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Gravitational wave physics

* We are interested in gravitational waves from black hole/neutron star mergers

* Precision of waveform template needs to be improved by orders of magnitude
for future GW detectors (LISA, Einstein Telescope, Taiji, TianQin, ...)

Credit: MARK GARLICK / SCIENCE PHOTO / Getty images




Perturbation regime of 2-body systems

« 3 phases of 2-body mergers: inspiral, merger, ringdown
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Perturbation regime of 2-body systems

[

* We are interested in the inspiral phase/scattering of a binary black hole
where perturbation theory is applicable 7 > 7schw (> AComp)

* 3 phases of 2-body mergers: inspiral, merger,

¥

* Post-Minkowskian expansion: nPM ~ O(G")



Approaches for 2-body observables

* Observables: momentum impulse, spin kick, waveform, energy flux

* How to compute various observables efficiently?



Approaches for 2-body observables

* Observables: momentum impulse, spin kick, waveform, energy flux

* How to compute various observables efficiently?

 Worldline-based methods [Plefka, Moqull, Jakobsen, Porto, Kalin, Liu, Goldberger, Rothstein, ... ]
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Approaches for 2-body observables

* Observables: momentum impulse, spin kick, waveform, energy flux

* How to compute various observables efficiently?

 Worldline-based methods [Plefka, Moqull, Jakobsen, Porto, Kalin, Liu, Goldberger, Rothstein, ... ]

m O . . . s O Lo @
Spm = —5 /_OO dr (g’LWZE’uQJ + 1) <Apu> ~ ngi <Ah“”> N qwgﬁk’\”’y
q2 T
 Scattering amplitude-based methods i ot
e EFT matching [Solon, Cheung, Rothstein, et al]

« KMOC (Ap’f} — <¢|ST[P>‘1‘S — ]P)'If‘w> [Kosower, Maybee, O‘connell]

- eikonal exponentiation S(s,b) =(1+---) e210(s:b) [Di Vecchia, Heissenberg, Russo, Veneziano, ...]

Shortcut to all observables:
a minimal set of classical generating functions?



Radial action as a generating function

* For spinless binary, in the COM frame the conservative radial action is
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Radial action as a generating function

* For spinless binary, in the COM frame the conservative radial action is
1

I, .= — [ py(r)dr pr(r) : radial momentum
2T C

« Scattering observables from Hamilton's principal function
o1,

OL
« Bonus: periastron advance via analytic continuation [Kalin, Porto, Liu, Cho, ...]

AB(L.E) = X(L.E) + x(~ L,€) \m -

scattering angle: y = —27 7

Credit: Kalin & Porto



Radial action as a generating function

* For spinless binary, in the COM frame the conservative radial action is
1

I, .= — [ p(r)dr pr(r) : radial momentum
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« Scattering observables from Hamilton's principal function
o1,

OL
« Bonus: periastron advance via analytic continuation [Kalin, Porto, Liu, Cho, ...]

AB(L.E) = X(L.E) + x(~ L,€) \m -

. AmplitUde_aCtion relation (Up to SPM) [Bern, Parra-Martinez et al 217]

scattering angle: y = —27 7

Credit: Kalin & Porto

etr ~ limp_o [ dgA(p1, p2,q)en? b: impact parameter



Radial action as a generating function

* For spinless binary, in the COM frame the conservative radial action is

1
I, .= — [ p(r)dr pr(r) : radial momentum
27'(' C

Scattering observables from Hamilton’s principal function
o1,

OL
Bonus: periastron advance via analytic continuation [Kalin, Porto, Liu, Cho, ...]

scattering angle: y = —27 7

AQ(L, &) = x(L, &) + x(—L, &) \/A(I) -

Credit: Kalin & Porto

AmplitUde_aCtion relation (Up to SPM) [Bern, Parra-Martinez et al 217]

etr ~ limp_o [ dgA(p1, p2,q)en? b: impact parameter

Generalize to spinning and radiative effects?
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« Radial action with spin I..(€,1,a,lg) [Gonzo, CS2304.06066]
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Spinless probe in Kerr

« Radial action with spin I..(€,1,a,lg) [Gonzo, CS2304.06066]
* Analytic continuation to bound orbit Even geodesic is complicated
[Pomd(g 1 a,10) =01 (E,1,a,l0) — I.(E,—1, —a, —1o)

