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[Penrose, ‘65]

⇒ ℐ+ ⇒

It worked for a few examples! 
[Bondi, var der Burg, Metzner, Sachs, and more]

What about physically interesting spacetimes (two-body and n-body scattering)? 
[Damour, ’86], [Christodoulou, 2002], [Kehrberger, 2021-2025]x6
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Isolated Systems in General Relativity
Defining regorously a physically-interesting isolated system in GR?
This is not just a purely academic question!

Binary system (masses, relative velocity, etc.)

We do not know what happened in the past

We cannot fully characterise a Cauchy hypersurface

⇓

Quantify the dependence of the waveform on this soft radiation

This is usually phrased in terms of BMS transformations.
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Isolated Systems in General Relativity
Waveform templates

For example, “A Review of Gravitational 
Memory and BMS Frame Fixing in 
Numerical Relativity” [arXiv:2405.08868]

We glue different results computed in 
different regimes build accurate templates!

Numerical Relativity has 
intrinsic incoming radiation!

Figure from [arXiv:2412.12823]

https://arxiv.org/abs/2405.08868
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dim.reg & disconnected contributions
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We will probe smoothness studying the decay of the NP scalars!
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Gμν = 8πG Tμν

We want to solve Einstein’s equations

Expand around the flat metric: gμν = ημν + κhμν

pseudo-stress-energy tensor (with non-linearities)
□ hμν = Jμν
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Gμν = 8πG Tμν

We want to solve Einstein’s equations

Expand around the flat metric: gμν = ημν + κhμν

How do we compute this source?

• Iteration of Einstein’s Equations

• Field-theory inspired computation
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We are missing a region!
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We can do this because we have a large hierarchy of scales  . 

We can do this in dimensional regularisation as well.
Ri, b ≪

1
λ

≪ t, r

Radiation region: kμ ∼ 𝒪(r0)Coulomb region: kμ ∼ 𝒪(r−1)

The integral does not depend on . The two pieces have UV and IR divergences in λ λ .
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Jμν(k)
ω0 ln ω

= −
κ4

32π
log(ω − iϵ)F(Q1, Q2)

Q1 ⋅ Q2

k ⋅ Q1
Qμ

1 k ⋅ Q[2 Qν
1] + (1 ↔ 2) + ⋯

Ψ0 =
3G2m1m2

2r4
Bijεi

+ε j
+

Qij
t→−∞= Aijt2 − Bijt log(−t) + …

Ψ1 ∼
log r

r4

Comments on this result:
•The results match [Christoudoulou, 2002], but not [Damour, ’86]
•The result is exact in  (power counting in )G 𝗄
•BMS charges receive log corrections [apologies for missing references!]
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• : we pick singularities in the  lower-half planet > 0 k0

• retarded propagator; singularities of Jμν

• : the exponential  is rapidly oscillatingr → ∞ e−ix⋅k

• the integral is dominated by kμ ∼ xμ

• on-shell physics: k2 ∼ 0

• : the angular integration provides the  expansionkμ ∼ 𝒪(r0) 1
r

REMINDER

Theorem Analyticity at   Peelingk2 = 0 ⇒

Proof. Combine spinor variables, Coleman-Norton, and transversality of the Weyl tensor . kμCμνρσ(k) □
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Non-analytic terms from IR divergences and tails
The Radiation Region

What happens beyond tree-level? Gravity is a long-range  S-matrix elements are IR divergent⇔

Off-shell correlators are IR finite: the non-analytic behaviour at  spoils the LSZ reduction.k2 = 0

1
ϵ

⟶ ln
−k2

μ2

IR divergences exponentiate to a phase:


Jμν(k, ϵ) = ( −4πk2

μ2 )
−2iG(ωt+𝗄n)⋅(p1+p2)

J̃μν
0 (k, ϵ) ,
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The Radiation Region

There are two kinds of contributions:

• The residue around the on-shell pole  peeling.⇒

• The nearly-on-shell (but fundamentally off-shell) discontinuity.

The scaling argument in the asymptotic expansion at 
 suggests:r → ∞

Ψ4,3 ∼
1
r2

Ψ1 ∼
1
r3

Ψ0 ∼
1
r4

Ψ2 ∼
1
r2

or
1
r3

PUNCHLINE:
The asymptotic structure of spacetimes in physically 
interesting setups is more complicated than expected!
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What did we learn about the asymptotic structure of spacetime?
Outlook and conclusions

• What are the asymptotic symmetries in scattering?

- Connection to Celestial Holography

- What is the physical interpretation of the supertranslation in the waveform computation?

- Definition of IR observables

• What happens for “bound” orbits? 

- In classical physics, a bound state cannot live forever; resonances  no asymptotic states for bound.⇒

• Move on and leave the study of the smoothness to more mathematically oriented colleagues.
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