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Total Proton-Proton Cross-Section
p p

σtot(s) = ?
Cross-section grows! 
Distinctive feature of 
the strong force.

No theory/model that 
explains this behavior.

[PDG, 2024]
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Elastic Proton-Proton Differential Cross-Section

dσel

dΩ
(s, t) = ?

p p

p p

shrinkage of the diffractive peak

“dip-bump” structure

s ≫ 1 GeV2 ∼ | t |
Why so difficult to describe?

Nonperturbative 
(confinement)

EFT, Lattice QCD 
do not apply

[PDG, 2024]



Outline

• Overview of old results: Froissart bound, Regge theory and the Pomeron model. 

• Applying the modern S-matrix bootstrap in the high-energy soft regime: 

1. Bound on total cross-section at finite energy. 

2. Study of the “strongest interacting” amplitude.
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Assumptions:

Froissart bound and Regge theory

σtot(s → ∞) ≤
π

m2
log2 s

m > 0
J ≥ 2

Froissart bound

m, J =
sJ

t − m2
• Mass gap
• Higher-spin particles

R ≲
log s

m

σtot ∼ π R2quick derivation: 1.

= sJ−1 e−m R ≲ 1m, JR

Unitarity

2. 

3. (m > 0, J ≥ 2)

Regge theory

[Froissart, 1961]

T(s → ∞, t) ∼ sα(t), J = α(t)

σtot(s) = Im T(s,0)/squick derivation: 1.

T(s,0) ≲ s log2 s2. Froissart 
bound

Optical 
theorem

3. m, J ∼ sJ grows too fast!

4. J = α(t) such that α(0) ≤ 1Solution:
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Regge phenomenology and the Pomeron

            α(0) ≈ 0.5

[Chew, Frautschi; 1961]

            αP(0) ≃ 1.08

Two main consequences of Regge theory:

1. Higher-spin particles align along Regge trajectories
J = α(t)

2. They determine the high-energy behavior.

T(s, t) ∼ sα(t)

 trajectoryρ

σtot(s → ∞) ∼ sα(0)−1            α(0)

Pomeron

?
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The Bootstrap program of the 1960s
The Pomeron: Family of particles (Regge trajectory) responsible for the 
universal growth of the hadronic cross-sections. Status: Unknown

Froissart bound: σtot(s) ≲ log2 s

Chew’s Principle of Maximum Strength:  

The strong interactions saturate the Froissart bound, 
and are thus fixed by bootstrap consistency alone.

Geoffrey Chew, 2016
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Analyticity, Crossing, Unitarity.Growing Cross-Section

Concrete first target: Bounding the cross-section at finite energy



Tool we use: Modern S-matrix Bootstrap

Primal  
S-matrix 

Bootstrap

INPUT:

Analyticity

Crossing 
Symmetry

Unitarity

Bounds on low-energy data

Consistent Extremal Amplitude

N, L → ∞

OUTPUT:

excluded

included 

T(s, t) = Tmax(s, t)

[Paulos, Penedones, Toledo, van Rees, Vieira; 2016]

Cordova, MC, Elias Miró, Gümus, Karateev, 
Homrich, He, Kruczenski, Hebbar, Zhou…

[Guerrieri, Häring, Su; 2024]
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Scattering of identical scalar 
bosons of mass 

Bound on Integrated Total Cross-Section

σ̄tot(s) ≡
1

16π

s

∫
4m2

s′￼− 4m2

s − 4m2
σtot(s′￼) ds′￼

m = 1

[Yndurain, 1970]

GeV



1) Analytical: Bound            in terms low energy coefficient 

2) Numerical: Bound           via the modern S-matrix Bootstrap.
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1) Analytical: Bound            in terms low energy coefficient 

2) Numerical: Bound           via the modern S-matrix Bootstrap.

Strategy of the derivation σ̄tot(s) ≡
1

16π

s

∫
4m2

s′￼− 4m2

s − 4m2
σtot(s′￼) ds′￼

c2(t0) ≡ ∂2
s T(s, t0) |s→2− t0

2

c2(t0)

σ̄tot(s)

Key idea: Decompose σ̄tot(s) = Low spins + High spins

bound by unitarity relate to low-energy data
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] (2ℓ + 1) Im fℓ(s′￼)
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, valid for any even  and .L t0 ∈ (0,4)

Optimize over  and  !L t0



2)   Bound on c2(t0) ∝ ∂2
s T(s, t0) |s→2+ t0

2

Computed using numerical S-matrix Bootstrap 



Bound on Total Cross-Section at finite energy



What is the Amplitude that maximizes this coupling?



