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�£"l��éØ�Ñ�nØÑu§0���!�£±9©Å�m�Vg"Ǒ,·�±�ò�¡é�éØ5�¯K§�´§l��éØnØÑu§�±���ß�§�±é�½Â�Vg§éu·�n)ÔnL§����~k�"
1.1 ÑÑÑ���LLL§§§�Ï�©Å©Û�õ´3$UÑ�¢�¥?1�"e¡·�òl$UÑ�y�Ñu?Ø©Å©Û�¥�Ä�Vg"l$UÑ�Ñu?Ø§kVgN´½Â§Ôn¿Â²(�`:"

1.1.1 ÑÑÑ������£££ããã·�rÑu:�3�%X¥ü�âf½�Ñ�L§� �©�§9Ù>.^�"
[

− ~
2

2µ
∇2
ρ + V (ρ) − Eρ

]

ψ(ρ) = 0 , (1.1)

lim
ρ→∞

ψ(ρ) ∼ N

[

eikz + f(θ, φ)
eikρ

ρ

]

, ψ(0) = 0 . (1.2)Ù¥§µ´\�âfÚqâfXÚ��z�þ§
µ =

mAmB

mA +mB
. (1.3)

ρ´ü�âf��é�I§
ρ = rA − rB , ρ = (ρθφ) . (1.4)

Eρ´�é$ÄUþ"
Eρ =

p2
ρ

2µ
, pρ = µρ̇ . (1.5)



2 ©Å©Û�{y3·�5?Ø( 1.1)�)"b�NXäk^=ØC�5�(SO(3)é¡)§y3·�=�¥�IX§ª( 1.1)CǑµ
{

− ~
2

2µ

[

ρ−2 ∂

∂ρ
ρ2 ∂

∂ρ
+ (ρ sin θ)−1 ∂

∂θ
sin θ

∂

∂θ
+ (ρ2 sin2 θ)−1 ∂

2

∂φ2

]

+ V (ρ) − Eρ

}

ψ(ρ) = 0 ,

(1.6)æ^©lCþ{§�±r( 1.6)©)Ǒn����©�§§
[

d

dφ2
+m2

]

Φ(φ) = 0 ,

[

(1 − x2)
d2

dx2
− 2x

d

dx
+ l(l + 1) − m2

1 − x2

]

Θ(θ) = 0 , x = cos θ ,

[

ρ−2 d

dρ
ρ2 d

dρ
+ k2 − l(l + 1)

ρ2
− 2µ

~2
V (ρ)

]

Rl(kρ) = 0 . (1.7)Ù¥|m| ≤ l, l = 0, 1, 2, ..."�§( 1.7)¥ÆÝÜ©�´¤¢�¥�¼êµYlm(θφ) =
[

2l+1
4π

]1/2
Pl(cos θ)e

−imφ"Ù¥Pl(cos θ)´ Legendreõ�ª"ÏǑ»��§ÚÚm�'§=é φvk�6§¤±·��±ÑKCþ φ§�±rÑ�Å¼ê^ Legendreõ�ª�mǑXe/ªµ
ψ(ρ, θ) =

∞
∑

l=0

alPl(cos θ)Rl(kρ) , (1.8)Ù¥al´~ê§òd>.^�(½§Rl(kρ)�¡Ǒ©Å"-Rl(ρ) = Fl(ρ)
kρ §K»��§�±zǑµ

[

d2

dρ2
+ k2 − l(l + 1)

ρ2
− 2U(ρ)

]

Fl(kρ) = 0 , U(ρ) =
µ

~2
V (ρ) , (1.9)Ù¥)Ò¥1n�− l(l+1)

ρ2
´¤¢�l%³^§́ =Ä�Aé»��§��z§��u��ü½�³§Ú;�ÆÄþk'"ù�§»��§Ò��zǑ�����©�§"�dǑ�§·�w�§Ñ�¯K�ÆÝÜ©�±î��)§�,´3÷vSO(3)é¡5�
Je"
�e�¯KK´'u»��§��)"ù´Ñ�¯K�Ø%"e¡·�ò?Ø�)»��§�¯K§¿Ú\�
'�Vg"

1.1.2 ©©©ÅÅÅ���£££Ǒ
)�§( 1.9)§k�Äb�U(ρ)�±�Ñ��/§ù�§kü|�5Õá�)§=Í¶�¥Bessel¼ê:

kρjl(kρ) , kρnl(kρ) . (1.10)



1�Ù ©Å!�£Ú�� 3� ρ´¢ê�§§�Ǒ´¢¼ê§
�3Ø
�:±	äkû��)Û5�"�U(ρ)ØU��Ñ�§�§( 1.9)��)C��~(J"¢Sþ·�3¢�¥§&ÿì´�l�p�^«��§=¤¢ì?«�§XJ3ù�«��p�^³U
��Ñ�{§·�K�±ß�µ
lim
ρ→∞

Fl(kρ) → fl(kρ) , (1.11)Ù¥fl(kρ)´U(ρ) = 0��§( 1.9)�)",
XJ·��Äá§³§=³3�l�:�'ρ−2~���¯�³"�âª(

1.11)�éu§3ρ�~���ÿ§Rl(kρ)´( 1.10)¥ü��5Õá)�S\§
Rl(kρ) −−−→

ρ→∞
Aljl(kρ) −Blnl(kρ) , (1.12)Ù¥§AlÚBlÕáuρ
�U�6uk"·���Bessel¼ê�ì?/ªµ

jl(kρ) −−−→
ρ→∞

sin(kρ− lπ/2)

kρ
, nl(kρ) −−−→

ρ→∞
cos(kρ− lπ/2)

kρ
. (1.13)�âª( 1.12)Úª( 1.13)·��µ

Fl(ρ) −−−→
ρ→∞

Al sin(kρ− lπ/2) +Bl cos(kρ− lπ/2)

