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Polarization state
arXiv: 2505.09280

N-particle system:

|P1P2 . . .PN⟩ =
s1∑

k1=−s1

s2∑
k2=−s2

. . .

sN∑
kN=−sN

αk1,k2,...,kN |k1⟩P1 |k2⟩P2 . . . |kN⟩PN (1)

si (for i = 1, 2, . . . ,N) represent the spins of particles Pi (e.g., 1/2 for
fermions, 1 for vector bosons).

ki denote the spin projection quantum numbers for particles Pi , which
are defined along the respective momentum directions, labeled as êi .

The normalization condition:

s1∑
k1=−s1

s2∑
k2=−s2

. . .

sN∑
kN=−sN

|αk1,k2,...,kN |
2 = 1 (2)
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Quantum entanglement in polarization state
N-particle system:

|P1P2 . . .PN⟩ =
s1∑

k1=−s1

s2∑
k2=−s2

. . .

sN∑
kN=−sN

αk1,k2,...,kN |k1⟩P1 |k2⟩P2 . . . |kN⟩PN

When the N-particle system exhibits no quantum entanglement (QE), all
coefficients αk1,k2,...,kN satisfy the following factorization relation:

αk1,k2,...,kN = α̃
(1)
k1

α̃
(2)
k2

. . . α̃
(N)
kN

. (3)

Here, each α̃
(i)
ki

(i = 1, 2, . . . ,N) completely characterizes the
polarization state of particle Pi and satisfies the normalization condition

of
∑si

ki=−si

∣∣∣α̃(i)
ki

∣∣∣2 = 1.

Conversely, the existence of a factorized product structure in Eq. (3)
constitutes both a necessary and sufficient condition for the system to
be unentangled.
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Fundamental questions

To build an effective communication bridge between QE theory and
high-energy phenomenology, it is essential to address the following
fundamental questions:

The conditions αk1,k2,...,kN = α̃
(1)
k1

α̃
(2)
k2

. . . α̃
(N)
kN

serve as the necessary and
sufficient criterion for no QE in multi-particle systems. The central
challenge reduces to establishing experimental protocols to detect the
existence of this factorization.

For an arbitrary physical observable, under what conditions can its
measured values constitute a sufficient criterion for entanglement
existence in multi-particle systems? What would be the corresponding
entanglement criterion based on such observable measurements?
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ΛΛ̄
arXiv: 2505.09931, 2510.08031

∣∣ΛΛ̄〉 =
∑

k ,j=± 1
2

αk ,j |k⟩Λ |j⟩Λ̄ ,
∑

k ,j=± 1
2

∣∣αk ,j
∣∣2 = 1 (4)

The weak decay processes:

Λ → p + π− , Λ̄ → p̄ + π+ (5)

In the rest frames of Λ and Λ̄, the polar angle distributions of
final-state p and p̄ satisfy

1
ΓΛ→p+π−

dΓΛ→p+π−

d cos θp
=

1
2
(1 + αΛ cos θp) (6)

1
ΓΛ̄→p̄+π+

dΓΛ̄→p̄+π+

d cos θp̄
=

1
2
(
1 + αΛ̄ cos θp̄

)
(7)
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Decay processes

We parameterize the momentum directions of p in the Λ rest
frame and p̄ in the Λ̄ rest frame using spherical coordinates:

p : (θ1, ϕ1) → êp = (sin θ1 cosϕ1, sin θ1 sinϕ1, cos θ1) (8)

p̄ : (θ2, ϕ2) → êp̄ = (sin θ2 cosϕ2, sin θ2 sinϕ2, cos θ2) (9)

Decay amplitudes:

⟨p, π−|k⟩Λ =
1√
2π

ei(k−λp)ϕ1 d1/2
k,λp

(θ1)HΛ(λp) (10)

⟨p̄, π+|j⟩Λ̄ =
1√
2π

e−i(j+λp̄)ϕ2 d1/2
λp̄,j

(π − θ2)HΛ̄(λp̄) (11)

