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Introduction 

Analytic Feynman integral frontier 

Case 1:      2loop 6point Feynman integrals 

Case 2:      3loop 5point Feynman integrals 

Summary

Outline 
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Based on 
Feynman integral Integral evaluation

      analytic computation of all 2loop 6point  
massless planar integrals 

3

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, Phys. Rev. Lett. 135 (2025) 3, 031601  

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, JHEP 08(2024) 027 



Based on 

Liu, Matijasic, Miczajka, Xu, Xu, YZ,  Phys.Rev.D 112 (2025) 1, 016021 (Editors’ Suggestion) 

Chicherin, Wu, Wu, Xu, Zhang,YZ, arXiv: 2512.17330  

Feynman integral Integral evaluation

analytic computation of all 
3loop 5point Feynman integral family

4



Based on package development 

“NeatIBP 1.0, a package generating small-size integration-by-parts relations for Feynman integrals” 
Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 108999 

“Performing integration-by-parts reductions using NeatIBP 1.1 + Kira” 
Wu, Boehm, Ma, Usovitsch, Xu, YZ, Comput.Phys.Commun. 316 (2025) 109798

5

NeatIBP collaboration

pfd-parallel, a Singular/GPI-Space package for massively parallel multivariate partial fractioning 
Bendle, Boehm, Heymann Ma, Rahn, Ristau, Wittmann, Wu, Xu, YZ, Comput.Phys.Commun. 294 (2024) 108942

pfd collaboration



Based on perturbative QCD computations

“Two-loop amplitudes for   corrections to Wγγ production at the LHC” 

Badger, Hartanto, Wu, YZ, Zoia,   JHEP12(2024) 221 

“Full-colour double-virtual amplitudes for associated production  

of a Higgs boson with a bottom-quark pair at the LHC” 

Badger, Hartanto, Poncelet, Wu, YZ, Zoia, JHEP03(2025) 066

O(α2
s )
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Introduction

Precision physics Formal theories 

Gravitational wave 
template computations

<latexit sha1_base64="tsgL1kbLv7h/LL3DKkracQpe4Kw=">AAACGXicbVDLSgMxFM34rPU16tJNsAiCUGakqBuh6MaFaAX7gHYsmTTThiaZIckIZehvuPFX3LhQxKWu/Bsz7YjaeiFwHvdyc48fMaq043xaM7Nz8wuLuaX88srq2rq9sVlTYSwxqeKQhbLhI0UYFaSqqWakEUmCuM9I3e+fpX79jkhFQ3GjBxHxOOoKGlCMtJHattNStMsRPIFjcJtcXA3h/je5NOyHpKxtF5yiMyo4DdwMFEBWlbb93uqEOOZEaMyQUk3XibSXIKkpZmSYb8WKRAj3UZc0DRSIE+Ulo8uGcNcoHRiE0jyh4Uj9PZEgrtSA+6aTI91Tk14q/uc1Yx0cewkVUayJwONFQcygDmEaE+xQSbBmAwMQltT8FeIekghrE2behOBOnjwNagdF97BYui4VyqdZHDmwDXbAHnDBESiDc1ABVYDBPXgEz+DFerCerFfrbdw6Y2UzW+BPWR9fbtaf+A==</latexit>

� = �LO + �NLO + �NNLO
N=8 supergravity UV finiteness

for instance, 
Driesse, Jakobsen , Klemm, Mogull, Nega, Plefka, Sauer, Usovitsch 
Nature 641 (2025) 8063, 603-607
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Feynman integrals

(CERN art image for supergravity)
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Why analytic  
multi-loop Feynman integrals/amplitudes?

8

• Analytic results can be very fast for numeric results 

• Analytic method can be a source for developing new numeric methods 

• Theoretical aspects of quantum field theory  

       for examples: 2loop N=4 SYM theory spacelike splitting amplitude 

                             Henn, Ma, Xu, Yan, YZ, Zhu, 	 Phys.Rev.D 112 (2025) 7, 076003 

• Quantum field theory computation of gravitational wave 

           analytic continuation/ Fourier transform is needed 

• Function space bootstrap for physical observable 

            Carrôlo, Chicherin, Henn, Yang, YZ, JHEP 07 (2025) 214 



Analytic Feynman integral 
computation and the methodology
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Current status of analytic Feynman integral computation

4-point 5-point 6-point 7-point 8-point

One-loop known known known known known

Two-loop most 
known

some  
results

? ? ?

Three-loop some  
results

? ? ? ?

Four-loop some 
results

? ? ? ?

with dimensional regulation
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Current status of analytic Feynman integral computation

4-point 5-point 6-point 7-point 8-point

One-loop known known known known known

Two-loop most 
known

some  
results

? ? ?

Three-loop some  
results

? ? ? ?

Four-loop some 
results

? ? ? ?

Liu, Matijasic, Miczajka, Xu, Xu, YZ, 
Phys.Rev.D 112 (2025) 1, 016021, editors’ suggestion  
 Chicherin, Wu, Wu, Xu, Zhang,YZ,  
arXiv 

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, PRL. 135, 031601  
Henn, Matijasic, Miczajka, Peraro, Xu, YZ, JHEP 08(2024) 027 
Henn, Peraro, Xu, YZ, JHEP 03 (2022) 056 
Abreu, Monni, Page, Usovitsch JHEP 06 (2025) 112

with dimensional regulation

10

Frontier



Canonical Differential Equation

Uniformly transcendental (UT) basis determination 
Canonical differential equation

Solving differential equation 

with boundary value

<latexit sha1_base64="RbtNQgPlBqMLlPH/IkvdZYGIi5s="></latexit> Z
d log(Wi1) � . . . � d log(Wik)

! polylogarithm functions or one-fold integration

<latexit sha1_base64="/NgfoLcsGIhkQoZllnKwa9hXmI0="></latexit>

@

@xi
I(x, ✏) = ✏Ai(x)I(x, ✏)

