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GW Physics Meets QFT/Amplitudes
• Gravitational waves from binary systems of 

black holes/neutron stars detected by LIGO/
Virgo, upcoming third-generation detectors 
(LiSA/KAGRA/ET/TianQin/…)
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• Post-Newtonian-based methods for computing 
the dynamics in the inspiral phase: numerical 
relativity, EOB, NRGR, worldline EFT


• Post-Minkowskian-based/“Amplitude-flavoured”:


• Scattering amplitudes in the classical (soft) 
limit (EFT matching, heavy-mass EFT, 
Kosower-Maybee-O’Connell formalism, etc…)


• Worldline models (effective action, WQFT)
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Classical Gravitational “Compton” Amplitudes
• Three-point (one graviton) amplitude


• Originally obtained from symmetry requirements


• Four-point (two graviton) amplitude


• AHH amplitudes have spurious poles at           in the opposite-helicity configurations, related to 
ambiguities in the contact terms in the classical limit


• Various proposals based on fundamental symmetry requirements and their respective assumptions of 
choice (spin-shift symmetry, double copy, higher-spin, etc)


• All agree up to the quartic power in spin and differ at higher orders in contact contributions


• Matching with the Teukovsky equation approach involves subtleties in the treatment of the 
bookkeeping parameters, requiring further clarification
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• Black hole as a point particle coupled to background gravity


• Worldline effective field theory
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• Worldline QFT (N=2 SUSY model accounts for up to quadratic orders in spin, an ansatz-based 
Lagrangian for higher orders)


• Worldline action with a quadratic-in-Riemann operator matching with higher spin constructions
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Worldline Models for Kerr

￼4

<latexit sha1_base64="Ot7h5924VVNTo/J4mUG4L9shNx4="></latexit>

S =

Z
d�

⇢
�m

p
u2 � 1

2
Sµ⌫⌦

µ⌫ + LSI [u
µ, Sµ⌫ , gµ⌫(y

µ)]

�“Minimal coupling” (up to linear order in spin)

Spin-induced multipole expansion accounting for finite-size effects

Electric and magnetic components of the Weyl curvature tensor

Wilson coefficients (for Kerr, C=1 for all Cs)
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Geometry of Kerr
• Key features of the Kerr geometry:


• An equatorial disk centred around the axis of symmetry


• Intrinsically flat and of a radius |a|


• The ringlike boundary of the disk comprises the geometrical singularity of the metric


• 3-metric of Kerr at (r=0) in terms of intrinsic coordinates: 
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     What about modelling Kerr, which is an extended body, as…

 

Well… an extended body?     
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Outline

Hypersurface model in flat background


“Minimal” generalisations to curved background 


Matching with the three-point amplitude for Kerr results in a simple hypersurface action


Singularity structures due to the hypersurface action (for our own curiosity mostly) 


From hypersurface to gravitational Compton amplitude (WIP)


Outlook (all wishes great and small)
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Hypersurface Model in Flat Space



• Starting point: (2+1)-dimensional worldvolume extension of the Polyakov action


• Diffeomorphism on the worldvolume


• Diffeomorphism on the target space


• Constraints on the worldvolume metric:


•  -independence


• Respecting rotational symmetries expected for a spinning object that resembles a disc


• Crucial difference from “stringy models”: the necessity of a nontrivial worldvolume metric 

Hypersurface Action
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Free Action & Dynamics in Flat Background
• Physical Constraint: the free equation of motion must admit solutions that match with the weak-field 

expectations


• Free action


• Mass term included for classical physics

• Consistent with reparameterization invariance of

• Normalisation to match with the point-mass (worldline) action in the limit


• Free EOM: 


• Solutions:
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From Sphere to Disc
• The modes       can be interpreted as maps from the worldvolume of              to solutions on a spinning 

disc in the target space of the radius 


• Consistent with the starting point that the source of a Kerr black hole is a spinning disc


• For our purpose of modelling the Kerr black hole classically coupled to weak background gravity, our 
main focus from now on will be the (1,1)-mode


• Geometrically, it is the closest to the disc


• We believe the existence of multi-modes with different frequencies or wrapping numbers is unnatural 
in classical physics
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Y µ
l,j

