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Perturbation Theory in QM
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Perturbative expansion:

perturbation

At each order in the expansion, we find pole structures when energy levels are very close.

Numerically, this approximation is not good when the energy gap is  [resummation is needed]𝒪(λ)



Two-level system example
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If the first excited state is close to the ground state, while all other states are far-separated,

the leading approximation for lowest two states is a two-level system

Example:

Perturbative expansion for the ground state energy
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B is the energy gap for “free” Hamiltonian H0 =
B
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But everyone knows there is a straightforward way! [direct diagonalization]

<latexit sha1_base64="f5yONPFn9oUMyVnIF1/9CGdN5ao="></latexit>

H =
B
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Not easy to resum if one does not recognize the pattern of coefficients
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Avoided Level Crossing
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The “free” Hamiltonian has degeneracy at 
, but is lifted by small perturbation.B = 0

Varying the external field , we find 
avoided level crossing near .

B
B ∼ 0

Comparison btw two methods:

1. Perturbation + resummation


2. The existence of the second level is known, 
the direct diagonalization is much simpler.

[may not know the existence of the second level]

Apply perturbation within the valid regime

Resum the series near the intersection
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Avoided Level Crossing
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Nearly free electron model: single electron spectrum
In solid physics, the avoided crossing can have an influence on the band structures.

In this example, the 
continuous parameter is 
the momentum  in the 
first Brillouin zone.

k
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Turn on lattice potential

First Brillouin zone

Avoided level crossing is a general phenomenon in physics.
The immediate impact of avoided level crossing in a degenerate two state system is the emergence of a lowered energy eigenstate.

https://en.wikipedia.org/wiki/Avoided_crossingQuantum Resonance: e.g. benzene
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Avoided Crossing in QCD

8

pure gluon Chew-Frautschi Plot

local operator spin/detector dimension*

local operator dimension/detector spin*

* there may be a possible constant shift and a minus sign.

QCD Chew-Frautschi Plot
add quarks

See Cyuan-Han’s Talk



Light-ray Operators
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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E(~n) = lim
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Z 1
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dt ~niT

0i(t, r~n)
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• The energy flow operator is a non-local operator 
defined on a light-ray located at future null infinity

• The most important example of light-ray operator is 
energy flow operator/calorimeter/ANEC operator.

9

• Generalization to other local operators

[Kravchuk, Simmons-Duffin, 2018]

L[O](x, n) =

Z 1

�1
d↵(�↵)���J

O

⇣
x�

n

↵
, n

⌘

<latexit sha1_base64="trv+eusx82/e4iuZiFtabLTRH/I="></latexit>

direction 

starting point 

Examples of more general light-ray operators,

see [Chang, Kologlu, Kravchuk, Simmons-Duffin, Zhiboedov, 2020; 
Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin, 2022;…]

[Sveshnikov, Tkachov, 1996; Hofman, Maldacena, 2008;…]

~n
<latexit sha1_base64="0P5OUKnLanC1c3Aob/JAEH3LFUA="></latexit>

R
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<latexit sha1_base64="maLjFik+kSXBKLRbzMROQb+Nx5A="></latexit>

• Relation to collider observables
[Hofman, Maldacena, 2008; Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, 2013;…]

Interesting Objects 
for studying 

Lorentzian Dynamics



DGLAP Operators in QCD
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For unpolarized cases, there are only two kinds of twist-2 operators in QCD
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Physics Interpretation

[in free theory]

Measuring
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EJ�1

Not IR-safe measurement

O
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q =

1
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 ̄�+(iD+)J�1 
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Local Operators

lim
r!1

r2
Z 1

0
dt

<latexit sha1_base64="Q5dos+xut4a+IHW9WirFM6MprDM="></latexit>

=

2

6666666664

O
[J]
q (~n)

O
[J]
g (~n)

O
[J]
g̃,+(~n)

O
[J]
g̃,�(~n)

3

7777777775

<latexit sha1_base64="S0Ujhp89aSXWaWQc98OFWWH++s0="></latexit>

Light-ray Operators

Light Transform

The analytic continuation of even spin branch is

<latexit sha1_base64="jyrFFTPvUHzZUuT5u+Xp7RmSmPo="></latexit>

= Dq
JL

(n)

<latexit sha1_base64="bb5PZsVDGTmoxqDaFP2VKZLYiFI="></latexit>

= Dg
JL

(n)

 is the spin of light-ray operator, which is 
more useful than label  in the mixing problem. 
For bare DGLAP detectors, .

JL
J

JL = − 1 − J

[HC, Moult, Zhu, 2021]



Analyticity in Spin [S-matrix: Gribov-Froissart formula;

 CFT: Caron-Huot, 2017]
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2

Light-ray operators are expected to be the analytic continuation of local operators.
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[Kravchuk, Simmons-Duffin, 2018]

Physical interpretation of continuous operator spectrum:



Structures of DGLAP/BFKL mixing
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<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole
soft divergence

collinear divergence

<latexit sha1_base64="rOJJDF+mOF5UIw3XyuUnFFTAmKo=">AAACMXicbVDJTgJBFOzBDXEB9OhlIjHxRGaMQY+4JHrwgIksCRDS0zygQ8+S7jeGyYTf8Kr/4NdwM179CXuAgwNW0kml6r286nICwRVa1szIbGxube9kd3N7+weH+ULxqKH8UDKoM1/4suVQBYJ7UEeOAlqBBOo6AprO+C7xm68gFfe9F4wC6Lp06PEBZxS11OkgTDC+f3i6qU17hZJVtuYw14m9JCWyRK1XNPKdvs9CFzxkgirVtq0AuzGVyJmAaa4TKggoG9MhtDX1qAuqG89DT80zrfTNgS/189Ccq383YuoqFbmOnnQpjtSql4j/ee0QB9fdmHtBiOCxxaFBKEz0zaQBs88lMBSRJpRJrrOabEQlZah7Sl2ZLKKmtGAUKc5UWlT69yPoJxXaq4Wtk8ZF2a6UK8+XpertsswsOSGn5JzY5IpUySOpkTphJCBv5J18GJ/GzPgyvhejGWO5c0xSMH5+AaKUqsw=</latexit>

DGLAP

<latexit sha1_base64="q3nnYQt8B3cLTGvxcDyJ30bMIpU=">AAACMHicbVBdSwJBFJ21L7MPtR57WZKgJ9mNsB7FIIJ6MMgPUJHZ8aqDsx/M3A1l8Wf0Wv+hX1NP0Wu/olndh1Y7MHA4517umeMEgiu0rE8js7G5tb2T3c3t7R8c5gvFo6byQ8mgwXzhy7ZDFQjuQQM5CmgHEqjrCGg5k5vYbz2DVNz3nnAWQM+lI48POaOopU4XYYpR7fb+Yd4vlKyytYC5TuyElEiCer9o5LsDn4UueMgEVapjWwH2IiqRMwHzXDdUEFA2oSPoaOpRF1QvWmSem2daGZhDX+rnoblQ/25E1FVq5jp60qU4VqteLP7ndUIcXvci7gUhgseWh4ahMNE34wLMAZfAUMw0oUxyndVkYyopQ11T6sp0GTWlBeOZ4kylRaV/P4ZBXKG9Wtg6aV6U7Uq58nhZqtaSMrPkhJySc2KTK1Ild6ROGoQRn7yQV/JmvBsfxpfxvRzNGMnOMUnB+PkF+PeqeQ==</latexit>

BFKL

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

<latexit sha1_base64="Olxw9VmKS9udjVCIkKLrPjYN3nE="></latexit>

DBFKL
JL

(z) =

Z
dd�2zid

d�2zj

✓
zi · zj

(z · zi)(z · zj)

◆�JL/2

N c(zi)N c(zj)

  BFKL detector  

<latexit sha1_base64="+USw5B2ZVQw8EZosNg3Fhzr1TpE="></latexit>

DBFKL
JL

(z) =
�(JL + d� 2)

�(JL+d�2
2 )2

Z
dd�2zid

d�2zj

✓
2zi · zj

(2z · zi)(2z · zj)

◆�JL/2

N c(zi)N c(zj)

See Cyuan-Han’s Talk



The mixing story may sound nice theoretically…

the BFKL detector is not measurable in a real-world experiment!

but in a practical sense,

Why should one care about this weird detector?

• final states are hadrons, impossible to impose color interference



The mixing story may sound nice theoretically…

the BFKL detector is not measurable in a real-world experiment!

Why should one care about this weird detector?

but in a practical sense,

14

These perturbative detectors show up as intermediate states.Philosophy:



Simplest Family of Observables in Experiments
One-point event shapes/DGLAP-type “hadron” detectors*

In the high-energy scattering, we assume the hadrons are almost massless.

*Here “hadron” is to emphasize all particles after hadronization.

15

<latexit sha1_base64="L2h9pyJVWGWbggA4sv+qZGcSRLk=">AAACHnicbVDLSsNAFJ3UV62vqEs3o0Wom5KIVJdFN0UEK9gHNDFMptN26OTBzESsIWt/wx9wq3/gTtzqD/gdTtIubOuBgcM59849HDdkVEjD+NZyC4tLyyv51cLa+sbmlr690xRBxDFp4IAFvO0iQRj1SUNSyUg75AR5LiMtd3iR+q17wgUN/Fs5Contob5PexQjqSRH37eyP2JOugm0PCQHrhtfJ3c1J750rpLS45GjF42ykQHOE3NCimCCuqP/WN0ARx7xJWZIiI5phNKOEZcUM5IUrEiQEOEh6pOOoj7yiLDjLEYCD5XShb2Aq+dLmKl/N2LkCTHyXDWZhhWzXir+53Ui2TuzY+qHkSQ+Hh/qRQzKAKa9wC7lBEs2UgRhTlVWiAeIIyxVe1NXHsZRC6oYc7aGedI8LpuVcuXmpFg9n1SUB3vgAJSACU5BFdRAHTQABk/gBbyCN+1Ze9c+tM/xaE6b7OyCKWhfv1zUoyI=</latexit>

O
H

JL
(z)

The simplest detectors do not distinguish the particle species

sum over all particles

<latexit sha1_base64="Mld62gjiilr2w3Q8ZZDW9dTgFZA="></latexit>

O
H

JL
(z) =

X

h

Z
d3~p

(2⇡)32E
�(2)(p̂� ẑ)E⌫�1a†

h
(p)ah(p)