Henn 2013

analytic result
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Canonical Differential Equation, new insights
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Better Integration-by-parts (IBP) reduction Blade, Guan, Liu, Ma, Wu 2024  
       Comput.Phys.Commun. 310 (2025) 109538 
NeatIBP, Wu, Boehm, Ma, Xu, YZ 2023 
     Comput.Phys.Commun. 295 (2024) 108999 

Alphabet searching

Solving differential equation

Effortless, Matijasic, Miczajka to appear 
     https://github.com/antonela-matijasic/Effortless 

 BaikovLetter, Jiang, Liu, Xu,  Yang, 	 
       Phys.Lett.B 864 (2025) 139443  
 SOFIA Correia, Giroux, Mizera 2503.16601 

Novel representation of one-fold integration 

 Liu, Matijasic, Miczajka, Xu, Xu, YZ,  

       Phys.Rev.D 112 (2025) 1, 016021  

 ϵ-factorized differential equation algorithm ϵ-collaboration 2506.09124



2loop 6point Feynman integrals 

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, Phys. Rev. Lett. 135 (2025) 3, 031601 

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, JHEP 08(2024) 027 

Abreu, Monni, Page, Usovitsch JHEP 06 (2025) 112

for Next-to-Next-to-leading order  

production of 4 jets, 4 photons …
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2loop 5point massless Gehrmann, Henn, Lo Presti 2015 
Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia 2019

2loop 5point one-mass
Papadopoulos, Tommasini, Wever 2019 
Abreu, Ita, Moriello, Page, Tschernow, Zeng 2020 
Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia 2023 
Jiang,Liu,Xu,Yang 2024 
Badger, Becchetti,Giraudo, Zoia 2024

2loop 6point massless Henn, Matijasic, Miczajka, Peraro, Xu, YZ, 2025 

2loop 5point two-mass Cordero, Figueiredo, Kraus, Page and Reina 2023

5 scales

6 scales

7 scales

8 scales!

2loop Feynman integral: Scale frontier

<latexit sha1_base64="kWvo8AP9K68CdLn9CkZDmUEaATM="></latexit>s12, s23, s34, s45, s56, s16, s123, s345

for NNLO 4 jets production, 2 jets+ 2photons 

for leading-Color pp→ttH amplitudes with a light-quark loop
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All planar 2loop 6point integrals 

 Henn, Matijasic, Miczajka, Peraro, Xu, YZ, Phys. Rev. Lett. 135 (2025) 3, 031601  
 Abreu, Monni, Page, Usovitsch, JHEP 06 (2025) 112

Canonical Differential equation found, 202 UT integrals

267  
UT integrals

202  
UT integrals
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Momentum Twistor  external momenta         d=4

<latexit sha1_base64="/E/B4lk4wbttl0eJwWT3TuPJ3ys="></latexit>

�̃i =
hi, i+ 1iµi�1 + hi+ 1, i� 1iµi + hi� 1, iiµi+1

hi, i+ 1ihi� 1, ii ,

<latexit sha1_base64="H80kdy8KT+zG1jXuC8MBn9k1I3E="></latexit>

Zi =

✓
�i,↵

µi,�̇

◆
, i = 1, . . . 6

<latexit sha1_base64="oSCYT5W+M+heNgnfTs324GhHJAA="></latexit>pi = xi+1 � xi dual coordinates 

momentum twistor

<latexit sha1_base64="cW1o6sl9QroZvOEY3wSOXs7Zi8c="></latexit>

✏�̇↵̇x
↵̇��A,� = µA,�̇

✏�̇↵̇x
↵̇��B,� = µB,�̇

<latexit sha1_base64="Rw0M9K7C6x9mihbaZzZlvk3oHOM="></latexit>

(ZA, ZB) ! x
<latexit sha1_base64="pLvNQ6soHFQC8wGiZtszS+hpkCU="></latexit>

(Zi, Zi+1) ! xi+1

spinor helicity
<latexit sha1_base64="GUhPLH7ygJY514aA3rpyzWcCe9A="></latexit>

(�i,↵, �̃i,↵̇)

<latexit sha1_base64="rReUrZ0goKcpgLKMVfItAACWBRc="></latexit>

hZAZBZCZDi is dual conformally invariant
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Uniformly transcendental (UT) basis determination

<latexit sha1_base64="P6chUyYVJMiDQHmt5jY9GOIMq5o="></latexit>

N1 = �s12s45s156 ,

N2 = �s12s45(l1 + p5 + p6)
2 ,

N3 =
s45
✏5126

G

✓
l1 p1 p2 p5 + p6
p1 p2 p5 p6

◆
,

N4 =
s12
✏1543

G

✓
l2 � p6 p5 p4 p1 + p6
p1 p5 p4 p3

◆
,

N5 = �1

4

✏1245
G(1, 2, 5, 6)

G

✓
l1 p1 p2 p5 p6
l2 p1 p2 p5 p6

◆
,

N6 =
1

8
G

✓
l1 p1 p2

l2 � p6 p4 p5

◆
+

D2D11(s123 + s126)

8
,

N7 = � 1

2✏

�6

G(1, 2, 4, 5)D13
G

✓
l1 p1 p2 p4 p5
l2 p1 p2 p4 p5

◆
.

<latexit sha1_base64="mLt80vNeVSZMhNDOV5mxG2uTnQ0="></latexit>

Idb,i =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

Ni

D1D2D3D10D11D12D13
, i = 1, . . . , 7

key step

Chiral numerator 
(Arkani-Hamed, Bourjaily, Cachazo, Trnka 2011) 
/ Gram determinant  
correspondence

<latexit sha1_base64="m3Pl3XhsrowF9MvGBpbGbQ1KMYE="></latexit>

�6 = h12i[23]h34i[45]h56i[61]� h23i[34]h45i[56]h61i[12] .