<latexit sha1_base64="HvTAVSRCY3I/DOVEkwLOcNp8Ldk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclaRIdVl047I++oAmlsl00g6dPJi5EUroyo2/4saFIm79Bnf+jZM2grYeuHA4517uvceLBVdgWV/GwuLS8spqYa24vrG5tW3u7DZVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oYXmd+6Z1LxKLyFUczcgPRD7nNKQEtd88AJCAw8L70Z31Uc4AFT+Ee6HnfNklW2JsDzxM5JCeWod81PpxfRJGAhUEGU6thWDG5KJHAq2LjoJIrFhA5Jn3U0DYne56aTN8b4SCs97EdSVwh4ov6eSEmg1CjwdGd2oZr1MvE/r5OAf+amPIwTYCGdLvITgSHCWSa4xyWjIEaaECq5vhXTAZGEgk6uqEOwZ1+eJ81K2a6Wq1cnpdp5HkcB7aNDdIxsdIpq6BLVUQNR9ICe0At6NR6NZ+PNeJ+2Lhj5zB76A+PjG4icmS8=</latexit>

S2 ⇥ R
<latexit sha1_base64="Df4r6SH/bvSO4WQMHiExpd1bPoU=">AAACBXicbVDLSgNBEJz1GeMr6lEPg0GIIGFXJHoMevEYwTwgWZbeyWwyZvbhzGwkLHvx4q948aCIV//Bm3/jJNmDJhY0FFXddHe5EWdSmea3sbC4tLyymlvLr29sbm0XdnYbMowFoXUS8lC0XJCUs4DWFVOctiJBwXc5bbqDq7HfHFIhWRjcqlFEbR96AfMYAaUlp3AATqJK/OTuOO3Q+5gNMTgPmDiJllKnUDTL5gR4nlgZKaIMNafw1emGJPZpoAgHKduWGSk7AaEY4TTNd2JJIyAD6NG2pgH4VNrJ5IsUH2mli71Q6AoUnqi/JxLwpRz5ru70QfXlrDcW//PasfIu7IQFUaxoQKaLvJhjFeJxJLjLBCWKjzQBIpi+FZM+CCBKB5fXIVizL8+TxmnZqpQrN2fF6mUWRw7to0NUQhY6R1V0jWqojgh6RM/oFb0ZT8aL8W58TFsXjGxmD/2B8fkDmuyYBg==</latexit>at(l,j) ⌘ awcl,j

<latexit sha1_base64="vxSvpUDZQNzxi7wUiVs3nS5djCQ=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBg5Rdkeqx6MVjBfsh27Vk02wbmmyWJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15SymTcMMp51EUSxCTtvh6Gbqt5+o0kzG92ac0EDgQcwiRrCxkv/Qy/iZO3nsirRXrrhVdwa0TLycVCBHo1f+6vYlSQWNDeFYa99zExNkWBlGOJ2UuqmmCSYjPKC+pTEWVAfZ7OQJOrFKH0VS2YoNmqm/JzIstB6L0HYKbIZ60ZuK/3l+aqKrIGNxkhoak/miKOXISDT9H/WZosTwsSWYKGZvRWSIFSbGplSyIXiLLy+T1nnVq1VrdxeV+nUeRxGO4BhOwYNLqMMtNKAJBCQ8wyu8OcZ5cd6dj3lrwclnDuEPnM8f566RBw==</latexit>

Y µ
l,0

<latexit sha1_base64="BTC4FRjB6pK+kgrYRrMGQBVlEMY=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BItQQUoiUj0WvXisYD+gCWWznbRLN5u4OymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBYngGh3n28qtrW9sbuW3Czu7e/sHxcOjpo5TxaDBYhGrdkA1CC6hgRwFtBMFNAoEtILh3cxvjUBpHstHHCfgR7QvecgZRSP5ZQ9peuHhAJCed4slp+LMYa8SNyMlkqHeLX55vZilEUhkgmrdcZ0E/QlVyJmAacFLNSSUDWkfOoZKGoH2J/Ojp/aZUXp2GCtTEu25+ntiQiOtx1FgOiOKA73szcT/vE6K4Y0/4TJJESRbLApTYWNszxKwe1wBQzE2hDLFza02G1BFGZqcCiYEd/nlVdK8rLjVSvXhqlS7zeLIkxNySsrEJdekRu5JnTQII0/kmbySN2tkvVjv1seiNWdlM8fkD6zPH/yQkZw=</latexit>

