase space generation based on the work
in [68]. This ensures su�cient coverage in the multiply
unresolved regions required for the qT -subtraction.

RESULTS

Applying the qT -subtraction method described above,
we compute Drell-Yan lepton pair production to N3LO
accuracy. For the phenomenological analysis, we restrict
ourselves to the production of a di-lepton pair through a
virtual photon only. We take ECM = 13 TeV as center
of mass collision energy and fix the invariant mass of
the di-lepton pair at Q = 100 GeV. Central scales for
renormalization (µR) and factorization (µF ) are taken at
Q, allowing us to compare with the N3LO total cross
section results from [14]. We use the central member of
PDF4LHC15_nnlo PDFs [86] throughout the calculation.

To establish the cancellation of qcutT -dependent terms
between resolved and unresolved contributions, Fig. 1
displays the qT distribution of virtual photon obtained
with NNLOJET (used for the resolved contribution) and
obtained by expanding the leading-power factorised pre-
diction at small qT using Eq. (2) up to O(↵3

s). The high-
est logarithms at this order are 1/qT ln5(Q/qT ). The
singular qT distribution is expected to match between
NNLOJET and SCET, which is a prerequisite for the
qT -subtraction method. This requirement is fulfilled by
the nonsingular contribution (NNLOJET minus SCET)
demonstrated in the bottom panel of Fig. 1. Remarkably,
the agreement starts for qT at about 2 GeV and extends
down to 0.32 GeV for each perturbative order. Numerical
uncertainties from phase space integrations are displayed
as error bars. We emphasize that the observed agreement

FIG. 1: Perturbative contributions to transverse mo-
mentum distribution of the virtual photon up to ↵

3
s.

The upper panel displays the qT -distribution obtained
from NNLOJET and from expanding SCET to each
order. The bottom panel contains the nonsingular re-

mainder (NNLOJET minus SCET).

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-

tual photon.

is highly nontrivial, providing very strong support to the
correctness of the NNLOJET and SCET predictions.

In Fig. 2, we display the N3LO QCD corrections to
the total cross section for Drell-Yan production through
a virtual photon, using the qT -subtraction procedure, de-
composed into di↵erent partonic channels. The cross
section is shown as a function of the unphysical cut-
o↵ parameter q

cut
T , which separates resolved and un-

resolved contributions. Integrated over qT , both the

qq̄
gg
qq

qg

Σ
𝒪(qcut

T )

XC, Gehrmann, et. al. PRL. 128, 052001 (2022) 

➤ Fully differential N3LO correction in event generator 
➤ Recycle  @ NNLO with  slicing 

 

➤ Fiducial power correction removed via MC recoil technique. 
➤ Below-cut contribution from expansion of N3LL resummation to 

pp → V + J qT

𝒪(α3
s )

dσF
NkLO = ℋF

NkLO ⊗ dσF
LO δ(qT)

+ [dσF+jet
Nk−1LO

− dσF CT
NkLO]qT>qcut

T
+ 𝒪((qcut

T /Q)2)

NNLOJET: New Feature To Be Released

Billis, Ebert, Michel, Tackmann. EPJP 136, 214 (2021) 
Camarda, Cieri, Ferrera. PRD 104, L111503 (2021) 

XC, Gehrmann, Glover, Huss, Li, Neill et. al.. PLB 788, 425 (2019) 

➤ Ingredients: 3-loop soft and beam 
functions: 

 

➤ Independence on  slicing parameter 
➤ Validation against inclusive total XS: 

➤ Separated in parton channels  
➤ Foundation of numerical Monte Carlo 

qcut
T

Duhr, Dulat, Mistlberger. PRL. 125, 172001 (2020) 

Li, Zhu. PRL. 118, 022004 (2017) 
Luo, Yang, Zhu, Zhu. PRL. 124, 092001 (2020) 

Ebert, Mistlberger, Vita. JHEP. 09, 146 (2020) 

Xuan Chen (SDU)                                                           Precision frontier of pQCD with NNLOJET                  24

https://doi.org/10.1016/j.physletb.2023.137876
https://doi.org/10.1103/PhysRevLett.128.052001
https://inspirehep.net/literature/1752396
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Lo
op

s

loops + legs + scale = 7~8

Leg

N3LO QCD 
Phenomenology 
Study by year

17
16

15

23

22

21

20

19
18

Higgs (ggF HTL) total, Anastasiou, Duhr, Dulat, Furlan, Gehrmann et al.