2loop 6point top sector, UT integrals  

Henn, Matijasic, Miczajka, Peraro, Xu, YZ,    Phys. Rev. Lett. 135 (2025) 3, 031601  

evanescent, 6D weight-6 integral

<latexit sha1_base64="LaxcWRFLhZ6mMf3z4slkXI8QlmQ="></latexit>

IDP-a
1 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
1 �NDP-a

4

D1 . . . D9

IDP-a
2 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
2 �NDP-a

3

D1 . . . D9

IDP-a
3 = F3

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

µ12

D1 . . . D9

IDP-a
4 = F4✏

2

Z
d6�2✏l1
i⇡3�✏

d6�2✏l2
i⇡3�✏

1

D1 . . . D9

IDP-a
5 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
1 +NDP-a

4 + F5µ12

D1 . . . D9

UT integrals list

<latexit sha1_base64="fC+8qHr6XhMJ6/P1IFAwffafqiA="></latexit>

N1, N2, N3 and N4 are chiral numerators Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010 

5 MIs (this sector) 
267 MIs (whole family) evanescent

evanescent

18



<latexit sha1_base64="Qrsv8C9plFq1U0Lq5dtH2kDUf3w=">AAACPXicbVDLSgMxFM34rPXV6tJNsAquyoz4WhbduJKK0wd0SsmkmTY0jyHJCGWYT3Crn+N3+AHuxK1b03YWtvVA4HDOucnNCWNGtXHdD2dldW19Y7OwVdze2d3bL5UPmlomCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDfxW89EaSqFb8Yx6XI0EDSiGBkrPT30vF6p4lbdKeAy8XJSATnqvbJzEvQlTjgRBjOkdcdzY9NNkTIUM5IVg0STGOERGpCOpQJxorvpdNcMnlqlDyOp7BEGTtW/EyniWo95aJMcmaFe9Cbif14nMdFNN6UiTgwRePZQlDBoJJx8HPapItiwsSUIK2p3hXiIFMLG1lMM+iSCga9gGkyulnEaKA59lQVCMsqp0Vmeqfvzmbq/mAn81M+g7dVbbHGZNM+r3lX18vGiUrvNGy6AI3AMzoAHrkEN3IM6aAAMBuAFvII35935dL6c71l0xclnDsEcnJ9fGdWtRg==</latexit>

N1
<latexit sha1_base64="c7lqTsHvH3fTDkjubmny1a7wo3Y=">AAACPXicbVDLSgMxFM3UV63P6tJNsAquyoz4WhbduJKK0wd0SsmkmTY0jyHJCGWYT3Crn+N3+AHuxK1b03YWtvVA4HDOucnNCWNGtXHdD6ewsrq2vlHcLG1t7+zu7ZcPmlomCpMGlkyqdog0YVSQhqGGkXasCOIhI61wdDfxW89EaSqFb8Yx6XI0EDSiGBkrPT30Lnr7FbfqTgGXiZeTCshR75Wdk6AvccKJMJghrTueG5tuipShmJGsFCSaxAiP0IB0LBWIE91Np7tm8NQqfRhJZY8wcKr+nUgR13rMQ5vkyAz1ojcR//M6iYluuikVcWKIwLOHooRBI+Hk47BPFcGGjS1BWFG7K8RDpBA2tp5S0CcRDHwF02BytYzTQHHoqywQklFOjc7yTN2fz9T9xUzgp34Gba/eYovLpHle9a6ql48Xldpt3nARHIFjcAY8cA1q4B7UQQNgMAAv4BW8Oe/Op/PlfM+iBSefOQRzcH5+AR9arUk=</latexit>

N4

<latexit sha1_base64="D6T7KEWXJs3C/fUTSNJVHrO3PBg=">AAACPXicbVDJTsMwFHTKXrYWjlwsChKnKqnYjggunFAR6SI1VeW4TmvVS2Q7SFWUT+AKn8N38AHcEFeuOCUHaBnJ0mhmnv08YcyoNq775pSWlldW19Y3yptb2zu7lepeW8tEYdLCkknVDZEmjArSMtQw0o0VQTxkpBNObnK/80iUplL4ZhqTPkcjQSOKkbHSw92gMajU3Lo7A1wkXkFqoEBzUHWOgqHECSfCYIa07nlubPopUoZiRrJykGgSIzxBI9KzVCBOdD+d7ZrBY6sMYSSVPcLAmfp7IkVc6ykPbZIjM9bzXi7+5/USE132UyrixBCBfx6KEgaNhPnH4ZAqgg2bWoKwonZXiMdIIWxsPeVgSCIY+AqmQX61jNNAceirLBCSUU6NzopM0/+bafrzmcBP/QzaXr35FhdJu1H3zutn96e1q+ui4XVwAA7BCfDABbgCt6AJWgCDEXgCz+DFeXXenQ/n8ydacoqZffAHztc3G6ytRw==</latexit>

N2
<latexit sha1_base64="gf7M/3Doir1a9xNkIXiUcinijmw=">AAACPXicbVC7TsMwFHV4lvKGkcWiIDFVCe+xgoUJBZFCpSaqHNcpVv2IbAepivIJrPA5fAcfwIZYWXFKBmg5kqWjc861r0+cMqqN6745M7Nz8wuLtaX68srq2vrG5tadlpnCpI0lk6oTI00YFaRtqGGkkyqCeMzIfTy8LP37R6I0lSIwo5REHA0ETShGxkq3172j3kbDbbpjwGniVaQBKvi9TWcv7EuccSIMZkjrruemJsqRMhQzUtTDTJMU4SEakK6lAnGio3y8awH3rdKHiVT2CAPH6u+JHHGtRzy2SY7Mg570SvE/r5uZ5DzKqUgzQwT+eSjJGDQSlh+HfaoINmxkCcKK2l0hfkAKYWPrqYd9ksAwUDAPy6tlmoeKw0AVoZCMcmp0UWX84G/GDyYzYZAHBbS9epMtTpO7w6Z32jy5OW60LqqGa2AH7IID4IEz0AJXwAdtgMEAPIFn8OK8Ou/Oh/P5E51xqplt8AfO1zcdg61I</latexit>