(⌧, ✓)

<latexit sha1_base64="EKRRZ7yswsw/vsqZgDgb8p5BTN4=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgQcquSPVY9OKxgv2Q7VqyabYNTTZLMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/IfHrkx7mXfmTXrlilt1Z8DLxMtJBeVo9Mpf3b6iqWQxUEGM8T03gSAjGjgVbFLqpoYlhI7IgPmWxkQyE2Szkyf4xCp9HCltKwY8U39PZEQaM5ah7ZQEhmbRm4r/eX4K0VWQ8ThJgcV0vihKBQaFp//jPteMghhbQqjm9lZMh0QTCjalkg3BW3x5mbTOq16tWru7qNSv8ziK6Agdo1PkoUtUR7eogZqIIoWe0St6c8B5cd6dj3lrwclnDtEfOJ8/kEKQzQ==</latexit>

Y µ
1,1

<latexit sha1_base64="QScVqQtfpY2jPcK/ASP9cZx3BQg=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBAiSNgViYIQgjaWEcxDsjHMTmaTSWYfzNwVw5Lexl+xsVDE1h+w82+cPApNPNXhnHu59xw3ElyBZX0bC4tLyyurqbX0+sbm1ra5s1tVYSwpq9BQhLLuEsUED1gFOAhWjyQjvitYze1fjvzaPZOKh8ENDCLW9Ekn4B6nBLTUMjO3d44ftxJx1Bs65zlRtLED7AESHEo8xL2ifdgys1beGgPPE3tKsmiKcsv8ctohjX0WABVEqYZtRdBMiAROBRumnVixiNA+6bCGpgHxmWom4yxDfKCVNvb0dS8MAI/V3xsJ8ZUa+K6e9Al01aw3Ev/zGjF4Z82EB1EMLKCTQ14sMIR4VAxuc8koiIEmhEquf8W0SyShoOtL6xLs2cjzpHqctwv5wvVJtnQxrSOF9lEG5ZCNTlEJXaEyqiCKHtEzekVvxpPxYrwbH5PRBWO6s4f+wPj8AX+jmW4=</latexit>

Y µ
l,j (l > 1 or j > 1)

      : only depend         , hence dimension-reducing 
 
      : single-covering map 
 
                                : multi-covering map




Classical Spin
• Angular momentum due to the rotation around the COM


• Identifying with the standard spin tensor                                and imposing the spin supplementary 
condition                 , we are required to set                              


• Without loss of generality, we also set


• Hence we have


• Spin length related to the radius of the sphere
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<latexit sha1_base64="Q2BfhlrsC+v+aZ0/oU8pTMdeSQ8="></latexit>

Sµ⌫ =
ma2w
4⇡a2w

Z

S2
d✓ d� sin(✓) (Y µ

l,j@⌧Y
⌫
l,j � Y ⌫

l,j@⌧Y
µ
l,j) =

p
l(l + 1)(l + j)!(maw)

(2l + 1)(l � j)!
c2l,j(�

µ
x�

⌫
y � �µ

y�
⌫
x )

<latexit sha1_base64="CBEsXov3zRjh2jNNfve7o+Vk46A=">AAACInicbVDLSgMxFM34rPVVdelmsAiuyoxI1YVQdOOyon1AZxwymbQNzWNIMoUyzLe48VfcuFDUleDHmLYjaOuBwMk5997knjCmRGnH+bQWFpeWV1YLa8X1jc2t7dLOblOJRCLcQIIK2Q6hwpRw3NBEU9yOJYYspLgVDq7GfmuIpSKC3+lRjH0Ge5x0CYLaSEHp/PY+9Vji8SS7YB6OFaGC/0ie7AuPmmERzIZBOr5mMMiVoFR2Ks4E9jxxc1IGOepB6d2LBEoY5hpRqFTHdWLtp1BqgijOil6icAzRAPZwx1AOGVZ+Olkxsw+NEtldIc3h2p6ovztSyJQasdBUMqj7atYbi/95nUR3z/yU8DjRmKPpQ92E2lrY47zsiEiMNB0ZApEk5q826kMJkTapFk0I7uzK86R5XHGrlerNSbl2mcdRAPvgABwBF5yCGrgGddAACDyAJ/ACXq1H69l6sz6mpQtW3rMH/sD6+gapVaY6</latexit>