Tool we use: Modern S-matrix Bootstrap

Primal  
S-matrix 

Bootstrap

INPUT:

Analyticity

Crossing 
Symmetry

Unitarity

Bounds on low-energy data

Consistent Extremal Amplitude

N, L → ∞

OUTPUT:

excluded

included 

T(s, t) = Tmax(s, t)

[Paulos, Penedones, Toledo, van Rees, Vieira; 2016]

[Guerrieri, Häring, Su; 2024]

Cordova, MC, Elias Miró, Gümus, Karateev, 
Homrich, Vuignier, Sever, Tourkine, Zhiboedov, …
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strongest interacting amplitude in          sector
The “Froissart” Amplitude:

2→2

• Maximizes all dispersive low-energy coefficients 


• Maximizes growth of cross-section at high-energies 

cn > 0

Amplitude with a growing cross-section compatible with all the principles.



Integrated cross-section



Total cross-section and resonance peaks

Hadronic cross-section



Total cross-section and resonance peaks

Hadronic cross-section
Froissart amplitude (bootstrap)
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Pomeron?

?

visible as peaks
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Recap: Observables in Soft QCD

Total Cross-Section Resonances and 
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σtot(s) =
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=

|T(s, t) |2

s2

t ≤ 0
α(t) = α(0) + α′￼t



Elastic Differential Cross-Section:
“Shrinking of the Diffractive Cone” dσel

dt
∼ s2(α(0)−1) e−(2α′￼log s) |t|



Elastic Differential Cross-Section:

Proton-proton (experiment)

“Shrinking of the Diffractive Cone” dσel

dt
∼ s2(α(0)−1) e−(2α′￼log s) |t|

[Donnachie Landshoff 2001]



Elastic Differential Cross-Section:

0.1 0.2

50

100

200

400

dσel

dt s = 200

s = 50

Froissart amplitude (bootstrap)
Proton-proton (experiment)

“Shrinking of the Diffractive Cone” dσel

dt
∼ s2(α(0)−1) e−(2α′￼log s) |t|

[Donnachie Landshoff 2001]| t |



Elastic Differential Cross-Section: Larger |t|
Proton-proton (LHC)

[TOTEM collaboration, 2018]



Elastic Differential Cross-Section: Larger |t|
Froissart amplitude (bootstrap) Proton-proton (LHC)

[TOTEM collaboration, 2018]
| t |

dσel

dt
Froissart amplitude

Pomeron

s = 200

s = 50
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Conclusion

Phenomenological Theoretical

Precision era of Regge phenomenology?

• Bounded the cross-section at finite energy;


• Explored the Froissart amplitude and compared with proton-proton data;

Future directions

➡ Shrinking diffractive cone


➡ Presence of dip-bump structures


➡ Very rich Regge spectrum

How constraining are growing 
cross-sections?

INPUT: High-energy cross-section data (TeV)

OUTPUT: Resonances & Regge trajectories (GeV)

Primal  
S-matrix 

Bootstrap

The Pomeron puzzle in QCD

S-matrix bootstrap as a tool to 
understand high-energy soft QCD
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Are these minima consistent with Regge theory?
s = 200

s = 50

| t |

dσel

dt
Froissart amplitude

Pomeron

Could these weird trajectories 
be the culprit?
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White Ring model

TWR(s, t) =
8πis

−t
[R2 J1(R2 −t) − R1 J1(R1 −t)]

R2

R1White ring model:



White Ring analytical model
TWR(s, t) =

8πis

−t
[R2 J1(R2 −t) − R1 J1(R1 −t)]

Is this model consistent with analyticity in spin?

Yes! for R2 ∼ r0 log s, compatible with our numerics.