* From Hamilton’s principal function, we also need
the polar action to obtain the azimuthal angle
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* Puzzle: the radial action should contain all information about conservative scattering



Spinless probe in Kerr

« Radial action with spin I..(€,1,a,lg) [Gonzo, CS2304.06066]
* Analytic continuation to bound orbit Even geodesic is complicated
[Pomd(g 1 a,10) =01 (E,1,a,l0) — I.(E,—1, —a, —1o)

* From Hamilton’s principal function, we also need
the polar action to obtain the azimuthal angle

1
Ip = — [ pedb
27 Co
Xazimuthal + 7 o _aIr . 810
27 0L 0L

* Puzzle: the radial action should contain all information about conservative scattering

New way to connect the radial action and observables
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» Global scattering observables
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e.g.. momentum impulse Ap#, spin kick As*, orbital angular impulse AL#> .,



Master formula for scattering observables

» Global scattering observables
AO = O(+00) — O(—=0) = AO|con + AO|ad

e.g.. momentum impulse Ap#, spin kick As#, orbital angular impulse AL#> | .,
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Conservative case

« We start from the exponential representation of S-matrix [Damgaard, Plante et al, 217]
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Conservative case

« We start from the exponential representation of S-matrix [Damgaard, Plante et al, 217]

. i , (—i)7 o .
= —N AO := ST0S8 - 0 = N,[N,...,[N,O
S—ep(;¥) = > CO L, 8,0)
j times
* |n the classical limit, the 2-to—-2 N-matrix elements are finite. [Bjerrum-Bohr, Plante et al, 21]
Naively, we take [N,O] — ih{K, O}
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Conservative case

« We start from the exponential representation of S-matrix [Damgaard, Plante et al, 217]

A A

S = exp (%N) = AO=58105-0=)" il [N, [N,..., [N, 0]

j times

* |n the classical limit, the 2-to—-2 N-matrix elements are finite. [Bjerrum-Bohr, Plante et al, 21]
Naively, we take [N, O] — z’h{l@d 0}
. Z {/Ccl Kl .. {K, 0}..})

J times

- . e/ 4 _ ] q _ ¢
K (p1, p2;b) Z%g%/d‘lq&pl . q)8(p2 - q)er? q<p1+§,p2—§ 2,p2+§>

K< (p1, pa; b) is real by definition (unlike amplitude) p, v p -

2 2




N-matrix elements

- N-matrix elements from amplitudes [Damgaard, Hansen, Planté, Vanhovec 23]
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N-matrix elements

* N-matrix elements from amplitudes [Damgaard, Hansen, Plant€, Vanhovec 23]

A

A A N . 1 . T3 ; |

: : o My, M,
N-matrix element ~ amplitude + unitarity cuts |

* N-matrix elements from Magnus series [Kim, Kim, 24; Brandhuber, Brown et al, 25']
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N-matrix elements

N-matrix elements from amplitudes [Damgaard, Hansen, Planté, Vanhovec 23]

|
A

A “ N .1 . T3 ; |

: : o My, M,
N-matrix element ~ amplitude + unitarity cuts |

N-matrix elements from Magnus series [Kim, Kim, 24; Brandhuber, Brown et al, 25']

iN®) = (_;)2 /d4$1d4$2912 [H1, Ho iNf) - Z (—)° [w (>_'_<) >—<—<—l—w (>»_<) >»_<]

perms

For spinless case, one recovers the formula for scattering angle
a,@cl
X=2T——— —T

oL
The Fourier-transfromed 4-pt element is the radial action [Bjerrum-Bohr, Plante et al, 21"; Kim, Patil, 25']

Kcel = radial action



Solving constraints

* Naively, the commutators are replaced with Poisson brackets [N, 0] — ir{K, O},
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* Naively, the commutators are replaced with Poisson brackets [N, 0] — ir{K, O},
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* However, Lorentz covariance introduces non-physical degree of freedom. To account
for that, we choose to impose the constraints
covariant spin supplementary conditions: v; , S/ =0

on-shell and transverse conditions: (by — b1) - v; = 0,v7 = —1
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Solving constraints

* Naively, the commutators are replaced with Poisson brackets [N, 0] — ir{K, O},

nt”
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* However, Lorentz covariance introduces non-physical degree of freedom. To account
for that, we choose to impose the constraints

covariant spin supplementary conditions: v; , S/ =0
on-shell and transverse conditions: (by — b1) - v; = 0,v7 = —1

 These are second class constraints
{0j,Pr}e s # 0, for ¢; being any of the constraints

The brackets are interpreted as Dirac brackets!



