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Many integrals appearing in theoretical physics are of the same type

Definition. Physics is a part of mathematics devoted to the calculation of inte-
grals of the form [ g(x)ef @) dz. Different branches of physics are distinguished
by the range of the variable x and by the names used for f(x), g(x) and for
the integral. For example, in classical statistical physics x runs over a symplec-
tic manifold, f(x) is called the Hamiltonian function and the integral has the
meaning of a partition function or of a correlation function. In a d-dimensional
quantum field theory x runs over the space of functions on a d-dimensional
manifold (the space of fields) and f(x) is interpreted as an action functional.

Schwarz, Shapiro, 2008
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Many integrals appearing at this conference are of the same type

Integrability Amplitude S-matrix

Energy correlators Gravity Conformal field theory
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Very little is known about Fourier Integrals

Today: Export multi-loop technology to the study of Fourier integrals
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Second order differential equation

G(y) = y'F(y) (y* 05+ y0, — (y* + v))F(y) = 0 v=—-1 y

1
S
S

System of first order differential equations:
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An Example from Quantum Field Theory

rn qu

€

iq-b

Second order differential equation

G(y) = y'F(y)

) @r)P g? —m? + ie

(y* 05 +y0, — (" + v)F(y) = 0

Bessel integral b =1/ —b?

System of first order differential equations:
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Fourier integral family

e'(ig - b)*™

0 F =
y_ayF_
ndD
Iaaz q
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) Qm)P (g% — m? + ie)®

How to solve the differential equations?

How many independent integrals?



Roadmap

| ) Gravitational waveforms from Amplitudes

Il ) Fourier Integrals as Twisted Period Integrals

Il ) Differential Equations for Fourier Integrals

IV ) Kinematic limits of Fourier Integrals



Gravitational Wavetorms from Amplitudes



Physical motivation: Waveform from Amplitudes

Classical Gravitational waveforms emitted during the scattering of two compact objects
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Physical motivation: Waveform from Amplitudes

Classical Gravitational waveforms emitted during the scattering of two compact objects

M4

‘

Effective field theory approach: black-holes as point-particles [Goldberger, Rothstein]

Hierarchy of length scales

1

— K Gm K |b| K 71 Gm
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Compton  Schwarzschild Impact Distance Post-Minkowskian
wavelength radius parameter expansion parameter



Gravitational Waveform from Scattering Amplitudes in a Nutshell

See David'’s talk
See Stefano’s talk

Fourier transform of 2 — 3 scattering amplitudes [Kosower, Maybee, O'Connell]
[Crostofoli, Gonzo, Kosower, O'Connell]

Uu; , U, classical four-velocities

W (0, n) dPq S(uy - q)5(u, - (q — k)) ™4 k emitted graviton momentum
) q Fourier momentum

Fourier Transform b impact parameter
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Kinematics

Lorentz factor y = u; - u, wy =u -k W, = U, - k bk h=1/—p2
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Loop-by-loop approach is very cumbersome
spurious singularities, proliferation of terms, many integrals
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How to compute waveforms? See David's talk

Loop-by-loop approach is very cumbersome
spurious singularities, proliferation of terms, many integrals

Fourier and loop momenta as combined multi-loop integrals: [G.B., De Angelis]

scattering amplitudes techniques in impact parameter space [G.B., De Angelis, Kosower]

Fourier integrals are twisted period integrals: [G.B, Crisanti, Giroux, Mastrolia, Smith]
Finite-dimensional vector space structure, linear and quadratic relations, differential equations
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Leading order waveform

Fourier transform of tree-level 2 — 3 scattering amplitudes
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Leading order waveform

Fourier transform of tree-level 2 — 3 scattering amplitudes

O . . A A /777
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Fourier transform A7

D- dimensional Fourier integrals need to be computed
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Leading order waveform