αΛ/Λ̄ are related to HΛ(λp)/HΛ̄(λp̄) by

αΛ/Λ̄ =

∣∣HΛ/Λ̄(− 1
2 )
∣∣2 − ∣∣HΛ/Λ̄(

1
2 )
∣∣2∣∣HΛ/Λ̄(

1
2 )
∣∣2 + ∣∣HΛ/Λ̄(− 1

2 )
∣∣2 . (12)
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Observables

Any observable constructed from the angular variables can be
expressed as

⟨O(θ1, θ2, ϕ1, ϕ2)⟩ =
∑

k ,j,m,n=± 1
2

Ok ,j;m,nαk ,jα
∗
m,n . (13)

Ok,j;m,n =
1

16π2

∑
λp,λp̄=± 1

2

(
1 − 2λpαΛ

) (
1 − 2λp̄αΛ̄

) ∫ 1

−1
d cos θ1

∫ 1

−1
d cos θ2

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2

O(θ1, θ2, ϕ1, ϕ2)e
i(k−m)ϕ1 ei(n−j)ϕ2 d

1
2

k,λp
(θ1)d

1
2

m,λp
(θ1)d

1
2
λp̄,j

(π − θ2)d
1
2
λp̄,n

(π − θ2) . (14)

⟨O(θ1, θ2, ϕ1, ϕ2)⟩ can also be written as

⟨O(θ1, θ2, ϕ1, ϕ2)⟩ = O0 +O1αΛ +O2αΛ̄ +O3αΛαΛ̄ . (15)
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Observables

⟨O(θ1, θ2, ϕ1, ϕ2)⟩ = O0 +O1αΛ +O2αΛ̄ +O3αΛαΛ̄ (16)

Observables Ranges Ranges under αk1,k2,...,kN = α̃
(1)
k1
α̃
(2)
k2

. . . α̃
(N)
kN

Criteria for QE
⟨O⟩ R1 R2 (∈ R1) R1\R2

The critiques 2507.15947 and 2507.15949 argue that if the purpose of an
experiment is to test quantum mechanics, then no conclusion derived from
quantum mechanics or quantum field theory may be used at any stage of the
analysis.

In their view, present measurements rely on angular correlations among the
momentum directions of different final-state particles to tomographically
reconstruct correlations in the initial-state polarizations. The relation connecting
the two (for example, in a fermion–antifermion system) involves the initial-state
fermion’s parameter governing parity (P) violation.

Any independent determination of this parameter inevitably relies on theoretical
calculations based on quantum mechanics or quantum field theory.
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Observables independent of αΛ and αΛ̄

For ⟨O(θ1, θ2, ϕ1, ϕ2)⟩ does not depend on αΛ and αΛ̄, i.e.

⟨O(θ1, θ2, ϕ1, ϕ2)⟩ = O0 =
1

16π2

∫ 1

−1
d cos θ1

∫ 1

−1
d cos θ2

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2 O(θ1, θ2, ϕ1, ϕ2) . (17)

Since O0 does not depend on αk ,j (k , j = ±1
2), ⟨O(θ1, θ2, ϕ1, ϕ2)⟩

cannot provide a quantum-entanglement criterion.
It is impossible to extract any information about the initial system’s
spin polarization from angular observables when there is no
violation of parity (αΛ = αΛ̄ = 0).
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Inequality-type criteria

If Op and Op̄ depend solely on the angular variables of p (θ1 and ϕ1)
and p̄ (θ2 and ϕ2), respectively, then for pure states there exists a
sufficient condition for quantum entanglement of the form

⟨OpOp̄⟩ ̸= ⟨Op⟩⟨Op̄⟩ . (18)

For example,

⟨cos θ1⟩ =
αΛ

3

(∣∣∣α− 1
2 ,−

1
2

∣∣∣2 + ∣∣∣α− 1
2 ,

1
2

∣∣∣2 − ∣∣∣α 1
2 ,−

1
2

∣∣∣2 − ∣∣∣α 1
2 ,

1
2

∣∣∣2) , (19)