Sµ⌫ = m✏µ⌫⇢�v⇢a�
<latexit sha1_base64="+dZ3jpQsSL7RgN26db0A9taDzdE=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0VwY0lEqptC0Y3LCvYBTSiT6bQdOnkwc1MMIV/hxl9x40IRt+LOv3HaZqGtBy4czrmXe+/xIsEVWNa3UVhZXVvfKG6WtrZ3dvfM/YOWCmNJWZOGIpQdjygmeMCawEGwTiQZ8T3B2t74Zuq3J0wqHgb3kETM9ckw4ANOCWipZ55NHNoPATseA9JLHenjhwzX8LKcZDWrZ5atijUDXiZ2TsooR6Nnfjn9kMY+C4AKolTXtiJwUyKBU8GykhMrFhE6JkPW1TQgPlNuOnsrwyda6eNBKHUFgGfq74mU+Eolvqc7fQIjtehNxf+8bgyDKzflQRQDC+h80SAWGEI8zQj3uWQURKIJoZLrWzEdEUko6CRLOgR78eVl0jqv2NVK9e6iXL/O4yiiI3SMTpGNLlEd3aIGaiKKHtEzekVvxpPxYrwbH/PWgpHPHKI/MD5/AFq2nt8=</latexit>

v · �x = v · �y = 0

<latexit sha1_base64="SOCnwGVyE0nYccJAgp6TUW14oyE=">AAACC3icbVDLSsNAFJ34rPVVdelmaBFclUSkuhGKblxWsA9oQphMJu3QyYOZG7GE7N34K25cKOLWH3Dn3zhts6itBy4czrmXe+/xEsEVmOaPsbK6tr6xWdoqb+/s7u1XDg47Kk4lZW0ai1j2PKKY4BFrAwfBeolkJPQE63qjm4nffWBS8Ti6h3HCnJAMIh5wSkBLbqVqewyIm9kyxI+5Tf0Y8Jw0zq9Mt1Iz6+YUeJlYBamhAi238m37MU1DFgEVRKm+ZSbgZEQCp4LlZTtVLCF0RAasr2lEQqacbPpLjk+04uMglroiwFN1fiIjoVLj0NOdIYGhWvQm4n9eP4Xg0sl4lKTAIjpbFKQCQ4wnwWCfS0ZBjDUhVHJ9K6ZDIgkFHV9Zh2AtvrxMOmd1q1Fv3J3XmtdFHCV0jKroFFnoAjXRLWqhNqLoCb2gN/RuPBuvxofxOWtdMYqZI/QHxtcvxeqa4g==</latexit>

�x · �y = 0

<latexit sha1_base64="UWEmipCGy38MQ4z+o+XUFGzxAmA="></latexit>

Sµ⌫ = m|a|(�µ
x�

⌫
y � �µ

y�
⌫
x )

<latexit sha1_base64="/CxURbzrS6Vgghriw/cqYb5v9ic="></latexit>

vµvµ � ⌘µ⌫ � aµa⌫

|a|2 = �µ
x�

⌫
x + �µ

y�
⌫
y

<latexit sha1_base64="2+49QG3WQWB8gqA56fJ2LTCTv64="></latexit>

|a| =
p

l(l + 1)(l + j)!

(2l + 1)(l � j)!
awc

2
l,j

<latexit sha1_base64="44ge8IIV0YuSaWdsqa/TJL6MjS4="></latexit>

vµS
µ⌫ = 0



Hypersurface Model in Curved Space



Generalisation to Curved Background
• Immediate generalisation of the Polyakov action:


• In principle, one can add any covariant couplings that respect the fundamental symmetries of the 
system. But we choose to stick to the “minimal” action. Hence, we make further restrictions.