Fourier transform of tree-level 2 — 3 scattering amplitudes

7/ 7/
777/
/////

/////
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Fourier transform 7

D- dimensional Fourier integrals need to be computed

" A D R A . (iq . b)_a3
— : (g — iq-b
qar, = | A 400 Q)0 (g = k) e et = I

~
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Integrating out 6-functions: Fourier transform of a one-loop two-point function with different masses
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Fourier Integrals as Twisted Period Integrals
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Integral relations for Fourier integrals

Integration-by-parts identities: linear relations among Fourier integrals

"~ D=2
0= |d
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Integral relations for Fourier integrals

Integration-by-parts identities: linear relations among Fourier integrals  [chetyrkin, Tkachov] [Laportal
_ . _ [G.B., De Angelis]
" AD—2 0 g (ig, - b)™"
0=|d g, = et -
d 0q’| (g1 — wul(gy — k> — W 1% |

Decompose any integral in terms of six irreducible Master Integrals

N Py L
Cl Q +C2 Q +C3 Q +C4 Q +C5 ‘O_' +C6 ——O—

Finite-dimensional vector space structure

Vector space?

Dimension?

Scalar product?
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Interlude: Fourier Integrals as Twisted Period Integrals

[G.B, Crisanti, Giroux, Mastrolia, Smith]

[Baikov]

Baikov representation: denominators promoted to integration variables D, — z. |
[Frellesvig, Papadopoulous]
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dy dy ds

I = J B’ e
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<3 a3dzld22d23 B =detG(q,,b, k) y = 5

0,0
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=2 9B vanishes on the integration boundary | =0
or

aydy ds
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Twisted period integral: multivalued integration kernel (twist) u(z), single-valued form ¢
[Mastrolia, Mizera]

Twisted differential [Frellesvig, Gasparotto, Laporta,
Mandal, Mattiazzi, Mizera]

form | contour] = J u(z) @
< - Va) = Cl +w A = Cl lgg u(z) [Caron-Huot, Pokrakal]

Ambient space where our forms live

T=C3({%=0}uD) DY = V(z; - 2)

Ambient Space Relative singularities

14
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Vector space of differential forms

Differential forms satisfy integration-by-parts identities

d(u(z) ¢) =

| u(2) V¢

I’

15
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Closed form

[Frellesvig, Gasparotto, Laporta,

[Mastrolia, Mizera]

Mandal, Mattiazzi, Mizera]



[Mastrolia, Mizera]

Vector space of differential forms Frellesvig, Gasparotto, Laporta,

Mandal, Mattiazzi, Mizera]

Differential forms satisfy integration-by-parts identities

Equivalenceclass @ ~ @ T Voo

0= du@ d)=| u@V,dp =
JT JT Closed form Vo =0

Differential forms belong to a (relative) twisted de-Rham co-homology group

ker(V )

(p| € H'(T,V ) = (V)
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[Mastrolia, Mizera]

Vector space of differential forms Frellesvig, Gasparotto, Laporta,

Mandal, Mattiazzi, Mizera]

Differential forms satisfy integration-by-parts identities

Equivalenceclass @ ~ @ T Voo

#| =0 O=1| du@ ¢)=| u@V,p =
JT JT Closed form Vo =0

Differential forms belong to a (relative) twisted de-Rham co-homology group

. ker(V )
(p| € H(T,V,) =
Im(V, )
Finite-dimensional vector-space structure [Lee, Pomeranski]
Basis of forms {(61- | }Ii/=1

QIO (O

(R

15

(@ - ( Q- (O



Vector space of integration contours

Twisted boundary operator: assign a branch to every contour, the operator returns the boundary

= Z a;T; ® up(2) 0, ® ur(x)) = () ® ur-| . Equivalence class '~ T+ 0,1
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Vector space of integration contours

Twisted boundary operator: assign a branch to every contour, the operator returns the boundary

I'= Z a;1; ® uri(z) d,(I' ® up(x)) = (') ® ur ‘ar Equivalence class I'~1'+9d.n
l
Exponential twist: convergence depends on how I goes to infinity [G.B, Crisanti, Giroux, Mastrolia, Smith]
Re(z3)—
uz) xed 5 oo

Only decaying directions at infinity are allowed!
Re(z3)—>—o0
uzg)xes —> 0
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Vector space of integration contours

