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Motivation

• Can we predict the number of particles in a high-energy QCD process?

• Particle number itself encodes non-perturbative physics, but its scale evolutoin 
can be predicted using perturbation theory.
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Hadron multiplicties

• An old problem: hadron multiplicities
[Schmelling ’95]

[Bassetto, Ciafaloni, Marchesini ’80; Amati, Bassetto, 
Ciafaloni, Marchesini, Veneziano ’80; Furmanski, Petronzio, 
Pokorski ’79; Konishi ’79; Mueller ’81]

• Perturbative expansion breaks down; 
requires resummation:

• Today: a new framework that can obtain (and generalize) this result.

Running and matching of detectors/light-ray operators
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Hadron detectors

• Hadron number detector:
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• Energy detector (ANEC):
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• Assuming massless particles; can also define detectors for massive particles

• Each detector has a scaling dimension  and a Lorentz boost weight . The 
hadron number detector has .

ΔL JL
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Detectors in perturbative QCD

• What is the space of QCD detectors at one-loop?

• What is the relation between QCD detectors and hadron multiplicities?
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BFKL

DGLAP

• Chew-Frautschi plot:

Level crossing?
Related to multiplicities!

ANEC



Light-ray matching hypothesis

• Measurements at infinity in the theory of hadron can be matched onto a linear 
combination of detectors/light-ray operators in perturbative QCD.
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local operator v.s. detector matching

: measurements at a point : measurements at infinity

Precisely described by 
local operators in the UV

Precisely described by 
detectors in the IR
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• Detectors/operators on both sides must transform in the same representation 
under symmetries preserved along the RG flow.

long distances high-energy states



Confinement as a Lorentz-invariant filter

Dimensional analysis:
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• IR detectors with definite Lorentz spin should be matched 
onto UV detectors with the same Lorentz spin:

• At high-energy, QCD detector with the smallest  
controls the scale-evolution of hadron multiplicities.

ΔL

See Hao’s talk for more details



Hadron multiplicities from DGLAP/BFKL mixing

scale-evolution 
of multiplicities

• Chew-Frautschi plot of pure Yang-Mills theory at one loop:

See also Nikolay’s talk



Light-ray operators and detectors in CFT
• Light-ray operators [Kravchuk, Simmons-Duffin ’18] are analytic continuation of null integral 

(light transform) of local operators.

• Each detector has a “spin shadow” .SJ : JL → 2 − d − JL
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•          has quantum numbers 
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• Choosing  gives an integral along future null infinity, and  
is the embedding space coordinate of the celestial sphere . This is a 
“detector operator”           .
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DGLAP detectors in free theory

• A detector that measures flux of .  gives the ANEC operator.

• Can be written as a bilocal integral along a null direction  at future null infinity.

E2−d−JL JL = 1 − d

z
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<latexit sha1_base64="FZtdpeIOILB7Qn2RhddjAq9uzck=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCG0siii5cFNzoroJ9QBvLZDpph04mYWYilJBv8APc6ie4E7d+g1/gbzhJs7CtBwYO59w793C8iFGpbPvbKK2srq1vlDcrW9s7u1Vzb78tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW9yk/mdJyIkDfmDmkbEDdCIU59ipLQ0MKv9AKmxxCK5Sx+T03Rg1uy6ncNaJk5BalCgOTB/+sMQxwHhCjMkZc+xI+UmSCiKGUkr/ViSCOEJGpGephwFRLpJHjy1jrUytPxQ6MeVlat/NxIUSDkNPD2Zx1z0MvE/rxcr/8pNKI9iRTieHfJjZqnQylqwhlQQrNhUE4QF1VktPEYCYaW7mruS/S2kL7NmnMUelkn7rO5c1O3781rjuuioDIdwBCfgwCU04Baa0AIMMbzAK7wZz8a78WF8zkZLRrFzAHMwvn4BlCScpA==</latexit>

