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Avoided level crossing in QCD

The real title of my talk
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QCD Toy Model 
conformal symmetry 

integrability
QCD



Pre QCD: Regge trajectory
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Chapter I:



Analyticity + Crossing symmetry of S-matrix
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Analyticity + Crossing symmetry of S-matrix
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Dynamical data
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Angular distribution of final state particles 
determine by the mass2 off the 

intermediate resonance

The Chew-Frautschi plot
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The dynamical data (partial 
wave coefficient) can be 
regarded as an analytic 
function of J (or t), describe 
both s-channel and t-channel 
physics
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Evolution in virtuality Evolution in rapidity



Birth of QCD: 
DGLAP and BFKL
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Chapter II:



Deep Inelastic Scattering
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Q2 = �q2

Bjorken limit: x fixed, 
Q2 to infinity
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Evolution in virtuality
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Bjorken Scaling (violation)



Evolution in virtuality
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Bjorken Scaling (violation)

In Mellin space, scaling violation 
determined by spectrum of twist-2 
operator

DGLAP eq.
 plays the role of resonance massγ

ψ̄γ+(D+)3ψ

<latexit sha1_base64="IKVBGqgPe+kO05KXX9IiuQXZDpw=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVakmKVDdC0Y24asE+oEnLZDJph04ezEykJfQX3Pgrblwo4tadO//GaRtEWw9cOJxzL/fe40SMCmkYX9rS8srq2npmI7u5tb2zq+/tN0QYc0zqOGQhbzlIEEYDUpdUMtKKOEG+w0jTGVxP/OY94YKGwZ0cRcT2US+gHsVIKqmr5738sABrndIJvIQWDSR0h9AqwGEnuT01x/DH7uo5o2hMAReJmZIcSFHt6p+WG+LYJ4HEDAnRNo1I2gnikmJGxlkrFiRCeIB6pK1ogHwi7GT60RgeK8WFXshVqZum6u+JBPlCjHxHdfpI9sW8NxH/89qx9C7shAZRLEmAZ4u8mEEZwkk80KWcYMlGiiDMqboV4j7iCEsVYlaFYM6/vEgapaJZLpZrZ7nKVRpHBhyCI5AHJjgHFXADqqAOMHgAT+AFvGqP2rP2pr3PWpe0dOYA/IH28Q0t85l8</latexit>

f(x,Q2) =

Z
dx xJ�1f(x,Q2)
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Q2 df(J,Q
2)

dQ2
= �DGLAP(J)f(J,Q

2)



Evolution in rapidity
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f(x, JL) =

Z
dQ2 (Q2)JLf(x,Q2)

Mellin transformation to Q2

<latexit sha1_base64="yO6aFP65xPNKKhtt89y3v982u7w="></latexit>

x
df(x, JL)

dx
= �BFKL(JL)f(x, JL)BFKL eq.

Pomeron eigenvalue (one-loop): 
<latexit sha1_base64="zK2lFWPOU0jtl/sGapMEvm9FTZ4="></latexit>

�BFKL (JL) = ↵̄

✓
2�E +  

✓
2 + JL

2

◆
+  

✓
�JL

2

◆◆
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Important scientific at EIC

small x singularity in 
DGLAP kernel

pole in 1/J

Related to BFKL equation
Jaroszewicz, 1982



Toy model: 
Conformal field theory


Integrable model
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Chapter III:



Maximal transcendentally principle
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DGLAP@3 loop

Heroic calculation

in N=4 SYM, predict all the 
1/J singularity in DGLAP 

from BFKL
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Regge trajectory in gauge theory
anomalous dimension as function of spin

spin as function of anomalous dimension

Or better, they define a Riemann surface
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Quantum Spectral curve

(baby version)

Gromov, Levkovich-Maslyuk, Sizov, 2015

<latexit sha1_base64="lhDTOizrIpCQhz7dEhQGklh02TA="></latexit>

� ~2
2m

 00(x) + V (x) (x) = E (x)
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p(x) =
~
i

 0(x)

 (x)
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p2 � i~p0 = 2m(E � V )
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p(x) = im!x+
~
i

NX

i=1

1

x� xi

Asymptotes and pole determine 
energy and wave function

Can we write down a field theory object that gives 
rise to this structure?

DGLAP

BFKL



Lightray operator
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Kravchuk, Simmons-Duffin, 2018



Detector operator
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<latexit sha1_base64="8wMwfS6ZVLGksYyrhpTF3Uni8gk="></latexit>
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Z 1
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d(n · x) lim

n̄·x!1
(n̄ · x)2n̄µn̄⌫Tµ⌫(x)

i0

i+

i�

Tkachov, 1995

Hofman, Maldacena, 2008

Kravchuk, Simmons-Duffin, 2018

lightray operator
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(�, J)
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(��L, JL)
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�L = 1� J

JL = 1��

ANEC is the JL=-3 case, Sterman, 1975

Analyticity of DGLAP operator in spin (JL)

<latexit sha1_base64="kDYagO5Snl0wjkbFzxXVtiBQL+Y="></latexit>

DJL(~n)|pi = (!p)
�2�JL�(2)(~n� p̂)|pi

ANEC



Back to QCD
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Chapter IV:



Small-x physics from multiplicities

26

Hadron multiplicities study has long history
Bassetto, Ciafaloni, Marchesini, 1980

Amati, Bassetto, Ciafaloni, Marchesini, Veneziano, 1980

Furmanski, Petronzio, Pokorski, 1979

Konishi, 1979

Mueller, 1981

Modern application: quark/gluon tagging

Gallicchio, Schwartz, 2011
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Mueller, 1981

Can we define a field theory object that formalize it?
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Cyuan-Han Chang (張巏瀚), Hao Chen (陈豪), David Simmons-Duffin 



The DGLAP/BFKL intersection
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?

What happen at the intersection?

The 1/J singularity in 
DGLAP is the signature 
of intersection of two 

energy level



Avoided crossing in QM
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✏ = E1 � E2

Divergent perturbation series

Resummation through diagonalization

Finite energy level repulsion



Color detector and BFKL detector
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The correct question to ask:

DGLAP

BFKL
degenerate

Compute matrix element of these two operator in some state, 
and resolve mixing!
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Compare with operator mixing in 4-fermion effective theory 
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DBFKL
JL

(z)

OPE controlled by on-shell state



Structure of renormalization and mixing
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• DGLAP and BFKL detector become identical at 
JL=2-d


• The pole at JL=-2 in DGLAP matrix element 
indicates mixing into BFKL


• The pole at JL=6-2d in BFKL matrix elment 
indicates mixing into DGLAP


• The UV pole of DGLAP matrix element is the 
twist-2 anomalous dimension


• The UV pole of BFKL matrix element gives the 
BFKL eigenvalue

<latexit sha1_base64="kaKnuaGNte+4J+q5qFnB/GvO6Ew="></latexit>
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Mixing and recombination of DGLAP and BFKL in 
QCD!
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Leading power 
contribution to 

multiplicity

Next-to-Leading power 
contribution to 

multiplicity, new!



Carving out the space of detector operators
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Pythia



Conclusion

• A remarkable journey from preQCD -> QCD -> toy model -> QCD


• Remarkable beauty in the structure of quantum field theory


• local operator lifted to non-local operator in Minkowski space


• Has practical phenomenology: carving out the space of detector 
operators using LHC data!


• Story not yet finished …
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