Twisted boundary operator: assign a branch to every contour, the operator returns the boundary

I'= Z a;1; ® uri(z) d,(I' ® up(x)) = (') ® ur ‘ar Equivalence class I'~1'+9d.n
l
Exponential twist: convergence depends on how I goes to infinity [G.B, Crisanti, Giroux, Mastrolia, Smith]
Re(z3)—
uz) xed 5 oo

Only decaying directions at infinity are allowed!
Re(z3)—>—o0
uzg)xes —> 0

Integration contours belong to a rapid-decay homology group
ker(0,)

rd —
T € HYT,V,) = e

Finite-dimensional vector-space structure

Basis of contours v b

dim(H) =v

1%
Decomposition IT'] = Z ¢ |yl
i=1
16



Bilinear pairings
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Integral Dual Integral Intersection number Intersection number
between forms between contours
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Bilinear pairings

Dual forms & dual contours

u(z) = u"4(z) ¥y e H"V V| e HA4Y

Dimension of vector spaces: [Lee, Pomeranski]  [Mastrolia, Mizera]
[Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera]

dim(H") = dim(H'?) = dim(H" V) = dim(H* V) = v v = #critical points oflog u(z)

Intersection pairings

I=(p|T] M =V]g") (@19") T[TV
Integral Dual Integral Intersection number Intersection number
between forms between contours

| The scalar product is [Mastrolia, Mizeral
| the intersection number!

i/
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Differential Equations for Fourier integrals
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Differential Equations for Fourier integrals

Master Integrals obey systems of first order Differential Equations Kotikov] [Bern, Dixon, Kosower]
[Remiddi] [Gehrmann, Remiddi]
Argeri, Mastrolia] [Henn]
0 = Q. J
. Q= We can compute the integrals

X &€ {Wsz,b ’ k, ]/}

by solving the differential equations!
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Differential Equations for Fourier integrals

Master Integrals obey systems of first order Differential Equations Kotikov] [Bern, Dixon, Kosower]
[Remiddi] [Gehrmann, Remiddi]
Argeri, Mastrolia] [Henn]
0 = Q. J
. Q= We can compute the integrals

X € (W, Wy, b k,y] by solving the differential equations!

Integrals as Laurent expansion around D =4

1
D=4 —2¢ J.=—J.(‘”)+...+Jl.(0)+eJl.<1)+...

l

19



Epsilon-factorised forms

kinematic dependence factorised from dimensional one

G =)

Change of variables

20
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Epsilon-factorised forms

kinematic dependence factorised from dimensional one

G =) 0G = e€Q G

Change of variables

G=<1 + €

e

dQ + €?

e

[Henn]

Vo N

749)

Iterated integrals [Chen]

lterated integrals: fast numerical evaluation and good analytic control

20

e

[Goncharov]
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Epsilon-factorised forms

kinematic dependence factorised from dimensional one [Hennl
G =%J .G = ¢ Q. G G=<1 +e| dQ + €| dQ dfz+...)G
Ty v Yy oy

Change of variables :
Iterated integrals [Chen] [Goncharov]

lterated integrals: fast numerical evaluation and good analytic control

For Feynman Integrals this class is known:

How about Fourier integrals?

PolyLogs Elliptic integrals K3-surfaces Calabi-Yau

20



Strategy for epsilon-factorised forms

Differential equations have a triangular structure

=== _Homogeneous part

~===""Non-Homogeneous part

21
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Relate different blocks
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Strategy for epsilon-factorised forms

Differential equations have a triangular structure

= _Homogeneous part Encode the geometry
| of iterated functions

Relate different blocks

e-factorised via homogenous solution in D=4: period matrix Primo, Tancredi]

Frellesvig]

Gorges, Nega, Tancredi, Wagner]

Pij = <ei‘77j] = ), u(z) o n;

21



Epsilon-factorised form of the first block (G.B, Chestnoy, Crisanti, Giroux, Smith