I �

<latexit sha1_base64="wCyE44jgT0EmjoLBb2adT5xuhjA=">AAACI3icbVDLSsNAFJ34qLW+Wl26CRahbkoiUl0WBXHRRQX7gCaUyWTSDp1HmJlYSuhHuNW1X+NO3LjwX5y2WdjWAwNnzr2Xc+8JYkqUdpxva2Nzazu3k98t7O0fHB4VS8dtJRKJcAsJKmQ3gApTwnFLE01xN5YYsoDiTjC6m9U7z1gqIviTnsTYZ3DASUQQ1Ebq3Fc82Hcv+sWyU3XmsNeJm5EyyNDsl6ycFwqUMMw1olCpnuvE2k+h1ARRPC14icIxRCM4wD1DOWRY+el836l9bpTQjoQ0j2t7rv6dSCFTasIC08mgHqrV2kz8r9ZLdHTjp4THicYcLYyihNpa2LPj7ZBIjDSdGAKRJGZXGw2hhEibiJZcQhWqoZB6CHloruF4jARj5uONG6k3cw6itDGdmuTc1ZzWSfuy6taqtcercv02yzAPTsEZqAAXXIM6eABN0AIIjMALeAVv1rv1YX1aX4vWDSubOQFLsH5+ASb9pBk=</latexit>

F (↵1)

<latexit sha1_base64="qMh4LUWbUELyd6GJ19T7J3OsjWk=">AAACI3icbVC7TgJBFJ1FRcQXaGmzkZhgQ3aJQUuiibGgwEQeCUvI7OwsTJjHZmZWQjZ8hK3Wfo2dsbHwX5wFCgFPMsmZc+/Nuff4ESVKO863ldna3snu5vby+weHR8eF4klbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe444/v0nrnGUtFBH/S0wj3GRxyEhIEtZE692UPDqqXg0LJqThz2JvEXZISWKI5KFpZLxAoZphrRKFSPdeJdD+BUhNE8SzvxQpHEI3hEPcM5ZBh1U/m+87sC6MEdiikeVzbc/XvRAKZUlPmm04G9Uit11Lxv1ov1uFNPyE8ijXmaGEUxtTWwk6PtwMiMdJ0aghEkphdbTSCEiJtIlpxCVSgRkLqEeSBuYbjCRKMmY83aSRe6uyHSWM2M8m56zltkna14tYqtcerUv12mWEOnIFzUAYuuAZ18ACaoAUQGIMX8ArerHfrw/q0vhatGWs5cwpWYP38Aii3pBo=</latexit>

F (↵2)

• DGLAP detector in free theory:

<latexit sha1_base64="KHUzSm2MwX/SWapqQlpMDrfetP8="></latexit>

DDGLAP
JL

(z) /
Z

d↵1d↵2|↵1 � ↵2|d�2+JLFa(↵1, z)F
a(↵2, z)

<latexit sha1_base64="fGtMmf5ssE3lam0CdaZUB0isQsI="></latexit>

DDGLAP
JL

(z) → ωab
∑

ω

∫
dE E→JL→1

[
a†ω,a(p)aω,b(p)

] ∣∣∣
p=Ez

(assuming pure Yang-Mills for now)

• In the free theory, detectors can also be defined by how they act on particles.

<latexit sha1_base64="yj65IGvpQBor22XiIDXedwjvFUs="></latexit>

JL = 1→ d→ n ↑ DDGLAP
JL

↓ L[FωnF ]

light transform of twist-2 
local operators



Reciprocity relation
[Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin ’22]

<latexit sha1_base64="+7UQ8LgQbeHxFFckLbCa/vDLYMY="></latexit>

= 1→!L

<latexit sha1_base64="zmKdimZdgvKXhE/ceT6gt6p1xfw="></latexit>

= 2→d
2 → JL

<latexit sha1_base64="ifzfSZWzxoNlWI52KrZ0P4K5bIE="></latexit>

ωT (J) = ω(J → ωT (J))
<latexit sha1_base64="WtvX1oTRJc7eYkTBXK925rUIKrA="></latexit>

ω(J) = ωT (J + ω(J))

• Reciprocity relation: [Gribov, Lipatov ’72; Basso,Korchemsky ’06; Dokshitzer, Marchesini ’06]

• Instead of , we should use  as the quantum number for the anomalous 
dimensions of detectors.

J JL

• Local operators:  fixed,  corrected 
(spacelike anomalous dimension)

J Δ

• Detectors:  fixed,  corrected 
(timelike anomalous dimension)

JL ΔL



DGLAP detectors

• DGLAP detector in free theory:

• Well-defined for all .JL ∈ ℂ

• Become not IR safe after turning on interactions  need to be renormalized⇒

<latexit sha1_base64="fGtMmf5ssE3lam0CdaZUB0isQsI="></latexit>

DDGLAP
JL

(z) → ωab
∑

ω

∫
dE E→JL→1

[
a†ω,a(p)aω,b(p)

] ∣∣∣
p=Ez

(assuming pure Yang-Mills for now)

(See Hao’s talk later)

• For generic , running of the DGLAP detector is controlled by the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation.