Higgs (VBF) total, Dreyer, Karlberg

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

Higgs (ggF HTL) total, Mistlberger

Higgs (ggF HTL) yH, Cieri, XC, Gehrmann, Glover et. al.

Higgs (ggF HTL) yH, Dulat, Mistlberger, Pelloni

HH (VBF) total, Dreyer, Karlberg DIS (1-jet) diff, Currie, Gehrmann, Glover et. al.

Higgs (bbF) total, Duhr, Dulat, Mistlberger

HH (ggF) total, Chen, Li, Shao, WangHiggs (bb decay) diff, Modini, Schiavi, Williams

DY( ) total, Duhr, Dulat, Mistlberger
γ*

Higgs (bbF) total, Duhr, Hirschi, et. al.

 DY (W) total, Duhr, Dulat, Mistlberger

EEC diff, Duhr, Dulat, Mistlberger
Higgs (ggF HTL) diff, XC, Gehrmann et. al.
Higgs (ggF HTL) qT, Billis et. al.
DY (Z/ ) qT, Camarda, Cieri, Ferreraγ*

DY y , Chen, Gehrmann et. al.γ*
DY (Z/ ) total, Duhr, Mistlbergerγ*

DY (Z/ ) diff, XC, Gehrmann et. al.
γ*

DY (W) diff, XC, Gehrmann et. al.DY (Z/ ) diff, Neumann, Campbell et. al.

γ*

 from ZpT, Camarda, Ferrera, Schott

αs

VH total, Baglio, Duhr, Mistlberger, Szafron
 total, Chen, Guan, He, Liu, Ma

e +e − → tt̄

Higgs (ggF HTL) total, Anastasiou, Duhr, et al.

Higgs (ggF HTL) jet veto, Banfi, Caola, Dreyer, et al.

DY (Z/ ) qT, Camarda, Cieri, Ferrera

γ* 
, Chen, Chen, et al.

t → b + W 
, Chen, Li et. Al.

t → b + W

 Perturbative QCD @ N3LO
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State-of-the-Art QCD Calculations @ N3LO

DIS*

pp VH→ ∙

pp → γ ⋄

pp Z→ ⋄

pp W→ ⋄

pp W→ ⊙

H bb
*→

H JJ*→

JJ
e+e− →

†

 Inclusive 

 qT slicing 

  slicing 

 Projection-2-Born 

 Antenna subtraction

∙

⋄

⊙ τ

*

†

➤ Several phenomenologically 
relevant results despite the 
extreme complexity. 

➤ Available techniques are 
applicable to limited cases with 
high quality EXP data. 

➤ New approaches must be 
developed for more complicated 
scattering.  
 
(10 M  X00 k CPU hours)→
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Application of NNLOJET in  Colliders 
(Close Relation to Antenna Subtraction)

e+e−

di-jet @ N3LO   

H decay  di-jet @ N3LO 

e+e− →

→

(Antenna Subtraction) 2505.10618 

(Generalized Antenna) 2502.17333, 2508.14282  
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https://arxiv.org/abs/2505.10618
https://arxiv.org/abs/2502.17333
https://arxiv.org/abs/2508.14282


Antenna Subtraction @ N3LO Slide from Jakubcik @ LL24
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https://indico.desy.de/event/44685/contributions/185299/attachments/98420/135808/Marcoli.pdf


Antenna Subtraction @ N3LO Slide from Jakubcik @ LL24
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X0
5