<latexit sha1_base64="lvTL/ftal1+vxPInRCiD3pRkW5M=">AAACFXicbVDLSsNAFJ34rPUVdSO4GSyCm5ZEpLoRim5EXFSwD2hCmEym7dDJJMxMxBLqb/gDbvUP3Ilb1/6A3+E0zcK2Hhg4nHPvnMvxY0alsqxvY2FxaXlltbBWXN/Y3No2d3abMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vIHV2O/9UCEpBG/V8OYuCHqcdqlGCkteea+k/2RChKMoMMTeAHLdvnGu/XMklWxMsB5YuekBHLUPfPHCSKchIQrzJCUHduKlZsioShmZFR0EklihAeoRzqachQS6aZZ+ggeaSWA3UjoxxXM1L8bKQqlHIa+ngyR6stZbyz+53US1T13U8rjRBGOJ0HdhEEVwXEdMKCCYMWGmiAsqL4V4j4SCCtd2lTK4+TUoi7Gnq1hnjRPKna1Ur07LdUu84oK4AAcgmNggzNQA9egDhoAgyfwAl7Bm/FsvBsfxudkdMHId/bAFIyvX1lHnjY=</latexit>

⌫ = �1� JL

For example, we can measure the observables in the  collidere+e−

<latexit sha1_base64="IMM48RcOsXTXORM3mWgsUlbb7SU="></latexit>

f(⌫, Q) =
1

�tot

X

X

Z
d�e+e�!X

X

h2X

✓
Ea

Q

◆⌫�1

=
4⇡

�tot

⌦
O

H

JL
(z)

↵
Q

Q⌫�1

measurement function

c.o.m. energy
These are not IR-safe observables! (except )ν = 2

<latexit sha1_base64="OYzv2wR9N3J/Vc3M995S10H6Gn4=">AAACM3icbVDLSgMxFM34rPVVdekmWBRXZUbUiiCIblwqWC10Ssmkt21oJjMkd6Rl6Kf4GX6BW/0AcSe69B9Mp0W0eiBwOOde7skJYikMuu6LMzU9Mzs3n1vILy4tr6wW1tZvTJRoDhUeyUhXA2ZACgUVFCihGmtgYSDhNuieD/3bO9BGROoa+zHUQ9ZWoiU4Qys1CuUdXyUne8fUR+hhSkGBbvcH1PfzmeN9O2EiUdhIXKD1G4WiW3Iz0L/EG5MiGeOyUfjwmxFPQlDIJTOm5rkx1lOmUXAJg7yfGIgZ77I21CxVLARTT7MPDui2VZq0FWn7FNJM/bmRstCYfhjYyZBhx0x6Q/E/r5Zg66ieChUnCIqPDrUSSTGiw7ZoU2jgKPuWMK6FzUp5h2nG0Xb660pvFNX24k228Jfc7JW8w9LB1X7x9GzcUI5ski2ySzxSJqfkglySCuHknjySJ/LsPDivzpvzPhqdcsY7G+QXnM8vG2Sq0w==</latexit>

⌫ = 2 : energy

⌫ = 1 : multiplicity



Simplest Family of Observables in Experiments
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<latexit sha1_base64="IMM48RcOsXTXORM3mWgsUlbb7SU="></latexit>

f(⌫, Q) =
1

�tot

X

X

Z
d�e+e�!X

X

h2X

✓
Ea

Q

◆⌫�1

=
4⇡

�tot

⌦
O

H

JL
(z)

↵
Q

Q⌫�1

measurement function

<latexit sha1_base64="a21A7FOWn2H4wKcaxocBX+AYhYI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8JOyKr4sQ9CLiIYJ5YLKE2clsMmR2ZpmZFcKSv/DiQRGv/o03/8ZJsgdNLGgoqrrp7gpizrRx3W9nYXFpeWU1t5Zf39jc2i7s7Na1TBShNSK5VM0Aa8qZoDXDDKfNWFEcBZw2gsH12G88UaWZFA9mGFM/wj3BQkawsdJjWySXpdvOXcnrFIpu2Z0AzRMvI0XIUO0UvtpdSZKICkM41rrlubHxU6wMI5yO8u1E0xiTAe7RlqUCR1T76eTiETq0SheFUtkSBk3U3xMpjrQeRoHtjLDp61lvLP7ntRITXvgpE3FiqCDTRWHCkZFo/D7qMkWJ4UNLMFHM3opIHytMjA0pb0PwZl+eJ/XjsndWPr0/KVausjhysA8HcAQenEMFbqAKNSAg4Ble4c3Rzovz7nxMWxecbGYP/sD5/AEVZ4/k</latexit>

⌫ = �JL � 1

<latexit sha1_base64="i3t+UPJkgH02lY9l7H5VPppYHZk=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahgpREfG2EohuXLdgHNKFMJpN26GQmzEOooV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7T5hSIpXrfluFldW19Y3iZmlre2e3bO/ttyXXAuEW4pSLbgglpoThliKK4m4qMExCijvh6G7qdx6xkISzBzVOcZDAASMxQVAZqW+X46rP9Gnz5MZHEVeyb1fcmjuDs0y8nFRAjkbf/vIjjnSCmUIUStnz3FQFGRSKIIonJV9LnEI0ggPcM5TBBMsgmx0+cY6NEjkxF6aYcmbq74kMJlKOk9B0JlAN5aI3Ff/zelrF10FGWKoVZmi+KNbUUdyZpuBERGCk6NgQiAQxtzpoCAVEymRVMiF4iy8vk/ZZzbusXTTPK/XbPI4iOARHoAo8cAXq4B40QAsgoMEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/AKTlknQ=</latexit>

f(⌫, Q) = · · ·

<latexit sha1_base64="qxG71I73EYLsibp8pYTzH8mYkto=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJ8bUsunHZgn1AE8pkOmmHTh7MTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3OPFnEllWd9GaWV1bX2jvFnZ2t7Z3TP3DzoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0601uZ373gQrJovBeTWPqBngUMp8RrLQ0MI+c/I1U0GHm+AKTtJWl9WxgVq2alQMtE7sgVSjQHJhfzjAiSUBDRTiWsm9bsXJTLBQjnGYVJ5E0xmSCR7SvaYgDKt00352hU60MkR8JXaFCufp7IsWBlNPA050BVmO56M3E/7x+ovxrN2VhnCgakvkiP+FIRWgWBhoyQYniU00wEUz/FZEx1ikoHVlFh2AvnrxMOvWafVm7aJ1XGzdFHGU4hhM4AxuuoAF30IQ2EHiEZ3iFN+PJeDHejY95a8koZg7hD4zPH9+glqo=</latexit>

Q

2

<latexit sha1_base64="qxG71I73EYLsibp8pYTzH8mYkto=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJ8bUsunHZgn1AE8pkOmmHTh7MTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3OPFnEllWd9GaWV1bX2jvFnZ2t7Z3TP3DzoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0601uZ373gQrJovBeTWPqBngUMp8RrLQ0MI+c/I1U0GHm+AKTtJWl9WxgVq2alQMtE7sgVSjQHJhfzjAiSUBDRTiWsm9bsXJTLBQjnGYVJ5E0xmSCR7SvaYgDKt00352hU60MkR8JXaFCufp7IsWBlNPA050BVmO56M3E/7x+ovxrN2VhnCgakvkiP+FIRWgWBhoyQYniU00wEUz/FZEx1ikoHVlFh2AvnrxMOvWafVm7aJ1XGzdFHGU4hhM4AxuuoAF30IQ2EHiEZ3iFN+PJeDHejY95a8koZg7hD4zPH9+glqo=</latexit>

Q

2
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Factorization Picture in QCD

In the high-energy limit, we can factorize QCD observables into
perturbative part and non-perturbative part.

[asymptotic freedom] [confinement]

We can find a factorization scale  s.t.  μ <latexit sha1_base64="nedwoKLz/EAvOnAWxmD50HysIp0="></latexit>

Q � µ � ⇤QCD

For hard scattering length scale     ,     can be approximated as pert. infinity. 
<latexit sha1_base64="KSGPBFsod3TilGA050VGdYx0SIQ=">AAACN3icbVDLTsJAFJ3iC/FVdelmkJC4Iq0x4JLoxiUmAiaUkOlwCxOm02ZmaiRNv8Cvcal+iSt3xq1rNw6PhYAnucnJua+T48ecKe0471ZubX1jcyu/XdjZ3ds/sA+PWipKJIUmjXgk732igDMBTc00h/tYAgl9Dm1/dD3ptx9AKhaJOz2OoRuSgWABo0QbqWeXvUASmrpZ6k2PpQMJIIo1p+hzQkcZ9sIkwz275FScKfAqceekhOZo9Owfrx/RJAShKSdKdVwn1t2USM0oh6zgJQpic58MoGOoICGobjp1kOGyUfo4iKQpofFU/buRklCpceibyZDooVruTcT/ep1EB5fdlIk40SDo7FGQcKwjPMkG95kEqvnYEEIlM14xHRKTjzYJLnx5nFld0OLhWDGqsoJJy13OZpW0zitutVK9vSjVr+a55dEJOkVnyEU1VEc3qIGaiKIn9Ixe0Zv1Yn1Yn9bXbDRnzXeO0QKs71+fj61n</latexit>

1

µ

<latexit sha1_base64="CMe6HTnQm07NlWFoBNXW0x4bcEE=">AAACHHicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cdmCfUATymQ6aYdOJmFmIoaQ33Cpfow7cSv4LW6ctlnY1gMXDufcyz0cP+ZMadv+ttbWNza3tks75d29/YPDytFxR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5G7qdx+pVCwSDzqNqRfikWABI1gbyXUDiUnm5FkrR4NK1a7ZM6BV4hSkCgWag8qPO4xIElKhCcdK9R071l6GpWaE07zsJorGmEzwiPYNFTikystmmXN0bpQhCiJpRmg0U/9eZDhUKg19sxliPVbL3lT8z+snOrjxMibiRFNB5o+ChCMdoWkBaMgkJZqnhmAimcmKyBibGrSpaeHL0zzqghaPU8WIysumLWe5m1XSuaw59Vq9dVVt3Ba9leAUzuACHLiGBtxDE9pAIIZneIU368V6tz6sz/nqmlXcnMACrK9fI8ejBQ==</latexit>

1

Q

In our case,  the factorization is
the matching of hadronic detectors onto parton detectors.