JL

<latexit sha1_base64="rcOWYx98m5YhQHf38Ee/k/hdxAc="></latexit>

ωDGLAP(JL) = 4CA

(
ε(→JL) + ωE → 1

(JL + 2)(JL + 1)
→ 1

JL(JL → 1)

)
→ ϑ0

• Multiiplicities correspond to JL = − 2
<latexit sha1_base64="pzTXkuDKEM7LVHbIDyP3GjYulOg="></latexit>

→ ωDGLAP(JL) ↑
2CA

ε(JL + 2)



BFKL detector from the soft theorem

• The pole at  comes from the leading soft theorem.JL = − 2
<latexit sha1_base64="5jEbb8kYm+n368mNcI09RruZvRs="></latexit>

hDDGLAP
JL

(z)i1�loop =

Z
dPSn�1

Z
d���JL�1|Ftree(�z, p2, . . . , pn)|2

⇠
Z

dPSn�1

Z
d���JL�3

nX

i,j=2

pi · pj
z · piz · pj

faibicfajbjc
⇣
Fa2...bj ...an

tree

⌘⇤
Fa2...bi...an

tree

<latexit sha1_base64="EirJUSNVUP2NYrdY23KKMPge59k="></latexit>

1

JL + 2 tree-level matrix element of BFKL detector

<latexit sha1_base64="zo2Xle9ITrvvnM4YW33bs0wKdJI=">AAACKXicbVC7TsMwFHV4lvJqYWSxqJCYqgShwohgYWAAiT6kJlSO4xALP4LtgKqo38EKM1/DBqz8CE6bgbYc6UrH596rc33ClFFtXPfLWVhcWl5ZraxV1zc2t7Zr9Z2OlpnCpI0lk6oXIk0YFaRtqGGklyqCeMhIN3y4KPrdJ6I0leLWDFMScHQvaEwxMlYK4rscDTwY2sKjQa3hNt0x4DzxStIAJa4HdWfFjyTOOBEGM6R133NTE+RIGYoZGVX9TJMU4Qd0T/qWCsSJDvLx1SN4YJUIxlLZEgaO1b8bOeJaD3loJzkyiZ7tFeJ/vX5m4tMgpyLNDBF4YhRnDBoJiwhgRBXBhg0tQVhReyvECVIIGxvUlEukI51IZRIkIvsbQZ6x5Nw+/Oer3C+cwzi/GhXJebM5zZPOUdNrNVs3x42z8zLDCtgD++AQeOAEnIFLcA3aAINH8AJewZvz7nw4n873ZHTBKXd2wRScn18u+Kaz</latexit>

fa1b1c
<latexit sha1_base64="tWKSZSpADw/2SCw9omMHanNZQSg=">AAACKXicbVC7TsMwFHUKlPJuYWSxqJCYqqRChbGChYEBJFqQ2lA5jkOs+hFsh6qK8h2sMPM1bMDKj+C0GXgd6UrH596rc32ChFFtXPfdqSwsLlWXayura+sbm1v1xnZfy1Rh0sOSSXUTIE0YFaRnqGHkJlEE8YCR62B8WvSvH4jSVIorM02Iz9GdoBHFyFjJj24zNGrDwBbOR/Wm23JngH+JV5ImKHExajjVYShxyokwmCGtB56bGD9DylDMSL46TDVJEB6jOzKwVCBOtJ/Nrs7hvlVCGEllSxg4U79vZIhrPeWBneTIxPp3rxD/6w1SEx37GRVJaojAc6MoZdBIWEQAQ6oINmxqCcKK2lshjpFC2NigfriEOtSxVCZGIrS/EWSCJef2MZycZ8PCOYiy87xIzvud01/Sb7e8TqtzedjsnpQZ1sAu2AMHwANHoAvOwAXoAQzuwSN4As/Oi/PqvDkf89GKU+7sgB9wPr8AMnSmtQ==</latexit>

fa2b2c
<latexit sha1_base64="GVtBBJ3tdnbODQkT7NxTxTtM/pU="></latexit> p1 · p2
z · p1z · p2



