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Asymptotic observables for Quantum
Field Theory: £ (7o)

correlation function of detector operators E(73)
+00
(PIE(ny)E(ny) ... E(ny) V) En) = du }irgrzTOi(t =u+rrnn

integrated correlation functions || infinite sum over squared amplitudes

[BeIisky,Hohenegger,Korchemsky,Sokatchev, Zhiboedov; Henn,Sokatchev,Yan,Zhiboedov; Dixon, Luo,
Shtabovenko,Yang,Zhu;He,Jiang,Yang, Zhang,...]

-- insights into higher point data very limited

Mellin space as a new language for the multi-point asymptotic observables

(Pa,(21) - P, (2n)) = f[d5z'j] M(85) [T T (655) ;5™ <

1<J

Mellin formalism developed in the context of AdS/CFT correlation functions[mack,

Fitzpatrick, Kaplan, Penedones, Raju, van Rees; Nandan, Volovich ,Wen]

Powerful in conformally invariant setting : conformal correlator/dual-
conformal feynman integrals [Nandan,Paulos,Spradlina,Volovich]
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' Why Mellin space? A s

Z2 Z4

Physics of correlators transparent, allowing conformal block
decomposition. T

simple integro-differential relations between various types of
multi-loop integrals[prummond, Henn, Trnka;Dixon,Drummond,Henn; Ferro], M
complementary to standard IBPs

mapping onto basic building blocks: n-point star integral, as
volumes of simplices in hyperbolic space[schnetz,Goncharov,
Bourjaily,Gardi,McLeod,Vergu,Ren,SpradIina,Vergu,VoIovich...]

Profit from extensive studies on star integrals, extending
knowledge on the unknowns

Symbology for physical observables:
What can we learn from physical constraints on the
observables?
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Preliminary: star formula
x3
n
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x1
dt Conformal constraints
T3
Iy _2/ H ; exp Zttp@ﬂ 0ii = —A\;, Z(sz‘j:O-
= 7 \
T2
fdéZJ HF(% ’ Oij = ki - kj
1<J -
#of T(6): 5 # of independent §;; s : %
For N-point energy correlators, in collinear limit :
# of (multiplicatively) independent kinematic variables: NN-1) 1= (N+1D)(N-2)
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same as (N + 1)-gon



Preliminary: N-point EC in the multi-collinear limit

N-fold iterated integral over 1 — N collinear splitting function

1

- 12 .
Toy example: ¢p*-theory [Split|7_,3 = —3%23 Sp.yi= z xixj|zij|2
(i )ELJ]
1 —J1i—1_ —J—1 —Js3—1
, 2 Ly Lo L3
G3 = ‘212223| / d.fUld.fEde?, 6(1 — X1 — X2 — .fl?,?,) 32
0 123

For energy correlators:  J1 = Jo=J3=1—d= -3
Introduce an auxiliary point Py, in embedding space

P = (2 |z)%1), Pny1=(0,1,0).

PP,
(P - Py)(Py - Pj)

|255]% = i,j=1,2,3




Writes into projective integral x; — x; P

3 3 —J;—1
P1oPo3 XHPZJE'/ d°x H’L'x% Ji=h+t]+]s
1

P14y Pog P3y GL(1) (EZ?j:13%$jf%fy2(E:iaafﬁ4)_J_4

Introduce x4 , promote linear singularity into quadratic

3 [ 4
4 —-J;i—1_ —J—4-1 E a
i=1 ii=1

[ D3 335 7 f° 0" [D1111] 1

2
Kinematics mapping: = P12 P2q R |Z1z|2
Pi3Ppy  |243]

Py3Pyy |Zz3|2
= - 5
P13 Py, |Z13]




Solving conformal constraints

. Shift mellin variables and ) ) Sas = 1
= 14 + 024 + 034 =
014 + 024 + 634 3 map onto the scalar box 3

012 + 023 + 024 = 3 . 012+ 023+024=1

013 + 023 + 034 = 3 013+ o3+ 034 =1




2 variables

5 variables

L2 3

1 n
I = d* Y) _
T T4 n 7-{-2 Q Q ?1_[1 Q) — M=1
9 variables ]
— M=1 —> M =
1 — 5193
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EC in N=4 super Yang Mills Theory