2-body Dirac brackets

The Poisson brackets are promoted to Dirac brackets
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2-body Dirac brackets

The Poisson brackets are promoted to Dirac brackets

Z {f7 ¢]}P B. ( )j;k’{¢k7g}P.B.7 M.%k — {¢J7 ¢k?}P.B.

7,k=1
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7
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v
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(v5 — ovy)
o2 —-1

—1, sgn, := +1.

sgn :

The brackets only act on incoming kinematics.
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Spinning probe in Kerr

« Up to linear order in spin of the probe, the motion is described by the MPD equation (or by the
N =1 worldline model).

* The system is integrable, and enjoys 4 conserved quantities:
Energy: FE = —m,&' + %SO‘BV@)(&)Q

1
Angular momentum: L = 7,4 — =S*PV5(&,)
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Spinning probe in Kerr

« Up to linear order in spin of the probe, the motion is described by the MPD equation (or by the
N =1 worldline model).

The system is integrable, and enjoys 4 conserved quantities:
Energy: E = —m,¢' + %Saﬂvﬂ(ft)a

1
Angular momentum: L = 7,4 — =S*PV5(&,)
H>¢ 2 “ — {b,LL’ :L’ SZII:L
Riidiger constant: K = K, n/'n"-27"S"° (Y",V,Y,,—Y" ,V.Y;,)
1 /—det g€, Y Hom, SY AT

Riidiger linear invariant: S| = -3 .
m

Integrability ensures the separability of variables, simple integration gives I.(b*, v!', s')

1

Results: radial action to all orders in G, in terms of hypergeometric function.

Explicit expressions are obtained up to O (Gs7s3)

Novel results:

Avp (0,7, 01) | ogosy sy 281085590 oo, s



Spinning probe in Kerr - Bound state

* Using action-angle variables, we define the fundamental frequencies
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i Analytic continuation of the radial action
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Spinning probe in Kerr - Bound state

* Using action-angle variables, we define the fundamental frequencies

E, Jy= Jos =55
OH | =—75prdr =—7fpede
wi:ajv Z:T797¢7¢S'
i Analytic continuation of the radial action
]7, (E,l,a,lQ,SH) _ IT> (5,[,(1,[@,8”) —I;jr(g,—l,—a,—lQ,—S”)
* Frequency ratios » In the equatorial limit 57 || 5 || L
KGT‘:ﬁj KW:ﬁ K%TZ% Kor

Wy Wy 7 Wy ’O(G68182)



Radiative ContribUtiOnS [Gonzo, Alessio, CS 2506.03249]

« Again, we start from the exponential representation of S-matrix S = exp (%N)

[Damgaard, et al, JHEP 2021]




Radiative COntribUtiOnS [Gonzo, Alessio, CS 2506.03249]

« Again, we start from the exponential representation of S-matrix S = exp (%N)

[Damgaard, et al, JHEP 2021]

7O = 5105 - 0= SV R N0

721

j times

« 4—pt element is not enough.

. Consider a 2 — 2 scalar scattering, the relevant matrix elements up to O(G?)

D1 P1+q1
K (p1,p2;q1) = Ks= (p1,p2, k13 ¢1,¢2) =
D2 P2 + q2

P1
Kér (p1,p2, k1, ko a1, q2) =

P2

ICétfR (P1,p2, k1, k25q1,q2) =

P1 P1t+q1
N =
D2 P2 + Q2

D1 P11+ q1
D2 P2 + Q2




Coherent state expansion of semi-classical S—-matrix

* In the heavy-mass limit, the super-classical terms (1/h") exponentiate!
[Brandhuber et al, 23°; Damgaard et al 197]
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Coherent state expansion of semi-classical S—-matrix

* In the heavy-mass limit, the super-classical terms (1/h") exponentiate!
[Brandhuber et al, 23°; Damgaard et al 197]

1 o0 A
exp (#V) [pip2) "7 S p1ps)

* We expand the semi-classical S—-matrix in coherent states.