• Exclude potential terms that spoil the free EOM


• Exclude explicit polynomials of Z to avoid couplings to the field X and only keep first-order derivatives 
of Z.


• Each point Z couples to the background metric in a simple way, either directly or to the local Riemann 
tensor                 . Higher-dimensional interactions are also excluded.


• Worldvolume geometry can come into play through the worldvolume metric or its respective Riemann 
tensor          whose non-vanishing components are  
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<latexit sha1_base64="iRdwWUgQDkX+GJy+VhJfxE6DIew=">AAACGnicbVDLSsNAFJ34rPVVdelmsAi6KYlIdVl0ocsKVsUmhJvptB2cTMLMjVJCv8ONv+LGhSLuxI1/47QG8XVg4HDOucy9J0qlMOi6787E5NT0zGxprjy/sLi0XFlZPTNJphlvsUQm+iICw6VQvIUCJb9INYc4kvw8ujoc+efXXBuRqFMcpDyIoadEVzBAK4UVz+cIYe7Hma+yIfW16PURtE5uqB8D9hnI/Gj4Fdi63A4rVbfmjkH/Eq8gVVKgGVZe/U7CspgrZBKMaXtuikEOGgWTfFj2M8NTYFfQ421LFcTcBPn4tCHdtEqHdhNtn0I6Vr9P5BAbM4gjmxyta357I/E/r51hdz/IhUoz5Ip9ftTNJMWEjnqiHaE5QzmwBJgWdlfK+qCBoW2zbEvwfp/8l5zt1Lx6rX6yW20cFHWUyDrZIFvEI3ukQY5Jk7QII7fknjySJ+fOeXCenZfP6IRTzKyRH3DePgCtNaHj</latexit>

⌘µ⌫ ! Gµ⌫(Z)

<latexit sha1_base64="8w26RFXxEyEqSrYvOafvAVz9Vk0="></latexit>⇥
@aZ

µ@bZ
⌫�abGµ⌫(Z)

⇤n
, n > 2

Background metric

<latexit sha1_base64="iqv8O+6rx7MlXKxJyqQrFChTzvo=">AAACCnicbVC7TsMwFHXKq5RXgJElUCGVpUoQKowVLIwF0Ydooshxndaq7US2g1RFmVn4FRYGEGLlC9j4G5w2A7Qc6UpH59yre+8JYkqksu1vo7S0vLK6Vl6vbGxube+Yu3sdGSUC4TaKaCR6AZSYEo7biiiKe7HAkAUUd4PxVe53H7CQJOJ3ahJjj8EhJyFBUGnJNw9dBtUIQZreZn7qssTliStGkSvJkMGsdn/im1W7bk9hLRKnIFVQoOWbX+4gQgnDXCEKpew7dqy8FApFEMVZxU0kjiEawyHua8ohw9JLp69k1rFWBlYYCV1cWVP190QKmZQTFujO/HA57+Xif14/UeGFlxIeJwpzNFsUJtRSkZXnYg2IwEjRiSYQCaJvtdAICoiUTq+iQ3DmX14kndO606g3bs6qzcsijjI4AEegBhxwDprgGrRAGyDwCJ7BK3gznowX4934mLWWjGJmH/yB8fkD9XCbEQ==</latexit>

Rµ⌫⇢�(Z)

<latexit sha1_base64="WKy50nn0i/vc3Kpx+ob+SrzuIUE=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WPRi8cK9gPabclms21oNlmSbKUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZekHCmjet+O2vrG5tb24Wd4u7e/sFh6ei4qWWqCG0QyaVqB1hTzgRtGGY4bSeK4jjgtBWM7mZ+a0yVZlI8mklC/RgPBIsYwcZKve4YKzWUvQwHJJz2S2W34s6BVomXkzLkqPdLX91QkjSmwhCOte54bmL8DCvDCKfTYjfVNMFkhAe0Y6nAMdV+Nr96is6tEqJIKlvCoLn6eyLDsdaTOLCdMTZDvezNxP+8TmqiGz9jIkkNFWSxKEo5MhLNIkAhU5QYPrEEE8XsrYgMscLE2KCKNgRv+eVV0ryseNVK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gICCZ3iFN+fJeXHenY9F65qTz5zAHzifPwaFkt8=</latexit>