. 1 dNz
ENC & 5 (z1+ - +z5)" "GN
|z12 -+ znv—1n|? ) GL(1) ,
+ perm (21, ,2N) SL.Jt = Z xixj| )]
(L)E[L]]
512 £123 523 123 X1 I3 Xp,.,) =X+t X
N =3 g3 = + —
5123 L12 5123 L£23 L12 23

Introduce a deforming parameter t

—>/ d*zdt H $1$2$4exp Z ;2 Py 4+ 2at(Pra + Poa) + va(Pra + Pos + Pay)
5123 L12 37123 i,j=3

[ Euler type integral over t: 2> ! }




512 M 1

> Pl X X M [D221.3]
$123 T12 T3o3 014 + 024 — 1 o
+
Zki-ka—kiz —A=1+4n,
[ 814 2 014+ 1,654 2 654 + 1 } 1_[ ['(6y;) j#i
+ ++

M[Dyo15] = ———— x 614004 X M[Dy114]  M[Diyaa] = — |

2213 14024 1,1,1,1 1111 =

y&sty P14P24 1ty P13P24

$12 M, 1 [P12P34] o 014024

$123 T12 Tigs P1aPoy P3y | P13 Py 014 + 024 + 1
Solving conformal constraints 5,(1—6,—6,)
- uj X 2—5 012 = Oy, 023 = 0y, 013
, 4 -~ Pu =1-6,—6,
_t
> 2-¢S P 10



014 = 014 + 1,034 = 034 + 1,01 = 012 +1, 1_[ NCD) -
813 813 — 1 Y Zki-k-z—kizzAi=1+ni

]
J#i
++
Pr3 012014034 T .
M|D > M|D
Do) = pop p X 5 X MDDl
_l_ —_
$12 M, 1 y 012014034
$123 T12 T393 P14PoyP3y (014 + 924)(013 — 1)

Solving conformal constraints 52 6,
(1 _ Su)(Su + 61:) ( /
i
S
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' Contour shift: constructing UT integrals

fu) x 2= G = 0) JURLAS T r(6,)%r(6,)2r(1 - 8,
2~ 6, | § (1~ 8,8, +6,) —5,)2 v-duy—du

52 8, 5 %%+ 52 8,
1-6)06,+6,) 1-6, |(1-6)(8,+8,)

6, 20, —1

5.6, 5,(1—6,—6,)
[ _HM1—%_WM 1- 5, } (
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5,5, 6,6 5,(1—6,—6,) 5,(1—6,—6,)
E3C _ uvv uvv _ u u v _ v u v
[1]X<1—5u+1—5,, Wl x——% [l x———5

+ boundary constants

1
Ibox’ ::/ dth(ut,’u) M> ! fduo
0

M 0w M1 X1

0y — 1 $123 T12 £123



fduo

E3C given by second derivatives acting on a transcendental weight 3 integral
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S [Ibox’ ] —

1 1
\1—ZI2®(1—|1—»’«'I2)®|1—2«“’I2—§|1—Z|2®|Z|2<§<>|1—»%‘|2—§|2’|2®|1—25|2®|1—Z|2

+1||2®1—z®1—z 1|1 |2®z®1—z

— |z —_ — — Z —

2 1—-z 1—z2 2 z 1—z

First ent ) —u+twv

L|r5t entrygr Qv Q17 ( %dlog’v %dlog }—uivi—% ; 2 X X \

ast entry Z, Z dlog —(I_U”") —dlogv 0 B,
: 1+u—v+\/Z 1—u—|—fu—\/z

De'Fermlnes thg LS of dlog o VA dlog oA 0 B,

weight-2 functions dlog v

Key input for Hog

bootstrapping the

observable in QCD
[Gong, Pokraka,Ya n,Zhang]

0 )
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Li,(1—v) —%lnvlnu (D, -
function [1912.11050])

B;: UT master integrals

2 2 9
i ’ - B v k 3' :
5 e — . N | + l
B, 4 %
4 5 7 3
B, 2 . d,(z,2z) (D_ - 1 1
' : function 1= vBl +?ABZ
[1912.11050])
I
4




1+ [2*+[1 — 2 (=14 2P+ ]2|* =2 =[1 — 2]*—|2|*|1 = 2|*+2]1 — 2|°)
2 2 (1+C2) + 2 2 )2
2|z]2|1 — 2| 2|2|%1 — z|*(z — 2)

(=1 = 2420211 — 2= [2l1 = 2+]1 = 2l'~1 - 2I°)

G(z) = (

log|1 — 2|

1 2
¥ 2Pl — 22z — 27 il
=1 4 1—z*-1 (2P =11 = 2)(2P+H1 = 2) 4 [ 2
D Do (1— D —
T o =i P2 )t g —p e (-2 + 2221 — 22 2721
21D5 (2
N 2 il 1~ 2P)

pa(J2%, 11 = 2[2) =(=1 + |2~ |1 — 2)(1 + |22—[1 = 2[*) (~1 + |2/*+]1 - %)
X (<14 11— 2221 — 2421+ 1 - 2?)