' (k1) = K€ (b b Ky )al, (KY) + hec.

. [~ 1 e /
Sd:exp{%[/cd (b)+27/]€/ Oé51,R (kl) 04672(]617]{:2) IC?% <b17b27k17k2) (k/> (ké)
1 Bcl / /
+o0 1 o / / +IC (b17b27klvk2) (kZ) Aoy (k )
i Nz_z N 2 /kk e (Koo ki) | fhe.

feiqi'bi/hg(gpi.qi)

K(q1,q2) ’%(bl,bg)

All Kz (b1,b,) are finite in the classical limit.



Observables from semi-classical S—-matrix

* An arbitrary observable in terms of semi-classical S-matrix

NN N N N
MO =(5)108 ~0 =3 - (g) (K3 dagm)s (K4 Y Gagim)se o [(K 4+ Y darsim), O] ||
n=1 j=1 j= =

Jj=1 Jj=1

v

n times



Observables from semi-classical S—-matrix

* An arbitrary observable in terms of semi-classical S-matrix

300591050 3 () [0+ S [0+ S [0+ 3 ]
n=1 " j=1

Jj=1 Jj=1

A\

-
n times

* Taking expectation value, the commutators are taken in a hybrid way,
graviton modes: [a,(k), a , (K] = 2E1650:6®) (k — k)
massive dynamic: [f(-),g(-)] = iR{f("),9()}p s
For example,

K, £ (bi pi)ao) —ihag {K, f(bi,pi)}
[ab, F(bipi)as] = f(bi,pi)[al, ac]



Radiative contribution to observables

We have the master formula for global observables

(AN) —{K, A4} + %{(IECI)2, AL 4+ %{(i&d)?’, A} <«—— conservative
O(G5) ] !

i rcl xcl
+ 5 k(zcm(k){/g; (k), ¥} = c.c.)
i rcl 1 el yp
+ = [ (R WKk (), AR N} = .

EAGE
A

)
(k){K, {/C =L k), \}} —cc)

+
Ll K- @

_|_
'w\w\w S

{Re, Kl (W) HK % (k), A"} = c.c.)
(

({/cg?%(kl ko), W} Kl (k) Kih k2)+c.c.>
1,ko

- -



Radiative contribution to observables

We have the master formula for global observables

< 1 ~ 1 ~ .
AN LSl ABY & L (Ich2 AR L L (I3 \BL <«—— conservative
( >(’)(G5) {K, }+2!{( ) }+3!{( )7, A} |

i rcl xcl
+ 5 k(/cm(k){/c& (k), ¥} = c.c.)

+i (R (k) {5k (), (K, X3} ..
k

)
K (R (K, (K% (), M1} = c.c.)

+

“active propagator”

el

(R, el (b) HR SR (k) M} — c.c.

A )
(

({Kf%(kl ko), W} Kl (k) Kih k2)+c.c.>

I FEETAE

lak

- -



Angular momentum @ 2PM (0 (G?))

* We can study the angular momentum change of a single BH systematically
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Angular momentum @ 2PM (O (G?))

* We can study the angular momentum change of a single BH systematically

J”V:2mib£p’v;j]—|—55", i=1,2.

1

(ATIY = 2m (B + (ABF) (02 + (Avlh)) + (ASEY).

* |[n dual vector form in the COM frame, it is

1 ,, o
Ji = ﬁeuupcﬂ]@' P(myvy + mavs) (AJ}) = (AT]) ((ADY), (Avf), (Ast))
* The change of impact parameter depends on the IR divergence of the radial action, so

we subtract the divergencies and define

el 2Gmims (20% — 1) log |b)
’O(Gs(l)sg o g2 — 1




Angular momentum @ 2PM (0 (G?))

. <Ab5> conservative: up to O(GZS‘? 3%2) with jl + j2 < 11  [Bohnenblust, Cangemi, Johansson, Pichini 24]



Angular momentum @ 2PM (0 (G?))