Maximal cut

ess

— ‘[M(Zg)ﬁﬁimc M(Z3) ~ \/22 - Cﬁimc = {1923}61123
2 -

mc

]

l

2

D=4 3
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Epsilon-factorised form of the first block (G.B, Chestnoy, Crisanti, Giroux, Smith

Maximal cut

ess
mc _
J; = Ju(zg)cﬁim ‘ uz3) = — @ = {1,z3}dz;
b=4 \/ 3 — W3
T 23
71
Y2 @N )
—Wo /
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Epsilon-factorised form of the first block (G.B, Chestnoy, Crisanti, Giroux, Smith

Maximal cut

ess

mc —
D=4 \/Zg_wg
T [23
71
72 Wa N
—Wo /

Bessel Integration kernel

, X ] 7 (?}) 2 _ , Same structure of
dJ |block 1 — —¢ leg(w2) . D o2 -J |block 1 - elliptic integrals!
I I() (’wg) 1 )

22



Resu It el nd pe rspeCtiveS [G.B, Chestnov, Crisanti, Giroux, Smith]

I,(w,) Bessel function

Iy(Wy) Bessel function

exponentials

© ﬂ€~{:o I Cl i”tegra IS M—-’""‘T@ '

lterated integrals over Bessel-like functions, exponential integrals, one-fold integrals
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Resu It el nd pe rspeCtiveS [G.B, Chestnov, Crisanti, Giroux, Smith]

I,(w,) Bessel function

Iy(Wy) Bessel function

exponentials

one-fold i ntegra s —

lterated integrals over Bessel-like functions, exponential integrals, one-fold integrals
What is the algebra of these iterated integrals?

How can we perform fast numerical evaluations?

25



Kinematic Limits of Fourier Integrals
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Kinematic limits of integrals

From asymptotic limits we can get full analytic control

J(xl,...) xl — ()
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AES

Kinematic limits of integrals

From asymptotic limits we can get full analytic control

J(xl,...) xl — ()

Splitting into regions of the expansion

n, o0

X I M (xy, . .0) JW = Z Z log(x,)” x{Jl@"’ﬂ (%, ...

=0 i=0
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Kinematic limits of integrals

From asymptotic limits we can get full analytic control

J(xl,...) xl — ()

Splitting into regions of the expansion

I’l/l o0

X I M (xy, . .0) JW = Z Z log(x,)” x{Jl@"’ﬂ (%, ...

=0 i=0

Method of regions: expansion under the integral sign

25

S — {}«1, ,/llSl}

Regions

[Beneke, Smirnov]



Kinematic limits from differential equations: Restriction theory

[Haraoka]
[Chestnov, Matsubara-Heo, Munch, Takayamal

—() 1 S
Normal formof DEs ~ Q, "'= x—szg—l) + QY + O(x1) Q. ="+ Q0+ 6(x)
1

Residue matrix
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Kinematic limits from differential equations: Restriction theory

[Haraoka]
[Chestnov, Matsubara-Heo, Munch, Takayamal

—() 1 S
Normal form of DEs Q = = (1_1) + Q(lo) + O(x1) Q. 120 + Ql(.o) + O(x;)
1

Residue matrix

1) Splitting into regions: regions as eigenvalues of the residue matrix

S = Eigenvalues[ﬂ(l_l)] = {4 4y, ---a/1|S|}
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Kinematic limits from differential equations: Restriction theory

[Haraoka]
[Chestnov, Matsubara-Heo, Munch, Takayamal

x1 =0 1 x;—0

Normal form of DEs Q QD 4+ QO 4 6(x1) Q.. = + QU4 6(x))
1 1 171 i 1

X1

Residue matrix

1) Splitting into regions: regions as eigenvalues of the residue matrix

S = Eigenvalues[ﬂ(l_l)] = {4 4y, ...,/1|S|}

2)Leading order solution: restrict to the N,-dimensional eigenspace

det(Q{"" = ADJW =0 0, J = Q). JW a€ {x,...x)
Additional IBPs
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Kinematic limits from differential equations: Restriction theory

