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Introduction

@ Defects are everywhere in QFTs: line operators, boundary,
domain wall, relation to (higher-form) symmetry, - - -

@ Wilson(-’t Hooft) loop operators in gauge theory are related to
confinement, precise definition of the gauge theories, - - -.

@ In supersymmetric gauge theory, it is natural to consider Wilson
loops (WLs) preserving part of the supersymmetries.
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|
BPS Wilson loops

Various tools are used to study the BPS WLs,
@ Weak coupling: Feynman diagrams.
@ Strong coupling: holographic dual, lattice (?).
@ General coupling: supersymmetric localization, integrability,
conformal bootstrap (defect CFT).
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N
BPS Wilson loops in AdS;/CFT,

@ The half-BPS circular WL in N' = 4 SYM in the fundamental
representation is dual to a half-BPS fundamental sting solution in
AdSs x S°.

[Berenstein, Corrado, Fischler, Maldacena, 98][ Drukker, Gross, Ooguri,
99]

@ String theory predicts that the vev of this WL is
(WIC)) ~ e,

in the large N, large A := g2/ N limit.
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|
BPS Wilson loops in AdSs x S°

The dual description is in term of a classical string solution in

AdSs x S°. For the case at hand, its worldsheet is a minimal surface in
AdS5.
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N
BPS Wilson loops in AdS;/CFT,

@ Based on results from one-loop perturbation calculations in the
field theory side, [Erickson, Semenoff, Zarembo, 00] conjectured that
this vev can be computed using the Gaussian matrix model (Later
confirmed by localization [Pestun, 07]).

@ The field theory result in the large N limit is

2

WIC]) = —=1i(\).

(wic) 7 1(A)

@ In the large X limit, the above results gives
VA

(WC]) ~ W
@ This is one of the earliest precision checks of AdS/CFT duality

beyond non-renormalization theorem.
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ABJM theory

@ ABJM theory is a three-dimensional (3d) N'=6U(N) x U(N)

Chern-Simons-matter theory.
@ The fields in the theory include

Fields representation of representation of
U(N) x U(N) | SU(4) R-symmetry group
Ay (adjoint, 1) 1
Ay (1,adjoint) 1
v (0,0) 4
Yr (0, 0) 1
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|
ABJM theory

@ ABJM theory is the low energy effective theory of N M 2-branes at
the tip of C*/Z,, orbifold singularity.

@ It admits two kinds of large N limits,
limit holographic dual

. B . type IlA string theory on
N,k — oo, with A = N/k fixed AdS, x CP?

N — oo, with & fixed M-theory on AdSy x S*/Zy,
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I
BPS Wilson loops in ABJM theory

WLs gravity duals
Half-BPS WLs . 3
[Drukker, Trancanelli, 09] AdS5(C AdSy) x point(€ CP7)
Bosonic 1/6-BPS WLs
[Drukker, Plefka, Young][Chen,JW]
[Rey, Suyama, Yamaguchi] 08

Fermionic 1/6-BPS WLs
[Ouyang, JW, Zhang, 15]

F1-string smearing
onaCP! c CP3

F1-string with a complicated
boundary conditions in CP3
[Correa, Giraldo- Silva, 19]
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-]
Half-BPS Wilson loops

@ We consider the half-BPS circular Wilson loop [Drukker, Trancanelli,
09] along the circle C' = {z* = (RcosT, RsinT,0)|7 € [0, 27|},
W[C] = TrP exp (—17{ d7'£10/2(7')> .
c

@ Here the superconnection 59/2 is given by

(5 F)
1/2 — fgc .AC :
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|
Half-BPS Wilson loops

@ The components explicitly read:
c 2T Y NP
A~ = Ay —1?(2a1a —op)|z|Y'Yy,

o o 2 _
AC = Auj;“—i%(QaIdJ—éf)MYJYI,
- 2 _ ;= .
fj = - 4};7(¥I§1b1’1ﬂ7
2m — .
f = [ el
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|
Half-BPS Wilson loops

@ As usual
## = dzt /dT .

@ oy are complex parameters satisfying

with &/ = ().

@ The spinors ¢(“ and 7, are

(> = (6i7/2,€_i7—/2) yo N = ( ee_ii://z2 ) :



|
1/3-BPS chiral primary operators

@ The 1/3-BPS chiral primary operator (CPO)
O = (CHP I E T (Y Yy, - YY)
@ Here C“ is a symmetric traceless tensor, satisfying

Ji--J
(CN7E = (O = O

and
Iy (AT
5J11(C )If'.-ILL =0.
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Correlation functions

@ We define the normalization factor Ny using the two point
function,
4B Nya

<OA(5U)OBT(?J)> = W7

with A 4 being the conformal dimension of O4.