⟨cos θ2⟩ = −αΛ̄

3

(∣∣∣α− 1
2 ,−

1
2

∣∣∣2 − ∣∣∣α− 1
2 ,

1
2

∣∣∣2 + ∣∣∣α 1
2 ,−

1
2

∣∣∣2 − ∣∣∣α 1
2 ,

1
2

∣∣∣2) , (20)

⟨cos θ1 cos θ2⟩ = −αΛαΛ̄

9

(∣∣∣α− 1
2 ,−

1
2

∣∣∣2 − ∣∣∣α− 1
2 ,

1
2

∣∣∣2 − ∣∣∣α 1
2 ,−

1
2

∣∣∣2 + ∣∣∣α 1
2 ,

1
2

∣∣∣2) .

(21)
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Inequality-type criteria

For a two-component mixed state in which each component is
unentangled, one finds

⟨Op⟩⟨Op̄⟩ = (p1⟨Op⟩1 + p2⟨Op⟩2)
(
p1⟨Op̄⟩1 + p2⟨Op̄⟩2

)
, (22)

⟨OpOp̄⟩ = p1⟨OpOp̄⟩1 + p2⟨OpOp̄⟩2 = p1⟨Op⟩1⟨Op̄⟩1 + p2⟨Op⟩2⟨Op̄⟩2 .
(23)

In this case, ⟨Op⟩⟨Op̄⟩ and ⟨OpOp̄⟩ need not be equal. Thus, a mixed
state satisfying ⟨OpOp̄⟩ ̸= ⟨Op⟩⟨Op̄⟩ is likewise unentangled
(separable).
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Ratio-type criteria

For two distinct physical observables A and B,

⟨A⟩
⟨B⟩

=
A0 + A1αΛ + A2αΛ̄ + A3αΛαΛ̄

B0 + B1αΛ + B2αΛ̄ + B3αΛαΛ̄

. (24)

If ⟨A⟩/⟨B⟩ is independent of αΛ and αΛ̄, there are two possibilities:
A0 and B0 are both nonzero. Since A0 and B0 do not depend on
αk ,j (k , j = ±1

2), in this case ⟨A⟩/⟨B⟩ = A0/B0 likewise does not
depend on αk ,j and therefore cannot provide an entanglement
criterion.
A0 and B0 both vanish.
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Ratio-type criteria: A0 and B0 both vanish
Four points in the αk ,j space as follows:

P1 : α− 1
2 ,−

1
2
= 1 , P2 : α− 1

2 ,
1
2
= 1 , P3 : α 1

2 ,−
1
2
= 1 , P4 : α 1

2 ,
1
2
= 1 .

(25)

At P1, we write ⟨B⟩ as

⟨B⟩P1 = B̃1αΛ + B̃2αΛ̄ + B̃3αΛαΛ̄ , (26)

Then, at the other points we have

⟨B⟩P2 = B̃1αΛ − B̃2αΛ̄ − B̃3αΛαΛ̄ , (27)

⟨B⟩P3 = −B̃1αΛ + B̃2αΛ̄ − B̃3αΛαΛ̄ , (28)

⟨B⟩P4 = −B̃1αΛ − B̃2αΛ̄ + B̃3αΛαΛ̄ . (29)

It follows that
4∑

i=1

⟨B⟩Pi = 0 . (30)
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Ratio-type criteria: obstruction

A = cos(ϕ1 + ϕ2) =⇒ ⟨A⟩ = κ
(
α− 1

2 ,
1
2
α∗

1
2 ,−

1
2
+ α∗

− 1
2 ,

1
2
α 1

2 ,−
1
2

)
(31)