BFKL detector in free theory

<latexit sha1_base64="1bgHoo19rJkZ272yNOVrx5MEHCI=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTRQuLgI1lBC8JJGfY20ySJXt7x+6eEI78BhsLRWz9QXb+GzfJFZr4YODx3gwz88JEcG1c99sprKyurW8UN0tb2zu7e+X9g4aOU8XQZ7GIVSukGgWX6BtuBLYShTQKBTbD0e3Ubz6h0jyWD2acYBDRgeR9zqixks8fs7NJt1xxq+4MZJl4OalAjnq3/NXpxSyNUBomqNZtz01MkFFlOBM4KXVSjQllIzrAtqWSRqiDbHbshJxYpUf6sbIlDZmpvycyGmk9jkLbGVEz1IveVPzPa6emfx1kXCapQcnmi/qpICYm089JjytkRowtoUxxeythQ6ooMzafkg3BW3x5mTTOq95l1b2/qNRu8jiKcATHcAoeXEEN7qAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwCxN46W</latexit>

i�

<latexit sha1_base64="wfAZ8ITlQMsgpR4l2koCRQFgfkg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokoevBQ8OKxgmkLbSyb7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6387K6tr6xmZpq7y9s7u3Xzk4bOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3U791hMqzRP5YMYpBjEdSB5xRo2VfP6Yu5NeperW3BnIMvEKUoUCjV7lq9tPWBajNExQrTuem5ogp8pwJnBS7mYaU8pGdIAdSyWNUQf57NgJObVKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6DnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadsQ/AWX14mzfOad1lz7y+q9ZsijhIcwwmcgQdXUIc7aIAPDDg8wyu8OdJ5cd6dj3nrilPMHMEfOJ8/tcaOmQ==</latexit>

i0

<latexit sha1_base64="3n6YWxlOFD9VqXnbgAfgPB0Nfp4=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCIJREFF24KLjRXQX7gDaWyXTSDp1MwsxEKCHf4Ae41U9wJ279Br/A33CSZmFbDwwczrl37uF4EaNS2fa3UVpZXVvfKG9WtrZ3dqvm3n5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt7kJvM7T0RIGvIHNY2IG6ARpz7FSGlpYFb7AVJjiUVylz4mp+nArNl1O4e1TJyC1KBAc2D+9IchjgPCFWZIyp5jR8pNkFAUM5JW+rEkEcITNCI9TTkKiHSTPHhqHWtlaPmh0I8rK1f/biQokHIaeHoyj7noZeJ/Xi9W/pWbUB7FinA8O+THzFKhlbVgDakgWLGpJggLqrNaeIwEwkp3NXcl+1tIX2bNOIs9LJP2Wd25qNv357XGddFRGQ7hCE7AgUtowC00oQUYYniBV3gzno1348P4nI2WjGLnAOZgfP0CkPCcog==</latexit>

I +

<latexit sha1_base64="FZtdpeIOILB7Qn2RhddjAq9uzck=">AAACDXicbVDLSsNAFL2pr1ofjbp0EyyCG0siii5cFNzoroJ9QBvLZDpph04mYWYilJBv8APc6ie4E7d+g1/gbzhJs7CtBwYO59w793C8iFGpbPvbKK2srq1vlDcrW9s7u1Vzb78tw1hg0sIhC0XXQ5IwyklLUcVINxIEBR4jHW9yk/mdJyIkDfmDmkbEDdCIU59ipLQ0MKv9AKmxxCK5Sx+T03Rg1uy6ncNaJk5BalCgOTB/+sMQxwHhCjMkZc+xI+UmSCiKGUkr/ViSCOEJGpGephwFRLpJHjy1jrUytPxQ6MeVlat/NxIUSDkNPD2Zx1z0MvE/rxcr/8pNKI9iRTieHfJjZqnQylqwhlQQrNhUE4QF1VktPEYCYaW7mruS/S2kL7NmnMUelkn7rO5c1O3781rjuuioDIdwBCfgwCU04Baa0AIMMbzAK7wZz8a78WF8zkZLRrFzAHMwvn4BlCScpA==</latexit>