N3

        chiral-numerator integrals are finite and  
calculated to weight-4, Dixon, Drummond, Henn 2011 

<latexit sha1_base64="XsWhuSNFWUkBB/1fAdGPBqZTyFY="></latexit>

ut2 = I[N2 �N3] = �2⌦̃odd +O(✏) ,

ut5 = I[N1 +N4] = 2⌦even +O(✏)
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2loop 6point top sector, UT integrals  

Henn, Matijasic, Miczajka, Peraro, Xu, YZ,    Phys. Rev. Lett. 135 (2025) 3, 031601  

evanescent, 6D weight-6 integral

<latexit sha1_base64="LaxcWRFLhZ6mMf3z4slkXI8QlmQ="></latexit>

IDP-a
1 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
1 �NDP-a

4

D1 . . . D9

IDP-a
2 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
2 �NDP-a

3

D1 . . . D9

IDP-a
3 = F3

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

µ12

D1 . . . D9

IDP-a
4 = F4✏

2

Z
d6�2✏l1
i⇡3�✏

d6�2✏l2
i⇡3�✏

1

D1 . . . D9

IDP-a
5 =

Z
d4�2✏l1
i⇡2�✏

d4�2✏l2
i⇡2�✏

NDP-a
1 +NDP-a

4 + F5µ12

D1 . . . D9

UT integrals list

5 MIs (this sector) 
267 MIs (whole family) evanescent

evanescent

20

Those integrals provide no independent weight-4 functions … 
not needed for two-loop amplitudes to the  orderO(ϵ0)



Complete canonical differential equation for 2l6p planar integrals

<latexit sha1_base64="9fjmYZ+acVvw9ktldepwV4Hykg4="></latexit>

@

@xi
I(x, ✏) = ✏Ai(x)I(x, ✏)

<latexit sha1_base64="UksdBw5LdhZKnNtqAEy8LZfkUrg="></latexit>

Ai =
@

@xi
Ã, Ã =

X

k

ãk log(Wk)

use alphabet to fit the canonical differential equation 

Use momentum twistor 
Variables  

267  267 for double pentagon 
202  202 for hexagon box 

×
×

21



Even letter, Odd letter and the more complicated …

 Even letter
<latexit sha1_base64="he3B2lKuavokIAR1GcCWG6iqF0U=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DgniMYB6QLGF2MpsMmZldZmaFsOQXvHhQxKs/5M2/cTbZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySj2YSU1/goWQhI9hk0l1Vn/bLFbfmzoCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X46u3WKTqwyQGGkbEmDZurviRQLrScisJ0Cm5Fe9DLxP6+bmPDaT5mME0MlmS8KE45MhLLH0YApSgyfWIKJYvZWREZYYWJsPCUbgrf48jJpndW8y9rFw3mlfpPHUYQjOIYqeHAFdbiHBjSBwAie4RXeHOG8OO/Ox7y14OQzh/AHzucPNyaNtg==</latexit>

F (s) a polynomial in Mandelstam variables 
or homogeneously linear in square roots 

Odd letter
<latexit sha1_base64="iIG9nK6AbhIJ3Ih1gpzHbi3G7/c=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWsSSiLdl0Y3LFuwFmlAm00k7dDKJMxOhhDyDG1/FjQtF3Lpy59s4TbOo1R8Gfr5zDmfO70WMSmVZ30ZhaXllda24XtrY3NreMXf32jKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxjfTeueBCElDfqcmEXEDNOTUpxgpjfpm1fEFwkmjIqsnjrwXKmlqm6YZOZ4nfbNs1axM8K+xc1MGuRp988sZhDgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIetpyFBDpJtlJKTzSZAD9UOjHFczo/ESCAikngac7A6RGcrE2hf/VerHyr9yE8ihWhOPZIj9mUIVwmg8cUEGwYhNtEBZU/xXiEdIZKZ1iSYdgL57817RPa/ZF7bx5Vq5f53EUwQE4BBVgg0tQB7egAVoAg0fwDF7Bm/FkvBjvxsestWDkM/vgl4zPHxE1nR0=</latexit>

P (s)�
p
Q(s)

P (s) +
p
Q(s)

<latexit sha1_base64="I5cpLKxeT97Cog912h8SwYZMSjI=">AAACAXicbVDLSgMxFM34rPU16kZwEyxCXVhmxNey6MZlBfuAzlAyaaYNzWNIMkIZ6sZfceNCEbf+hTv/xrSdhbYeCBzOuZebc6KEUW0879tZWFxaXlktrBXXNza3tt2d3YaWqcKkjiWTqhUhTRgVpG6oYaSVKIJ4xEgzGtyM/eYDUZpKcW+GCQk56gkaU4yMlTrufsBkr9w8hgFHiTYSnuRCxy15FW8COE/8nJRAjlrH/Qq6EqecCIMZ0rrte4kJM6QMxYyMikGqSYLwAPVI21KBONFhNkkwgkdW6cJYKvuEgRP190aGuNZDHtlJjkxfz3pj8T+vnZr4KsyoSFJDBJ4eilMGbdJxHbBLFcGGDS1BWFH7V4j7SCFsbGlFW4I/G3meNE4r/kXl/O6sVL3O6yiAA3AIysAHl6AKbkEN1AEGj+AZvII358l5cd6dj+nogpPv7IE/cD5/AFpvlY4=</latexit>