@ For the circular Wilson loop with contour z(7) = (R cos T, Rsin,0)
and a local operator at a generic point (y1, y2, y3), conformal
symmetry fixes the correlation function to be of the form
[Berenstein et al., 98][Alday, Tseytlin, 11]

W(CIow) _ RA
VRGWIC ~ (12 + 2 — R + 4R22)~

where p = \/y? + y3, h = |y3| and Co is a function of k and N.
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Correlation function
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(a) Wilson line (b) Wilson loop

Figure: (a) Wilson line one-point function. (b) Wilson loop one-point function.
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Correlation functions

@ Inthe OPE limit L := \/p? + h2 > R, we have
WICIow) _ , B
VNo(W[C]) L

@ For the Wilson line one-point function of a CPO, we have,

(WILIO(r)) _ Bo 1

VNo(WIL])) — VNor
where r is the distance between the local operator.

@ The coefficients Bp and C are related by [Lewkowycz, Maldacena,
13]
Bo  Co

VNo 287
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|
Holographic dual of ABJM theory

@ ABJM with large N and finite k is dual to M-theory on on
AdS4 X 57/Zk.

@ The eleven-dimensional supergravity background consists of the
metric

ds® = gundXMdXN = dsh s, +4dsr g,

and the four-form flux
F4 = 3QAdS4 .

@ we have set the radius of the AdS, to 1.
@ From the AdS/CFT dictionary, the eleven-dimensional Planck

length is given by
. 9 \1/6
P\ n2kN ’
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|
Holographic dual

@ The metric on the unit (Euclidean) AdS, in Poincaré coordinates is
1 S
ds?gs, = ?(df + 6;jdztdaxl)

where i, =1,2,3.

@ To describe the metric on S7/7Z;, we parameterize the space
using four complex coordinates =/, (I =1, --- ,4) subject to the
constraint 3>7_, |2!|? = 1. Explicitly,

= cos&cosfeXp [l 1/}+s01 } ;
2 = cos(fsm—exp |:1C+w 901 } )
22 = smfcos e exp |:1 _d} + N )] )
2 = sm{sm o eXp [1 _¢ N )] )
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|
Holographic dual

@ We should impose the angular identification ¢ ~ ¢ + 2T due to the
7. quotient.

@ The metric on S7/Z;,, induced from the flat metric
dscs = Y1, d2!dzr, takes the form

dsgr/z, = (dC + A)* + dscps .
@ The one-form A is given by

A= % cos(2&)dy + % cos? € cos 01 dpy + % sin? € cos Oadps |
@ the Fubini-Study metric on CP? is
dspps = d&%+ %coﬁ £(dO? + sin® 01dy?)
+ % sin” &(d3 + sin® O2dip3)

1 1
+ cos? Esin? E(dy + 5 cos O1dp1 — 5,608 Oadpo) .
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|
Holographic dual

In Poincaré coordinates, the four-form flux F, and its corresponding
three-form potential c3 are

3
Fy :—4dz/\dz1 Adaz? A da?
z

1
c3 = — —3de Adx? Ada? .
z
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|
M-theory dual of the WL

@ The WL in the fundamental representation (of U(N|N)) is dual to
a probe membrane in AdSy x S7/Zy,.

@ The membrane action is
Sme = Tz < / d3o\/detg — P[C3]>

@ Gup = 0, XM, XN gy is the induced metric on the M2-brane
worldvolume and P|[cs] is the pullback of ¢35 to the membrane
worldvolume.

@ Two is the tension of the M2-brane

1
Thp = ——— .
M2 4%213
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|
M-theory dual of the WL

@ Denoting the worldvolume coordinates of this M2-brane as
(09,01, 0%), the embedding of this brane is

z:Rsinal, xlchosalcosoo, xngcosolsinao,
2 0 0 0 0 _ 0
x3207<:0- +C )é-:g )91:015@1:¢1)92_025
_ .0 _ .0
P2 =y, ) =17,

where ¢°, €909, 9,69, ©9,4° are constants and the worldvolume
coordinate ranges are

0§a2§2—

0<o’<2r, 0<o'< E

s
9 )

@ The worldvolume of this M2-brane has the the topology AdS2 x S*
with AdSs in AdS, and S! along the ¢-cycle which is the M-theory
cycle.
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|
M-theory dual of the WL

@ The parameters «; defining the Wilson line in the boundary theory
are related to the brane embedding via [Lietti, Mauri, Penati, Zhang,
17]

ar = zr(€%, 67, ¢, 63, 5. ¢°) .