. <Ab5> conservative: up to O(GZS‘? 3%2) with jl + j2 < 11  [Bohnenblust, Cangemi, Johansson, Pichini 24]

e (k) P DY
njpj . ]{7 — 10

Y

« (Ab!") radiative (from zero-frequency graviton): K x = iv D

§=1,2,1/,2/

|
1l
B I 8502 o0(20%°-3
(A} ) |raa = M b; =G (3 0T 1) + (52 - 1)%) arccosha) Apf
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Weinberg’s soft factor




Angular momentum @ 2PM (0 (G?))

. <Abé‘> conservative: up to O(st‘{l 3%2) with j1 + j2 < 11  [Bohnenblust, Cangemi, Johansson, Pichini 24]

- (Ab!') radiative (from zero-frequency graviton): £z =i% 3 ;“;(klp 519:?0
jPj -k —1

Weinberg’s soft factor
J=12,1",2

|
A
_ I 8 502 o(202—-3
<Ab§b>’rad = M b; =G <3 (0 — 1) + (52 - 1)%) arccosha) Ap’f

| \ D.b.

+ We obtain (Ab"), (Av"), (As?) up to O(G?s]'s)?) with j1 + jo < 11.



Angular momentum @ 2PM (0 (G?))

. <Abé’b> conservative: up to O(G23{1 3%2) with j1 + j2 < 11  [Bohnenblust, Cangemi, Johansson, Pichini 24]

. : N (k) pHp?
- (Abl') radiative (from zero-frequency graviton): &;x =it Y “w R PiPS  Weinberg’s soft factor

j=t1,2.17,2 1P~ k=10

|
1l
K — ' ' o 8 — 50° ag (202 _ 3) "
(AD])|rad m ) bf =G (3 02— 1) + 7 1)% arccosha) Aph

| Db.

+ We obtain (Ab"), (Av"), (As?) up to O(G?s]'s)?) with j1 + jo < 11.
« At 2PM, (Av'), (Ast') are conserved, radiated angular momentum is only from (Ab)raq

- Interestingly, the fact that the radiative effects come exclusively from (Ab.) implies its
sensitivity to the BMS frame choice.



Waveform

« Similar to the global observables, we can also compute the waveform
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Waveform

« Similar to the global observables, we can also compute the waveform

132 e |
() = S 57 [ 52 (g, ) 0o ) + e ) )

« Explicitly working out the waveform in terms of the kernels

P1 P11+ q1
kh3/2 dw N
)~ 5 [ e (e e @
Am|7] o ( P2 p2 + G2

1. i ~cl 1-c A Iy C 1C A
+ 5k LGSR (win)} + ik )2, KeiR (win)}

/ ’C*Cl A*cl f, k)

-3 / (KBS (wi, k) + K& (wi, k) KR (k:)+c.c.)
k




Spinning fluxes
* Total radiated momentum

KH = Z/ kHal (k) ayx (k)
o k
explicitly

<)oy = | RRRE
1 N SO - I
8 B Rk o+ KA i) oo

1 ~ ~ ~
by [ MRS )Rk (e RER! k1 ko)
ki,ko2
+ Kk (k1 Kglr (k) KESE (k1 k) |
momentum conservation

(KP) + my (Avl) + m (Avk) = 0



Spinning fluxes
* Total radiated momentum

KH = Z/k kHal (k) ayx (k)

explicitly

1
2/]{}“ {IC?R ICCI IC*CI }DB+IC*C1 ICCI ICEIR}DB}

1

g [ R Rak ()RR (b, o)
k1,k2

+ Kt (k)RS (B) KBS h) |

momentum conservation

(KMY + mq (Av]") + mo(Avh) =0

* radiated angular momentum
K) (Tt 5] €77 (R)ao ().

=) / e2® (k)al
o== k
0 : V]

— _inaﬁna’ﬁ’k[u Ok ] o 2”701’5/5([1“55 )
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* We verify the conservation in the COM
frame

1
J,u = ﬁGMVpUJVp(mlvl +m22)2)0,

(I + ATV + ATY =0



Conclusion & Outlook

 Conclusion:

 classical Log(S) matrix elements ~ generating functions
* conservative & radiative observables in Dirac brackets
« compatible with PM, PN & SF




Conclusion & Outlook

 Conclusion:

 classical Log(S) matrix elements ~ generating functions
* conservative & radiative observables in Dirac brackets
« compatible with PM, PN & SF

* Qutlook

* Ongoing: proof for the master formula (from Wigner-
Weyl transform)

* re-summed form of the master formula?

