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Others (in SYM) and we (in ABJM) discovered:

Permutation symmetry (loops≈legs)
in inclusive "# $ → & ,
which further motivates the study of:

Amplitude / correlator duality
in planar SYM(!) and ABJM(?).



SYM: Superamplitudes

|Φ(η̃)〉 = |+1〉+ (η̃)1|+ 1
2 〉+ (η̃)2|0〉+ (η̃)3|− 1

2 〉+ (η̃)4|−1〉

|Φ(η)〉 = (η)4|+1〉+ (η)3|+ 1
2 〉+ (η)2|0〉+ (η)1|− 1

2 〉+ |−1〉

fermionic Fourier transform:
chiral superspace ßà antichiral superspace

SSYM =
1

g2YM

∫
d4x tr

[
→1

4
F 2 → 1

2
(Dω)2 +

i

2
ε̄↑Dε + Lint

]

4d integrable QFT: planar !"($!)N=4 superconformal Yang-Mills theory

State sum:
∫

dη̃dη F (η)eηη̃G(η̃) =

∫
dη̃

[∫
dη F (η)eηη̃

]
G(η̃)



SYM: Differential Cross Sections

A(λ, λ̃, η̃) =
δ8(λη̃)

〈12〉 · · · 〈n1〉 + · · ·+ δ8(λη̃)

〈12〉 · · · 〈n1〉Rn,n−4(λ, λ̃, η̃)

A(λ̃,λ, η) =
δ8(λ̃η)

[12] · · · [n1] Rn,n−4(λ̃,λ, η) + · · ·+ δ8(λ̃η)

[12] · · · [n1]

MHV MHV

Independent of 1,2 helicities
due to N=4 supersymmetry.
See e.g. [Chicherin et al., 2512.23791].

∑

3···n
|out〈n · · · 3|21〉in|2 ∝

∫
dξ̃Fdη̃FA(λ, λ̃, ξ̃)δ(ξ̃F − η̃F )A(λ, λ̃, η̃)

= s412δ(ξ̃I − η̃I)

∫
dη̃dχ

A(λ̃,λ,χ)

δ8(λ̃χ)
e−η̃χA(λ, λ̃, η)

δ8(λη̃)

= 2×, -, /- ; eq.(2) of [2508.03813]



Correlator / Wilson-Loop / Amplitude

LL

Lightlike limit Planar limit

O20′

O20′

O20′

O20′

O20′

2

[Alday et al., 1007.3243]



Lagrangian Insertion & Loop Integrand
〈O1O2O3O4〉(!) ∼

∫
d4x5 · · · d4x4+!〈O1O2O3O4L5 · · · L4+!〉(0)

〈O1O2O3O4L5 · · · L4+!〉(0) = 2x4
13x

4
24

N2
c − 1

(4π2)4+!
F4+!(x1, · · · , x4+!)

permutation invariant
conformal weight = 4
rational with simple poles

O

L T L̄

Q4 Q̄4
Q2Q̄2



SYM: Planar (4-)f-Graphs

+ inequivalent permutations



SYM: Loops ≈ Legs (!)

Lagrangian-inserted
correlators of operators
in the same multiplet

Loops ≈ legs in
squared amplitudes ß

↑
[Eden et al., 1108.3557]

[Eden et al., 1201.5329]
↓

↑
[Boujaily et al., 1512.07912]

[Boujaily et al., 1609.00007]
↓

↑
[2410.09859]

[2503.15593]
↓

M (L)
n (x1, · · · , xn, xn+1, · · · , xn+L) = lim

x2
12,··· ,x2

n1→0
(x2

12 · · ·x2
n1)FN (x1, · · · , xN )

0" = 1 "#$ %&' ( − 1"

dual loop momenta $ = 3 + 5



SYM: PE Limit and usp Limit

L LK

div. from 1)#$ → 1$,+

L L

∫
d4xN+1FN+1

FN
∼ γ(1)

K
2

log x2
12

∫
d4xN+1FN+1

FN
∼ −Γ(1)

cusp

4
log x2

12 log x
2
23

div. from 1)#$ → 1+

stronger version of amplitude soft limit



Examples
!!"" = +!# +!$

%$"% = +%!