%abcd
<latexit sha1_base64="Yvc+IrZ7zE6hA1CsrBWqUCHpYk4="></latexit>

%✓�✓� = �%�✓✓� = �%✓��✓ = %�✓�✓ =
�1

a6w sin2(✓)



• Ansatz for the action


• Respect both the worldvolume and the target space diffeomorphism


• Perturbation around the flat metric (post-Minkowskian expansion): 
                                          

Action in Curved Background
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<latexit sha1_base64="SVREtbSswD8q5uNa3kvbwOT2Rn8="></latexit>
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Z
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d3�

p
�

"
(DZ)2 + 1+a2wRµ⌫⇢�(Z)@aZ
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1X

j=0

⇠2j+1[(DZ)2]j) + a2w%
acbd(

1X
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⌘#

<latexit sha1_base64="jD2B4EbZRA1fG2zMRjx85DWGRTw="></latexit>

(DZ)2 ⌘ @aZ
µ@bZ

⌫�abGµ⌫(Z)

Free parameters to be determined

<latexit sha1_base64="jd+mc4tw9S/OM1ckss+PUrANXAQ=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoKGVGpLpQKLrQZQX7wE4pd9K0Dc1khiQjlKE/48ZfcePCIoIrf8X0gdTqgcDhnHO5ucePOFPacT6t1MLi0vJKejWztr6xuWVv71RUGEtCyyTkoaz5oChngpY105zWIkkh8Dmt+r3rkV99pFKxUNzrfkQbAXQEazMC2khN+8ILQHcJ8ORm0Ey8IPZEPMg9HF56VMOPcOT1IIrAO8bd2VDTzjp5Zwz8l7hTkkVTlJr20GuFJA6o0ISDUnXXiXQjAakZ4XSQ8WJFIyA96NC6oQICqhrJ+MoBPjBKC7dDaZ7QeKzOTiQQKNUPfJMc3aTmvZH4n1ePdfu8kTARxZoKMlnUjjnWIR5VhltMUqJ53xAgkpm/YtIFCUSbYjOmBHf+5L+kcpJ3C/nC3Wm2eDWtI4320D7KIRedoSK6RSVURgQ9oRf0hobWs/VqvVsfk2jKms7sol+wvr4BaWilzA==</latexit>

Gµ⌫(Z) = ⌘µ⌫ + hµ⌫(Z)
<latexit sha1_base64="OCG+Ch0DYVtz3KfobVuQE7P30DQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSVKlehKIHPUkFWwtNCJvttl262ay7G6GEXPwrXjwo4tWf4c1/47bNQVsfDDzem2FmXigYVdpxvq3CwuLS8kpxtbS2vrG5ZW/vtFScSEyaOGaxbIdIEUY5aWqqGWkLSVAUMnIfDi/H/v0jkYrG/E6PBPEj1Oe0RzHSRgrsPW+IhEDnnnqQOj2ueoLCq+AmC+yyU3EmgPPEzUkZ5GgE9pfXjXESEa4xQ0p1XEdoP0VSU8xIVvISRQTCQ9QnHUM5iojy08kDGTw0Shf2YmmKazhRf0+kKFJqFIWmM0J6oGa9sfif10l078xPKReJJhxPF/USBnUMx2nALpUEazYyBGFJza0QD5BEWJvMSiYEd/bledKqVtxapXZ7Uq5f5HEUwT44AEfABaegDq5BAzQBBhl4Bq/gzXqyXqx362PaWrDymV3wB9bnDwfzlg4=</latexit>

 =
p

32⇡GN



From Action to Three-Point Amplitude
• Classical three-point one graviton amplitude to the leading PM order can be directly read off from the 

action


• Evaluating the RHS in momentum space using the Fourier transform


• Outgoing graviton is taken to be a plane wave and without loss of generality, we assume the 
polarisation tensor of the graviton is a product 