2|11 — z|*z|4(z — 2

222+ 1 =22+ |2PA 4+ |1 — 2D A+ (=5 + |1 — 2]?)|1 - z|2)] .

3u [_51) -+ v(l + 3u + év)] o J du o + perms. Moving onto Higher
Point EC
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The multi-collinear limit of |Fy,1|? can be written in terms of dual

conformal invariants including N + 2 points: [y_1 ...

Y]

Pi =Yi —Yi-1 Pi+N+1"= Pi> Si+1,.k = yizk
1 — N splitting function with V2, 32
N = 3,4 (NMHV/MHV): (a,b,c,d) =2
B41 Yacybd
Yo V
3;_1 VN1 N = 3: (—1, 1; 2 4) -+ (—1,3, A 0) —+ (3, 1,0,4)
Inthe N —particle collinear limit,
Viv = Xip1 + o +xy_q
) N = 4.
T R
— 1+ (—1, 1,2,5) + (—1,2,3, 5) 4+ (—1,4, 3,0) +(4,1,0,5) + (—1,3, 2, 0) — (4, 2,1,5)

[Chicherin,Moult,Sokatchev,Yan,Zhu 24’]

+(0,4,3,1) +
+(-1,4,2,0)(0,2,3,5) +

(0,4,3,1)(—1,1,3,5) + (
1,1,2,4)(4,2,0,5) + (—

(4,1,0,5)(0,2,3,5) + (—

(3,1,0,5)(—1,2,3,5) +

(—1,4,3,1)(3,1,0,5)
1,3,2,0)(4,2,0,5) +
1,4,3,1)(—1,4,2,0) +

(-1,1,2,4)(~1,1,3,5)

(—1,4,2,0)(4,2,1,5)
(3,1,0,5)(4,2,0,5)

(

( (=
+(-1,4,3,0)(—1,1,2,4) +

( + +(0,2,3,5)(—1,1,3,5)

+(~1,4,3,1)(~1,1,2,5)



P,

Py
Four — point correlator 2 ®/
Sp.J= z xilezijl Ps o —
|Fs | hei¥) P
4 =3
|F5,MHV| Ps
S123 L1234 _ 512 %1234%4
(—1,4,3,0) = (_1747270)(0727375)_ s s Lo
51234 123 12349123 £12434
5123534 X123421 S12345823 T1Z
(—1,4,3,0)(—1,1,2,4) = (0,4,3,1)(=1,1,3,5) = 51284528 _ T1%4
S12345234 L122123 ’ 51235234 1232234

Singularities depend on
4 angles: impose Py, =
0 in the matching kernel

Singularities depend on
5 angles : five mass

chiral pentagon as
matching kernel
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Rules for Mellin transform

Ly = X123..5

Star formulafor Dy 41, ay,,+1

Euler-type integrals

exponentiate the
(extended)
quadratic form
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Resolving overlapping singularities

O, = oy
-~ W
Euler-type integral for a k-propagator topology: o = {(i,))| Pij appears in Dy, but not in others}
> S
/ [dF] 8,008,772 - (b + o) 70012 o (b 4ty + t3) 00123
0
compatible poles: L , L l
$123.-N S23...N*** X123.--N X23...N'"*
5(2 de — k) X ! X ! X
ty <ty +ty, <ty +t,+tge — "
o ~ 7 010 — M12  Ogpps — 1123
non-compatible poles, e.g. L
5123 5234
_ I'(1 =012 — 013)I'(1 — 024 — 034
/[dtldt ] —d12— 513t 024—0934 (tl i tg —023 _ Z 8ij — F(zs () )
23

(ZJ)#(M)