<latexit sha1_base64="/LyPdLYycb/YohdPbqubhMeGHpk="></latexit>

O
H

JL
(z) ⇠

X

k

Ck(JL, µ)Dren
JL,k

(z;µ)

Wilson coefficients that contain hadronization information

asymptotically 
free partons

UV

confined 
hadrons

IR
RG flow
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Comparison with Local Operators
<latexit sha1_base64="svCCP0KVGWYB976nN02NLUuS4C0="></latexit>

LBSM[OUV
i ,⇤BSM] ⇠ LSM +

X

k

ak

⇤�k�d
BSM

O
IR
k

<latexit sha1_base64="9ljLYu+GziP2QPSlBsH7KV6IZUM="></latexit>

h IR|O
UV
i (0)| IRi ⇠

X

k

Ckh IR|O
IR
k (0)| IRi

Example:

local operator matching:

composite operators with 
Standard Model fields

from a UV BSM operator to IR SM operators
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Comparison with Local Operators
<latexit sha1_base64="svCCP0KVGWYB976nN02NLUuS4C0="></latexit>

LBSM[OUV
i ,⇤BSM] ⇠ LSM +

X

k

ak

⇤�k�d
BSM

O
IR
k

<latexit sha1_base64="9ljLYu+GziP2QPSlBsH7KV6IZUM="></latexit>

h IR|O
UV
i (0)| IRi ⇠

X

k

Ckh IR|O
IR
k (0)| IRi

Example:

local operator matching:

composite operators with 
Standard Model fields

from a UV BSM operator to IR SM operators

<latexit sha1_base64="beuoyp4eHi82B1lJPT6T88wjbmo=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVfpRgLC4WIJgaycZmd3OiQ2Qczd8Ww7HfY+Cs2ForYiY1/4yRuoYkHBg7n3MOde/xYCo22/WWNjU9MTk3PzBbm5hcWl4rLK3UdJYpDjUcyUg2faZAihBoKlNCIFbDAl3Dldyt9/+oOlBZReIm9GFoBuwlFR3CGRvKKTsXruloE1D01oTbzUhfhHtOji7Msu07dY5DIPEG3ctbNvGLJLtsD0FHi5KREclS94ofbjngSQIhcMq2bjh1jK2UKBZeQFdxEQ8x4l91A09CQBaBb6eC0jG4YpU07kTIvRDpQfydSFmjdC3wzGTC81cNeX/zPaybYOWilIowThJD/LOokkmJE+z3RtlDAUfYMYVwJ81fKb5liHE2bBVOCM3zyKKlvl5298u75TunwKK9jhqyRdbJJHLJPDskJqZIa4eSBPJEX8mo9Ws/Wm/X+Mzpm5ZlV8gfW5zdstqEh</latexit>

Ck ⇠ ⇤�i��k
BSMdimensional analysis
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Comparison with Local Operators
<latexit sha1_base64="svCCP0KVGWYB976nN02NLUuS4C0="></latexit>

LBSM[OUV
i ,⇤BSM] ⇠ LSM +

X

k

ak

⇤�k�d
BSM

O
IR
k

<latexit sha1_base64="9ljLYu+GziP2QPSlBsH7KV6IZUM="></latexit>

h IR|O
UV
i (0)| IRi ⇠

X

k

Ckh IR|O
IR
k (0)| IRi

Example:

local operator matching:

composite operators with 
Standard Model fields

from a UV BSM operator to IR SM operators

<latexit sha1_base64="beuoyp4eHi82B1lJPT6T88wjbmo=">AAACGnicbVC7SgNBFJ31bXxFLW0Gg2Bj2BVfpRgLC4WIJgaycZmd3OiQ2Qczd8Ww7HfY+Cs2ForYiY1/4yRuoYkHBg7n3MOde/xYCo22/WWNjU9MTk3PzBbm5hcWl4rLK3UdJYpDjUcyUg2faZAihBoKlNCIFbDAl3Dldyt9/+oOlBZReIm9GFoBuwlFR3CGRvKKTsXruloE1D01oTbzUhfhHtOji7Msu07dY5DIPEG3ctbNvGLJLtsD0FHi5KREclS94ofbjngSQIhcMq2bjh1jK2UKBZeQFdxEQ8x4l91A09CQBaBb6eC0jG4YpU07kTIvRDpQfydSFmjdC3wzGTC81cNeX/zPaybYOWilIowThJD/LOokkmJE+z3RtlDAUfYMYVwJ81fKb5liHE2bBVOCM3zyKKlvl5298u75TunwKK9jhqyRdbJJHLJPDskJqZIa4eSBPJEX8mo9Ws/Wm/X+Mzpm5ZlV8gfW5zdstqEh</latexit>

Ck ⇠ ⇤�i��k
BSMdimensional analysis

<latexit sha1_base64="Qow2guVJ2Wb59UXkKfw7qfeGYDk=">AAACE3icbVDJSgNBFOxxjXGLevTSGARRCDPidhT1oOAhiolCJg49PS+xSc9C9xsxDPMPXvwVLx4U8erFm39jZzm4FTQUVa94/cpPpNBo25/WyOjY+MRkYao4PTM7N19aWKzrOFUcajyWsbrymQYpIqihQAlXiQIW+hIu/c5hz7+8BaVFHF1gN4FmyNqRaAnO0Ehead3VIqTuqUkEzMtchDvMTs7z/Dpzj0Ai8zobLg9i1LlXKtsVuw/6lzhDUiZDVL3ShxvEPA0hQi6Z1g3HTrCZMYWCS8iLbqohYbzD2tAwNGIh6GbWvymnq0YJaCtW5kVI++r3RMZCrbuhbyZDhjf6t9cT//MaKbb2mpmIkhQh4oNFrVRSjGmvIBoIBRxl1xDGlTB/pfyGKcbR1Fg0JTi/T/5L6psVZ6eyfbZV3j8Y1lEgy2SFrBGH7JJ9ckyqpEY4uSeP5Jm8WA/Wk/VqvQ1GR6xhZon8gPX+Bd+pntA=</latexit>

⇠ ⇤�k+···
IR
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Comparison with Local Operators
<latexit sha1_base64="svCCP0KVGWYB976nN02NLUuS4C0="></latexit>

LBSM[OUV
i ,⇤BSM] ⇠ LSM +

X

k

ak

⇤�k�d
BSM

O
IR
k

<latexit sha1_base64="9ljLYu+GziP2QPSlBsH7KV6IZUM="></latexit>

h IR|O
UV
i (0)| IRi ⇠

X

k

Ckh IR|O
IR
k (0)| IRi

Example:

local operator matching:

composite operators with 
Standard Model fields

from a UV BSM operator to IR SM operators

<latexit sha1_base64="lvgKZ7U77IoVQYz7tC2ntDTrEwc="></latexit>

⇠
✓

⇤IR

⇤BSM

◆�k

· · ·Lowest dimension operators dominate the matching
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Comparison with Local Operators
<latexit sha1_base64="svCCP0KVGWYB976nN02NLUuS4C0="></latexit>

LBSM[OUV
i ,⇤BSM] ⇠ LSM +

X

k

ak

⇤�k�d
BSM

O
IR
k

<latexit sha1_base64="9ljLYu+GziP2QPSlBsH7KV6IZUM="></latexit>

h IR|O
UV
i (0)| IRi ⇠

X

k

Ckh IR|O
IR
k (0)| IRi

Example:

local operator matching:

composite operators with 
Standard Model fields

from a UV BSM operator to IR SM operators

<latexit sha1_base64="lvgKZ7U77IoVQYz7tC2ntDTrEwc="></latexit>

⇠
✓

⇤IR

⇤BSM

◆�k

· · ·Lowest dimension operators dominate the matching

<latexit sha1_base64="nXbRyyVcIlHf8G+nrE400fzIWP0="></latexit>

h UV|DIR
i (z)| UVi ⇠

X

k

Ckh UV|DUV
i (z)| UVi

QCD detector matching: expand hadronic d.o.f. to partonic d.o.f.

see next page for dimensional analysis 
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Properties of Detector Matching
<latexit sha1_base64="zogKx+vtB8PuIwoyykqV2rtPU9c="></latexit>

hOH

JL
(z)iQ ⇠

X

k

Ck(JL, µ)hDren
JL,k

(z;µ)iQ

Dimensional analysis
<latexit sha1_base64="2MYfRBPICLedOGUbfh4axuB7ZIE=">AAACF3icbVDLSsNAFL2pr1pfVZduBovgxpJIqS6LblxWsA9IQ5lMJ+3QySTMTMQQ+hEu1Y9xJ25d+i1unLZZ2NYDA4dz7uWeOX7MmdK2/W0V1tY3NreK26Wd3b39g/LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vh26nceqVQsEg86jakX4qFgASNYG6nj9kRy4Xj9csWu2jOgVeLkpAI5mv3yT28QkSSkQhOOlXIdO9ZehqVmhNNJqZcoGmMyxkPqGipwSJWXzeJO0JlRBiiIpHlCo5n6dyPDoVJp6JvJEOuRWvam4n+em+jg2suYiBNNBZkfChKOdISmf0cDJinRPDUEE8lMVkRGWGKiTUMLV57mURe0eJQqRtSkZNpylrtZJe3LqlOv1u9rlcZN3lsRTuAUzsGBK2jAHTShBQTG8Ayv8Ga9WO/Wh/U5Hy1Y+c4xLMD6+gWkoKCe</latexit>

[⌫ � 1]

Typical energy scale

<latexit sha1_base64="88TIGO07K3ZODwmytvdBHdZyR9s=">AAACJXicbVDLSsNAFJ34rPUV7dLNYBFclUSkuizqwoWLCvYBTQiT6aQdOpmEmYkYQr7Fpfox7kRw5Ye4cdJmYVsPXDiccy/3cPyYUaks68tYWV1b39isbFW3d3b39s2Dw66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Ml14fceiZA04g8qjYkbohGnAcVIackzawMnRGrsB5lzQ5hCuXfnembdalhTwGVil6QOSrQ988cZRjgJCVeYISkHthUrN0NCUcxIXnUSSWKEJ2hEBppyFBLpZtPwOTzRyhAGkdDDFZyqfy8yFEqZhr7eLJLKRa8Q//MGiQou3YzyOFGE49mjIGFQRbBoAg6pIFixVBOEBdVZIR4jgbDSfc19eZpFndPicSoplnlVt2UvdrNMumcNu9lo3p/XW1dlbxVwBI7BKbDBBWiBW9AGHYBBCp7BK3gzXox348P4nK2uGOVNDczB+P4FqHimYQ==</latexit>

[�L]
<latexit sha1_base64="OIM3N5oTZ0bcM8ACYStfEb2IN68=">AAACK3icbVDLSsNAFJ3UV62vqCtxEyyCm5ZEpLos6sKFiwr2AUkIk+mkHTqZhJmJGELwa1yqH+NKcetXuHHSdmFbDwwczrmXe+b4MSVCmuaHVlpaXlldK69XNja3tnf03b2OiBKOcBtFNOI9HwpMCcNtSSTFvZhjGPoUd/3RVeF3HzAXJGL3Mo2xG8IBIwFBUCrJ0w9shyU1q+aEUA79IHOuMZUw925dT6+adXMMY5FYU1IFU7Q8/cfpRygJMZOIQiFsy4ylm0EuCaI4rziJwDFEIzjAtqIMhli42fgLuXGslL4RRFw9Jo2x+ncjg6EQaeirySKpmPcK8T/PTmRw4WaExYnEDE0OBQk1ZGQUfRh9wjGSNFUEIk5UVgMNIYdIqtZmrjxOos5o8TAVBIm8otqy5rtZJJ3TutWoN+7Oqs3LaW9lcAiOwAmwwDloghvQAm2AwBN4Bq/gTXvR3rVP7WsyWtKmO/tgBtr3L6/4qGc=</latexit>