• For a given single mode, the three-point amplitude is obtained by substituting the (classical) solution 
of the free EOM 
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<latexit sha1_base64="3J1EyRdSS5dg3C61cJa0vJSeTmw="></latexit>

ieik·x

(2⇡)4
2⇡�(mv · k)A3(v, a, k) = �2hµ⌫(k)
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�hµ⌫(k)

���
hµ⌫!0

<latexit sha1_base64="EyUABynZdJiyAqJ0MH26nu+hdzo="></latexit>

hµ⌫(Z) =

Z
d4k

(2⇡)4
hµ⌫(k)e

ik·X(⌧)eik·Y (�)

<latexit sha1_base64="xKCsQsztB/MCfKCugKIbOhIsGFI=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2BRKkiZEakui25cVrAX6Awlk2ba0CQzJJlCGfoGbnwVNy4UcevWnW9jpp2Frf4Q+POdc0jOH8SMKu0431ZhZXVtfaO4Wdra3tnds/cPWipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo9us3h4TqWgkHvQkJj5HA0FDipE2qGefemMkSawoMzePJ5XRmXe+wETGenbZqTozwb/GzU0Z5Gr07C+vH+GEE6ExQ0p1XSfWfoqkppiRaclLFIkRHqEB6RorECfKT2f7TOGJIX0YRtIcoeGM/p5IEVdqwgPTyZEequVaBv+rdRMdXvspFXGiicDzh8KEQR3BLBzYp5JgzSbGICyp+SvEQyQR1ibCkgnBXV75r2ldVN1atXZ/Wa7f5HEUwRE4BhXggitQB3egAZoAg0fwDF7Bm/VkvVjv1se8tWDlM4dgQdbnDwzSnKs=</latexit>

"µ(k) "⌫(k)

<latexit sha1_base64="tjuI2onYjGtd3jYWA5pCfVcpaAI="></latexit>

A(l,j)
3 (v, a, k) ⌘ A3(v, a, k)|Y µ!Y µ

l,j

For Kerr, we consider the amplitude evaluated on the (1,1) mode.

Integrating out the 
worldvolume coordinates



Worldvolume Integration
• Spin counting:


• Each factor of Y from the exponential contributes one spin power, while the first-derivative of Z does 
not contribute. The parameter       is proportional to the spin length.


• Interactions involving the curvature tensor come in at quadratic and higher orders in spin.


• The zeroth and linear powers in spin are determined by the “Polyakov” part of the action and hence 
universal, as expected from the minimal-coupling worldline action.


•   -integrals vanish for odd powers of Y (including its derivatives) and are easily evaluated for even 
powers, independent of   , which trivialises the.  -integral. 


• Tensor prefactors of the form                                                  can be divided into a sequence of pairs and 
each pair is identified using
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Worldvolume Integration
• Remaining   -integrals evaluated on the (1,1)-mode (setting                         such that the radius of the 

target space disc is the same as the Kerr disc/the spin length) 


• Rewriting the exponential factor as a differential operator, all the remaining interactions can be evaluated 
as the action of the differential operator on the first two terms. 
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Hypersurface Action for Kerr
• Matching with the three-point amplitude of the Kerr black hole, we find


• Action for Kerr


• Completeness of the full action: we have tested up to                and confirmed that the spin expansions 
of     ’s form a complete basis of one-variable entire functions. Hence the action can describe any three-
point amplitude, provided that it admits a regular spin expansion of         only.          
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Singularity Structures (for fun)



Singularity Structure of Scattering Angle
• Scattering angle of a binary system with a spinless black hole
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[Image credit: Antonelli, Kavanagh, Khalil, Steinhoff, Vines]
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Singularity Structure of Scattering Angle

• For Kerr 


The scattering angle has only simple poles 
and agrees with known results in the 
literature.


• For generic parameters


The  scattering angle has curious 
logarithmic divergences.