= Cl sin

[

kρ− lπ

2
+ δl(k)

]

(1.14)Ù¥
tan δl(k) ≡

Bl(k)

Al(k)
(1.15)

δl(k)´l�©Å�£§ClǑ8�z~ê"�ùp§·��Ñ
�£�Vg"?�Ú5`§�£ δl´Äþ�¼ê§
��£�Vg3��éØÑ�nØ¥?uÄ�(cornerstone)�/ "âf3¥%³|¥��5Ñ��¡��d��©Å��£û½"3�5Ñ�¥§�A� δl´¢�§
�³|éâfkáÂ§K�A�£K´Eê"e¡�ÑÑ�Å¼ê!Ñ�Å¼êÚÑ��Ì�L�ªXe§
ψscatt −−−→

ρ→∞
eikρ

ρ

∞
∑

0

2l + 1

2ik

[

e2iδl − 1
]

Pl(cos θ) , (1.16)

ψ(ρ, θ) −−−→
ρ→∞

−(2l + 1)ilPl(cos θ)

2ikρ

[

e−i(kρ−lπ/2) − Sl(k)e
i(kρ−lπ/2)

]

, (1.17)



4 ©Å©Û�{
f(θ) =

∞
∑

0

(2l + 1) [Sl(k) − 1]Pl(cos θ)

2ik
. (1.18)Ù¥

Sl(k) ≡ e2iδl , (1.19)N´y² SÝ
äkXe�5�µ
Sl(k) =

1

Sl(−k)
, Sl(k) =

1

S∗
l (k

∗)
. (1.20),	½Âü�Ñ�L§¥� TÝ
Ǒ

Tl = Sl − 1 (1.21)|^Tl§ª( 1.18)�L«¤§
f(θ) =

1

2ik

∞
∑

0

(2l + 1)TlPl(cos θ) , (1.22)

1.1.3 ������ÚÚÚÑÑÑ������ÌÌÌ)))ÛÛÛ555���âfÔn�wÍ�y��VÒ´�A�¡þ���
"e¡·�l��éØÑ�nØ¥Å¼ê�©Å�m/ªÑu��:{ü?Ø§¿{ü0�åP�!���ÚJ��Vg"·�lÑ��§�)(1.18)Ú(1.22)Ñu?1?Ø"
f(θ) =

1

2ik

∞
∑

0

(2l + 1) [Sl − 1]Pl(cos θ)

≡ 1

2ik

∞
∑

0

(2l + 1)TlPl(cos θ) , (1.23)e¡·�5w SÝ
�)Û5�éA
þfåÆXÚ��*ÿ�A"
• åP�éuS-ÅÑ�(l=0)§Ù»��§Ǒµ

[

d2

dr2
+ k2 − 2U(r)

]

F (kr) = 0 , (1.24)



1�Ù ©Å!�£Ú�� 5�Ä�>.^�§Ù)�±L�Ǒ
F (kr) −−−→

r→∞
C(k)

[

e−ikr − S(k)eikr
]

. (1.25)·�¿Ø'%C(k)§�±�Ǒ1§3�:F (0) = 0"éuÔn�-EL§�ǑÚ\�âfUþ�'�k27L´��"�´§·�Ø��Ä−k2�)§éu−k2

k = ±iκ, (κ > 0) , (1.26)éuKUþ§3�¡��ì?«�§U(r)�±��Ñ§u´( 1.24)CǑµ
[

d2

dr2
− κ2

]

F (kr) = 0 , (1.27)ù��§äkXe/ª�Ï)µ
F (r) = Ae−κr +Beκr . (1.28)�âÅ¼ê�ÚO)º§·���AÇ7Lk�§ù7,��µB = 0"d�§�Ä>.^�( 1.25)§�k = −iκ§·�k

F (kr) −−−→
r→∞

e−κr − S(k)eκr . (1.29)'�( 1.29)Ú( 1.28)§·��Ä�
¡�?Ø§áǑÒ¬��S(−iκ) = 0"ǑÒ´`� SÝ
3k�E²¡�KJ¶þ�": �éA( 1.24)Xe�)
F (0) = 0 , F (r) −−−→

r→∞
e−κr (r → ∞) . (1.30)ù�´·�ÙG�åP�)"�ùp·��±wÑ SÝ
�)Û5�kXÔnéA"ǑÒ´ SÝ
3k�E²¡�KJ¶þ�":½ö�J¶þ�4:(�â5�

1.20)éAéA
Ñ�L§�åP�"
• J��k2 = 0§=3Kþ�Ñ�§u´S-Å�»��§CǑµ

[

d2

dr2
− 2U(r)

]

F (kr) = 0 . (1.31)3�¡��«�U(r)�±Ñ�§́ ��5)
F (0) −−−→

r→∞
C2r + C1 , (1.32)



6 ©Å©Û�{Ù¥C1ÚC2´È©~ê"ùÒ´J�(Virtual State))"¤¢J�Ò´UþǑ0(k2 = 0)§
�áÚ³���f�UNe�1��åP�§�´ù��´ØU8�z�§
��kπ
2��£§¿Ø´��ý��åP�"XJáÚ³2Cr�:§J�ò¬=CǑåP�¶lêÆþ5ù§�±r SÝ
3k�E²¡��J¶�":(½öKJ¶þ�4:)éA��½ÂǑJ�"