log(W ) 7! � log(W ) under the sign change of the square root

More  
complicated  

letter

<latexit sha1_base64="+0tQx3ApVllMD4pLWPDseI36WPA=">AAACMHicfVDLSsNAFJ3UV62vqEs3g0WoiCUpvpZFF7pswbZCE8JkOmmHTh7OTIQS+klu/BTdKCji1q9wkkbQVrwwcM6553LnHjdiVEjDeNEKc/MLi0vF5dLK6tr6hr651RZhzDFp4ZCF/MZFgjAakJakkpGbiBPku4x03OFF2u/cES5oGFzLUURsH/UD6lGMpJIc/dLyOMJJoyL2Dy1xy2XSdExFxt+klpJxZjj4x+DoZaNqZAVngZmDMsir4eiPVi/EsU8CiRkSomsakbQTxCXFjIxLVixIhPAQ9UlXwQD5RNhJdvAY7imlB72QqxdImKk/JxLkCzHyXeX0kRyI6V4q/tXrxtI7sxMaRLEkAZ4s8mIGZQjT9GCPcoIlGymAMKfqrxAPkEpQqoxLKgRz+uRZ0K5VzZPqcfOoXD/P4yiCHbALKsAEp6AOrkADtAAG9+AJvII37UF71t61j4m1oOUz2+BXaZ9f8FGo8Q==</latexit>

P (s)�
p
Q1(s)

p
Q2(s)

P (s) +
p
Q1(s)

p
Q2(s)

a Feynman integral’s even letters are all from Landau singularity 

<latexit sha1_base64="XGLQ9qBCLw8VRwgUy99JNbRZHJs="></latexit>

✏ijkl, �6, ,
p
�(s12, s34, s56)

pseudo  
scalar leading  

singularity 
hexagon

Källin function 
from massive triangle 
diagrams

“square roots”:
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Even letter, Odd letter and the more complicated …

156 Even letters

79 Odd letters

10 More  
complicated  

letters

245 letters up to weight four

<latexit sha1_base64="DmjZrzy+VAqyW0/V60sFfK53lI0="></latexit> s12, s123

s12 � s123

. . .

�s12s45 + s123s345

. . .
p
�(s12, s34, s56), ✏ijkl

<latexit sha1_base64="DhIhHdLZ17dCBq2eVn7Eh3iAi0Q="></latexit>

s12 + s34 � s56 �
p
�(s12, s34, s56)

s12 + s34 � s56 +
p
�(s12, s34, s56)

. . .

s12s23 � s23s34 + s23s56 + s34s123 � s234(s12 + s123)� ✏1234
s12s23 � s23s34 + s23s56 + s34s123 � s234(s12 + s123) + ✏1234

,

. . .

�s12s45s234 + s34s61s123 + s345(�s23s56 + s123s234)��6

�s12s45s234 + s34s61s123 + s345(�s23s56 + s123s234) +�6

<latexit sha1_base64="na5qpwBFP2nqopRBTKo5x4Ky46c="></latexit>

P � ✏1234
p

�(s12, s34, s56)

P + ✏1234
p

�(s12, s34, s56)

Then the canonical DE is derived analytically 
after ~50 times of numeric IBP running 

…

…
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more letters from the 6D double pentagon, 
which will appear on weight 6 … 



Boundary Values

Numeric boundary values
It is fine to use the package AMFlow to get ~100 digits as the boundary value 
for double-box, pentagon-triangle, hexagon-bubble diagrams

Liu, Wang, Ma, 2018 
Liu, Ma 2022

Analytic boundary values

It is still possible to get fully analytic boundary values
<latexit sha1_base64="10JUBYvzU/1vFGxjtQupkcgvTK8="></latexit>

X0 : {s12, s23, s34, s45, s56, s16, s123, s234, s345} ! {�1,�1,�1,�1,�1,�1,�1,�1,�1}

Solve the canonical DE on a curve starting with 
<latexit sha1_base64="K22stGvNI0PRGlWcBk46c1YqzeM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ7vn9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPcnY2J</latexit>

X0 and require the finite solution

Some known integrals20 boundary values 
}

analytic 
boundary 
value

boundary value for a point in the physical region also obtained 

24



Boundary Values

Analytic boundary values

Boundary values at the initial point, are combination of poly-logarithm of roots of unity

<latexit sha1_base64="HiIOX2UaeLXOLcA5Bg1sl53GTVs="></latexit>

✏4Idb,1(X0) = 1 +
⇡2

6
✏2 +

38

3
⇣3✏

3 +

✓
49⇡4

216
+

32

3
Im [Li2(⇢)]

2
◆
✏4,

✏4Idb,2(X0) = 1 +
⇡2

6
✏2 +

34

3
⇣3✏

3 +

✓
71⇡4

360
+ 20 Im [Li2(⇢)]

2
◆
✏4,

Idb,3(X0) = Idb,4(X0) = Idb,5(X0) = 0,

✏4Idb,6(X0) = �
✓

⇡4

540
+

4

3
Im [Li2(⇢)]

2
◆
✏4,

✏4Idb,7(X0) = 0.
<latexit sha1_base64="FZxgOa/dMpN9Fe02EOPHzdgjIUg=">AAACDXicbZDLSgMxFIYzXmu9VV26CVZBEMpMvW6EohuXFewFOkPJpJk2NJOMSUYow7yAG1/FjQtF3Lp359uYaWehrT8EPv5zDifn9yNGlbbtb2tufmFxabmwUlxdW9/YLG1tN5WIJSYNLJiQbR8pwignDU01I+1IEhT6jLT84XVWbz0Qqajgd3oUES9EfU4DipE2Vre078qBuHQDiXDipEk1PZqwq+6lhseZA2m3VLYr9lhwFpwcyiBXvVv6cnsCxyHhGjOkVMexI+0lSGqKGUmLbqxIhPAQ9UnHIEchUV4yviaFB8bpwUBI87iGY/f3RIJCpUahbzpDpAdqupaZ/9U6sQ4uvITyKNaE48miIGZQC5hFA3tUEqzZyADCkpq/QjxAJg1tAiyaEJzpk2ehWa04Z5XT25Ny7SqPowB2wR44BA44BzVwA+qgATB4BM/gFbxZT9aL9W59TFrnrHxmB/yR9fkDEyObkQ==</latexit>