[⌫ � 1��L]

<latexit sha1_base64="EHZRiSok9H9oNVqma9QWZYkJUQs=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UqPRL5WdijODvUrcnJQhR71f+ukNIpqEKDTlRKmu68Tay4jUjHKcFHuJwpjQMRli11BBQlReNgs6sc+NMrCDSJontD1T/25kJFQqDX0zGRI9UsveVPzP6yY6uPEyJuJEo6DzQ0HCbR3Z01/bAyaRap4aQqhkJqtNR0QSqk03C1ee5lEXtHiUKkbVpGjacpe7WSWty4pbrVQbV+Xabd5bAU7hDC7AhWuowT3UoQkUEJ7hFd6sF+vd+rA+56NrVr5zAguwvn4BXbSeXg==</latexit>

Q
<latexit sha1_base64="a4L03bwkjb5Yfs+SHO16VBkg6Z4=">AAACJnicbVDLSsNAFJ34rPVVHzs3wSK4KolIdVmsCxcuWrAPaEKYTKft0MkkzNxIa8i/uFQ/xp2IO//DjdM2C9t64MLhnHO5l+NHnCmwrC9jZXVtfWMzt5Xf3tnd2y8cHDZVGEtCGyTkoWz7WFHOBG0AA07bkaQ48Dlt+cPqxG89UqlYKB5gHFE3wH3Beoxg0JJXOHbudbiLvcQBOoKkXr1NU69QtErWFOYysTNSRBlqXuHH6YYkDqgAwrFSHduKwE2wBEY4TfNOrGiEyRD3aUdTgQOq3GT6fWqeaaVr9kKpR4A5Vf9uJDhQahz4OhlgGKhFbyL+53Vi6F27CRNRDFSQ2aFezE0IzUkVZpdJSoCPNcFEMv2rSQZYYgK6sLkro9mrc1o0GCtGVJrXbdmL3SyT5kXJLpfK9cti5SbrLYdO0Ck6Rza6QhV0h2qogQh6Qs/oFb0ZL8a78WF8zqIrRrZzhOZgfP8Cmdam4Q==</latexit>

⇤QCD

Typical size
<latexit sha1_base64="3CLEqQ11UcVu5xD1hqMK0fXrVXw="></latexit>

⇤⌫�1��L
QCD

<latexit sha1_base64="pR2T1ODwIjmHuBntmH9yxqm2ojM=">AAACJ3icbVDLSsNAFJ34rPUVFVduBovgqiQi1WVRFy5ctGAf0MQwmU7aoZNJmJmIIeRjXKof40506Xe4cdJ2YVsPXDiccy/3cPyYUaks68tYWl5ZXVsvbZQ3t7Z3ds29/baMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/NF14XceiZA04vcqjYkbogGnAcVIackzD5sPmRMiNfSDzLkhTKHcu8s9s2JVrTHgIrGnpAKmaHjmj9OPcBISrjBDUvZsK1ZuhoSimJG87CSSxAiP0ID0NOUoJNLNxvFzeKKVPgwioYcrOFb/XmQolDINfb1ZJJXzXiH+5/USFVy6GeVxogjHk0dBwqCKYNEF7FNBsGKpJggLqrNCPEQCYaUbm/nyNIk6o8XDVFIs87Juy57vZpG0z6p2rVprnlfqV9PeSuAIHINTYIMLUAe3oAFaAIMMPINX8Ga8GO/Gh/E5WV0ypjcHYAbG9y+TSadk</latexit>

Q�L

<latexit sha1_base64="R29L735GrQsgS6wPr0tgcfAsuKg=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxgEG8OueGuEoBYWKSKYC2SXZXZyNhkye2FmVghLChtfxcZCEVsfws63cTZJoYk/DHz85xzmnN9POJPKsr6NhcWl5ZXVwlpxfWNza9vc2W3KOBUUGjTmsWj7RAJnETQUUxzaiQAS+hxa/uA6r7ceQEgWR/dqmIAbkl7EAkaJ0pZnlpyQqL4fZM4NcEVGXu3yaIJezTPLVsUaC8+DPYUymqrumV9ON6ZpCJGinEjZsa1EuRkRilEOo6KTSkgIHZAedDRGJATpZuMjRvhAO10cxEK/SOGx+3siI6GUw9DXnfnKcraWm//VOqkKLtyMRUmqIKKTj4KUYxXjPBHcZQKo4kMNhAqmd8W0TwShSudW1CHYsyfPQ/O4Yp9VTu9OytWraRwFVEL76BDZ6BxV0S2qowai6BE9o1f0ZjwZL8a78TFpXTCmM3voj4zPHzoZl9U=</latexit>

�L = ��L
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Properties of Detector Matching
<latexit sha1_base64="zogKx+vtB8PuIwoyykqV2rtPU9c="></latexit>

hOH

JL
(z)iQ ⇠

X

k

Ck(JL, µ)hDren
JL,k

(z;µ)iQ

Dimensional analysis
<latexit sha1_base64="2MYfRBPICLedOGUbfh4axuB7ZIE=">AAACF3icbVDLSsNAFL2pr1pfVZduBovgxpJIqS6LblxWsA9IQ5lMJ+3QySTMTMQQ+hEu1Y9xJ25d+i1unLZZ2NYDA4dz7uWeOX7MmdK2/W0V1tY3NreK26Wd3b39g/LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vh26nceqVQsEg86jakX4qFgASNYG6nj9kRy4Xj9csWu2jOgVeLkpAI5mv3yT28QkSSkQhOOlXIdO9ZehqVmhNNJqZcoGmMyxkPqGipwSJWXzeJO0JlRBiiIpHlCo5n6dyPDoVJp6JvJEOuRWvam4n+em+jg2suYiBNNBZkfChKOdISmf0cDJinRPDUEE8lMVkRGWGKiTUMLV57mURe0eJQqRtSkZNpylrtZJe3LqlOv1u9rlcZN3lsRTuAUzsGBK2jAHTShBQTG8Ayv8Ga9WO/Wh/U5Hy1Y+c4xLMD6+gWkoKCe</latexit>

[⌫ � 1]

Typical energy scale

<latexit sha1_base64="88TIGO07K3ZODwmytvdBHdZyR9s=">AAACJXicbVDLSsNAFJ34rPUV7dLNYBFclUSkuizqwoWLCvYBTQiT6aQdOpmEmYkYQr7Fpfox7kRw5Ye4cdJmYVsPXDiccy/3cPyYUaks68tYWV1b39isbFW3d3b39s2Dw66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Ml14fceiZA04g8qjYkbohGnAcVIackzawMnRGrsB5lzQ5hCuXfnembdalhTwGVil6QOSrQ988cZRjgJCVeYISkHthUrN0NCUcxIXnUSSWKEJ2hEBppyFBLpZtPwOTzRyhAGkdDDFZyqfy8yFEqZhr7eLJLKRa8Q//MGiQou3YzyOFGE49mjIGFQRbBoAg6pIFixVBOEBdVZIR4jgbDSfc19eZpFndPicSoplnlVt2UvdrNMumcNu9lo3p/XW1dlbxVwBI7BKbDBBWiBW9AGHYBBCp7BK3gzXox348P4nK2uGOVNDczB+P4FqHimYQ==</latexit>

[�L]
<latexit sha1_base64="OIM3N5oTZ0bcM8ACYStfEb2IN68=">AAACK3icbVDLSsNAFJ3UV62vqCtxEyyCm5ZEpLos6sKFiwr2AUkIk+mkHTqZhJmJGELwa1yqH+NKcetXuHHSdmFbDwwczrmXe+b4MSVCmuaHVlpaXlldK69XNja3tnf03b2OiBKOcBtFNOI9HwpMCcNtSSTFvZhjGPoUd/3RVeF3HzAXJGL3Mo2xG8IBIwFBUCrJ0w9shyU1q+aEUA79IHOuMZUw925dT6+adXMMY5FYU1IFU7Q8/cfpRygJMZOIQiFsy4ylm0EuCaI4rziJwDFEIzjAtqIMhli42fgLuXGslL4RRFw9Jo2x+ncjg6EQaeirySKpmPcK8T/PTmRw4WaExYnEDE0OBQk1ZGQUfRh9wjGSNFUEIk5UVgMNIYdIqtZmrjxOos5o8TAVBIm8otqy5rtZJJ3TutWoN+7Oqs3LaW9lcAiOwAmwwDloghvQAm2AwBN4Bq/gTXvR3rVP7WsyWtKmO/tgBtr3L6/4qGc=</latexit>

[⌫ � 1��L]

<latexit sha1_base64="EHZRiSok9H9oNVqma9QWZYkJUQs=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UqPRL5WdijODvUrcnJQhR71f+ukNIpqEKDTlRKmu68Tay4jUjHKcFHuJwpjQMRli11BBQlReNgs6sc+NMrCDSJontD1T/25kJFQqDX0zGRI9UsveVPzP6yY6uPEyJuJEo6DzQ0HCbR3Z01/bAyaRap4aQqhkJqtNR0QSqk03C1ee5lEXtHiUKkbVpGjacpe7WSWty4pbrVQbV+Xabd5bAU7hDC7AhWuowT3UoQkUEJ7hFd6sF+vd+rA+56NrVr5zAguwvn4BXbSeXg==</latexit>

Q
<latexit sha1_base64="a4L03bwkjb5Yfs+SHO16VBkg6Z4=">AAACJnicbVDLSsNAFJ34rPVVHzs3wSK4KolIdVmsCxcuWrAPaEKYTKft0MkkzNxIa8i/uFQ/xp2IO//DjdM2C9t64MLhnHO5l+NHnCmwrC9jZXVtfWMzt5Xf3tnd2y8cHDZVGEtCGyTkoWz7WFHOBG0AA07bkaQ48Dlt+cPqxG89UqlYKB5gHFE3wH3Beoxg0JJXOHbudbiLvcQBOoKkXr1NU69QtErWFOYysTNSRBlqXuHH6YYkDqgAwrFSHduKwE2wBEY4TfNOrGiEyRD3aUdTgQOq3GT6fWqeaaVr9kKpR4A5Vf9uJDhQahz4OhlgGKhFbyL+53Vi6F27CRNRDFSQ2aFezE0IzUkVZpdJSoCPNcFEMv2rSQZYYgK6sLkro9mrc1o0GCtGVJrXbdmL3SyT5kXJLpfK9cti5SbrLYdO0Ck6Rza6QhV0h2qogQh6Qs/oFb0ZL8a78WF8zqIrRrZzhOZgfP8Cmdam4Q==</latexit>