!! = %$ !# = %$ !# + !$ = %!(= 0)



ABJM: Superamplitudes

|Φ(η)〉 = |φ4〉+ (η)1|ψ1,2,3〉+ (η)2|φ1,2,3〉+ (η)3|ψ4〉
|Ψ(η)〉 = |ψ̄4〉+ (η)1|φ̄1,2,3〉+ (η)2|ψ̄1,2,3〉+ (η)3|φ̄4〉

|Ψ(η̄)〉 = (η̄)3|φ4〉+ (η̄)2|ψ1,2,3〉+ (η̄)1|φ1,2,3〉+ |ψ4〉
|Φ(η̄)〉 = (η̄)3|ψ̄4〉+ (η̄)2|φ̄1,2,3〉+ (η̄)1|ψ̄1,2,3〉+ |φ̄4〉

fermionic Fourier transform:
3 superspace ßà 3* superspace

3d integrable QFT: planar " $! ×"($!)N=6 superconformal Chern-Simons-matter theory

SABJM =
k

2ω

[∫
tr
(
A → dA↑ Â → dÂ

)
+

∫
d3x

(
↑|Dε|2 + iϑ̄↓Dϑ + Lint

)]
[Aharony et al., 0806.1218]

∈ (8! , 98!)
∈ (98! , 8!)

∈ (8! , 98!)
∈ (98! , 8!)

[A(ΦΨ · · · ; +k)]∗ = A(ΦΨ · · · ;−k)⇔Ashift(ΨΦ · · · ; +k)



∑

3···n
|out〈n · · · 3|21〉in|2 ∝

∫
dξFdηFAshift(λ, ξ; +k)δ(ξF − ηF )A(λ, η; +k)

= s312δ(ξI − ηI)

∫
dηdχ̄

A(λ, χ̄;−k)

δ6(λχ̄)
e−ηχ̄A(λ, η; +k)

δ6(λη)

ABJM: Differential Cross Sections

Independent of 1,2 helicities
due to N=6 supersymmetry.

= 2×, -;+; ; eq.(10) of [2508.03813]

Ashift(ω, ε; +k) = ϑ8(ωε)
[
A(0)

shift(ω, ε) + k→1A(1)
shift(ω, ε) + k→2A(2)

shift(ω, ε) + · · ·
]

A(ω, ε̄;→k) = ϑ8(ωε̄)
[
A(0)(ω, ε̄)→ k→1 A(1)(ω, ε̄) + k→2 A(2)(ω, ε̄) + · · ·

]



ABJM: Loops ≈ Legs (?)

Lagrangian-inserted
correlators of operators
in the same multiplet???

Loops ≈ legs in
squared amplitudes à

M (L)
n (x1, · · · , xn, xn+1, · · · , xn+L) = lim

x2
12,··· ,x2

n1→0
(x2

12 · · ·x2
n1)FN (x1, · · · , xN )

0" = 1 "#$ %&' ( − 1"

dual loop momenta $ = 3 + 5
checked up to <$,



ABJM: Planar∩Bipartite (3-)f-Graphs

"& = 2× =

−

+12×Manifests vanishing
at odd multiplicity

Gram identities

Manifests planarity



ABJM: PE Limit and usp Limit

div. from 1)#$,)#+ → 1$,+

stronger version of amplitude double soft limit

? ? ?

∫
d3xN+1d3xN+2FN+2

FN

div. from 1)#$,)#+ → 1+∫
d3xN+1d3xN+2FN+2

FN

? ? ?



Outlook
• “Correlator” in weakly-coupled ABJM, reproduce SYM success?

• Exploit permutation symmetry in higher-point SYM correlators

• Squared amplitudes in other theories, on-shell methods

• Consequences for observables such as energy correlators

•Odd-dimensional Feynman integrals



Back-up Slides



Polygonal Fishnets
coef =

∏
Cm(f)

Cmaxm(f)

C3 = +1, C4 = −1, C5 = +2,

C6 = −5, C7 = +14, C8 = −42.