@ This provided important ingredients of the precise holographic

dual of the WL, and was not mentioned in [Drukker, Trancanelli, 09].
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-]
M-theory dual of the CPO

@ The chiral primary operators O are dual to fluctuations of both
the metric and the three-form potential in the eleven-dimensional
background:

Gun = gun +0gunY?,

A A
Cunp = cunp+ocynpY".

A _ (AT I 7 .
@ Here Y* = (C )hlmhLon1 --ag a't---a't are spherical
harmonics of S7/7Z;, with radius 1.
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M-theory dual of the CPO

@ The explicit forms of the fluctuations are [Biran, et al., 84][Castellani,
et al. 84][Bastianelli, Zucchini, 99]:

4 J(J +6) 77
A A A
5gmn = m ViV + Tgmn s — Fgmns s
1
59£ﬁ = gJQa,BSA»
5cﬁnp = 2€mmnpgVIs?,

where J = 2A = 2L.
@ The scalar field s*(z, z) depends only on the coordinates (z, z) of
AdS, and is determined by the boundary source s{'(y)

Az, z) = / P yGa(y: 2, 2)sy)
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M-theory dual of the CPO

@ Ga(y;z,z) is the boundary-to-bulk propagator

Galysz,2) =c (2>A :

ERr:

with the constant ¢ being

A+l
e =22 VES VAR H T
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N
The OPE limit

@ In the OPE limit L >> R, we can approximate

ZA
Ga(y;z,2) = Cﬁ7
9,51 =~ é3‘4,
z
A(A -1
6M61,3A ~ 0507 ( 5 )SA,

@ The metric fluctuation simplifies to:

2 J
Syl = —ngmnsA + ?csfna;sf‘ .
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|
Holographic WL 1-pt function

@ The WL one-point correlation function

W[C10%(y))

(WIC)VNo
is computed from the variation of the M2-brane action due to
background field fluctuations.

Ma- brone

)
™ K !
bl R ~To - oOMndﬂly/

Mos e
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Holographic WL 1-pt function

The Wess-Zumino term does not contribute, so the action variation is
1
Sz = Tuz [ d*0v/detgn 30,1 0, X Nags ¥4

where Gop = 0, XM 0, XN gprn is the induced metric on the
worldvolume.

30/49



|
Holographic WL 1-pt function

@ The action variation is

1
Sy = TMQ/d 0< COSUI > 5(—Jsin2 0)sAy4

sm 01

= —JTMg/d g COS01S YA.

@ Using the AdS/CFT dictionary, the correlation function reads

(WICloY(y) _ 9Sper _ | i
(WCHVNo — dsiy) _JTMZ/d3000801GA(y,x,z)Y
2A+4\/T+1 RS

kAd L2A
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|
Holographic WL 1-pt function

@ We define the OPE coefficients Cna as

WICION) . RS 4
WChNo oY

L2A
@ The holographic prediction is

. 281 /r(2A + 1)
0A — .

EAi
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Localization

@ The correlation function of a half-BPS Wilson line and a CPO with
A =1 can be computed using the supersymmetric localization.
[Guerrini, 23]

@ The half-BPS Wilson line is placed along the z3-axis at
(!, 22, 23) = (0,0, ).

@ The polarization vector «; in the definition of the Wilson loop is
chosen to be a; = (1,0,0,0).

33/49



Localization

@ The 1/3-BPS operator is inserted at (r cos 7, rsin 7, 0), and its
polarization vector are chosen as
1 i i 1 i i
ny=— 6_5T,O,€5T,O> , nl = — (657,0, —6_§T,O> .
V2 ( V2

@ Then 1/3-BPS operator with A = 1 in the along the circle is
O(1) = Te(ng(1)YE(1)a! (7)Y (1)).

@ This special choice of polarization vector makes the local operator
in the twisted-translated frame. [Drukker, Plefka, 09][Basso, Komatsu,
Vieira, 15][Pereira, 17][Yang, Jiang, Komatsu, JW, 21]
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Two point functions

@ The conformal symmetry and R-symmetry give strong constraints
on the two-point function of O,

(O(11)O(72)) = Nodiads: -
@ Here d;; is defined as
di‘ = — .
J ’$2 — $j|

@ For the operators in the twisted-translated frame, we have

n(Tl) . ﬁ(7'2) ISID TIETQ
dyy = =
[z(r1) —x(r2)|  2r|sin D52
leading to
1
diada) = —

4r2’
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Two point functions

@ Np is the normalization constant.
@ In ABJM, it is a non-trivial function of the coupling constant 1/k!