⇤QCD

Typical size
<latexit sha1_base64="3CLEqQ11UcVu5xD1hqMK0fXrVXw="></latexit>

⇤⌫�1��L
QCD

<latexit sha1_base64="pR2T1ODwIjmHuBntmH9yxqm2ojM=">AAACJ3icbVDLSsNAFJ34rPUVFVduBovgqiQi1WVRFy5ctGAf0MQwmU7aoZNJmJmIIeRjXKof40506Xe4cdJ2YVsPXDiccy/3cPyYUaks68tYWl5ZXVsvbZQ3t7Z3ds29/baMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/NF14XceiZA04vcqjYkbogGnAcVIackzD5sPmRMiNfSDzLkhTKHcu8s9s2JVrTHgIrGnpAKmaHjmj9OPcBISrjBDUvZsK1ZuhoSimJG87CSSxAiP0ID0NOUoJNLNxvFzeKKVPgwioYcrOFb/XmQolDINfb1ZJJXzXiH+5/USFVy6GeVxogjHk0dBwqCKYNEF7FNBsGKpJggLqrNCPEQCYaUbm/nyNIk6o8XDVFIs87Juy57vZpG0z6p2rVprnlfqV9PeSuAIHINTYIMLUAe3oAFaAIMMPINX8Ga8GO/Gh/E5WV0ypjcHYAbG9y+TSadk</latexit>

Q�L

Largest dimension detector dominates the detector matching.
<latexit sha1_base64="ZCEW9cnQ4b1UrHdNGDf5Z638UvA=">AAACJXicbVDLSsNAFJ3UV62vaJduBosgCCURqS6LunDhooJ9QBPKZDpph04mYWYihpBvcal+jDsRXPkhbpy0WdjWAxcO59zLPRwvYlQqy/oySiura+sb5c3K1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5zv3uIxGShvxBJRFxAzTi1KcYKS0NzKoTIDX2/NS5IUyhbHB3ag/MmlW3poDLxC5IDRRoDcwfZxjiOCBcYYak7NtWpNwUCUUxI1nFiSWJEJ6gEelrylFApJtOw2fwWCtD6IdCD1dwqv69SFEgZRJ4ejOPKhe9XPzP68fKv3RTyqNYEY5nj/yYQRXCvAk4pIJgxRJNEBZUZ4V4jATCSvc19+VpFnVOi8aJpFhmFd2WvdjNMumc1e1GvXF/XmteFb2VwSE4AifABhegCW5BC7QBBgl4Bq/gzXgx3o0P43O2WjKKmyqYg/H9Cw7IpgU=</latexit>

�L + 1

<latexit sha1_base64="TOtJiglbDQMFXgXjCBJcI5Yx1zs=">AAACE3icbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmVF+4B2KJk004YmmSHJiMPQT3Cpfow7cesH+C1uTNtZ2NYDgcM593JPThBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+K1HqjSL5INJY+oLPJAsZAQbK913ZdIrld2KOwVaJl5OypCj3iv9dPsRSQSVhnCsdcdzY+NnWBlGOB0Xu4mmMSYjPKAdSyUWVPvZNOoYnVqlj8JI2ScNmqp/NzIstE5FYCcFNkO96E3E/7xOYsIrP2MyTgyVZHYoTDgyEZr8G/WZosTw1BJMFLNZERlihYmx7cxdeZpFndPiYaoZ0eOibctb7GaZNM8rXrVSvbso167z3gpwDCdwBh5cQg1uoQ4NIDCAZ3iFN+fFeXc+nM/Z6IqT7xzBHJyvXzfqn2A=</latexit>⌫

<latexit sha1_base64="dMOFKPdlIOcfS4BxUDFAKTq0W0s=">AAACI3icbVDLTgJBEJzFF+IL9OhlIjHxRHaNQY9ELx4xkUcChMwODUyYnd3M9Apkw6d4VD/Gm/HiwS/x4vA4CFhJJ5Wq7nSl/EgKg6775aQ2Nre2d9K7mb39g8OjbO64asJYc6jwUIa67jMDUiiooEAJ9UgDC3wJNX9wN/VrT6CNCNUjjiNoBaynRFdwhlZqZ3NNhBEmMhyCphPaVHE7m3cL7gx0nXgLkicLlNvZn2Yn5HEACrlkxjQ8N8JWwjQKLmGSacYGIsYHrAcNSxULwLSSWfQJPbdKh3ZDbUchnal/LxIWGDMOfLsZMOybVW8q/uc1YuzetBKhohhB8fmjbiwphnTaA+0IDRzl2BLGtbBZKe8zzTjatpa+jOZRl7SoPzaCm0nGtuWtdrNOqpcFr1goPlzlS7eL3tLklJyRC+KRa1Ii96RMKoSTIXkmr+TNeXHenQ/nc76achY3J2QJzvcvLyOlnw==</latexit>

lower ⌫ For , the dominant operator is DGLAP operators. The corresponding 
matching coefficients are related to the moments of the fragmentation functions. 

ν > 1

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1leading approx. for 

1-pt event shapes

<latexit sha1_base64="R29L735GrQsgS6wPr0tgcfAsuKg=">AAACBHicbZC7SgNBFIZnvcZ4W7VMMxgEG8OueGuEoBYWKSKYC2SXZXZyNhkye2FmVghLChtfxcZCEVsfws63cTZJoYk/DHz85xzmnN9POJPKsr6NhcWl5ZXVwlpxfWNza9vc2W3KOBUUGjTmsWj7RAJnETQUUxzaiQAS+hxa/uA6r7ceQEgWR/dqmIAbkl7EAkaJ0pZnlpyQqL4fZM4NcEVGXu3yaIJezTPLVsUaC8+DPYUymqrumV9ON6ZpCJGinEjZsa1EuRkRilEOo6KTSkgIHZAedDRGJATpZuMjRvhAO10cxEK/SOGx+3siI6GUw9DXnfnKcraWm//VOqkKLtyMRUmqIKKTj4KUYxXjPBHcZQKo4kMNhAqmd8W0TwShSudW1CHYsyfPQ/O4Yp9VTu9OytWraRwFVEL76BDZ6BxV0S2qowai6BE9o1f0ZjwZL8a78TFpXTCmM3voj4zPHzoZl9U=</latexit>

�L = ��L
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz

300 400 500 600 700 800 900 1000
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In the high energy limit, power law is a good approximation.
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz

0. 0.5 1. 1.5 2. 2.5
0.5

1.

1.5

2.

2.5

Extract 
<latexit sha1_base64="0OQ+U1nx8t/QyXM8FhwvWoVsqWE=">AAACMHicbVC7SgNBFJ2NrxhfUUtBFoNgFXZFomVQCwuLCOYB2RhmJ3eTIbMPZu5KwrKdX2OpfoxWYusv2Dh5FCbxwMDhnHu5Z44bCa7Qsj6MzNLyyupadj23sbm1vZPf3aupMJYMqiwUoWy4VIHgAVSRo4BGJIH6roC6278a+fVHkIqHwT0OI2j5tBtwjzOKWmrnDx2fYs/1EucaBNK0ffuQOAgDTHw6SNN2vmAVrTHMRWJPSYFMUWnnf5xOyGIfAmSCKtW0rQhbCZXImYA058QKIsr6tAtNTQPqg2ol43+k5rFWOqYXSv0CNMfq342E+koNfVdPjlKreW8k/uc1Y/QuWgkPohghYJNDXixMDM1RKWaHS2AohppQJrnOarIelZShrm7mymASdUaLekPFmUpzui17vptFUjst2qVi6e6sUL6c9pYlB+SInBCbnJMyuSEVUiWMPJFn8krejBfj3fg0viajGWO6s09mYHz/AgtSq8w=</latexit>

�max
L

as a function of  ν
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz

0. 0.5 1. 1.5 2. 2.5
0.5

1.

1.5

2.

2.5

Extract 
<latexit sha1_base64="0OQ+U1nx8t/QyXM8FhwvWoVsqWE=">AAACMHicbVC7SgNBFJ2NrxhfUUtBFoNgFXZFomVQCwuLCOYB2RhmJ3eTIbMPZu5KwrKdX2OpfoxWYusv2Dh5FCbxwMDhnHu5Z44bCa7Qsj6MzNLyyupadj23sbm1vZPf3aupMJYMqiwUoWy4VIHgAVSRo4BGJIH6roC6278a+fVHkIqHwT0OI2j5tBtwjzOKWmrnDx2fYs/1EucaBNK0ffuQOAgDTHw6SNN2vmAVrTHMRWJPSYFMUWnnf5xOyGIfAmSCKtW0rQhbCZXImYA058QKIsr6tAtNTQPqg2ol43+k5rFWOqYXSv0CNMfq342E+koNfVdPjlKreW8k/uc1Y/QuWgkPohghYJNDXixMDM1RKWaHS2AohppQJrnOarIelZShrm7mymASdUaLekPFmUpzui17vptFUjst2qVi6e6sUL6c9pYlB+SInBCbnJMyuSEVUiWMPJFn8krejBfj3fg0viajGWO6s09mYHz/AgtSq8w=</latexit>

�max
L

as a function of  ν multiplicity

energy
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz

0. 0.5 1. 1.5 2. 2.5
0.5

1.

1.5

2.

2.5

Extract 
<latexit sha1_base64="0OQ+U1nx8t/QyXM8FhwvWoVsqWE=">AAACMHicbVC7SgNBFJ2NrxhfUUtBFoNgFXZFomVQCwuLCOYB2RhmJ3eTIbMPZu5KwrKdX2OpfoxWYusv2Dh5FCbxwMDhnHu5Z44bCa7Qsj6MzNLyyupadj23sbm1vZPf3aupMJYMqiwUoWy4VIHgAVSRo4BGJIH6roC6278a+fVHkIqHwT0OI2j5tBtwjzOKWmrnDx2fYs/1EucaBNK0ffuQOAgDTHw6SNN2vmAVrTHMRWJPSYFMUWnnf5xOyGIfAmSCKtW0rQhbCZXImYA058QKIsr6tAtNTQPqg2ol43+k5rFWOqYXSv0CNMfq342E+koNfVdPjlKreW8k/uc1Y/QuWgkPohghYJNDXixMDM1RKWaHS2AohppQJrnOarIelZShrm7mymASdUaLekPFmUpzui17vptFUjst2qVi6e6sUL6c9pYlB+SInBCbnJMyuSEVUiWMPJFn8krejBfj3fg0viajGWO6s09mYHz/AgtSq8w=</latexit>

�max
L

as a function of  ν multiplicity

energy

<latexit sha1_base64="ukfqpLJB2VUDHTXS8PRTidempzU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRLxtSy6cVnBPqAJ4WY6aYdOJnFmItRQ/BU3LhRx63+482+ctllo64ELh3Pu5d57wpQzpR3n21pYXFpeWS2tldc3Nre27Z3dpkoySWiDJDyR7RAU5UzQhmaa03YqKcQhp61wcD32Ww9UKpaIOz1MqR9DT7CIEdBGCux9T7EYe+pe6twDnvYhUKPArjhVZwI8T9yCVFCBemB/ed2EZDEVmnBQquM6qfZzkJoRTkdlL1M0BTKAHu0YKiCmys8n14/wkVG6OEqkKaHxRP09kUOs1DAOTWcMuq9mvbH4n9fJdHTp50ykmaaCTBdFGcc6weMocJdJSjQfGgJEMnMrJn2QQLQJrGxCcGdfnifNk6p7Xj27Pa3Uroo4SugAHaJj5KILVEM3qI4aiKBH9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Ynz/4mpWU</latexit>

⇠
p
↵s

controls multiplicity evolution
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CMS Open Data
We also used the CMS Open Data with jet energy in the range [375,1125] GeV.