+ BMS frame and (Abf")

* bound state?




Approaches to the two-body problem

* Post-Newtonian (PN): slow velocity,
U<kLC
* Post-Minkowskian (PM): in Newton’s T
constant G p £
« Self-force (SF): m1/my £ i
o |
. . @ !
* Numerical relativity e :
° i Perturbation theory,
Numerical Relativity ; self-force
u i
1 Mass ratio —» o0

Credit: L. Barack & A. Pound



Observables from scattering amplitudes

Quantum amplitudes should have all scattering information

[Kosower, Maybee, O’connell; Bern,

* KMOC: L F ok L Zeng, Shen, Teng, Roiban, Cheung,
(Ap1> — <¢‘S P15W> - <¢‘P1 W> Solon, Scheopner, Luna, Kosmopoulos,
= (@[i [P}, T ) + (@|TT [P}, T] |h) Parra-Martinez, ... ]
 Take classical limit: sharply peaked wavefunction, and A — 0
D1 p1+ hg

. P2 p2 — hg

 We need to combine two terms to have the full result:
¢1(p1) ¢1(p1 +q) —

. é1(p1) ! ¢1(p1+9)
It = (il T] [9) ~ 1/R# >€}<
I = (| TPV, T] ) ~ 1/h7 6:(p2) 5 53— )

(2) —
¢2(p2) ¢5(p2 — q)



Other attempts

« 3PM eikonal [Bern, Luna, Roidan, Shen, Zeng 20’; Kosmopoulos, Luna 21"; Gatica 23']

Aps = —{p1 X}~ 5 Do 1P} — Pz (6 (B2 ) + 5 {24, Dsi (6 X0}

1 1 Dsi(f,9) =— Y €75} ggz ;53
AS; = —{S1,x} — 5 {x {81, x}} — Dst (x, {S1,x}) + 5 {51, Dse (X, x) } - =t .

e From KMOC and stationary phase [Luna, Moynihan, O’Connell, Ross 23]

A0 = 01(Q) — {O1(p1), x} — %{X, {O1(p1), x}} +---

* [Kim, Kim, Lee 24’; Kim, Kim, Kim, Lee 24’; Kim 25’; Kim, Lee, Lee 25’; Kim 25]

radiative correction

AmO = {xw; 0} ) 1, gt o omi ay
Py out, = §{X(1.5): {X(1.5)=PH}}

1

A0 = 1x(2), 0} + 5 Ix), (X, O}
1 1 .

A3)0 ={x(3),0} + §{X(2): {xa),O0}} + i{Xu), {X(2),0}} {H,.(q), Hap(k)} = iP,y,ap sgn(k°)8(k*)6" (¢ + k)

1
+ g{Xa), {xay, {xq), 0}}}-



Two-body Dirac brackets

If the functions f(b;, vi, s;), g(b;,v;, ;) are invariant under
b1 — b1 + v1, ba — ba + vo,

the Dirac brackets{f, g}, » are equivalently

o i y Si”
(oY =05 ) =0y
(w, V] pv
28 0. S
{ ) 783} J m; { Si } mi

This drastically simplifies the calculation.



Example: spinning probe in Kerr

N = 2 worldline as a spinning point particle coupled to Kerr metric
[Gibbons, Rietdijk, Holton; Jacobson, et al]

1

S[xM (T)vpu (7_)7 % (7_)] H = 2 [QWWMTV +m? + 0(52)]
. LT . . = Q= waeauﬂu
— /dT {pua:“ + 1p Y —eH —ixQ —ixQ — aj} 3 = §eatn,
J = @a% —q

The spin tensor is described by the auxiliary Grassmann field
. 7la, b
SHY = —2@6’565@“1& ]
The EOM is the same with the MPD equation.

Truncated at the linear order in spin, the system is integrable. Carefully choosing the tetrad
allows us to integrate out the radial momentum, written in terms of the conserved quantities,

I?(g, l,a, lQ, S||)