X2
3

X1
4

X3
2

(Only for validation)

Antenna Subtraction @ N3LO
Integration of  finished for all final states:X0

5 , X1
4 , X2

3

  γ* → qq̄

  H → gg

  χ → g̃g

Jakubcik, Marcoli, Stagnitto  

JHEP 01 (2023) 168 

XC, Jakubcik, Marcoli, Stagnitto   

JHEP 06 (2023) 192 

XC, Jakubcik, Marcoli, Stagnitto  

 JHEP 12 (2023) 198 

Topology of  antenna functions:X0
5 , X1

4 , X2
3
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https://arxiv.org/abs/2211.08446
https://arxiv.org/abs/2310.13062
https://arxiv.org/abs/2306.10170


JJ @ N3LOe+e− →
➤ Simple process: 

➤ Only   N3LO antenna functions 
➤ Only dipole-like correlations at N3LO 
➤ Recycle ingredients from  @ NNLO 

➤ Goals: 
➤ Establish N3LO antenna subtraction framework 

➤ Extension of NNLO framework 
➤ Introduce sector antenna mapping to remove 

the requirement of sub-antenna functions 
➤ Exploration of numerical challenges: 

➤ One-loop double-unresolved regions 
➤ Two-loop single-unresolved regions 
➤ Rescue-system to trigger: 

1, Quadruple precision  
2, Taylor expansion of special functions 

➤ Preparation of computational framework: 
➤ Spike tests of multiple unresolved IR limits 
➤ Phase space generators 
➤ Code generation for N3LO MC.

γ* → qq̄

e+e− → JJJ

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

XC, Marcoli, 2507.12537
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➤ Fully working subtraction terms for all partonic channels: 
➤ Spike test in IR limits of RRR, RRV and RVV 

 
               

➤ Green  Blue  Red: deeper in IR divergence, better 
cancellation between ME and Subtraction terms. 

➤ Use sector antenna mapping in RRR and RRV: 
 

 sector:  @RRV 
 
 
 
 

 sector:  @RRR 
 

 sector:  @RRR 
 

 sector:  @RRR 

➤ Explicit pole cancellation checked analytically for RRV, 
RVV and VVV

tRRR = log10( 1 −
MRRR

SRRR
)

→ →

X̃4 e+e− → qq̄g̃g̃

˜̃X5 e+e− → qq̄g̃g̃g̃

X̃5 e+e− → qq̄g̃gg

X̄5 e+e− → qq̄g̃qq̄

JJ @ N3LOe+e− →

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

XC, Marcoli, 2507.12537

Xuan Chen (SDU)                                                           Precision frontier of pQCD with NNLOJET                  32

https://arxiv.org/abs/2505.10618
https://arxiv.org/abs/2507.12537
https://arxiv.org/abs/2505.10618


JJ @ N3LOe+e− →
➤ Basic checks: inclusive cross section

N3LO coefficient:

σ(3) = σ(0)( αs

2π )3(−102.14⋯)

XC, Jakubcik, Marcoli, Stagnitto, Phys. Lett. B. 869 (2025) 139804

σ(3) = σ(0)( αs

2π )3(−105 ± 11)

Monte Carlo error: 

Not so small for inclusive quantities due to large cancellations. 

Not the most clever way to compute inclusive cross sections.

Chetyrkin, Künn, Kwiatkowski, Phys. Rept. 277 (1996) 189

N3LO 2-jet rate:

R(3)
n (ycut) =

Γ(3)
γ*→n jets(ycut)

Γ(3)
γ*→hadrons

For back-to-back QCD emissions, we have at least two jets → n ≥ 2

R (3)
2 (ycut)Γ(3)

γ*→hadrons = ∫
ycut

0

dσ
dy23

dy23

R (3)
3 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy23

dy23 − ∫
1

ycut

dσ
dy34

dy34

R(3)
4 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy34

dy34 − ∫
1

ycut

dσ
dy45

dy45

R(3)
5 (ycut)Γ(3)