0. 0.5 1. 1.5 2. 2.5
0.5

1.

1.5

2.

2.5

Positive energy weighting

Due to the jet algorithm and 
other potential cuts, the 
negative energy weighting 
region might be affected.



Analytic Structure in Complex Space

30
[Gromov, Levkovich-Maslyuk, Sizov, 2015] 

<latexit sha1_base64="LknTgt4mOtG6bjTgM3Y/j6+Ratk="></latexit>

planar N = 4 SYM

When there is a level repulsion phenomenon, we can see branch cuts in complex space.

[Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin, 2022]

<latexit sha1_base64="pmwlIwqGOd+CliwMCesShIAAM6M=">AAACMXicbVDLSgNBEJyNrxhfUY8eHAyCF8OuiHoMCuIxgnlAEsLspJMMmd1ZZnrVZcnRr/Gofkxu4tVP8OLkcTBqQUNR1U13lx9JYdB1R05mYXFpeSW7mltb39jcym/vVI2KNYcKV1Lpus8MSBFCBQVKqEcaWOBLqPmDq7FfuwdthArvMImgFbBeKLqCM7RSO7/fRHjE9AHYQCbHXMWRhA6tXVPsg9LJsJ0vuEV3AvqXeDNSIDOU2/mvZkfxOIAQuWTGNDw3wlbKNAouYZhrxgYixgesBw1LQxaAaaWTR4b00Cod2lXaVoh0ov6cSFlgTBL4tjNg2De/vbH4n9eIsXvRSkUYxQghny7qxpKiouNUaEdo4CgTSxjXwt5KeZ9pxtFmN7flcXrqnBb1EyO4GeZsWt7vbP6S6knROyue3Z4WSpez3LJkjxyQI+KRc1IiN6RMKoSTJ/JMXsmb8+KMnHfnY9qacWYzu2QOzuc349iroQ==</latexit>

weakly-coupled WF theory



Illustrative Example: Two-Level Spin System
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<latexit sha1_base64="U4N5SpbqYe8BEsYCmREacPRSC2M=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEpSfG2EUhFcVrAPaNIymUzaoTNJnJkIJXTjxl9x40IRt/6DO//GaZuFth4YOJxzD3fu8WJGpbKsbyO3sLi0vJJfLaytb2xumds7DRklApM6jlgkWh6ShNGQ1BVVjLRiQRD3GGl6g6ux33wgQtIovFPDmLgc9UIaUIyUlrrm/vWlE3PoyHuh0mqnDI+hw3TcR53yqGsWrZI1AZwndkaKIEOta345foQTTkKFGZKybVuxclMkFMWMjApOIkmM8AD1SFvTEHEi3XRyxQgeasWHQST0CxWcqL8TKeJSDrmnJzlSfTnrjcX/vHaiggs3pWGcKBLi6aIgYVBFcFwJ9KkgWLGhJggLqv8KcR8JhJUurqBLsGdPnieNcsk+K53enhQr1ayOPNgDB+AI2OAcVMANqIE6wOARPINX8GY8GS/Gu/ExHc0ZWWYX/IHx+QN+qJdQ</latexit>

E = ±
p

B2 + �2

Real Part

Imaginary Part

Plot energy in complex space <latexit sha1_base64="JJbXleqTlpqkaP7wZzjC/TTVCj8=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFcSJkRXyspdaO7CvYBnaFk0kwbmmSGJCOWYX7FjQtF3Poj7vwbM+0stPVA4HDOvdyTE8SMKu0439bS8srq2nppo7y5tb2za+9V2ipKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkE45vc7zwSqWgkHvQkJj5HQ0FDipE2Ut+ueBzpkeTpHc+8E9iA107frjo1Zwq4SNyCVEGBZt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46zZ7BI6MMYBhJ84SGU/X3Roq4UhMemMk8qZr3cvE/r5fo8MpPqYgTTQSeHQoTBnUE8yLggEqCNZsYgrCkJivEIyQR1qausinBnf/yImmf1tyL2vn9WbXeKOoogQNwCI6BCy5BHdyCJmgBDJ7AM3gFb1ZmvVjv1sdsdMkqdvbBH1ifP4R7k3Q=</latexit>

ImB > 0



LO Top Trajectory in Complex Space

32

In complex space, we can easily see the branch cut from the discontinuity in 
the imaginary part.

<latexit sha1_base64="ywtilkBejOOtdZaIGjU3ZiMS5Xs=">AAACIXicbVDLSgMxFM34rPXRUZdugkVwVWZEqi6EohuXFewD2mHIpJlOaCYTkow4DP0Sl+rHuBN34qe4MW1nYVsPhBzOuZd7OIFgVGnH+bJWVtfWNzZLW+Xtnd29ir1/0FZJKjFp4YQlshsgRRjlpKWpZqQrJEFxwEgnGN1O/M4jkYom/EFngngxGnIaUoy0kXy70kdMRMhX8Bo6NefKt6vmmwIuE7cgVVCg6ds//UGC05hwjRlSquc6Qns5kppiRsblfqqIQHiEhqRnKEcxUV4+DT6GJ0YZwDCR5nENp+rfjRzFSmVxYCZjpCO16E3E/7xeqsNLL6dcpJpwPDsUpgzqBE5agAMqCdYsMwRhSU1WiCMkEdamq7krT7Ooc5qIMkWxGpdNW+5iN8ukfVZz67X6/Xm1cVP0VgJH4BicAhdcgAa4A03QAhik4Bm8gjfrxXq3PqzP2eiKVewcgjlY37/8pqNC</latexit>

↵s = 0.09Real Part Imaginary Part



LO Top Trajectory in Complex Space
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In complex space, we can easily see the branch cut from the discontinuity in 
the imaginary part.

<latexit sha1_base64="ywtilkBejOOtdZaIGjU3ZiMS5Xs=">AAACIXicbVDLSgMxFM34rPXRUZdugkVwVWZEqi6EohuXFewD2mHIpJlOaCYTkow4DP0Sl+rHuBN34qe4MW1nYVsPhBzOuZd7OIFgVGnH+bJWVtfWNzZLW+Xtnd29ir1/0FZJKjFp4YQlshsgRRjlpKWpZqQrJEFxwEgnGN1O/M4jkYom/EFngngxGnIaUoy0kXy70kdMRMhX8Bo6NefKt6vmmwIuE7cgVVCg6ds//UGC05hwjRlSquc6Qns5kppiRsblfqqIQHiEhqRnKEcxUV4+DT6GJ0YZwDCR5nENp+rfjRzFSmVxYCZjpCO16E3E/7xeqsNLL6dcpJpwPDsUpgzqBE5agAMqCdYsMwRhSU1WiCMkEdamq7krT7Ooc5qIMkWxGpdNW+5iN8ukfVZz67X6/Xm1cVP0VgJH4BicAhdcgAa4A03QAhik4Bm8gjfrxXq3PqzP2eiKVewcgjlY37/8pqNC</latexit>

↵s = 0.09Real Part Imaginary Part

Can we find similar structure in the data?
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Let’s measure complexified observables!

<latexit sha1_base64="IMM48RcOsXTXORM3mWgsUlbb7SU="></latexit>

f(⌫, Q) =
1

�tot

X

X

Z
d�e+e�!X

X

h2X

✓
Ea

Q

◆⌫�1

=
4⇡

�tot

⌦
O

H

JL
(z)

↵
Q

Q⌫�1

To the best of my knowledge , this might be 
the first and should be the simplest non-trivial 
complexified observable in collider physics.



Pythia Data
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Real Part Imaginary Part

-decay eventsγ*
Near the location of anticipated branch cuts, we see violent changes — a series of 
peaks and dips! We can clearly see the discontinuity!



Pythia Data vs LO prediction
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Real Part
Imaginary Part

view from below
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CMS Open Data

Real Part Imaginary Part

In complex space, the structure of branch cut seems to be robust to the 
effects of jet algorithms and other reasonable experimental cuts.



Behaviors Near Branch Cut
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<latexit sha1_base64="/V1JW8HVWXZMKIT0gUhcWcgah3A=">AAACI3icbVC7SgNBFJ2NrxhfGy1tBoNgY9gViWIVtLFMwDwgCWF2MpsMmZ1dZu5qwrKfYql+jJ3YWPglNk4ehUk8cOFwzr3cw/EiwTU4zpeVWVvf2NzKbud2dvf2D+z8YV2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7yb+I1HpjQP5QOMI9YJSF9yn1MCRura+dF5G9gIEjLi+ganuNq1C07RmQKvEndOCmiOStf+afdCGgdMAhVE65brRNBJiAJOBUtz7ViziNAh6bOWoZIETHeSafQUnxqlh/1QmZGAp+rfi4QEWo8Dz2wGBAZ62ZuI/3mtGPzrTsJlFAOTdPbIjwWGEE96wD2uGAUxNoRQxU1WTAdEEQqmrYUvo1nUBS0ajDWnOs2ZttzlblZJ/aLoloql6mWhfDvvLYuO0Qk6Qy66QmV0jyqohih6Qs/oFb1ZL9a79WF9zlYz1vzmCC3A+v4FUH+lHA==</latexit>