@ For arbitrary finite NV and &, the integrated two-point function is
given by [Agmon, et al., 17][Binder, et al., 19]

1 10%Zm
m=0

where Z[m] is the partition function of the mass-deformed ABJM
theory where m is the mass-deformation parameter.
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Localization

@ Using localization [Kapustin, Willett, Yaakov, 09][Jafferis, 10][Hama,
Hosomichi, Lee, 10], Z[m] can be expressed as

1 ik
Zim] = (N!)2(27r)2N/d)\idM exp [47(2 )\12 - ZM?)]

y HgéjQSinh )‘i;Aj HgéjQSinh%

[[; ;2 cosh %2 cosh(’”?‘i — wmr)
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Localization

@ By using the Fermi gas approach, all order perturbatrive 1/N
corrections to Z[m| can be resumed. The result is given in terms
of the Airy function [Marino, Putrov, 11][Guerrini, 23]

7P [m] = eACTBAICTA(N - B)],
where A, B, C are functions of k, r, m. Here we do not need the
explicit expressions for A and B. As for C, we have

2

C= .
m2k(1 4 4m?r?)
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Localization

@ the large N limit of the integrated two-point function reads

</d7’1(9(7'1)/d72(9(7-2)> — _167327«4 Z[lm] 628i£gn]

mNB/Q

12712

‘mzo

@ Here we have used the asymptotic expansion of the Airy function
: 2 32
Ai(x) ~ exp —3% ,

where an irrelevant factor (1/x)'/*/(2,/7) has been omitted.
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Localization

@ Let us recall that,
(O(11)O(12)) = Nodi2da; .

@ Performing the r-integrals on both sides of this equation yields

</dﬁo(n) /d720(72)> _ ”i{;fo.

Comparing this with the localization results fixes the normalization

mN3/2

1273

No =

in the large N limit.

40/49



Localization

@ The correlation function of the Wilson line W[L] and O is given by

[Guerrini, 23]
(WiLjo(©)) _B

(wizp o’
where B is the Bremsstranhlung function.

@ lts large N expansion (with finite k) takes the form [Beccaria,
Tseytlin, 25]

1 /N 1 2
— ot +O(N~?),

B(k’N)’N»l:% 2% 2k Ok
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Localization

@ Including the normalization factor, we have

The coefficient of 1/ is

B V3w
/No T 93/4pN\1/47
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Comparison

@ The holographic computation of the Wilson loop OPE coefficient
for the CPO gives
~ 25/4/3r

Co = ka4
by setting A = 1. The holographic correlation function for a

normalized CPO of dimension A = 1 with the Wilson line takes

the form
(WI[L]O)

VNo(WIL])
where 7 is the distance from the CPO to the line, and Y# is the
spherical harmonic factor.

al
2r’
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Comparison

@ For the Wilson line considered here, the polarization vector is
ar = (1,0,0,0), and the spherical harmonic evaluates to

YA = ﬁInJc)qu = 1/2 .
@ Thus, the holographic prediction for A =1 is

(W[L]O) _ CoY*  3r
VNo(WIL]) — 2r  23/4k1/4p7

which exactly matches the localization result.
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Conclusion

@ Correlation functions of BPS Wilson loops and local operators are
important observables in supersymmetric gauge theories.

@ We computed (W[C]O) for a half-BPS Wilson loop and a CPO by
using AdS/CFT duality.

@ The results coincide with localization prediction for A = 1.

@ We also computed (W([L|T},,) for a hal-BPS Wilson line
holographically.

@ The results involving the Bremsstrahlung function B(k, N) and
confirmed by the previous field theory results.
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Outlook: holography

@ lItis valuable to compute holographical WL one-point functions for
WLs in higher-dimensional respresentation and/or with less

supersymmetries.
@ For the F1-string smearing in a CP! ¢ CP?, | am wondering
whether the correct prescription is simply to average over this CP!.

@ How to treat the F'1-string complicated boundary condition in CP3?
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Outlook: localization and bootstrap

@ A localization formula for (W [C]O) with a generic CPO O would
be highly desirable.

@ It is interesting to study more ABJM (integrated) correlation
functions of WLs, single-trace BPS operator or giant gravitons
from localization results in mass-deformed ABJM theory.

@ WL two-point functions encode defect operator spectra, We
should try to compute them using superconformal bootstrap.
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Outlook: Integrablity

@ Integrability can be applied to compute the WL one-point functions
for non-BPS operators in the planar limit.

@ For WLs that correspond to integrable boundary states, the OPE
coefficients can be computed using the worldsheet g-function
approach [Jiang, Komastu, Vescovi, 19].

@ Steps have been taken at weak coupling and the result showed
that half-BPS and bosonic 1/6-BPS WLs give integrable boundary
states. [Jiang, Wu, Yang, 23]

@ A finite-coupling analysis remains an open challenge.
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