• ���XJ SÝ
�":3k = −κ0 + iκ1 (Ù¥κ0Úκ1´¢ê)§l( 1.17)·��±��µ
Fl(kr) −−−→

r→∞
e−i(κ0+iκ1) = eiκ0reκ1r (r → ∞) . (1.33)XJκ0 > 0§ÏǑd�S(k) = 0§�ò�kÑ��»�Å
vk?Û\�Å�¤©"�âþfåÆ'u�Ý6�½Â§ü �mSÏL�»Ǒa�¥¡�âfêǑµ

N = − i~

2m

(

∂F

∂r
F ∗ − ∂F ∗

∂r
F

)

4πa2

=
4πa2

~κ0

m
e2κ1a . (1.34)½Â

|ψ(r)|2a = e2κ1a . (1.35)¤±·�k(Ù¥v = ~κ0

m §Ǒâf�Ý)µ
N = 4πa2|ψ(r)|2a · v . (1.36)·��±r¹���¹êLǑµ

Ψ(r, t) = ψ(r)e−iEt/~ , (1.37)Ù¥§
E =

~
2k2

2m
=

~
2

2m
(−κ0 + iκ1)

2 =
~

2

2m
(κ2

0 − κ2
1 − 2iκ0κ1)

(1.38)

≡ E0 − i
Γ

2
. (1.39)



1�Ù ©Å!�£Ú�� 7�ª·��ÑAÇ�ÝL�ªµ
|Ψ(r, t)|2 = e2κ1ae−t/τ τ ≡ ~/Γ . (1.40)�ùp·��±w��κ0 > 0Úκ1 > 0�§kΓ > 0§Ψ¤£ã�NX±²þÆ·τPC"( 1.40)¤£ã��´O­½�(quasi-stationary state)§ǑÒ´¤¢���"( 1.33)ª¥§ S Ý
�": �´k = −κ0 + iκ1§
�A�4:Ǒk = κ0 − iκ1"duS(k) 6= S(−k)§
k2 = (±k)2§¤±k²¡þ�±kéAk2²¡þ���:"¤±���k²¡�þ�²¡ǑÔn�§e�²¡Ǒ�Ôn�"�A�k2iù¡�1��ǑÔn�§
1��Ǒ�Ôn�"u´åP�éA SÝ
3Ôn�þ�4:§
J�Ú���éA�Ôn�þ�4:§3k2²¡þ�¢¶¤Ǒ��(branch

cut)"3¢SÑ�¢�¥§·��U��4k2Ǒ�¢ê§¤±·�[��{�Ø
�¢¶±	�k2E²¡þ�"�´§lnØþù§XJS(k)3Ôn�Uþ¶NCk��4:§·��±Ï"ù��ÛÉ5ò¬éý¢�Ônþ�)wÍ�KǑ§'XKǑ�£Ú�¡"
1.1.4 ���������£££ÚÚÚ���...���£££3 1.1.3¥§·�?Ø
���§�k = −κ0 + iκ1�§ª 1.16Ñy���§ù�´ SÝ
�": �§Ó�k = κ0 − iκ1´ª SÝ
�4:"e¡·�?Ø�����£"·�34:NC5wδl(k)�1Ǒ"|^ SÝ
�½Â§·�rª( 1.17)U�Ǒ

Fl(kr) ∼ e−i(kr−lπ/2+δl) − ei(kr−lπ/2+δl) , (1.41)ÏǑ Fl Ø
¹k r�6	��±¹k?¿~ê§�o·�?�ÚrFlLǑ
Fl(kr) ∼ Al(E)e−ikr −A∗

l (E)eikr , (1.42)Ù¥§·�Ú\
EUþ E �E¼ê
Al(E) = ile−iδl(E) , A∗

l (E) = (−i)leiδl(E) . (1.43)éu���§7Lk
Al(E) = 0 E = Er − i

Γ

2
, (1.44)



8 ©Å©Û�{¤á"Ù¥§EÚ Γ´�¢ê"·�rAl3§�":NC��V�m§
Al(E) ≈ Al(Er − i

Γ

2
) +

[

E − (Er − i
Γ

2

]

al + ... , (1.45)Ù¥ al´Al3":?����"ÏǑ1��Ǒ"§�k
Al(E) ≈

[

E − (Er − i
Γ

2

]

al + ... , (1.46)Ú
A∗
l (E) ≈

[

E − (Er + i
Γ

2

]

a∗l + ... . (1.47)rþ¡ü�L�ª�\( 1.42)�Ñ§
Fl(E, r) ∼

[

E − (Er − i
Γ

2
)

]

ale
−ikr −

[

E − (Er + i
Γ

2
)

]

a∗l e
ikr

∼ iΓa∗l e
ikr at E = Er − i

Γ

2
. (1.48)é'þªÚ( 1.41)ª§3 SÝ
4:NC§�±��µ

e2iδl(E) = eiπl
a∗l
al

E − Er − i(Γ/2)

E − Er + i(Γ/2)

≡ e2iδ
pot
l

{

1 − i
Γ

E − Er + i(Γ/2)

}

, (1.49)Ù¥§·�½Â¤¢�³�£Ü©§ǑÒ´����£§
e2iδ

pot
l ≡ eiπl

a∗l
al
. (1.50)·��±w�§�|E − Er| ≫ Γ�§ª( 1.49)¥�)Ò¥1���±�Ñ§�kδl → δpotl "ǑÒ´`§3Uþ�l4: ��§�£δl´d( 1.50)ª�Ñ�Uþ��C¼ê§Ǒ�¡Ǒ�.�£"


{

1 − i
Γ

E − Er + i(Γ/2)

}

=
E − Er − i(Γ/2)

E − Er + i(Γ/2)K3Al(E)�":NC�Ñ×�Cz�δl"ù���¡Ǒ�£���Ü©§·�½Â§
e2iδ

res
l ≡ E − Er − i(Γ/2)