[Haraoka]
[Chestnov, Matsubara-Heo, Munch, Takayamal

x1—>O 1

Normal form of DEs Q Q(l_l) + Q(lo) + O(x1) Q. 120 + Ql(.o) + O(x,)

X1

Residue matrix

1) Splitting into regions: regions as eigenvalues of the residue matrix

S = Eigenvalues[ﬂ(l_l)] = {4 4y, ---a/1|S|}

2)Leading order solution: restrict to the N,-dimensional eigenspace

det(Q{"" = ADJW =0 0, J = Q). JW a€ {x,...x)
Additional IBPs

3)Higher order recursion for the subleading corrections Jl(f)

k
k+2+ DI = Y Qm.Jb

m=—1

We can obtain as many orders as we want recursively!
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: = wn* o — 0
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: kK = wn" a — ()
S = Eigenvalues[ﬂg)_l)] = {03, (—2¢)°) J = Z a)ifl.(o) + Xl_ze Z a)ifi(_ze) Polylogs
=0 =0
Hard region Soft region
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: kK = wn" a — ()
S = Eigenvalues[ﬂg)_l)] = {03, (—2¢)°) J = Z a)ifl.(o) + x; 2€ Z a)ifi(_ze) Polylogs
=0 i=0
Hard region Soft region

1 L 1t
_ 1<3m1m2 (Cl_ + ¢, log(w) + czw log(w) + ) Check with literature!
@
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: kK = wn" a — ()
S = Eigenvalues[ﬂg)_l)] = {03, (—2¢)°) J = Z a)ifl.(o) + Xl_ze Z a)ifi(_ze) Polylogs
=0 =0
Hard region Soft region

1 L 1t
_ 1<3m1m2 (Cl_ + ¢, log(w) + czw log(w) + ) Check with literature!
@

Post-Newtonian expansion: P = \/yz — 1 Pos — 0
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: ' = on” w — 0
S = Eigenvalues[QC V] = (03, (=2¢)%} J=) o'JO+x72) o' Polylogs
i=0 i=0
Hard region Soft region
1 cr 1
A _ 1<3m1m2 (Cl_ + ¢, log(w) + czw log(w) + ) Check with literature!
nsoft W
Ps = 0
-1 _ = .
Qp‘” =0 J = Zp‘l”]i(()) Bessels

The limit is not singular! i=0
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Kinematic Iimits for Waveform [G.B, Chestnov, Crisanti, Giroux, Smith]

Soft expansion: kK = wn" a — ()
S = Eigenvalues[ﬂg)_l)] = {03, (—2¢)°) J = Z a)ifl.(o) + x; 2€ Z a)ifi(_ze) Polylogs
i=0 i=0
Hard region Soft region
q" — q" q" — wq"
1 N
A = K>mym, (Cl_ + ¢, log(w) + czw log(w) + ) Check with literature!
nsoft @
Post-Newtonian expansion: Poo = \/yz — 1 P — 0
Q=90 _ i i 7(0)
e B |
The limit is not singular! i=0 =3

Analytic result up to p>?




e 4 5(u, - ), - (g — k) -- 0

g’

Next-to-Leading order waveform

Fourier transform of one-loop 2 — 3 scattering amplitudes

Fourier transform w

28

[G.B., De Angelis, Kosower]



Next-to-Leading order waveform (G.B., De Angelis, Kosower]

Fourier transform of one-loop 2 — 3 scattering amplitudes

ARl ISR R ORI ORI B S
vq
Fourier transform w

D- dimensional Fourier-loop integrals

Dlzib.q9D2:q23D3:(q_k)29
7D e?1 D7 "Dy "16(D,)6(Ds)o(Dg) Dy=u;-q, Ds=1u, - (k—q)
ajayazl 1 lazagaqgapay, - ] @2 D§2D§3D§Z7D§ISD§9D%O D6 = U, - A : D7 = U, f’ D8 — fz,
D9 = (¢ — 42)2a Dy = (K+Q1)2a D=1 b-t



Next-to-Leading order waveform (G.B., De Angelis, Kosower]