T(s → ∞, t) ≃
1

2πi ∮C
sℓ fℓ(t) dℓ

fℓ(t) =
1

((ℓ − 1)2 − r2
0 t)3/2

Regge cut with branch-points:
ℓ

t

1Sommerfeld-Watson transform:

ℓ± = 1 ± r0 t

t-channel partial wave:

?



Slope of cone at the LHC

[TOTEM collaboration, 2018]



Integrated cross-section



Location in space of low-energy coefficients

c0 ≡ T( 4
3 , 4

3 )
non-dispersive!

c2 ≡ c2( 4
3 ) = ∂2

sT( 4
3 , 4

3 ) > 0
dispersive

max σ̄tot(s)

[Chen, Fitzpatrick, Karateev]

The Bootstrap Almond

[Miró, Gümüs, Guerrieri]
[Gümüs, Leflot, Tourkine, Zhiboedov]

Conjecture:  
max σ̄tot(s → ∞) ⇔ (max c2, min c0)

[Paulos, Penedones, Toledo, van Rees, Vieira]
[He, Kruczenski]



A universal amplitude?

Minimum 
quartic coupling  

( )min c0

Maximum growth 
(“Saturation of Froissart”) 

Spin-2 resonance 
at threshold 
( )at

2 → ∞

?

max σ̄tot(s → ∞) ?

−7.8 ≲ c0 < 2.6613

[M. Paulos, J. Penedones, J. Toledo, 
B. van Rees, P. Vieira - 2016]

“Unfortunately we were not 
able to identify the relevant 
singularity in this case and 
thus were not able to improve 
the slow convergence.”

?

It has to Reggeize! 

Regge trajectory responsible 
for Froissart growth?  



Elastic differential cross-section (larger                  )

0.5 1.0 1.5 2.0

100

200

300

400

500

0.51.01.52.0

dσel

dt s = 200

s = 50

|q | = −t

∼ e−#|q|2

| t | = |q |2



Fraunhofer diffraction and Airy disk

Airy Disk: 
“Diffraction pattern 
produced by light 
passing through a 
circular aperture”.

[https://www.edinst.com/resource/laser-spot-size-in-a-microscope/]

https://www.edinst.com/resource/laser-spot-size-in-a-microscope/%5D


Eikonal representation and white ring model

1 − Re S(s, b)
2

R2

R1

R2

R1

Eikonal representation (bootstrap)



Eikonal representation and white ring model

white ring model:R2

R1

TWR(s, t) =
8πis

−t
[R2 J1(R2 −t) − R1 J1(R1 −t)]

1 − Re S(s, b)
2

R2

R1

Eikonal representation (bootstrap)



Elastic differential cross-section
TWR(s, t) =

8πis

−t
[R2 J1(R2 −t) − R1 J1(R1 −t)]

White Ring

| t |

dσel

dt s = 200

s = 50

Froissart amplitude

Pomeron
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Kupsch



“Forgotten treasures” on Froissart-Regge growth
• Froissart growth requires 3rd order Regge pole at intercept.


• Froissart growth is incompatible with linear trajectory: Requires shrinking of cone with 
 slope (versus  slope provided by linear trajectory). 


• Froissart growth requires infinitely many zeros near physical region  as .

log2 s log s

t ≤ 0 s → ∞

[R. Oehme - 1972]

[G. Auberson,  T. Kinoshita, A. Martin - 1971]

-10 -8 -6 -4 -2 0
-1.0

-0.5

0.0

0.5

1.0

Re t

s = 200Im t

“Froissart amplitude”



“Black ring” effect

[2022]

Inelastic overlap function



Cross-section maximization point-wise
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Yndurain Amplitude (partial waves)



1. Analyticity 

2. Crossing symmetry 

1. Analyticity 

2. Crossing symmetry 

3. Unitarity

Numerical S-matrix Bootstrap
s

4m2ρ(s) =
4 − s0 − 4 − s

4 − s0 + 4 − s

ρ(s)

ρ(4m2)ρ(∞)

T(s, t, u) =
N

∑
a,b,c

α(abc) ρa(s) ρb(t) ρc(u)

partial waveŝS† ̂S = 1̂ |Sℓ(s) |2 ≤ 1 imposed numerically using SDPB for all ℓ ≤ L
[Simmons-Duffin; 2015]

N, L → ∞

∞