E − Er + i(Γ/2)
≡ cos δresl + i sin δresl

cos δresl − i sin δresl

. (1.51)·��±w�§���©Å�£�©ǑüÜ©§
e2iδl = e(2iδ

pot
l

+2iδres
l

) , δl = δpotl + δresl . (1.52)lª( 1.51)¥�±w�
E − Er
−Γ/2

=
cos δresl

sin δresl

, cot δresl =
Er − E

Γ/2
, δresl = − cot−1 E − Er

Γ/2
. (1.53)
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1.1.5 ���£££���������///GGGÚÚÚ���¡¡¡k
���£Ú�.�£�Vg�§·�5w��±9����p�^é��/GÚ�¡U�)�o���A"�Ä�
tan δresl (E) =

Γ/2

Er − E
, (1.54)·��±©Û��§UþlE < Er�E > ErCzL§¥§δresl (E)Kl"NCO\��Cπ§4:ü>��zπ/2¶Cz��Ý�ûuΓ���§Γ��§Cz�×�§
ΓC�§=4:ål¢Uþ¶��§���£Cz��ú"r�£©¤�.�£Ú���£�dur�)�£��p�^³�©)"3ü�L§¥§³�©ǑüÜ©"Ï~XJ)�¹k�§ü½³�»��§K¬�Ñ�.�£¶
á§áÚ³K�Ñ�)���Å�"·��±^e¡��ª½Â TÝ
§

Tl(E) = e2iδl − 1 = e2iδl − e2iδ
pot
l + e2iδ

pot
l − 1

= e2iδ
pot
l (e2iδ

res
l − 1) + (e2iδ

pot
l − 1)

≡ T resl + T potl . (1.55)o�¡�±L�Ǒµ
σ(E) ∼ 1

4
k2

∞
∑

l=0

∞
∑

l′=0

(2l + 1)(2l′ + 1)T ∗
l Tl′ × 2π

∫ π

0
Pl(cos θ)Pl′(cos θ)d cos θ

=
π

k2

∞
∑

0

(2l + 1)|Tl|2 , (1.56)l¥·��±wÑ§1 L�©Åéo�¡��zǑ,

σL ∼ 1

k2
(2L+ 1)|T resL + T potL |2 , (1.57)Ù¥�¹���µ|T resL |2!�.�µ|T potL |2Ú�ö�Z��"b��.�£�±�Ñ§�o�¡¥Ò�k���§

σresL ∼ 2L+ 1

k2
|e2iδres

L − 1|2

=
4(2L+ 1)

k2
sin2 δresL

=
4(2L+ 1)

k2
· (Γ/2)2

(E − Er)2 − (Γ/2)2
, (1.58)
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( 1.53)ª"( 1.53)ªÒ´Í¶�£����¡�Breit-Wignerúª"l( 1.57)ª¥�±wÑ©Å�¡¥���Ü©´Ú�.Ü©U\3�å�§
�ÚÙ�©ÅǑ´U\3�å�"¢�þUÄ*	�ù�����§Ì��ûu§Ú�.Ü©�Z�§Ý¶Ó�Ǒ�ûu§�°Ý—ÏǑ��°���J�*	�"7LrN�´��4:ÚA½©Å�éX�"ÏǑΓ£�
4:ål¢Uþ¶�ål§·�y3�±wÑ(

1.48)ª½55�µål¢Uþ¶����4:éσ(E)��z'��§ÏǑ·��U3�¢¶þ?1¢�"·��±r( 1.57)ª���^�£L�Ñ5§
σL ∼ (2L+ 1)

k2
|T resL + T potL |2

=
(2L+ 1)

k2

{

|T resL |2 + |T potL |2 +
[

T res∗L T potL + T resL T pot∗L

]}

=
4(2L+ 1)

k2

{

sin2 δresL + sin2 δpotL + 2 sin δresL sin δpotL cos(δresL + δpotL )
}

(1.59)

E

σ

(a) (b) (c) (d)ã 1.1: �.�£©O�~ê(a) 0§(b) π/4§(c) π/2§(d) 3π/4�§Breit-Wigner���¡�Cz"ù`²ØÓ��.�£é���¡�/G�)wÍKǑ"þª¥§δpotL ´�Uþ�C�1w¼ê§�o·��±Cq�rÙÀǑ~ê§
ØÓ�δpotL òéÑy3�¡¥���/G�)KǑ"·��±r( 1.59)xÑXã 1.1¤«"·��±w�µ�.�£é���¡�/G�)wÍKǑ§ǑÒ´`��¿Øo´±k¸�/GÑy§
´É�A©Å�¥��.�£�KǑ"
¡J�L§3Ñ�L§



1�Ù ©Å!�£Ú�� 11¥§�����AÆ´ SL(E)�� �×�Cz§
�ÌÚ�¡���É��£�KǑ§¿Ø�½Ñyk¸�;.AÆ"
�ù�´ü�Ñ���/§XJ´õ�§�±��§��1Ǒò¬�E,"
1.2 ©©©ÅÅÅ©©©ÛÛÛ