I �

<latexit sha1_base64="O0oOEz2fAHD5gJebGtPN/BW20U8=">AAACI3icbVDLTsJAFJ2iIuILdOmmkZi4Iq0x6JJoYlywwEQeCVQynU7phHk0M1MJafgIt7r2a9wZNy78F6fAQsCTTHLm3Htz7j1+TInSjvNt5TY2t/LbhZ3i7t7+wWGpfNRWIpEIt5CgQnZ9qDAlHLc00RR3Y4kh8ynu+KPbrN55xlIRwR/1JMYeg0NOQoKgNlLn7imFA3c6KFWcqjODvU7cBamABZqDspXvBwIlDHONKFSq5zqx9lIoNUEUT4v9ROEYohEc4p6hHDKsvHS279Q+M0pgh0Kax7U9U/9OpJApNWG+6WRQR2q1lon/1XqJDq+9lPA40ZijuVGYUFsLOzveDojESNOJIRBJYna1UQQlRNpEtOQSqEBFQuoI8sBcw/EYCcbMpz9upP3M2Q/TxjRLzl3NaZ20L6purVp7uKzUbxYZFsAJOAXnwAVXoA7uQRO0AAIj8AJewZv1bn1Yn9bXvDVnLWaOwRKsn19Lt6TC</latexit>

F a1
<latexit sha1_base64="/I4BjwrX63brDQV/ON7cya1Z6NQ=">AAACI3icbVDLTsJAFJ36QMQX6NJNIzFxRVpi0CXRxLhggYk8EopkOp3ChHk0M1MJafgIt7r2a9wZNy78F6fQhYAnmeTMuffm3Hv8iBKlHefb2tjc2s7t5HcLe/sHh0fF0nFbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe4449v03rnGUtFBH/U0wj3GRxyEhIEtZE6d08JHFRng2LZqThz2OvEzUgZZGgOSlbOCwSKGeYaUahUz3Ui3U+g1ARRPCt4scIRRGM4xD1DOWRY9ZP5vjP73CiBHQppHtf2XP07kUCm1JT5ppNBPVKrtVT8r9aLdXjdTwiPYo05WhiFMbW1sNPj7YBIjDSdGgKRJGZXG42ghEibiJZcAhWokZB6BHlgruF4ggRj5uNNGomXOvth0pilybmrOa2TdrXi1iq1h8ty/SbLMA9OwRm4AC64AnVwD5qgBRAYgxfwCt6sd+vD+rS+Fq0bVjZzApZg/fwCTXGkww==</latexit>

F a2

<latexit sha1_base64="w9bJcCo0/XczPeVxbh0tyPSrnYg=">AAACI3icbVDLTsJAFJ2iIuILdOmmkZi4Iq0x6JJoYlywwEQeCVQynU7phHk0M1MJafgIt7r2a9wZNy78F6fAQsCTTHLm3Htz7j1+TInSjvNt5TY2t/LbhZ3i7t7+wWGpfNRWIpEIt5CgQnZ9qDAlHLc00RR3Y4kh8ynu+KPbrN55xlIRwR/1JMYeg0NOQoKgNlLn7in1B+50UKo4VWcGe524C1IBCzQHZSvfDwRKGOYaUahUz3Vi7aVQaoIonhb7icIxRCM4xD1DOWRYeels36l9ZpTADoU0j2t7pv6dSCFTasJ808mgjtRqLRP/q/USHV57KeFxojFHc6MwobYWdna8HRCJkaYTQyCSxOxqowhKiLSJaMklUIGKhNQR5IG5huMxEoyZT3/cSPuZsx+mjWmWnLua0zppX1TdWrX2cFmp3ywyLIATcArOgQuuQB3cgyZoAQRG4AW8gjfr3fqwPq2veWvOWswcgyVYP79Nc6TD</latexit>