x� axis: Q
<latexit sha1_base64="O7wWYxlikIiKJ8iGy2jwGow3FqA=">AAACL3icbVBNS8NAEN3Ur1q/qh5FWCxCC1oSERVPRS8eW7Ct0JSy2W7axc0m7E6kIfTkr/Go/hjxIl79DV7cfhys9cHA470ZZuZ5keAabPvdyiwsLi2vZFdza+sbm1v57Z2GDmNFWZ2GIlR3HtFMcMnqwEGwu0gxEniCNb3765HffGBK81DeQhKxdkB6kvucEjBSJ7+fHLvABpCSAdeXeIhdIYt+0ZXxUa1U6uQLdtkeA88TZ0oKaIpqJ//tdkMaB0wCFUTrlmNH0E6JAk4FG+bcWLOI0HvSYy1DJQmYbqfjN4b40Chd7IfKlAQ8Vn9PpCTQOgk80xkQ6Ou/3kj8z2vF4F+0Uy6jGJikk0V+LDCEeJQJ7nLFKIjEEEIVN7di2ieKUDDJzWwZTE6d0aJ+ojnVw5xJy/mbzTxpnJSds/JZ7bRQuZrmlkV76AAVkYPOUQXdoCqqI4oe0RN6Qa/Ws/VmfVifk9aMNZ3ZRTOwvn4AloapPg==</latexit>

y � axis: ln(f(⌫, Q))

real part
imaginary part

Choose a fixed  slice and 
increase  to cross the branch cut

Im ν
Re ν

<latexit sha1_base64="LyLHr3sL9iJqfHF3Ogj2KSIU0KU=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UsPtl8pOxZnBXiVuTsqQo94v/fQGEU1CFJpyolTXdWLtZURqRjlOir1EYUzomAyxa6ggISovmwWd2OdGGdhBJM0T2p6pfzcyEiqVhr6ZDIkeqWVvKv7ndRMd3HgZE3GiUdD5oSDhto7s6a/tAZNINU8NIVQyk9WmIyIJ1aabhStP86gLWjxKFaNqUjRtucvdrJLWZcWtVqqNq3LtNu+tAKdwBhfgwjXU4B7q0AQKCM/wCm/Wi/VufVif89E1K985gQVYX78oFJ4+</latexit>

1
<latexit sha1_base64="a/yWxawjyi69tCWAnkWQSxxHehY=">AAACEXicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MKE2UdmZo0bwhd4VD/Gm/HqF/gtXhxgDwJWMkmlqjtdU14suNK2/W3lNja3tnfyu4W9/YPDo+LxSUtFiWTYZJGIZMejCgUPsam5FtiJJdLAE9j2xnczv/2IUvEofNBpjG5AhyH3OaPaSI1Kv1iyy/YcZJ04GSlBhnq/+NMbRCwJMNRMUKW6jh1rd0Kl5kzgtNBLFMaUjekQu4aGNEDlTuZBp+TCKAPiR9K8UJO5+ndjQgOl0sAzkwHVI7XqzcT/vG6i/Rt3wsM40RiyxSE/EURHZPZrMuASmRapIZRJbrISNqKSMm26WbrytIi6pMWjVHGmpgXTlrPazTppVcpOtVxtXJVqt1lveTiDc7gEB66hBvdQhyYwQHiGV3izXqx368P6XIzmrGznFJZgff0CKcGePw==</latexit>

2
<latexit sha1_base64="TmK+uvNqwp7MDBOJUOZQsLNbp84=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0adEl04xISeSTQkOlwCxOm02ZmaiQNX+BS/Rh3xq1f4Le4cYAuBDzJJCfn3Jt75vgxZ0o7zreVW1vf2NzKbxd2dvf2D4qHR00VJZJig0Y8km2fKORMYEMzzbEdSyShz7Hlj+6mfusRpWKReNDjGL2QDAQLGCXaSPXLXrHklJ0Z7FXiZqQEGWq94k+3H9EkRKEpJ0p1XCfWXkqkZpTjpNBNFMaEjsgAO4YKEqLy0lnQiX1mlL4dRNI8oe2Z+ncjJaFS49A3kyHRQ7XsTcX/vE6igxsvZSJONAo6PxQk3NaRPf213WcSqeZjQwiVzGS16ZBIQrXpZuHK0zzqghYPx4pRNSmYttzlblZJ86LsVsqV+lWpepv1locTOIVzcOEaqnAPNWgABYRneIU368V6tz6sz/lozsp2jmEB1tcvK26eQA==</latexit>

3
<latexit sha1_base64="2YiXMT1S6jkK/tnM6gYME/XyS2s=">AAACDXicbVDLSsNAFL2prxpf1a2bYBFclUSkuiy6cVnBPqANZTK9aYdOJmFmIobQL3Cpfow7t36C3+LGaZuFbT0wcDjnXu6ZEyScKe2631ZpY3Nre6e8a+/tHxweVezjtopTSbFFYx7LbkAUciawpZnm2E0kkijg2AkmdzO/84RSsVg86ixBPyIjwUJGiTbSw9WgUnVr7hzOOvEKUoUCzUHlpz+MaRqh0JQTpXqem2g/J1IzynFq91OFCaETMsKeoYJEqPx8HnTqnBtl6ISxNE9oZ67+3chJpFQWBWYyInqsVr2Z+J/XS3V44+dMJKlGQReHwpQ7OnZmv3aGTCLVPDOEUMlMVoeOiSRUm26Wrjwvoi5pyThTjKqpbdryVrtZJ+3Lmlev1auN26K1MpzCGVyAB9fQgHtoQgsoILzAG7xbr9aH9bkYLFnFxgkswfr6BXg/nO4=</latexit>

4

<latexit sha1_base64="MX9v4VnXGTySPd3TLFY1z36JKXs=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq1RdEl04xISeSTQkOlwCxOm02ZmaiQNX+BS/Rh3xq1f4Le4cYAuBDzJJCfn3Jt75vgxZ0o7zreVW1vf2NzKbxd2dvf2D4qHR00VJZJig0Y8km2fKORMYEMzzbEdSyShz7Hlj+6mfusRpWKReNDjGL2QDAQLGCXaSPWrXrHklJ0Z7FXiZqQEGWq94k+3H9EkRKEpJ0p1XCfWXkqkZpTjpNBNFMaEjsgAO4YKEqLy0lnQiX1mlL4dRNI8oe2Z+ncjJaFS49A3kyHRQ7XsTcX/vE6igxsvZSJONAo6PxQk3NaRPf213WcSqeZjQwiVzGS16ZBIQrXpZuHK0zzqghYPx4pRNSmYttzlblZJ86LsVsqV+mWpepv1locTOIVzcOEaqnAPNWgABYRneIU368V6tz6sz/lozsp2jmEB1tcvLsieQg==</latexit>

5
<latexit sha1_base64="wZ4mJr7AJRaQZloyXuYAAGTgyvw=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UqPaL5WdijODvUrcnJQhR71f+ukNIpqEKDTlRKmu68Tay4jUjHKcFHuJwpjQMRli11BBQlReNgs6sc+NMrCDSJontD1T/25kJFQqDX0zGRI9UsveVPzP6yY6uPEyJuJEo6DzQ0HCbR3Z01/bAyaRap4aQqhkJqtNR0QSqk03C1ee5lEXtHiUKkbVpGjacpe7WSWty4pbrVQbV+Xabd5bAU7hDC7AhWuowT3UoQkUEJ7hFd6sF+vd+rA+56NrVr5zAguwvn4BMHWeQw==</latexit>

6
<latexit sha1_base64="HS2aB2EoPnRF+mHALb52sF1Mjj4=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0x4JLoxiUk8kigIdPhAhOm02ZmamwavsCl+jHujFu/wG9x4wBdCHiSSU7OuTf3zPEjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT1oqjCXFJg15KDs+UciZwKZmmmMnkkgCn2Pbn9zN/PYjSsVC8aCTCL2AjAQbMkq0kRrVfrHklJ057HXiZqQEGer94k9vENI4QKEpJ0p1XSfSXkqkZpTjtNCLFUaETsgIu4YKEqDy0nnQqX1hlIE9DKV5Qttz9e9GSgKlksA3kwHRY7XqzcT/vG6shzdeykQUaxR0cWgYc1uH9uzX9oBJpJonhhAqmclq0zGRhGrTzdKVp0XUJS0aJ4pRNS2YttzVbtZJ66rsVsqVxnWpdpv1loczOIdLcKEKNbiHOjSBAsIzvMKb9WK9Wx/W52I0Z2U7p7AE6+sXMiKeRA==</latexit>

7
<latexit sha1_base64="o+jKkJGUbwCnM/YYTIoIIa+P41s=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0xyJLoxiUk8kigIdPhAhOm02ZmamwavsCl+jHujFu/wG9x4wBdCHiSSU7OuTf3zPEjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT1oqjCXFJg15KDs+UciZwKZmmmMnkkgCn2Pbn9zN/PYjSsVC8aCTCL2AjAQbMkq0kRrVfrHklJ057HXiZqQEGer94k9vENI4QKEpJ0p1XSfSXkqkZpTjtNCLFUaETsgIu4YKEqDy0nnQqX1hlIE9DKV5Qttz9e9GSgKlksA3kwHRY7XqzcT/vG6sh1UvZSKKNQq6ODSMua1De/Zre8AkUs0TQwiVzGS16ZhIQrXpZunK0yLqkhaNE8WomhZMW+5qN+ukdVV2K+VK47pUu816y8MZnMMluHADNbiHOjSBAsIzvMKb9WK9Wx/W52I0Z2U7p7AE6+sXM8+eRQ==</latexit>

8

Near the branch cut, the ansatz  is not a good approximation ln( f ) = γ ln Q + c



Q-evolution in the complex plane
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<latexit sha1_base64="InG9Z/JBiTJPHr1NAPlhVeRq6Uk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREfC2Lbly2YB/QhDCZTtqhk0mcR6GE4sZfceNCEbd+hTv/xuljoa0HLpw5517m3hOmjErlON/W0vLK6tp6biO/ubW9s2vv7TdkogUmdZywRLRCJAmjnNQVVYy0UkFQHDLSDPu3Y785IELShN+rYUr8GHU5jShGykiBfRgFHtfFWgl65EHTAYyK5n0Ka6XALjhlZwK4SNwZKYAZqoH95XUSrGPCFWZIyrbrpMrPkFAUMzLKe1qSFOE+6pK2oRzFRPrZ5IQRPDFKB0aJMMUVnKi/JzIUSzmMQ9MZI9WT895Y/M9raxVd+xnlqVaE4+lHkWZQJXCcB+xQQbBiQ0MQFtTsCnEPCYSVSS1vQnDnT14kjbOye1m+qJ0XKjezOHLgCByDInDBFaiAO1AFdYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWJ8/qOeVrg==</latexit>

f⌫(Q) ⌘ f(⌫, Q)