B = cos(ϕ1 − ϕ2) =⇒ ⟨B⟩ = κ
(
α− 1

2 ,−
1
2
α∗

1
2 ,

1
2
+ α∗

− 1
2 ,−

1
2
α 1

2 ,
1
2

)
(32)

κ = −π2

32
αΛαΛ̄ (33)

Observables R1 R2 R1\R2
⟨A⟩/κ [−1, 1] [−1/2,1/2] [−1,−1/2) ∪ (1/2, 1]
⟨B⟩/κ [−1, 1] [−1/2,1/2] [−1,−1/2) ∪ (1/2, 1]
⟨A⟩/⟨B⟩ (−∞,+∞) (−∞,+∞) ∅

Because ⟨B⟩ has zeros, the value ranges of ⟨A⟩/⟨B⟩ over the general
and separable spaces of αk ,j (denoted R1 and R2) both span the entire
real line. ⟨A⟩/⟨B⟩ cannot be used to furnish a quantum-entanglement
criterion.
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Ratio-type criteria with additional spin information

For on-shell J/Ψ mesons produced at e+e− colliders,
experiments indicate that their spin projection quantum number
along the beam axis is ±1.
For the process e+ + e− → J/Ψ → Λ + Λ̄, if we restrict to ΛΛ̄ pairs
emitted back-to-back along the beam direction, then by
angular-momentum conservation each event places the pair
entirely in either

∣∣−1
2

〉
Λ

∣∣1
2

〉
Λ̄

or
∣∣1

2

〉
Λ

∣∣−1
2

〉
Λ̄
.

Consequently, for these events we obtain

⟨cos θ1 cos θ2⟩beam

= −αΛαΛ̄

9

(∣∣∣α− 1
2 ,−

1
2

∣∣∣2 − ∣∣∣α− 1
2 ,

1
2

∣∣∣2 − ∣∣∣α 1
2 ,−

1
2

∣∣∣2 + ∣∣∣α 1
2 ,

1
2

∣∣∣2)
=

αΛαΛ̄

9
. (34)
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Ratio-type criteria with additional spin information

Using the information provided by ⟨cos θ1 cos θ2⟩beam, we define

f1 = − 32
9π2

⟨cos(ϕ1 + ϕ2)⟩
⟨cos θ1 cos θ2⟩beam

=
(
α− 1

2 ,
1
2
α∗

1
2 ,−

1
2
+ α∗

− 1
2 ,

1
2
α 1

2 ,−
1
2

)
, (35)

f2 = − 32
9π2

⟨cos(ϕ1 − ϕ2)⟩
⟨cos θ1 cos θ2⟩beam

=
(
α− 1

2 ,−
1
2
α∗

1
2 ,

1
2
+ α∗

− 1
2 ,−

1
2
α 1

2 ,
1
2

)
. (36)

Observables Ranges Ranges under αk,j = βkγj criteria for entanglement
f1 [−1, 1] [−1/2,1/2] [−1,−1/2) ∪ (1/2, 1]
f2 [−1, 1] [−1/2,1/2] [−1,−1/2) ∪ (1/2, 1]
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Measurements

Junle Pei Constructing Quantum Entanglement Criteria for Collider ProcessesOctober 30, 2025 17 / 19



Measurements

f1
f2
-1/2

-1.0 -0.5 0.0 0.5 1.0

-0.6

-0.4

-0.2

0.0

cosθΛ

O
bs
er
va
bl
es
e++e-→J/ψ→Λ(→p+π-)+Λ(→p+π+)
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Conclusion

For the decay approach, we present a comprehensive framework
to detect QE in high-energy multi-particle systems.
By leveraging phase-space integration and the orthogonality
properties of Wigner d-functions, we derive diverse observables
through angular correlations in decay products and establish key
criteria for QE by calculating the exact quantum ranges and
classical ranges.
These results establish model-independent methodologies for
probing QE across collider experiments, bridging QE theory with
high-energy phenomenology, while offering novel pathways to
explore exotic particles and quantum properties in multi-particle
systems.
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