⇢ =
1

2
+

p
3

2
i

from the ordinary differential equation 
spurious pole asymptotic analysis

25



Solution of canonical DE

<latexit sha1_base64="7tOIqazpDpkEC36RDUFAr1t/BzU=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXfDVC1MZ0EcwDkhBmZ2+SIbOzy8ysEJY0Nv6KjYUitv6DnX/jJNlCEw9cOJxzL/fe40WcKe0431ZmYXFpeSW7mltb39jcsrd3aiqMJYUqDXkoGx5RwJmAqmaaQyOSQAKPQ90b3Iz9+gNIxUJxr4cRtAPSE6zLKNFG6tj7Pi7jyxZEivFQ4IKPW5pxH/DVES537LxTdCbA88RNSR6lqHTsr5Yf0jgAoSknSjVdJ9LthEjNKIdRrhUriAgdkB40DRUkANVOJl+M8KFRfNwNpSmh8UT9PZGQQKlh4JnOgOi+mvXG4n9eM9bdi3bCRBRrEHS6qBtzrEM8jgT7TALVfGgIoZKZWzHtE0moNsHlTAju7MvzpHZcdM+Kp3cn+dJ1GkcW7aEDVEAuOkcldIsqqIooekTP6BW9WU/Wi/VufUxbM1Y6s4v+wPr8ATOFlno=</latexit>

dI = ✏(dÃ)I
<latexit sha1_base64="Vkwz1O49gXv/YnbzQ/hUpK4P4xc="></latexit>

I =
1

✏4

✓
I(0) + ✏I(1) + ✏2I(2) + ✏3I(3) + ✏4I(4) + . . .

◆ <latexit sha1_base64="LmVW5TCdmP4LCjEhvwwISBl9VZ8=">AAACIXicbVDLSgMxFM34tr6qLt0Ei1ARy4z46EbwsdGdgtVCpw6ZTNqGJpkhuSOUob/ixl9x40IRd+LPmLaz0OqBkMM555LcEyaCG3DdT2dicmp6ZnZuvrCwuLS8UlxduzVxqimr0VjEuh4SwwRXrAYcBKsnmhEZCnYXds8H/t0D04bH6gZ6CWtK0la8xSkBKwXF6uV9Vlbb/eP8DrJ64Pbxjs8VBH6bSElwOfKBi4jh0208jO16NlgsuRV3CPyXeDkpoRxXQfHDj2KaSqaACmJMw3MTaGZEA6eC9Qt+alhCaJe0WcNSRSQzzWy4YR9vWSXCrVjbowAP1Z8TGZHG9GRok5JAx4x7A/E/r5FCq9rMuEpSYIqOHmqlAkOMB3XhiGtGQfQsIVRz+1dMO0QTCrbUgi3BG1/5L7ndq3iHlYPr/dLJWV7HHNpAm6iMPHSETtAFukI1RNEjekav6M15cl6cd+djFJ1w8pl19AvO1zeXYKFM</latexit>

I(n) = I(n)X0
+

Z

�
(dÃ)I(n�1)

weight-1, weight-2
All in logarithm and classical poly-logarithm  

<latexit sha1_base64="SzC+HEWbTtGefIegqeGE+9vmodM="></latexit>

� log (�v1) log (�v2)�log (�v1) log (�v3)+log (�v1) log (�v4)�log (�v1) log (�v5)�
log (�v1) log (�v6) + 4 log (�v1) log (�v8) +

1

2
log2 (�v1) + log (�v2) log (�v3)�

log (�v2) log (�v4)�Li2

✓
1� v2v5

v7v8

◆
+log (�v2) log (�v6)+log (�v2) log (�v7)�

2Li2

✓
1� v2

v8

◆
�log (�v2) log (�v8)�log2 (�v2)�log (�v3) log (�v4)+log (�v3) log (�v5)�

Li2

✓
1� v3v6

v8v9

◆
� 2Li2

✓
1� v3

v8

◆
� log (�v3) log (�v8) + log (�v3) log (�v9) �

log2 (�v3) � log (�v4) log (�v5) � log (�v4) log (�v6) + 4 log (�v4) log (�v8) +
1

2
log2 (�v4)+log (�v5) log (�v6)+log (�v5) log (�v7)�2Li2

✓
1� v5

v8

◆
�log (�v5) log (�v8)�

log2 (�v5)�2Li2

✓
1� v6

v8

◆
�log (�v6) log (�v8)+log (�v6) log (�v9)�log2 (�v6)�

log (�v7) log (�v8)�
1

2
log2 (�v7)�log (�v8) log (�v9)+3 log2 (�v8)�

1

2
log2 (�v9)+

⇡2

6

<latexit sha1_base64="lJNyGbl58AAymECawQ7F/HCXy7Q=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqDEEHCTHC7CEEveotgFkhi6OnpSZr0LHTXiGGYi7/ixYMiXv0Mb/6NnWQOGn1Q8Hiviqp6TiS4Asv6MnJz8wuLS/nlwsrq2vqGubnVUGEsKavTUISy5RDFBA9YHTgI1ookI74jWNMZXo795j2TiofBLYwi1vVJP+AepwS01DN3rntJB9gDJK6THtrpXVKqHKT4vGcWrbI1Af5L7IwUUYZaz/zsuCGNfRYAFUSptm1F0E2IBE4FSwudWLGI0CHps7amAfGZ6iaTB1K8rxUXe6HUFQCeqD8nEuIrNfId3ekTGKhZbyz+57Vj8M66CQ+iGFhAp4u8WGAI8TgN7HLJKIiRJoRKrm/FdEAkoaAzK+gQ7NmX/5JGpWyflI9vjorViyyOPNpFe6iEbHSKqugK1VAdUZSiJ/SCXo1H49l4M96nrTkjm9lGv2B8fAN3RZWt</latexit>