γ*→hadrons = ∫
1

ycut

dσ
dy45

dy45

m+2

∑
n=2

R(m)
n (ycut) = 1

with yij =
2min(E2

i , E2
j )

Q2
(1 − cosθij)

Gehrmann-De Ridder, Gehrmann, Glover, 
Heinrich, Phys. Rev. Lett. 100 (2008) 172001

Full agreement between direct and 
indirect calculation of R (3)

2 (ycut)

Exclusive n-jet rate @ N3LO:
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https://arxiv.org/abs/0802.0813


JJ @ N3LOe+e− →
➤ Differential observable: 

➤ Leading-jet energy  
➤ Defined on 2-jet events, bin-integrated 

and normalized to exclusive 2-jet XS 
➤ Lower orders vanish faster at high  

for smaller  due to energetic leading 
jet recoil against multiple emissions 

➤ Very good convergence for large  
➤ The distribution can be obtained by 

combining JJ @ NNLO and 
N3LO inclusive XS 

➤ Future plan: 
➤ Include in public release 
➤ Jet forward-backward asymmetry  
➤ JJJ @ N3LO

Ej1

Ej1
ycut

ycut

e+e− →

e+e− →

XC, Jakubcik, Marcoli, Stagnitto, 
Phys. Lett. B. 869 (2025) 139804

Full agreement up to NNLO with

Anastasiou, Melnikov, Petriello, 
Phys. Rev. Lett. 93 (2004) 032002
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Application of NNLOJET in  Colliders 
(Close Relation to Antenna Subtraction)

e+e−

di-jet @ N3LO   

H decay  di-jet @ N3LO 

e+e− →

→

(Antenna Subtraction) 2505.10618 

(Generalized Antenna) 2502.17333, 2508.14282  

Xuan Chen (SDU)                                                           Precision frontier of pQCD with NNLOJET                  35

https://arxiv.org/abs/2505.10618
https://arxiv.org/abs/2502.17333
https://arxiv.org/abs/2508.14282


Herzog, Ruijl, Ueda, Vermaseren, Vogt JHEP 08 (2017) 113 

Higgs  JJ @ N3LO→ Marcoli’s slide @ Loop Summit 2
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Higgs  JJ @ N3LO→
➤ We compute the decay of a Higgs boson into three jets up to NNLO in QCD 
➤ From this we can extract the 3-jet rate at NNLO and 2-jet rate at N3LO 
➤ Previous calculation in the Yukawa mode. Novel results in the gluonic mode.

Physical parameters:
mH = 125.09 GeV mZ = 91.2 GeV vev = 246.22 GeV αs(mz) = 0.118 mt(mH) = 166.48 GeV

yb(mH) = mb(mH)/vev = 0.011309 yc(mH) = mc(mH)/vev = 0.0024629

Mondini, Williams, JHEP 06 (2019) 120 
Mondini, Schiavi, Williams, JHEP 06 (2019) 079

Fox, Gehrmann-De Ridder, Gehrmann, Glover, Marcoli, Preuss 
Phys.Rev.Lett. 134 (2025)251905
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Higgs  JJ @ N3LO→
➤Thrust distribution from Higgs decay 

➤ Fraction of gg mode enhanced in the high multiplicity 
hard region 

➤ Perturbative predictions for the gluonic mode breaks 
down earlier than for the Yukawa one in pencil-like regions 

➤ All-order resummation effects are important in the back-
to-back region ( )τ → 0

Fox, Gehrmann-De Ridder, Gehrmann, Glover, Marcoli, Preuss [2508.14282]
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➤ Precision is not the ultimate goal  identify anomaly then understand 

➤ The most famous failed experiment: Michelson–Morley in 1887, foundation of special relativity.  1907 
Nobel Prize to Albert A. Michelson . 

