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- Computing the metric from field theory
- Different contributions to the metric: the asymptotic metric is not as smooth as we thought!
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Conformal Compactifications and Asymptotic Symplicity

Conformal compactifications = metric smooth enough to ¥ = glue a boundary at null infinity.
[Penrose, ‘65]

i+

It worked for a few examples!
[Bondi, var der Burg, Metzner, Sachs, and more]

What about physically interesting spacetimes (two-body and n-body scattering)? !
[Damour, ’86], [Christodoulou, 2002], [Kehrberger, 2021-2025]x6
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For example, “A Review of Gravitational
Memory and BMS Frame Fixing in
Numerical Relativity” [arXiv:2405.08868]
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Two-body Scattering

The computational set-up for two-body scattering

We want to solve Einstein’s equations
G, =81GT,

Expand around the flat metric: g, = 1, + kh,,,

. ddk e—ikx ~
N ‘@ZU J,u’y’(k)

) @ (ky + i€ — B2

hﬂy(x) = —

How do we compute this source?

 |teration of Einstein’s Equations

* Field-theory inspired computation
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Asymptotic expansion of the graviton field expantation value

ddk —ik-x .
h,,(X) = —J y ‘ = @Zf J (k) gives the metric “everywhere” in the bulk
Q) (ky + i€)? — k2

e d—4 :
S - dn —(1—2z%)7 e ™.
27 (ky + i€)? — k2 J_ o 27 ), 27 (w+ie)?> —k? . ld_l 27r( )

/

Cauchy’s theorem: sing.’s in the LHP

J ddk e—ik-x » 400 do [ dk e—ia)t-x kd—2 g ~+1 d




The metric towards future null infinity

Asymptotic expansion of the graviton field expantation value
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The metric towards future null infinity

Asymptotic expansion of the graviton field expantation value

ddk —ik-x .
h,,(X) = —J y ‘ - @Zf J (k) gives the metric “everywhere” in the bulk
Q) (ky + i€)? — k2

d—4 :
« — _— dnJ_ _(1 . ZZ)Te—zkzr .

J ddk e—ik-x r+00 do ° dk e—ia)t-x kd—2 g ~+1 dz
Cm)? (k, + ie)? — 12 J_ o 27 ), 27 (w+ie)?> —k? . J_| 2n

The interesting physics is encoded in the departure from the direction of the observer and the frequency spectrum.

Physics suggests that 7,  are the largest scales in the problem (with 1 — r = u = fixed).

R,b,u<t,r
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The angular integration

A reminder of old-fashioned methods to compute the asymptotic expansion of integrals

41

J_1
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> ) J, S T2+ ) Imle]

The result is dominated by k ~ 0.
We can expand the integrand around y = 0:

Left contour A
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The angular integration

A reminder of old-fashioned methods to compute the asymptotic expansion of integrals | dze'/@g(z).
Jc

e.g. [Orszag, Bender]

~+1 r 00

dz d—4 _: dy d—4

1 — Z2 Te—lkzr +2iv + 2 Te—ykr
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The result is dominated by k ~ 0.
We can expand the integrand around y = 0:

7 yae —ykr Left contour A Y Right contour
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z = —1 Original contour 2z =1
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A reminder of old-fashioned methods to compute the asymptotic expansion of integrals
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The angular integration

A reminder of old-fashioned methods to compute the asymptotic expansion of integrals

The metric towards future null infinity

dze'"\9g(2).

JC

i1 - e.g. [Orszag, Bender]

%(1 . ZZ)#e—ikzr N P —y(+2ly + yZ)%e—ykr
) 2w Jo 21 B Im|z] z-plane

The result is dominated by k ~ 0.
We can expand the integrand around y = 0;
ﬂyae —ykr L Left contour A Y Right contour
0 2T (kr)atl
But if it is too soft, k ~ —, this approximation is not good! < " > o > Re|z]
r z = —1 Original contour 2z =1

We are missing a region!
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Coulomb region vs Radiation region

00 A 00
Regions for the lay public: dk=1| dk+ | dk.
jo %)
Coulomb region: k* ~ O(r~1) Radiation region: k* ~ O(r")

The integral does not depend on A. The two pieces have UV and IR divergences in 4 .

. _ 1
We can do this because we have a large hierarchy of scales R, b < ; <LI1,r.
We can do this in dimensional regularisation as well.
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The Coulomb Region

Soft expansion of stress-energy tensor

k" ~ O(r~") <« b~! implies that this region is dominated by the soft expansion of the current.
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/ / ) [Weinberg, *64]
incoming binary outgoing binary outgoing radiation

(@advanced propagators) (retarded propagators) (retarded propagators)

51— O(—u) — 8, ,Ou)
V(@ X7 = 022
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The Subleading Coulomb and Christodoulou’s peeling violation
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The Coulomb Region

The Subleading Coulomb and Christodoulou’s peeling violation

4
K : Q1 ‘ Q2
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Comments on this result:
* The results match [Christoudoulou, 2002], but not [Damour, '86]

- The result is exact in G (power counting in k)
* BMS charges receive log corrections [apologies for missing references!]
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» ¥ — 00: the exponential e K is rapidly oscillating
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. on-shell physics: k% ~ 0

k" ~ O("): the angular integration provides the — expansion
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Gm;
At leading order in the perturbative expansion, in 7’ the expectation value is given by tree-level Feynman rules.
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The Radiation Region
Analytic terms, e.g. the tree-level
REMINDER

- 1 > 0: we pick singularities in the k, lower-half plane

. retarded propagator; singularities of J/w

» ¥ — 00: the exponential e K is rapidly oscillating

- the integral is dominated by k# ~ x* @

—k — 1€

. on-shell physics: k% ~ 0

k" ~ O("): the angular integration provides the — expansion
r

Theorem Analyticity at k> = 0 = Peeling

Proof. Combine spinor variables, Coleman-Norton, and transversality of the Weyl tensor

kHC
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e

(k).
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The Radiation Region

Non-analytic terms from IR divergences and tails

What happens beyond tree-level? Gravity is a long-range < S-matrix elements are IR divergent

Off-shell correlators are IR finite: the non-analytic behaviour at k=0 spoils the LSZ reduction.
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IR divergences exponentiate to a phase:
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A stronger violation of Asymptotic Simplificity

There are two kinds of contributions: > >

é
|

* The residue around the on-shell pole = peeling.

Cz Cl
* The nearly-on-shell (but fundamentally off-shell) discontinuity.
The scaling argument in the asymptotic expansion at
r — 00 suggests:
1 1 1 PUNCHLINE:
Vi3 ~— ¥y ~— Yo~ — The asymptotic structure of spacetimes in physically
r r r interesting setups is more complicated than expected!
| 1
Y, ~— or —
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Outlook and conclusions

What did we learn about the asymptotic structure of spacetime?
 What are the asymptotic symmetries in scattering?

- Connection to Celestial Holography

- What is the physical interpretation of the supertranslation in the waveform computation?

- Definition of IR observables

 What happens for “bound” orbits?

- In classical physics, a bound state cannot live forever; resonances = no asymptotic states for bound.

 Move on and leave the study of the smoothness to more mathematically oriented colleagues.
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