I(2)db,1 =

26



Solution of canonical DE

<latexit sha1_base64="7tOIqazpDpkEC36RDUFAr1t/BzU=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAYhNmFXfDVC1MZ0EcwDkhBmZ2+SIbOzy8ysEJY0Nv6KjYUitv6DnX/jJNlCEw9cOJxzL/fe40WcKe0431ZmYXFpeSW7mltb39jcsrd3aiqMJYUqDXkoGx5RwJmAqmaaQyOSQAKPQ90b3Iz9+gNIxUJxr4cRtAPSE6zLKNFG6tj7Pi7jyxZEivFQ4IKPW5pxH/DVES537LxTdCbA88RNSR6lqHTsr5Yf0jgAoSknSjVdJ9LthEjNKIdRrhUriAgdkB40DRUkANVOJl+M8KFRfNwNpSmh8UT9PZGQQKlh4JnOgOi+mvXG4n9eM9bdi3bCRBRrEHS6qBtzrEM8jgT7TALVfGgIoZKZWzHtE0moNsHlTAju7MvzpHZcdM+Kp3cn+dJ1GkcW7aEDVEAuOkcldIsqqIooekTP6BW9WU/Wi/VufUxbM1Y6s4v+wPr8ATOFlno=</latexit>

dI = ✏(dÃ)I
<latexit sha1_base64="Vkwz1O49gXv/YnbzQ/hUpK4P4xc="></latexit>

I =
1

✏4

✓
I(0) + ✏I(1) + ✏2I(2) + ✏3I(3) + ✏4I(4) + . . .

◆ <latexit sha1_base64="LmVW5TCdmP4LCjEhvwwISBl9VZ8=">AAACIXicbVDLSgMxFM34tr6qLt0Ei1ARy4z46EbwsdGdgtVCpw6ZTNqGJpkhuSOUob/ixl9x40IRd+LPmLaz0OqBkMM555LcEyaCG3DdT2dicmp6ZnZuvrCwuLS8UlxduzVxqimr0VjEuh4SwwRXrAYcBKsnmhEZCnYXds8H/t0D04bH6gZ6CWtK0la8xSkBKwXF6uV9Vlbb/eP8DrJ64Pbxjs8VBH6bSElwOfKBi4jh0208jO16NlgsuRV3CPyXeDkpoRxXQfHDj2KaSqaACmJMw3MTaGZEA6eC9Qt+alhCaJe0WcNSRSQzzWy4YR9vWSXCrVjbowAP1Z8TGZHG9GRok5JAx4x7A/E/r5FCq9rMuEpSYIqOHmqlAkOMB3XhiGtGQfQsIVRz+1dMO0QTCrbUgi3BG1/5L7ndq3iHlYPr/dLJWV7HHNpAm6iMPHSETtAFukI1RNEjekav6M15cl6cd+djFJ1w8pl19AvO1zeXYKFM</latexit>

I(n) = I(n)X0
+

Z

�
(dÃ)I(n�1)

weight-3, weight-4

<latexit sha1_base64="Q1muL2y+8CXWNRzcNmOOKqMknp0="></latexit>

~I(4) = ~I(4)(~x0) +

Z 1

0
dt

dÃ

dt
~I(3)(~x0) +

Z 1

0
dt1

Z t1

0
dt2

dÃ

dt1

dÃ

dt2
~f (2)(t2)

= ~I(4)(~x0) +

Z 1

0
dt

 
dÃ

dt
~I(3)(~x0) +

⇣
Ã(1)� Ã(t)

⌘ dÃ

dt
~f (2)(t)

!
.

one-fold integration

It takes minutes on a laptop to get 14 digits for all 2loop 6point integrals  

from our solution in both Euclidean and Physical regions
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Refer to Johannes Henn’s talk this week  

for the application of those integrals, bootstrap 

“Bootstrapping Six-Gluon QCD Amplitudes” 

28



What about the higher weight (>4) for 

two-loop six-point integrals?

Liu, Matijasic, Peraro, Yang, Xu, YZ  

to appear	  

for Next-to-Next-to-Next-to-leading order  

production of 4 jets, 4 photons …

29



Double pentagon sector 

6D double pentagon, starts with weight six
<latexit sha1_base64="7e9kYxwtMPPGUB2NLdlFRV5Sj1A="></latexit>

I
DP-a
4 = F4✏

2

Z
d
6�2✏

l1

i⇡3�✏

d
6�2✏

l2

i⇡3�✏

1

D1 . . . D9
⇠ O(✏2)

Henn, Peraro, Xu, YZ, JHEP 03 (2022) 056

<latexit sha1_base64="EbixiLPi9jUNNoEg7o+oEJZCzhk="></latexit>

F4 =
1

8

�
G(1, 2, 3, 6)s245 +G(1, 2, 3, 5)s246 +G(1, 2, 3, 4)s256

�2✏1235✏1236s45s46 � 2✏1234✏1236s45s56 � 2✏1234✏1235s46s56)
1/2 ,

a square root  
not rationalised 

by momentum twistor

UT1

UT2

UT3

UT4

UT5

UT1 UT2 UT3 UT4 UT5 UT 6～267

UT 6～267

<latexit sha1_base64="zbR2aK7k4zC7Il/trO5yjkxsmx4="></latexit>

F4 +Ri

F4 �Ri
, i = 1, . . . 5

?