➤ “… it seems probable that most of the grand underlying principles have been firmly established and 
that further advances are to be sought chiefly in the rigorous application of these principles to all the 
phenomena which come under our notice. … An eminent physicist remarked that the future truths of 
physical science are to be looked for in the sixth place of decimals.” —— Albert A. Michelson, 1894 
University of Chicago 

➤ NNLO QCD precision maybe solved, but still not easily accessible. Several ongoing efforts towards 
aotumation and generalization. N3LO is very challenging, but first steps have been made in this direction. 

➤ Generalized antenna functions yield a simpler and more efficient formulation of final-state IR subtraction. 
➤ First application of antenna subtraction to a fully-differential N3LO calculation. Gradual extension to more 

complicated processes is desired in the future.

→

→

FUTURE PROSPECTS
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Thank You for Your Attention



BACK UP SLIDES
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STATE-OF-THE-ART PREDICTIONS FOR dσN3LO+N3(4)LL
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Resummation Fixed OrderTransitionNon-perturbative

H

g

g

Hg

gg

t/b? ?

@ N3LL (full) 

@ N4LL (partial)

@N3LO V 

@NNLO V+jet

⊗ ⊕
MiNNLO 

Profiling

S.D. and L.D.  

NP models

dσ
dpT res

dσ
dpT F.O.

dσ
dpT res

+
dσ
dpT F.O.

−
dσ
dpT truncated

fNP(x, bT, ξ)
Lattice QCD

~2% (fitting data) 

> 10% (lattice)

~ 1% (single) 

~3% (multiple)

~ 1% (single) 

~3% (multiple)

~1-10%  

 (Scale Unc.)

➤Beyond QCD improved parton model

➤pQCD describes the tail of spectrum

➤Large logarithmic divergence 
 

➤Various LP resummation schemes

➤Multiple solutions in transition region

➤Non-perturbative effects ~ 1 GeV 
(Short distance and long distance effects)

ln
pT

Q
as pT → 1 GeV

PREDICTIONS OF COLOURLESS PT AT HADRON COLLIDER
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➤State-of-the-art differential N3LO predictions ( )
➤ Fully differential N3LO Drell-Yan production (via ) (XC, T. Gehrmann, N. Glover, A. Huss, T.-Z. Yang, H. X. Zhu 2021) 

➤ Apply qt-slicing at N3LO with SCET factorisation and expand to N3LO: 
 
 
 

➤ All factorised functions are recently known up to N3LO: 
1) 3-loop hard function   (T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli, C. Studerus 2010) 
2) Transverse-momentum-dependent (TMD) soft function  at  (Y. Li, H.X. Zhu 2016) 
3) Matching kernel of TMD beam function  at  (M.-X. Luo, T.-Z. Yang, H. X. Zhu, Y. J. Zhu 2019, M. A. Ebert, B. 
Mistlberger, G. Vita 2020) 

➤ Apply qt cut to factorise N3LO contribution into two parts:  

                

2 → 1
γ*

H(3)
qq̄

S(b⊥, μ) α3
s

Iqk α3
s

dσγ*
N3LO = [ℋγ* ⊗ dσγ*]N3LO

δ(pT,γ*)
+ [dσγ*+jet

NNLO − dσγ* CT
N3LO ]pT,γ*>qtcut

+ 𝒪(qt2
cut /Q2)

 PERTURBATIVE QFT FOR PRECISION PREDICTIONS
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  @ N3LOpp → γ*/Z

4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

[Chen, Gehrmann, Glover, AH, Yang Zhu '21]
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and the beam functions [70–72], using the rapidity reg-
ulator proposed in [73]. These newly available results
provide the key ingredients for applying qT -subtraction
to processes with colorless final states at N3LO. The
perturbative beam functions are expressed in terms of
harmonic polylogarithms [74] up to weight 5, which can
be evaluated numerically with standard tools [75].