1.2.1 ©©©ÅÅÅ©©©ÛÛÛ���VVVgggXJéÑ�L§¥��Ì�©Å�m§lþ¡�©Û·��±���eA:&Eµ
• z�©Å�Æ©Ù´(½�§Ú���g^k'§Ù�Uþ�6Ü©�¹3�£�¥¶�´§�£éJkî�)Û)§��d¢�ÿþ��§�Cm©kLattice�O�"
• du�½g^�âfÑy3A½�©Åp§¤±§âf�g^�¡�þfêǑÒ(½
âf�Æ©Ù¶�L5`§ÏLïÄÆ©�±(½âf�g^�¡�þfê"
• XJ·�l�¡�Czþ*	�
��y�§Ké�Ì�UþÜ©?1ëêz��±�Ä�?���z§ù�§·��±ÏL[Ü�������þÚ°Ý�ëê"
• �´éuõ�§¿�Ä�.L§�©Ûò¬C��~E,§ÏǑ�¡þ�åÏÚ�����m�éAC�éJ(½§7Lk�
[�©Û"Äu±þ�A:§·�����©Å�Æ©Ù3é�§Ýþ´(½�§
�Ì�Uþ�6Ü©§=ÄåÆÜ©§́ éJO��§
Ù´3$UQCD¥"¤±©Å©Û�Ä��{´ÏL�«�{r�Ì¥ÆÝÜ©ÚUþ�6Ü©©lm5§,�éUþ�6��Ü©�ëêz§'Xæ^ Breit-WingerDÂfÚ³^Ïf5?1ëêz§
ÆÝÜ©§�±L�Ǒ D¼ê§½ö���¹3Üþ/ª�Ì��¥¶,�ÏL[Ü¢�êâÆ©Ù��{5(½Uþ�6Ü©��Üëê§��nØO��{����'ëê"XJé�%Uþ© BIN§K�UÿþÑØÓ©Å3,��½Uþ:þ�'©§ù��(Jò´vk�.�6�"ù´©Å©Û�Ä�g�"
1.2.2 ©©©ÅÅÅ©©©ÛÛÛAAA:::�é����[Ü�¡�ÿþ��ëêÚ©|'��{§©Å©Ûkéõ`:µ



12 ©Å©Û�{
• U'�XÚ[�/�ÄZ��A��z"ÏǑ©Å©Û´l�Ì�gþ�ÑÙ���L�ª§g,U�ÄZ��A§ù���CÔn¢S"
• �E�Ì��^
"�âféUþ!ÆÝCþ§¤±'Ù�?Û�{Ñ�¿©/|^
¢�êâ�&E§ù��±����(J���"
• duÆ©Ù´î�/l1��n���§¤±§XJæ^©BIN [Ü§K��vk�.�6§U�Ñ?¿Uþ:þ��©Å��z±9§��Z�[!§Ó�éÚOþ��'�p"
• XJæ^©Å©Û��N[Ü§�±Ó�(½õ�ëê§¿©|^�Üêâ�&E§¿�±�Ä§��m��'5§ù�¬��ª�(J�\�&"�,§�Ǒ�«¢�©Û�óä§§ǑkgC�Øv�?µ
• õëê[Ü��`z¯K§3êÆþ¿vk�{��{§éuÑyÛ�4��¯K§vk�K5�)û�{¶Ǒ,�±æ^�
E|Uõ§'X�Å|¢!��|¢�"�´§�vk��êÆþ�î�5Ú¢Sþk�5���"
• �N[Ü¥7,Ú?,«�.§g,ÒÚ\
�.�6"
• ���©Ûé�Ñk�A��.§éu�.�£ã´��E,�¯K§ÏǑ©Å©Û�Ä
Æ©Ù§
�.�Æ©Ù´éJ���§=����.��Æ©Ù§�´²L&Ò��ÀJ�§Æ©ÙǑ¬Cz"3kõ��.�§
�����zÑ'�����¹§̄ K¬C��\E,"
• ÚOþ¯K"éuõ�ëê[Ü§XJ����'���Ø�§7L�y�½�ÚOþ§�o���òØ·Ü©Å©Û�{§½öéJ��é°(�(J¶XJÚOþé�§q¬�O�℄
JÑép��§��\[Ü����éõ�§XÛ�ä��¤©�ÚOwÍ5§Ǒ´��℄Ô"
• 38
�©Å©Û¥§�Ì�o�5¿Ø÷v§
Ù���m'���"ù:�´�±U?�/���,'X3©Û¥�Äæ^K-Matrix�{"
• éO�Å℄
£S�ÚCPU¤��3ØäJp§
Ù´3ÚOþØäJp�y3"
1.2.3 ���rrrfffÌÌÌÚÚÚ$$$UUUQCDïïïÄÄÄIII���©©©ÅÅÅ©©©ÛÛÛ£�þfåÆ�u�§<�¬uy§��éu1ÌÆ��þÿþ(JéþfåÆ��)u�å
�~�!$�´û½5��^"8
§âfÔnǑ,k���[�Ä�U



1�Ù ©Å!�£Ú�� 13�É�nØ IO�.£SM¤§�´§�Ü©<�´��u�ǑSM�´��k��nØ§ǑÒ´`§¿Ø´�ª�âfÔnnØ"·��&§éu�rfÌ�ïÄ§UÈ\¢�y�Ú¢�êâ§2ÏLéêâ��n§8B§Ú�\n)§uy#���5Æ§r?yknØ�u�§D���#�nØ�)§Ò�þfåÆ��)��¶�,,�«�¹´UénØ�Ñ��u�§'XXJé��f¥§Ò���½
QCD��C��5�"�´§Ø+´Ïé�f�´[�XÚ/ïÄ�rfÌ§ÑI�©Å©Ûù�óä§ÏǑ33GeV±e�U«8¥
�þ�rf�§�knØþ#N�3�ÛA�!·,�§§��m§±9§�ÚÊÏrf·Ü´7,�3�§E,��*�¹I�rkå�©Ûóä§
©Å©Û�´ù���«©Û�{¶¿�8
ù�U«�¢�êâ�ÚOþ�3×�Jp"ù
��´?1©Å©Û�7�5Ú�15^�"/ó�õÙ¯§7k|Ùì0§�u©Å©Û�r�õUÚ�
Øv�?§¤±·�I�ÆS©Å©Û��£§|^ù«óä§u��õù«©Û�{§ù��U���õ!����Ôn(J§éu�yknØ�Ñ�z§¿�Ur?#nØ��)"