F b1
<latexit sha1_base64="36hl5KG74L4QQznBu8EM8YnUgcQ=">AAACI3icbVDLTsJAFJ36QMQX6NJNIzFxRVpi0CXRxLhggYk8EopkOp3ChHk0M1MJafgIt7r2a9wZNy78F6fQhYAnmeTMuffm3Hv8iBKlHefb2tjc2s7t5HcLe/sHh0fF0nFbiVgi3EKCCtn1ocKUcNzSRFPcjSSGzKe4449v03rnGUtFBH/U0wj3GRxyEhIEtZE6d0+JP6jOBsWyU3HmsNeJm5EyyNAclKycFwgUM8w1olCpnutEup9AqQmieFbwYoUjiMZwiHuGcsiw6ifzfWf2uVECOxTSPK7tufp3IoFMqSnzTSeDeqRWa6n4X60X6/C6nxAexRpztDAKY2prYafH2wGRGGk6NQQiScyuNhpBCZE2ES25BCpQIyH1CPLAXMPxBAnGzMebNBIvdfbDpDFLk3NXc1on7WrFrVVqD5fl+k2WYR6cgjNwAVxwBergHjRBCyAwBi/gFbxZ79aH9Wl9LVo3rGzmBCzB+vkFTy2kxA==</latexit>

F b2

<latexit sha1_base64="aMmxsQmKhC4oyhw5EedHRenk1M4="></latexit>

N c(z) / ifabc
X

�

Z
Ed�2dE

2E

h
a†�,a(p)a�,b(p)

i���
p=Ez

• A Wilson loop at future null infinity decorated by 
four field strengths.

•  for all values of   a horizontal trajectory 
at  on the C-F plot.
ΔL = 0 JL ⇒

J = 1

<latexit sha1_base64="v63oKZPwuBX/y9hi5TzgsDwh1b8="></latexit>

KJL /
✓

�2z1 · z2
(�2z1 · z)(�2z2 · z)

◆� JL
2

• The BFKL detector is a product of two “color-interference” detectors smeared over 
the celestial sphere:

<latexit sha1_base64="tguhl5nXic4vHf0WV0cUuan0PVc="></latexit>

DBFKL
JL

(z) =

∫
Dd→2z1D

d→2z2 KJL(z1, z2, z) : N c(z1)N c(z2) :

project onto a single Lorentz irrep

color correlations

• Running is controlled by the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) equation.



DGLAP/BFKL mixing
<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

collinear divergence

soft divergence

<latexit sha1_base64="0oOk8LrLmGR4AsUoOHCrz/EJOuE="></latexit>

DBFKL
2→d (z) =

vol(Sd→3)

2
: N c(z)Gc :

<latexit sha1_base64="JzYmpaSzJF6HvfCYhMFLubQYPl0="></latexit>

Gc =

∫
Dd→2z↑ N c(z↑)

color charge operator:

<latexit sha1_base64="tcyPNBMs0GW3NmK/nzC0GJ2n3rs="></latexit>

N c(z1)N c(z2) →
g2µ̃2ω

2z1 · z2
DDGLAP

6→2d (z2)

light-ray OPE:

<latexit sha1_base64="DMXadccxfPefvMZ2IncsONPLAJM="></latexit>

→ g2µ̃2ω

JL ↑ 6 + 2d
↓DDGLAP

6→2d (z)↔

<latexit sha1_base64="Hoo/2S7/aLHuKMdTGs9FVBfl39s="></latexit>

→DBFKL
JL

(z)↑ ↓
∫

dω ωJL→5+2d g
2µ̃2ω

ω2
→DDGLAP

6→2d (z)↑

<latexit sha1_base64="IgxDvf3V25dVtW9njjYwih7Gjjg="></latexit>

→ DBFKL
2→d (z) = ↑vol(Sd→3)

2
CADDGLAP

2→d (z)



DGLAP/BFKL mixing
<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

collinear divergence

soft divergence

• A non-degenerate multiplet at the intersection:

• Renormalized detector:
<latexit sha1_base64="4uP5U8mBmI/hRd997QwANw8lSIs="></latexit>

[DJL ]R ⌘ Z�1
JL

DJL

should remove both -poles and -polesϵ JL



• Why ?αs

<latexit sha1_base64="CQKdb5wfl3RM0gqQ9nsGwsI2Ors="></latexit>

!+
L =

1

2

(
JL + 2 +

√
(JL + 2)2 +

8CA

ω
εs + . . .

)
+ . . .