The resolved contribution above the q
cut
T for N3LO

Drell-Yan production contains the same ingredients of
the NNLO calculation with one extra jet. Fully di↵eren-
tial NNLO contributions for Drell-Yan-plus-jet produc-
tion have been computed in [76–78]. The application to
N3LO qT -subtraction further requires stable fixed-order
predictions at small qT [79–81], enabling the cancella-
tion of the q

cut
T between resolved and unresolved contri-

butions to su�cient accuracy. In this Letter, we em-
ploy the antenna subtraction method [82–85] to compute
Drell-Yan production above q

cut
T up to NNLO in pertur-

bation theory, implemented in the parton-level event gen-
erator NNLOJET [76, 79]. To achieve stable and reliable
fixed order predictions down to the qT ⇠ 0.4 GeV re-
gion, NNLOJET has been developing dedicated optimiza-
tions of its phase space generation based on the work
in [68]. This ensures su�cient coverage in the multiply
unresolved regions required for the qT -subtraction.

RESULTS

Applying the qT -subtraction method described above,
we compute Drell-Yan lepton pair production to N3LO
accuracy. For the phenomenological analysis, we restrict
ourselves to the production of a di-lepton pair through a
virtual photon only. We take ECM = 13 TeV as center
of mass collision energy and fix the invariant mass of
the di-lepton pair at Q = 100 GeV. Central scales for
renormalization (µR) and factorization (µF ) are taken at
Q, allowing us to compare with the N3LO total cross
section results from [14]. We use the central member of
PDF4LHC15_nnlo PDFs [86] throughout the calculation.

To establish the cancellation of qcutT -dependent terms
between resolved and unresolved contributions, Fig. 1
displays the qT distribution of virtual photon obtained
with NNLOJET (used for the resolved contribution) and
obtained by expanding the leading-power factorised pre-
diction at small qT using Eq. (2) up to O(↵3

s). The high-
est logarithms at this order are 1/qT ln5(Q/qT ). The
singular qT distribution is expected to match between
NNLOJET and SCET, which is a prerequisite for the
qT -subtraction method. This requirement is fulfilled by
the nonsingular contribution (NNLOJET minus SCET)
demonstrated in the bottom panel of Fig. 1. Remarkably,
the agreement starts for qT at about 2 GeV and extends
down to 0.32 GeV for each perturbative order. Numerical
uncertainties from phase space integrations are displayed
as error bars. We emphasize that the observed agreement

FIG. 1: Perturbative contributions to transverse mo-
mentum distribution of the virtual photon up to ↵

3
s.

The upper panel displays the qT -distribution obtained
from NNLOJET and from expanding SCET to each
order. The bottom panel contains the nonsingular re-

mainder (NNLOJET minus SCET).

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-

tual photon.

is highly nontrivial, providing very strong support to the
correctness of the NNLOJET and SCET predictions.

In Fig. 2, we display the N3LO QCD corrections to
the total cross section for Drell-Yan production through
a virtual photon, using the qT -subtraction procedure, de-
composed into di↵erent partonic channels. The cross
section is shown as a function of the unphysical cut-
o↵ parameter q

cut
T , which separates resolved and un-

resolved contributions. Integrated over qT , both the

qq̄
gg
qq

qg

Σ
𝒪(qcut

T )
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➤qT slicing at N3LO for neutral and charged current production (NNLOJET)

∑ dσV
N3LO ≡ ∑

dpT,V

dσV+jet
NNLO/dpT,V |pT,V>qcut

T
+ ∑

dpT,V

dσV SCET
N3LO /dpT,V |pT,V∈[0,qcut

T ]

XC, Gehrmann, Glover, Huss, Yang, Zhu Phys.Rev.Lett. 128 (2022) 5 XC, Gehrmann, Glover, Huss, Yang, Zhu Phys.Lett.B 840 (2023)

STATE-OF-THE-ART PREDICTIONS: dσN3LO

NC and CC Validated against inclusive XS within  5% uncertainty ±
Δσγ*

N3LO = − 7.98 ± 0.36 fb vs. − 8.03 fb
Duhr, Dulat, Mistlberger Phys.Rev.Lett. 125 (2020)
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➤qT slicing at N3LO for neutral and charged current production (MCFM)