111���ÙÙÙ ÆÆÆ©©©ÙÙÙnnnØØØX8â´�n�§�Ú®X�" �´¢1Ûý§w�Ê�8"
�p·5�¯C631�Ù§·�lÑ�L§���éØ£ãÑu0�
�
©Å©Û�Ä�Vg§�´§·�ò�¡é�Ì�´�)ÚPCL§�¯K§ù
Ñ´;.��éØ¯K§7Lk�éØ5�nØ5éÙ?1£ã§�éù�:§k;��nØóä§¤±§ùÙ·�ò¬Ì�?Ø�)ÚPCL§�Æ©Ù��\~^��'�éØ/ª�Æ©ÙnØ"�ÙÌ��¹üÜ©§0�ü«Æ©ÙnØ§=¤¢�Ú^Ý£Helicity¤nØÚÆCÜþnØ£Covariant Tensor¤§¿Áã?Øü«nØ�éX. ¢Sþ§ü«nØ´�d�§ù´�Ö�`²�¯K��"
2.1 Helicity Formalism·�Äk50�^Helicity Formalism5£ãÆ©Ù�nØ"

2.1.1 ÚÚÚ^̂̂ÝÝÝ���½½½ÂÂÂ¤¢Ú^ÝÒ´ÆÄþ÷Äþ���ÝK"̂ h5�LHelicity�f§é$ÄâfÙ½Â�±L«Ǒµ
h =

~J · ~P
|~P |

= ~J · P̂ , (2.1)Ù¥§P̂ �LÄþ���"e,âf?u·�§d�½ÂHelicity Ǒg^÷1n¶���ÝK§=½Âµ
h = J3 . (2.2)�eâf´²L��LorentzC��CǑ·��§d�K½Ââf�HelicityǑTâfg^3LorentzC�
�$Ä��þ�ÝK"Ï~§oÆÄþ ~JǑ;�ÆÄþ~L�g^ÆÄþ�Ú§=µ

~J = ~L+ ~S . (2.3)



16 ©Å©Û�{�´du;�ÆÄþ ~L©ªÚâf�$Ä��R�§=
~L · ~P = 0 , (2.4)��kâf�g^ ~S éâf�Helicityk�z"

[Ji, ~J · ~P ] = 0 . (2.5)

Helicity ©ÛÌ�´lé¡5�ÆÝ5©ÛÑ��Ì���/ªÚ�
5�§
äN�AL§�ÄåÆ&EK33�zÝ
��¥"Ǒ,Helicity ©Û¥ØI�l�éØ�ÅÄ�§Ñu?1ÄåÆO�§�´l�éØÅÄ�§����
½5�&E�´�~k^�"ù
Ä�5��)±eA:µ
• g^Ǒ s�âf�ÅÄ�§ǑBargmann-Wigner�§"éu·��þǑ m 6= 0�âf§éz��Äþ p§Bargmann-Wigner �§k (2s+ 1)��5Õá�)"Ï~�¹e´�Eù
)�Ùäk(½�Helicity�"eò�§�)PǑ |Pλ >§K

h|Pλ >= λ|Pλ > , (2.6)Ù¥λ�−s�+s�m�(2s+ 1)��§=
λ = −s,−s+ 1, ..., s . (2.7)eâf·��þ m = 0§d�Ø�3âf�·�X"u´d��ÅÄ�§´Ø���§K Bargmann-Wigner �§�kü�Õá�)§ùü�)E�±�E¤Helicity �f��Æ�§�d�Helicity �f��Æ��k±sü�"=

h|Pλ >= λ|Pλ > , (λ = ±s) (2.8)

• Helicity �fÚÆÄþ�f´�pé´�µ
[Ji, h] = 0 (2.9)

• =ÄC�e§Helicityλ�±ØC"
[h,R] = 0 R = e−iθn̂·

~J , (2.10)

• �¡C�e§Helicityλ��Ò"
• ÷Äþu�?1�gLorentzC�§eÄþvk��§K Helicity λ�±ØC¶XJÄþ��§KHelicityλǑ�Ò"
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2.1.2 ���������EEEe¡·��Ñâf���éØ£ã"�éØ5��kÄþ ~püâf��±ÏLA^��o��Î�^u|jm > þ
��§ù�o��Î�L��râfl·��C��äkÄþ ~p��Lorentz C�"ùp§·�Ó��Ñ
�K��½ÂÚHelicity ��½Â§¿�Ñ
§��m�éX"�¡�0��
§�A^§�´­:�uHelicity�"
2.1.2.1 ���


OOO���555���½½½ÂÂÂÚÚÚ���½½½4·�5�Ä��½ÂXe�oÄþ¥þ pµ ÚÜþÝ
µ

pµ = (p0, p1, p2, p3) = (E, p1, p2, p3) = (E, ~p) ,

gµν = gµν =















1 0

−1

−1

0 −1















.æ^þ¡�½Â§·��±½Â�keI�oÄþ¥þµ
pµ = gµνpν(E,−~p) .roÄþ pµ C�� p

′µ ��~àg����Lorentz (Proper Homogeneous

Orthochronous Lorentz) C�Xeµ
p′µ = Λµνp

ν ,Ù¥§Λµν´Xe½Â�LorentzC�Ý
µ
gαβΛ

α
νΛβν = gνν , detΛ = 1 , Λ0

0 = 1 .��5`§/ªX Λµν�Lorentz C��¹
=ÄÚXLorentz C�"·��±^ Lµν (~β)L«��X�a�LorentzC�§Ù¥~β´C���Ý"äkAÏ­�5�´÷X z−¶�XLortentzC�§PǑ Lz(β)§
Lz(β) =















γ 0 0 γβ

0 1 0 0

0 0 1 0

γβ 0 0 γ















,
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√

1 − β2 §β = v/c"^Lz(β)§·�éN´½Â��÷X?¿��~β�XLorentz C�µ
L(~β) = R(φ, θ, 0)Lz(β)R−1(φ, θ, 0) , (2.11)Ù¥R(φ, θ, 0)´rz−¶=���ÆǑ (θ, φ)�~β���=Ä"

β̂ = R(φ, θ, 0)ẑ .