• At higher orders, the singularities always lie 
at the same location. Only Kerr is free of 
logarithmic divergences.
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Higher Modes

• The three-point amplitude can be evaluated analytically on the (l,l) and (l,l-1)-modes for all the examples 
we have considered


• They are expressed in terms of hypergeometric functions which are also entire functions.


• The analytical property of the resulting scattering angle for a given higher mode suggests that its 
respective singular ring lies outside the radius of the disc, if we choose the mode coefficient such that 
the radius equals the spin length.


• For other higher modes, their three-point amplitudes are unknown analytically, while numerical 
evaluations suggest that they still converge.
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Singularity Structure of Metric
• Metric generated by the presence of the hypersurface and its interaction with gravity


• Einstein equation


•  At the first post-Minkowskian order


• Fourier transform to momentum space
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Singularity Structure of Metric
• 1PM metric in the spheroidal coordinate (also organised by entire functions)


Where 
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Singularity Structure of Metric

• Entire functions B1 and B4 give rise to the ring singularity in the leading-order stationary metric.


• Entire functions B2, B3 and B5 only contribute to the regular part of the leading-order stationary metric.


• For Kerr, given by B1+B4, the leading-order stationary metric vanishes as r ->0, suggesting that the flat-
space solution remains stable and unaffected by its own generated metric.


• For more generic cases, the leading order stationary metric receives contributions from B2, B3 and B5, 
which do not vanish as r ->0, suggesting that the flat-space solution can be modified.


• This observation may corroborate the stability of the Kerr black hole. 
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Toward Gravitational Compton



• Gravitational Compton amplitude can be extracted from the the solutions to the Einstein equation with 
the stress-energy tensor


• The Polyakov term in the hypersurface action suffices to compute the Compton amplitude up to linear 
power in spin.


• The stress-energy tensor in the post-Minkowskian expansion


• The metric receives contributions from the background and the stationary contributions, and is 
expanded around flat space 
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• Compton amplitude as the linear response to the interaction with the black hole


• Einstein equation at               in the de Donder gauge 


• Fourier transform to momentum space 

From Stress-Energy Tensor to Compton
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Stress-Energy Tensor & EOM at NLO
• First correction to the Fourier-transformed stress-energy tensor


• Relevant EOM


• PM expansion of the coordinate 


• PM expansion of the background metric 


• EOM with the ansatz                                                                            
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stress-energy tensor up to this order



Solve EOM at NLO
• Further decompose the ansatz into a complete orthonormal basis


• The coefficients can be easily solved


• The boundary conditions are chosen to be consistent with physical expectations


• Explicit solutions relevant for the Compton amplitude up to linear power in spin
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• Evaluating the next-to-leading order stress-energy tensor with 


• We arrive at


where
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Gravitional Compton Amplitude at O(S)
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Gravitional Compton Amplitude at O(S)

• Together with the contribution from the scattering with the stationary metric, we obtain the gravitational 
Compton amplitude from our model


• Which agrees with the literature up to the linear power in spin


• At the zeroth order in spin, our formalism reduces to the worldline models straightforwardly.


• At the first order in spin, while the final amplitudes are identical, our treatment of the spin degree of 
freedom is different from that in the worldline models.
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Higher Powers in Spin

• Beyond the linear order in spin, the extra couplings to the Riemann tensor also contribute


• Corrections to the solutions of the NLO EOM at higher powers in spin 


• More modes


• Preliminary results: 


• The NLO EOM can be solved straightforwardly for all modes at any power in the spin expansion


• The part of the Compton amplitude on the massive cut obtained from the stress-energy tensor agrees 
with known results in the literature at the quadratic order in spin
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Outlook



When Newtonmas comes to town…

• Gravitational Compton amplitude


‣ Complete agreement with known results in the literature up to the quartic order in spin


‣ Consistency with factorisation and symmetry requirements at the fifth powers and beyond


• Contact contributions, spin resummations


• Extraction of the multipole expansion from the stress-energy tensor, MPD equation


• Tidal effects, higher multiplicities, etc…
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“Futuresque” directions 


‣ Extension to a broad class of spinning black holes


‣ Deformation, quantisation, black hole stability, physical interpretation of higher modes … 


Thank  you!