Renormalization of DGLAP/BFKL detectors

<latexit sha1_base64="2VX2t+hejUJijZOE0K8QyvKHwiE="></latexit>

D =

(
→JL → 2 0

1 0

)
+

ωs

2ε

(
→ϑ1(JL) 4CA

→ϑ21(JL) →ϑ2(JL)

)
+O(ω2

s)

<latexit sha1_base64="r9OI9CFQN5tWx4xOcoo6eQhkNH8="></latexit>

ωs → 0
<latexit sha1_base64="4oZEzdmOkwqAvwKip1eGzm9kbLQ="></latexit>

JL → ↑2

<latexit sha1_base64="20rvOo0L+YxqL3vcaNkLI1Ec+4M="></latexit>√
2CA

ω
εs +O(εs)

<latexit sha1_base64="QfvO1UaXoGEwxrRI0yrk+/iZnYA="></latexit>

JL + 2 + ωs

(
2CA

ε (JL + 2)
+ . . .

)
+O(ω2

s)

<latexit sha1_base64="XiaWVReP7Js8DziVFzm7/dSffbs="></latexit>

ωDGLAP
T (JL)

a log multiplet!

• Dilatation matrix of the multiplet:



Renormalization of DGLAP/BFKL detectors

<latexit sha1_base64="2VX2t+hejUJijZOE0K8QyvKHwiE="></latexit>

D =

(
→JL → 2 0

1 0

)
+

ωs

2ε

(
→ϑ1(JL) 4CA

→ϑ21(JL) →ϑ2(JL)

)
+O(ω2

s)
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<latexit sha1_base64="C2gVTHquYJ94LF57YRaNQoyXt04=">AAACJHicbVDLSsNAFJ34tr5aXboJFsGNJRGpboSiLlx0oWBtoQllMrmxg/MIMxNLCf0Jt7r2a9yJCzd+i9M2C6seGDhz7r2ce0+UMqqN5306c/MLi0vLK6ultfWNza1yZftOy0wRaBHJpOpEWAOjAlqGGgadVAHmEYN29HAxrrcfQWkqxa0ZphByfC9oQgk2Vuqc+YfBJfSavXLVq3kTuH+JX5AqKnDdqzhLQSxJxkEYwrDWXd9LTZhjZShhMCoFmYYUkwd8D11LBeagw3yy8Mjdt0rsJlLZJ4w7UX9O5JhrPeSR7eTY9PXv2lj8r9bNTHIa5lSkmQFBpkZJxlwj3fH1bkwVEMOGlmCiqN3VJX2sMDE2oxmXWMe6L5XpYxHbawQMiOTcfoJBMw/GzlGSN0cjm5z/O6e/5O6o5tdr9ZvjauO8yHAF7aI9dIB8dIIa6ApdoxYiiKEn9IxenFfnzXl3Pqatc04xs4Nm4Hx9A/66pIo=</latexit>

= 1��L

<latexit sha1_base64="C0CqXkf8w33wbhFLhUzrxQOqrFI=">AAACI3icbVC7SgNBFJ2NGmN8JVraLAbBJmFXJNoIQRuRFBHMA7JLmJ2dTYbMY5mZNYQlH2GrtV9jJzYW/ouTR2ESDwycOfdezr0niClR2nG+rczG5lZ2O7eT393bPzgsFI9aSiQS4SYSVMhOABWmhOOmJpriTiwxZAHF7WB4N623n7FURPAnPY6xz2Cfk4ggqI3Uvik/9Oplt1coORVnBnuduAtSAgs0ekUr64UCJQxzjShUqus6sfZTKDVBFE/yXqJwDNEQ9nHXUA4ZVn4623dinxkltCMhzePanql/J1LIlBqzwHQyqAdqtTYV/6t1Ex1d+ynhcaIxR3OjKKG2Fvb0eDskEiNNx4ZAJInZ1UYDKCHSJqIll1CFaiCkHkAemms4HiHBmPl4o3rqTZ2DKK1PJiY5dzWnddK6qLjVSvXxslS7XWSYAyfgFJwDF1yBGrgHDdAECAzBC3gFb9a79WF9Wl/z1oy1mDkGS7B+fgHjKqPy</latexit>