Fourier transform of one-loop 2 — 3 scattering amplitudes

ARl ISR R ORI ORI B S
vq
Fourier transform w

D- dimensional Fourier-loop integrals

Dlzib.q9D2:q29D3:(q_k)29
0 eDlDl—alDl—lal13(D4)8(D5)3(D6) D,=u,-q, Ds=u,-(k—q)
a\ayaz111aa3a0a 00y, Jor D§2D§3D?7D§18D39Dﬁ1)0 D6 = U -  , D7 = U, L, D8 — fz,
i Fourier-loop IBPs: decomposition in a basis of 28 integrals

| (FZ;)Z g ' - \fm




Next-to-Leading order waveform (G.B., De Angelis, Kosower]

Fourier transform of one-loop 2 — 3 scattering amplitudes

ARl ISR R ORI ORI B S
vq
Fourier transform w

D- dimensional Fourier-loop integrals

Dlzib.q9D2:q23D3:(q_k)29

0 eDlDl—alDl—lal13(D4)3(D5)3(D6) D,=u,-q, Ds=u,-(k—q)
a,ara3111amaga9a1001, Jo D§2D§I3D§Z7D§ISD§Z9D%O D6 = U -  , D7 = U, - L, D8 — fZ,
i Fourier-loop IBPs: decomposition in a basis of 28 integrals

Y

Differential Equations? Kinematic limit?
| 28




Six-loop Gravitational interactions at the sixth post-Newtonian order

G.B., Mandal, Mastrolia, Patil, Pegorin, Ronca, Smith, Steinhoff, Torres Bobadilla [2512.19498]

See Stefano’s lectures

Potential from Effective Diagrams  d=3+¢

Veg = 1 1Im d°p elP (X)) =X(2))

- d—3 ) (2m)? Feynman diagrams

(OSF) (1SF) (2SF) (3SF)
21 Master Integrals _._I_._._
+35 diag. +160 diag. +386 diag. +532 diag.

T 7y T
VAR @%}{}{“ NV,
y \19/ In Tho 113/ \114/ Result
A AN N Y ON (D | B
\115/ Ezm/ \Inj \218/ Tig \IQOU Imj Vi = _Grév (156 mims + %m?mg " 3:221 mims + 58952 —g e 2))
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Outlooks

Fourier integrals are twisted period integrals

Multi-loop technology developed for Feynman integrals can be exported to the study of Fourier integrals

Epsilon-factorised form involve iterated integrals over bessel functions

Kinematic limits via restrictions

Generalization to one-loop waveform? Two-loop waveform?
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Outlooks

Fourier integrals are twisted period integrals

Multi-loop technology developed for Feynman integrals can be exported to the study of Fourier integrals

Epsilon-factorised form involve iterated integrals over bessel functions

Kinematic limits via restrictions

Generalization to one-loop waveform? Two-loop waveform?

Thanks!
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g =0

gi =0

N LO FOU rier integ &l IS [G.B., De Angelis, Kosower]

Loop-by-loop approach for Master Integrals Evaluation

20

J. =

l

Step2: Complex analysis Step1: Canonical Differential Equations

Fast numerically convergent one-fold integrals

l

Ji = J dz, e_iz”mf(zb)

— Q0

2



An Example from Quantum Mechanics

Schrodinger equation with cylindrical symmetry

(V24 KDy =0 W(r.0.2) = R, (e e

Radial second order differential equations
(r*0% + ro, + (kir* — m*)R(r) = 0 k* = k*—k?
Rm — lem(kj_l”) + CzYm(kJ_I”) Bessel Functions

System of first order differential equations:

>



Feynman Integrals

dP¢, 1 E
NN —5) s (L, s
w1\ (27) e-Dn =L E+
Kinematic Measure Propagators :
Chetyrkin, Tkachov . . o - : < of
Laporta Integration-by-parts identities Decomposition into a basis of Master Integrals
U
L d U
JH<M> 0( v >=o =Y J
a a, i
i1 (2m)d &ij Dy'...Dy, Target i=1 Rational Master
Integral Coefficient  Integrals

by