STATE-OF-THE-ART PREDICTIONS: dσN3LO

Neumann and Campbell JHEP 11 (2023) 127Neumann and Campbell Phys.Rev.D 107 (2023) 1

pp → Z pp → W+

τcut corelates qcut
T

∑ dσV
N3LO ≡ ∑

dpT,V

dσV+jet
NNLO/dpT,V |pT,V>qcut

T
+ ∑

dpT,V

dσV SCET
N3LO /dpT,V |pT,V∈[0,qcut

T ]

CC agree to inclusive XS within  60% uncertainty of ± Δ(α3
s )

NC MCFM:
NC NNLOJET:

Xuan Chen (SDU)                                                           Precision frontier of pQCD with NNLOJET                  47

https://inspirehep.net/literature/2691867
https://inspirehep.net/literature/2112612


XC, T. Gehrmann, N. Glover, et. al. PRL 128, 252001 (2022)

qcut
T = 4 GeV

DYTurbo result with fiducial power correction

S. Camarda, L. Cieri, G. Ferrera Eur.Phys.J.C 82 (2022) 6

 @ N3LO (+ N3LL) QCD2 → 1

Precision Predictions at Hadron Collider
➤ Solid horizontal lines: NLO, NNLO at 1 GeV, N3LO at 4 GeV with MC error. 

➤ N3LO shows no plateau in 1905.05171 

➤ Pale dots are values used by DYTurbo in 2103.04974 and 2303.12781 (taken 
from 1905.05171). 

➤ Fiducial power corrections are not included. 

➤ Leads to 30% difference of N3LO coefficients at . 

➤ Solid dots are corrected values with fiducial power correction. 

➤ Central value shifts 2 pb starting from NLO (the dominant error). 

➤  pb uncertainty from MC and  (estimated from [3,5] GeV region). 

➤ Not consistent with DYTurbo update result of   pb uncertainty.

qcut
T = 4 GeV

±2.1 qcut
T

±0.7

DYTurbo result without fiducial power correction cited in ATLAS  fittingαs

S. Camarda, L. Cieri, G. Ferrera Phys. Rev. D 104, L111503 (2021) 
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W MASS IN CDFII MEASUREMENT
➤  two templates with  MeVdσ/dmW

T ΔmW = 100

Slide by Chris Hays ICHEP 2022

 100 MeV ~ 0.5-2% change in ΔmW = dσ/dmW
T  10 MeV ~ 0.1% precision in ΔmW = dσ/dmW

T
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➤CDF II use ResBos to generate theory templates

➤NLO+NNLL accuracy for W/Z production 

➤CSS factorisation and resummation of  in  space: 
 

 
 

➤Non-perturbative effects at  and large : 
 

pT b

αs(Λ) b

 assumes the BLNY functional formSNP

PRECISION PREDICTIONS IN CDF II

Balazs, Brock, Landry, Nadolsky and Yuan`97 to`03

Collins, Soper and Sterman`85

Collins and Soper `77

Brock, Landry, Nadolsky and Yuan `02

➤Use data driven method: 

mW
T ∼ 0.7 MeV, pl

T ∼ 2.3 MeV, pν
T ∼ 0.9 MeV

Fix g1 g2 g3

Global 
fit `03

CDFII 
fit

Global fit 
`03

CDFII 
fit

Global fit 
`03

pZ
T

αs

pZ
T /pW

T

Global fit by Brock, Landry, Nadolsky and Yuan `03

CDF supplementary materials `22

➤Scale uncertainty of  by DYQT pZ
T /pW

T

mW
T ∼ 3.5 MeV, pl

T ∼ 10.1 MeV, pν
T ∼ 3.9 MeV

Bozzi, Catani, Ferrera, de Florian, Grazzini `09 `11

CDF sm`22Not included in final result
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