18 more letters 
from the diagonal block
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Double pentagon sector 

6D double pentagon, starts with weight six
<latexit sha1_base64="7e9kYxwtMPPGUB2NLdlFRV5Sj1A="></latexit>

I
DP-a
4 = F4✏

2

Z
d
6�2✏

l1

i⇡3�✏

d
6�2✏

l2

i⇡3�✏

1

D1 . . . D9
⇠ O(✏2)

Henn, Peraro, Xu, YZ, JHEP 03 (2022) 056

<latexit sha1_base64="EbixiLPi9jUNNoEg7o+oEJZCzhk="></latexit>

F4 =
1

8

�
G(1, 2, 3, 6)s245 +G(1, 2, 3, 5)s246 +G(1, 2, 3, 4)s256

�2✏1235✏1236s45s46 � 2✏1234✏1236s45s56 � 2✏1234✏1235s46s56)
1/2 ,

a square root  
not rationalised 

by momentum twistor

UT1

UT2

UT3

UT4

UT5

UT1 UT2 UT3 UT4 UT5 UT 6～267

UT 6～267

<latexit sha1_base64="zbR2aK7k4zC7Il/trO5yjkxsmx4="></latexit>

F4 +Ri

F4 �Ri
, i = 1, . . . 5

?

18 more letters 
from the diagonal block
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Double pentagon sector 

6D double pentagon, starts with weight six
<latexit sha1_base64="7e9kYxwtMPPGUB2NLdlFRV5Sj1A="></latexit>

I
DP-a
4 = F4✏

2

Z
d
6�2✏

l1

i⇡3�✏

d
6�2✏

l2

i⇡3�✏

1

D1 . . . D9
⇠ O(✏2)

Liu, Matijasic, Peraro, Yang, Xu, YZ, to appear	  

UT1

UT2

UT3

UT4

UT5

UT1 UT2 UT3 UT4 UT5 UT 6～267

UT 6～267

6 more letters 
from the off-diagonal block

Calico: Bertolini, Fontana, Peraro 

FiniteFlow: Perao
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Two-loop Six-point integrals to all orders of ϵ

Henn, Peraro, Xu, YZ, JHEP 03 (2022) 056

245 + 18 + 6 = 269 letters in total

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, Phys. Rev. Lett. 135 (2025) 3, 031601  

Liu, Matijasic, Peraro, Yang, Xu, YZ, to appear  

up to weight-4

2loop 6point massless planar integrals 
calculated to weight-six  

closed under the  
dihedral group action

32



3loop 5point Feynman integrals

Liu, Matijasic, Miczajka, Xu, Xu, YZ, 	  

Phys.Rev.D 112 (2025) 1, 016021, editors’ suggestion  

 Chicherin, Wu, Wu, Xu, Zhang,YZ,  

 arXiv 2512.17330  

from the request of John Ellis
for Next-to-Next-to-Next-to-leading order  

production of 3 jets, 3 photons …
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3loop 5point planar family

UT basis found! 

Canonical 
differential  
equation 
complicated ?

5 scales
<latexit sha1_base64="9e29mijGT1maUcxIokdLXbz7hEM="></latexit>s12, s23, s34, s45, s15

Liu, Matijasic, Miczajka, Xu, Xu, YZ, Phys.Rev.D 112 (2025) 1, 016021 

316 Master Integrals

Baikov analysis 
Gram determinant 

We use NeatIBP 1.0 to 
 derive the differential equation   

hard to integrate 
to weight-6? 

A novel one-fold 
representation

34

~100 million IBPs  85000 IBPs→



First family of 3loop 5point

UT basis found! 

Canonical differential  
equation  
found with NeatIBP

5 scales
<latexit sha1_base64="9e29mijGT1maUcxIokdLXbz7hEM="></latexit>s12, s23, s34, s45, s15

All boundary values up to weight-6 are  
obtained by spurious pole analysis   

Liu, Matijasic, Miczajka, Xu, Xu, YZ, Phys.Rev.D 112 (2025) 1, 016021 editors’ suggestion 

316 Master Integrals

31 letters …

weight-1,2,3 classical polylogarithm, weight-4,5,6 one-fold integration 
It takes 2 minutes on a laptop to get 10 digits from our analytic solution 
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Complete result of all 3loop 5point integrals  Chicherin, Wu, Wu, Xu, Zhang,YZ,  

 arXiv 2512.17330  

367 MIs 431 MIs 734 MIs

IBP reduction is extremely complicated, we have to use the latest NeatIBP 1.1 version

NeatIBP 1.1:   Syzygy + Spanning Cuts

Most complicated IBP system with cut, consists of  equations ∼ 105
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Complete result of all 3loop 5point integrals  Chicherin, Wu, Wu, Xu, Zhang,YZ,  

 arXiv 2512.17330  

top sector has 19 MIs

pure basis determination 

<latexit sha1_base64="eJNVTuhnUgXdbKwD1SYtrvlzHos="></latexit>
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loop-by-loop dlog integrand generation, dimensional shift 
module lift method 

We have not used chiral numerator for the pure integral construction,  , … tr(γ5…)
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cI polynomial in Mandelstam variables, rj rational numbers
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weight 1 2 3 4 5 6

 3loop 5point 
Symbols

5 20 76 285 1000 2220

small number  
good news for bootstrap 

Complete result of all 3loop 5point integrals  Chicherin, Wu, Wu, Xu, Zhang,YZ,  

 arXiv 2512.17330  

We confirmed the 3loop 5point letters from   

Symbols
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A3-loop
P = A2-loop

P [{cWi}5i=1 [ {fWi}20i=16 [ {fWi}55i=41 [ {fWi}80i=76
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4 ,
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, i 2 {41, 46, 51} ,

fW76 =
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q
�(1)

4

q76 + ✏5

q
�(1)

4

,

Chicherin, Henn, Trnka, Zhang JHEP 04 (2025) 022 
From the canonical differential equation

Three-loop pentagonal Wilson loop with Lagrangian insertion 
Chicherin, Henn, Xu, Zhang,YZ  arxiv: 2512.17881 
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Summary and Outlook

39



40

Analytic computation of all 2loop 6point planar massless integrals,   
all 3loop 5point integrals are done; 

  

NeatIBP, a powerful package for cutting-edge IBP reduction for precision physics

Multi-loop multi-leg Feynman integrals are no longer that difficult!

Cutting-edge multi-loop amplitude computations: full color W  , Hγγ bb̄