= �JL � 1
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<latexit sha1_base64="C0CqXkf8w33wbhFLhUzrxQOqrFI=">AAACI3icbVC7SgNBFJ2NGmN8JVraLAbBJmFXJNoIQRuRFBHMA7JLmJ2dTYbMY5mZNYQlH2GrtV9jJzYW/ouTR2ESDwycOfdezr0niClR2nG+rczG5lZ2O7eT393bPzgsFI9aSiQS4SYSVMhOABWmhOOmJpriTiwxZAHF7WB4N623n7FURPAnPY6xz2Cfk4ggqI3Uvik/9Oplt1coORVnBnuduAtSAgs0ekUr64UCJQxzjShUqus6sfZTKDVBFE/yXqJwDNEQ9nHXUA4ZVn4623dinxkltCMhzePanql/J1LIlBqzwHQyqAdqtTYV/6t1Ex1d+ynhcaIxR3OjKKG2Fvb0eDskEiNNx4ZAJInZ1UYDKCHSJqIll1CFaiCkHkAemms4HiHBmPl4o3rqTZ2DKK1PJiY5dzWnddK6qLjVSvXxslS7XWSYAyfgFJwDF1yBGrgHDdAECAzBC3gFb9a79WF9Wl/z1oy1mDkGS7B+fgHjKqPy</latexit>

= �JL � 1

<latexit sha1_base64="C2gVTHquYJ94LF57YRaNQoyXt04=">AAACJHicbVDLSsNAFJ34tr5aXboJFsGNJRGpboSiLlx0oWBtoQllMrmxg/MIMxNLCf0Jt7r2a9yJCzd+i9M2C6seGDhz7r2ce0+UMqqN5306c/MLi0vLK6ultfWNza1yZftOy0wRaBHJpOpEWAOjAlqGGgadVAHmEYN29HAxrrcfQWkqxa0ZphByfC9oQgk2Vuqc+YfBJfSavXLVq3kTuH+JX5AqKnDdqzhLQSxJxkEYwrDWXd9LTZhjZShhMCoFmYYUkwd8D11LBeagw3yy8Mjdt0rsJlLZJ4w7UX9O5JhrPeSR7eTY9PXv2lj8r9bNTHIa5lSkmQFBpkZJxlwj3fH1bkwVEMOGlmCiqN3VJX2sMDE2oxmXWMe6L5XpYxHbawQMiOTcfoJBMw/GzlGSN0cjm5z/O6e/5O6o5tdr9ZvjauO8yHAF7aI9dIB8dIIa6ApdoxYiiKEn9IxenFfnzXl3Pqatc04xs4Nm4Hx9A/66pIo=</latexit>

= 1��L

pure YM QCD

<latexit sha1_base64="WevklsohLmFfhGdW4oei78p5f+4="></latexit>

Det(D +!L) = 0



Mapping out the C-F plot of QCD

Can be extracted from Pythia simulation/experiments

• By varying , we can see the shape of the leading trajectory of QCD in data!JL

• Define a more general hadron detector that measures massive particles and 
have general Lorentz spin:

<latexit sha1_base64="AKBiLiSZXqWduVHCQYlAKEcVEhY="></latexit>

d

d logQ
log→NJL(z)↑Q = ↓!L,imin(JL,ωs(Q)) + . . .

<latexit sha1_base64="9LF+M5Fy397V3At4oNLFmYAl3MY="></latexit>

NJL(z) →
∑

h

∫
ddp ω(p2 ↑m2)(2p · z)JLa†h(p)ah(p)



Comparison with Pythia simulation

ANEC

Multiplicities



Comparison with jet algorithm and CMS open data

• Jet algorithms break Lorentz invariance, but seem to only lead to mild modifications.

• Analytical results don’t agree with CMS open data due to the additional energy 
dependence from the quark/gluon fraction.



 Subleading trajectories
• The DGLAP anomalous dimension also has poles at .

• The pole at  (or ) is due to the mixing between DGLAP and its spin 
shadow (subleading soft theorem [Casali ’14]). The two detectors also become exactly 
the same at the intersection.

J = 0, − 1, − 2,…

J = 0 JL = − 1

-3 -2 -1 1 2 3
Δ-2

-1

1

2

J



C-F plot including subleading trajectories



Summary and outlook

• Explored the Chew-Frautschi plot of QCD at one-loop, 
and resolved the mixing between DGLAP/BFKL and 
DGLAP/shadow DGLAP trajectories.

• Argued that hadron multiplicities can be matched onto a 
linear combination of QCD detectors. The prediction for 
the -evolution agrees well with Pythia simulation.Q

• What other measurements can be matched onto QCD 
detectors? See Hao’s talk!

• Improve the comparison with CMS open data.

• Subleading trajectories and other intersections? 
Generalized BFKL detectors?

Future Directions:

Summary:
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Thank you!