21



' Mapping onto Feynman Integrals

\ 4

22



2
5234 L1234 n 5125234 123424 + §23534 L1934

51234 L234 512351234 £234X34 $12351234 £234L34
2
S19 £123474 4 §12534 £123L1234

+ (1< 4,2+ 3)
512351234 £12X34 512351234 12234

C5: = 512, C2: = 634,
M C3: = 8123, C4: = 0234,
C1:= 033
1 A 4
-c[1l] +c[3] + Cc[4]
c[3] c[4]? _ c[l] ~c[2] < c[4] _C[4] (-c[1] +c[4] +c[3] ~c[4]) c[3] N c[2] ~c[4] ~c[3] _
2 (-2+c[4]) (-1+c[4]) (-1+c[2] -c[5]) 2 (-2+c[4]) (-2+c[2] -c[5]) 2 (-1+c[2] -c[5])
c[2] ~c[4] (-1 +c[2] +c[3] -c[5]) c[5] c[3] ~c[4] (:[5]2

2 (-2+c[2] -c[5]) (L+c[2] -c[5]) * 2 (-2+c[2] -c[5]) (L+c[2] -c[5])

+(C[3]€>C[4], C[2]<—>C[5]) [ C3+C4—C1=614—1, C5—C2=635+645—1, ]




Amplitude side: matching kernels

1 n 1
Five-mass chiral pentagon in 4d I1 — d4 —0-Y ) _
pentag n= 3 / Q(-Q )7;|=|1 (—P;- Q) Y -Pi334=0
-Y - P5 dcz uS —1
I I | v F l1—¢;) | T —cq4—1
5T P25 P14 P35 7{ ( 271 ’l “ )) (a+e—ea—1)

F(63—|—C4—61)F(62—|—03—C5)F(Cl—|—C5—Cg—l)F(C4—|—C5—CQ)

P1y Pog o — Po5 Psy P13 Pys P15 Py P13 Pss

U = 3 2 3 U3z = 3 Uq4 = 3 Uy =
Pi3 Py Py Psj P4 Pss P14 Pos Py3 Pos

P i3 Pit142

U = Uj 42 = ,
P ito Pit143




Pz _ Ps2 Pos _ Pss
,P63 P53,P63 P53

Reduction for a Hexagon with restricted kinematics: p_ =p., =0

I = (PaPasPsg) Is = fH ;1;2 i (HF (ci) ) (c1 — 5 —cs)'(ca — s — c7) Pyt P

XI'(1—cy —e3+cs+cg) ez —cr —eg) T(er —cg —cg) I'(1 — ¢ — c2 +cg + ¢9) T Py Pge

XI'(1—ca —cg+cat+er)T(eg — s —c5) Tea — c4 — co), Ui = Ujiys, i=1,2,3
Uit3 = Uit1,it5, 1=1,...,6

Set u;, =ug=0,u, =ug =1
Apply Bannes Lemma to

integrate out a,, aq
M 1

[
»

v

1 - C4_
normalize by I3
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7
M 1 2
1— 138534 6
3
5
4
M
0123
(1 —0234)(012 — 034+ 1)
M 1

g — Hepy Di112111
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Deformed Hexagon

f(lcitt)

First 2 entries:

Hex, p((1 + t)uz) Each contains >3000 terms in its symbol

{(-1+w, w, -1+wb, wb, -1+2z, z, -w+2z, -1+ 2zb, zb, -wb + zb,

3rd entry\first 2 :

{z-zb, ~-wbz+wzb,|-wbz+wzb, -wb +wzb, -w+wbz,

l-w-wb+wbz, 1-w-wb+wz, -1+w+wb-wbz-wzb+2zzb]

Last entry\first 3 : 7 W Z e W

(L-wwb, 1-wbz,wbz-2zb, 1-wzb, z-wzb, ~

l-z-zb+wzb, 1-z+wbz-zb, 1-wwb-z+wbz-2zb+wzb}

-1+2z2zb}

N\

z

2=z

zZ3=

27



Summary

e Systematic studies on deformed star integrals

--extra structures in the symbol alphabets,

-- universal patterns independent of supersymmetry?

e Interpretation on the Mellin amplitudes

---Physical v.s. spurious poles in Mellin space; connection to symbol letters
---Last entry: physical origin of singularities in the LS

e How to build differential equations systematically (without/with minimum
IBP)?

e Higher loop @ Lower point : generalize with dimensional regularization

28
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