Q-evolution in the complex plane
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<latexit sha1_base64="InG9Z/JBiTJPHr1NAPlhVeRq6Uk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREfC2Lbly2YB/QhDCZTtqhk0mcR6GE4sZfceNCEbd+hTv/xuljoa0HLpw5517m3hOmjErlON/W0vLK6tp6biO/ubW9s2vv7TdkogUmdZywRLRCJAmjnNQVVYy0UkFQHDLSDPu3Y785IELShN+rYUr8GHU5jShGykiBfRgFHtfFWgl65EHTAYyK5n0Ka6XALjhlZwK4SNwZKYAZqoH95XUSrGPCFWZIyrbrpMrPkFAUMzLKe1qSFOE+6pK2oRzFRPrZ5IQRPDFKB0aJMMUVnKi/JzIUSzmMQ9MZI9WT895Y/M9raxVd+xnlqVaE4+lHkWZQJXCcB+xQQbBiQ0MQFtTsCnEPCYSVSS1vQnDnT14kjbOye1m+qJ0XKjezOHLgCByDInDBFaiAO1AFdYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWJ8/qOeVrg==</latexit>

f⌫(Q) ⌘ f(⌫, Q)

On the LHS of the Branch Cut



Q-evolution in the complex plane
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<latexit sha1_base64="InG9Z/JBiTJPHr1NAPlhVeRq6Uk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREfC2Lbly2YB/QhDCZTtqhk0mcR6GE4sZfceNCEbd+hTv/xuljoa0HLpw5517m3hOmjErlON/W0vLK6tp6biO/ubW9s2vv7TdkogUmdZywRLRCJAmjnNQVVYy0UkFQHDLSDPu3Y785IELShN+rYUr8GHU5jShGykiBfRgFHtfFWgl65EHTAYyK5n0Ka6XALjhlZwK4SNwZKYAZqoH95XUSrGPCFWZIyrbrpMrPkFAUMzLKe1qSFOE+6pK2oRzFRPrZ5IQRPDFKB0aJMMUVnKi/JzIUSzmMQ9MZI9WT895Y/M9raxVd+xnlqVaE4+lHkWZQJXCcB+xQQbBiQ0MQFtTsCnEPCYSVSS1vQnDnT14kjbOye1m+qJ0XKjezOHLgCByDInDBFaiAO1AFdYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWJ8/qOeVrg==</latexit>

f⌫(Q) ⌘ f(⌫, Q)

On the RHS of the Branch Cut



Q-evolution in the complex plane
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<latexit sha1_base64="InG9Z/JBiTJPHr1NAPlhVeRq6Uk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREfC2Lbly2YB/QhDCZTtqhk0mcR6GE4sZfceNCEbd+hTv/xuljoa0HLpw5517m3hOmjErlON/W0vLK6tp6biO/ubW9s2vv7TdkogUmdZywRLRCJAmjnNQVVYy0UkFQHDLSDPu3Y785IELShN+rYUr8GHU5jShGykiBfRgFHtfFWgl65EHTAYyK5n0Ka6XALjhlZwK4SNwZKYAZqoH95XUSrGPCFWZIyrbrpMrPkFAUMzLKe1qSFOE+6pK2oRzFRPrZ5IQRPDFKB0aJMMUVnKi/JzIUSzmMQ9MZI9WT895Y/M9raxVd+xnlqVaE4+lHkWZQJXCcB+xQQbBiQ0MQFtTsCnEPCYSVSS1vQnDnT14kjbOye1m+qJ0XKjezOHLgCByDInDBFaiAO1AFdYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWJ8/qOeVrg==</latexit>

f⌫(Q) ⌘ f(⌫, Q)

Near the Branch Cut



Q-evolution in the complex plane
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<latexit sha1_base64="InG9Z/JBiTJPHr1NAPlhVeRq6Uk=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovQgpREfC2Lbly2YB/QhDCZTtqhk0mcR6GE4sZfceNCEbd+hTv/xuljoa0HLpw5517m3hOmjErlON/W0vLK6tp6biO/ubW9s2vv7TdkogUmdZywRLRCJAmjnNQVVYy0UkFQHDLSDPu3Y785IELShN+rYUr8GHU5jShGykiBfRgFHtfFWgl65EHTAYyK5n0Ka6XALjhlZwK4SNwZKYAZqoH95XUSrGPCFWZIyrbrpMrPkFAUMzLKe1qSFOE+6pK2oRzFRPrZ5IQRPDFKB0aJMMUVnKi/JzIUSzmMQ9MZI9WT895Y/M9raxVd+xnlqVaE4+lHkWZQJXCcB+xQQbBiQ0MQFtTsCnEPCYSVSS1vQnDnT14kjbOye1m+qJ0XKjezOHLgCByDInDBFaiAO1AFdYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWJ8/qOeVrg==</latexit>

f⌫(Q) ⌘ f(⌫, Q)

Near the Branch Cut

Two competing evolution 
behaviors near the branch cut



Two-Trajectory Approximation
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f = c1Qγ1 + c2Qγ2

Near branch cut, the real part of two dimensions are very close

An example of two-trajectory fitting



Two-Trajectory Approximation

45

f = c1Qγ1 + c2Qγ2

Near branch cut, the real part of two dimensions are very close

Preliminary result for two-trajectory fitting
<latexit sha1_base64="BdZIIyvCoNPRbUMb/kjEqKk1OVI=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVRLxtSy60V0F+4AklMl00g6dmYSZSaGE/okbF4q49U/c+TdO2iy0emDgcM693DMnShlV2nW/rMrK6tr6RnWztrW9s7tn7x90VJJJTNo4YYnsRUgRRgVpa6oZ6aWSIB4x0o3Gt4XfnRCpaCIe9TQlIUdDQWOKkTZS37YDjvRI8vyez/xAZGHfrrsNdw7nL/FKUocSrb79GQwSnHEiNGZIKd9zUx3mSGqKGZnVgkyRFOExGhLfUIE4UWE+Tz5zTowycOJEmie0M1d/buSIKzXlkZkscqplrxD/8/xMx9dhTkWaaSLw4lCcMUcnTlGDM6CSYM2mhiAsqcnq4BGSCGtTVs2U4C1/+S/pnDW8y8bFw3m9eVPWUYUjOIZT8OAKmnAHLWgDhgk8wQu8Wrn1bL1Z74vRilXuHMIvWB/f8JaT3w==</latexit>

Im[⌫]

<latexit sha1_base64="ynmgtjI77YS2UEB8K8vpCsGSVlk=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4Kon4WhbduKxiH5CEMpnetENnJmFmUiihf+LGhSJu/RN3/o2TNgutHhg4nHMv98yJUkaVdt0vq7Kyura+Ud2sbW3v7O7Z+wcdlWSSQJskLJG9CCtgVEBbU82gl0rAPGLQjca3hd+dgFQ0EY96mkLI8VDQmBKsjdS37YBjPZI8f4CZH4gs7Nt1t+HO4fwlXknqqESrb38Gg4RkHIQmDCvle26qwxxLTQmDWS3IFKSYjPEQfEMF5qDCfJ585pwYZeDEiTRPaGeu/tzIMVdqyiMzWeRUy14h/uf5mY6vw5yKNNMgyOJQnDFHJ05RgzOgEohmU0MwkdRkdcgIS0y0KatmSvCWv/yXdM4a3mXj4v683rwp66iiI3SMTpGHrlAT3aEWaiOCJugJvaBXK7eerTfrfTFascqdQ/QL1sc38imT4A==</latexit>

Re[⌫]

<latexit sha1_base64="elA8knBe09FFgBFf4XLVddlNynE=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURb8uiLhRcVLAXSEKYTCft0JkkzEyEErJz46u4caGIW1/BnW/jJO1CW38Y+PjPOcw5f5AwKpVlfRtz8wuLS8uVlerq2vrGprm13ZZxKjBp4ZjFohsgSRiNSEtRxUg3EQTxgJFOMLws6p0HIiSNo3s1SojHUT+iIcVIacs391yO1EDw7IbnTslBmLlXhCmU+7eeb9asulUKzoI9gRqYqOmbX24vxiknkcIMSenYVqK8DAlFMSN51U0lSRAeoj5xNEaIE+ll5R05PNBOD4ax0C9SsHR/T2SISznige4sNpXTtcL8r+akKjz3MholqSIRHn8UpgyqGBahwB4VBCs20oCwoHpXiAdIIKx0dFUdgj198iy0j+r2af3k7rjWuJjEUQG7YB8cAhucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+xq1zxmRmB/yR8fkDwzGZ4w==</latexit>

Im[�L]



Other Application



CF Plot for Collinear Energy-Energy Correlator
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�� 2 = �1� JL

J = ��L + 1
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plateau regionAdapted from [2505.11828]

Charged EEC @ LEP

next-to-leading power correction



LP+NLP hadronization parametrization
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<latexit sha1_base64="PdBtrLH+W9Pe/QUhnc0uyrvPBMU=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIjHxRHaJryPRi0dI5GFgJbPDLEyYmd3M9Jrghq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEAtuwHW/ndzK6tr6Rn6zsLW9s7tX3D9omijRlDVoJCLdDohhgivWAA6CtWPNiAwEawWjm6nfemTa8EjdwThmviQDxUNOCVjpvvvEgOD6Q6VXLLlldwa8TLyMlFCGWq/41e1HNJFMARXEmI7nxuCnRAOngk0K3cSwmNARGbCOpYpIZvx0dvAEn1ilj8NI21KAZ+rviZRIY8YysJ2SwNAselPxP6+TQHjlp1zFCTBF54vCRGCI8PR73OeaURBjSwjV3N6K6ZBoQsFmVLAheIsvL5NmpexdlM/rZ6XqdRZHHh2hY3SKPHSJqugW1VADUSTRM3pFb452Xpx352PemnOymUP0B87nDw7Lj+8=</latexit>

⇣Q2

PRELIMINARY

<latexit sha1_base64="PdBtrLH+W9Pe/QUhnc0uyrvPBMU=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIjHxRHaJryPRi0dI5GFgJbPDLEyYmd3M9Jrghq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEAtuwHW/ndzK6tr6Rn6zsLW9s7tX3D9omijRlDVoJCLdDohhgivWAA6CtWPNiAwEawWjm6nfemTa8EjdwThmviQDxUNOCVjpvvvEgOD6Q6VXLLlldwa8TLyMlFCGWq/41e1HNJFMARXEmI7nxuCnRAOngk0K3cSwmNARGbCOpYpIZvx0dvAEn1ilj8NI21KAZ+rviZRIY8YysJ2SwNAselPxP6+TQHjlp1zFCTBF54vCRGCI8PR73OeaURBjSwjV3N6K6ZBoQsFmVLAheIsvL5NmpexdlM/rZ6XqdRZHHh2hY3SKPHSJqugW1VADUSTRM3pFb452Xpx352PemnOymUP0B87nDw7Lj+8=</latexit>

⇣Q2

PRELIMINARY

Pythia -decayγ*/Z* Pythia -decayh*

Seems to be consistent with scale evolution of [hadron - parton] result in Pythia

Caveat: too many non-perturbative parameters
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