L(~β)�äN/ªXeµ
L(~β) =















γ γβx γβy γβz

γβx 1 + αβ2
x αβxβy αβxβz

γβy αβxβy 1 + αβ2
y αβyβz

γβz αβzβx αβzβy 1 + αβ2
z















(2.12)Ù¥α = γ2(1 + γ)−1"?¿�^3�éØâf�þ�Lorentz C� Λ Ñ�±^o��Î5L«µU [Λ]§�÷v�{Æ�+5�µ
U [Λ2Λ1] = U [Λ2]U [Λ1] . (2.13)l'Xª2.11Ú+5�2.13§·��±��µ

U [L(~p)] = U [R̊(φ, θ, 0)]U [Lz(p)]U
−1[R̊(φ, θ, 0)] , (2.14)Ù¥=Ä R̊(φ, θ, 0)L«r z−¶=���Ǒ (θ, φ) Äþ ~p��"

p̂ = R̊(φ, θ, 0)ẑ .

2.1.2.2 ���éééØØØüüüâââfff������EEEy3·�5�E�éØ5�üâf�"·�^ü«�d��ª½Âg^Ǒ j ÄþǑ ~p�âf�Helicity�µ
|~p, jλ > = |φθ, p, jλ >= h(~p)|jλ >

= U [L(~p)]U [R̊(φ, θ, 0)]|jλ >

= U [R̊(φ, θ, 0)]U [Lz(p)]|jλ > , (2.15)



1�Ù Æ©ÙnØ 191�«kr·��Helicity�Jλ >^R̊^=§�Ùþf¶÷~p��§,�2÷X~p��rXÚ�LorentzC���Helicity�|~p, Jλ >§Xã2.1¤«¶1�«´§ké·��Helicity�|Jλ > ÷ z−¶�LorentzC�§,�2^=XÚ��|~p, Jλ >"ü«½Â�ª´�d�§ù:N´lª2.14wÑ"ùp·��Ñ h(~p)���L�ªµ
h(~p) = U [L(~p)]U [R̊(φ, θ, 0)] = U [R̊(φ, θ, 0)]U [Lz(p)]

=















γ 0 0 γβ

γβx cos θ cosφ − sinφ γβx/β

γβy cos θ sinφ cosφ γβy/β

γβz − sin θ 0 γβz/β















. (2.16)

l½Â�¥§·�N´wÑ§Helicity þfê λ´g^÷Xâf$Ä���©þ§Ï
§´^=ØC�§ÏǑ3=Ä�/e§þf¶Ǒ��=Ä"ù�¯¢·�N´l½Âª2.15¥wÑµ
U [R]|~p, jλ > = U [R̊R]U [Lz]|jλ >

= |R~p, jλ > .

θ

X

X’

AX

Z

Z’
v

AZ

p

S

S’

AS

)θr( (v)zlã 2.1: Definition of the helicity rest frame SA for particle A, which momentum ~p in a

reference frame S.



20 ©Å©Û�{?�Ú§Helicity λ3²1uÄþ��¿�rÄþl ~pC�Ǒ ~p′ �XLorentz C�eǑ�±ØC"3Lorentz C� L′�^e� λ�ØC5leª�±wÑµ
U [L′]|~p, jλ > = U [L′]U [L(~p)]U [R̊]|jλ >

= U [L(~p′)]U [R̊]|jλ >

= |~p′, jλ > .·���±^2.14ª¥�XLorentz C�5½Â/IO0�£ãÄþǑ ~p�K�Úg^Ǒ j �üâf�µ
|~p, jm > = |φ, θ, p, jm >= U [L(~p)]|jm >

= U [R̊(φ, θ, 0)]U [Lz(p)]U
−1[R̊(φ, θ, 0)]|jm > . (2.17)Ù¥ |jm >´·�X¥�üâf�K�"Ù¥X�Lorentz C��¿Â�±ëwã2.2"ùp·�7LrN�´µg^�z−©þ m´3âf�·�X¥ÿþ�§
Ø´3âfäkÄþ ~p�ë�X¥ÿþ�"

θ

θ
X

X’

X’’

X’’’

Z

Z’

Z’’

Z’’’

v

v

S

S’

S’’

S’’’

ã 2.2: A canonical boost along ~v to S → S
′′′

as shown.æ^�K��½Â2.17��?´3^=C�e§�K��C�1Ǒ3/ªþÚ3·



1�Ù Æ©ÙnØ 21�X¥�� |jm >��:

U [R]|~p, jm > = U [RR̊]U [Lz(p)]U
−1[RR̊]U [R]|jm >

=
∑

m′

Dj
m′m(R)|R~p, jm′ > . (2.18)l'Xª2.18§�±�~�Ù�w�µ·��±r��éØ��
g^úª��<L5A^��éØ�/�g^âf"�´§·�7LP4§âf�g^� z−©þ==�3éÄþǑ ~p�âfÏLXLorentzC� L−1(~p)���·�X¥�âk��½Â"3ü«ØÓ�ég^âf�HelicityÚ�K£ã�mkX{ü�éX"l½Âª2.15Ú2.17§·�éN´��µ

|~p, jλ > = U [R̊]U [Lz]U
−1[R̊]U [R̊]|jλ >

=
∑

m

Dj
mλ(R̊)|~p, jm > . (2.19)éu·�¤½Â�üâf�K�ÚHelicity�§òæ^Xe�8�z�ªµ

< ~p′j′λ′|~pjλ >= δ̃(~p− ~p′)δjj′δλλ′ (2.20a)

< ~p′j′m′|~pjm >= δ̃(~p− ~p′)δjj′δmm′ , (2.20b)Ù¥δ̃(~p− ~p′)ªLorentzØC� δ−¼ê§/ªXeµ
δ̃(~p − ~p′) = (2π)3(2E)δ3(~p− ~p′) . (2.21)|^8�z'X2.20ª§·�N´wÑµ�^3üâf� |~p, jλÚ |~p, jm >þ�?¿LorentzC��Î U(Λ)(¢´o��Î§ǑÒ´`µU+U = I "æ^½ÂXe�ØCNÈ�µ

d̃p =
d3~p

(2π)3(2E)
, (2.22)·�¤½Â��K�ÚHelicity����5'X�±�¤Xe/ªµ

∑

jλ

∫

|~pjλ > d̃p < ~pjλ| = I (2.23a)

∑

jm

∫

|~pjm > d̃p < ~pjm| = I (2.23b)Ù¥ I ´ð��Î"
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2.1.2.3 ���éééØØØVVVâââfff���������EEE¹k?¿g^�Vâf�Ǒkü«�E�{µ1�«´æ^HelicityÄ¥ |~p, λ >§,�«´æ^�KÄ¥ |~p, jm >"ùp·�ò¬æ^ü«�{5�E§¿��ÑÙ¥�éX"�Ädü�âf1Ú2|¤���NX"üâf�þ©OǑw1Úw2§g^Ǒs1Ús2§3üâf·�X¥§Äþ©OǑ ~pÚ−~p§ò~p�4ÆPǑθ, φ"·��±ù�5½ÂVâf��heilicity�µ

|φθλ1λ2 > = aU [R̊] {U [Lz(p)]|s1λ1 > U [L−z(p)]|s2 − λ2 >}

≡ U [R̊(φ, θ, 0)]|00λ1λ2 > , (2.24)Ù¥ a´8�z~ê§|siλi ´·�X¥�Helicity�"�´Xþ½Â��§¿Ø´ÆÄþ�f��Æ�§
´�«ÆÄþ�Æ��·Ü�§e¡�{lù���¥ÝKÑÆÄþ�Æ�"PNX�oÆÄþǑ J§̂ þfêǑ M§üâf�éÄþǑ ~p§HelicityǑ λ1Ú λ2§Käk(½ÆÄþ J ��½ÂXeµ
|p, JMλ1λ2 >=

NJ

2π

∫

dRD∗J
Mν(R)U [R]|00λ1λ2 > , (2.25)Ù¥NJ´8�z~ê§ò3�¡(½"���^=ö�R′ �^3�2.25þ�µ

U [R
′

]|p, JMλ1λ2 >=
NJ

2π

∫

dRD∗J
Mν(R)U [R

′′

]|00λ1λ2 > ,ùp R
′′

= R
′

R "̂ B.24 ÚD ¼ê�o�5§kµ
D∗J
Mν(R) = D∗J

Mν(R
′−1R

′′

)

=
∑

M ′

D∗J
MM ′ (R

′−1)D∗J
M ′ν

(R
′′

)

=
∑

M ′

DJ
M ′M

(R
′

)D∗J
M ′ν

(R
′′

) .|^ù�'XÚdR = dR
′′§·��±��µ

U [R
′

]|JMλ1λ2 >=
∑

M ′

DJ
M ′M

(R
′

)|JM ′

λ1λ2 > (2.26)ù�·��±w��2.25(¢äk(½�ÆÄþ J §
 λ1 Ú λ2 ^=ØCǑ´Ú·��ýÏ��"e¡·�5�	�2.25¥�^=ö� R §P R = R(φ, θ, γ)¿3¿�[R(0, 0, γ), L±z(p)] = 0§K
U [R(φ, θ, γ)]|00λ1λ2 > = U [R(φ, θ, 0)]U [R(0, 0, γ)]|00λ1λ2 >

= e−i(λ1−λ2)γU [R(φ, θ, 0)]|00λ1λ2 > (2.27)



1�Ù Æ©ÙnØ 23r2.27O��2.25¥§¿�r dγ ÈK§·���µ
|JMλ1λ2 >= NJ

∫

dRD∗J
Mλ(φ, θ, 0)|φθλ1λ2 > , (2.28)Ù¥µλ = λ1 − λ2"e5§·�25½Â�KVâf�µ

|φθm1m2 > = aU [L(~p)]|s1m1 > U [L(−~p)]|s2m2 > (2.29)Ù¥§Ó� aǑ´8�z~ê
 |simi >·�X¥��üâf�§L(±~P )´XLorentzC�µ
U [L(~p)] = R(φ, θ, 0)L±z(p)R

−1(φ, θ, 0) (2.30)Ù¥R̊(φ, θ, 0)�´r z−¶=�~p���^=ö�§L±z(p)´÷X±z−¶�LorentzC�"�âüâf�K�^=5�2.18§·��±½Âog^Ǒ s��Ǒµ
|φθsms >=

∑

m1m2

(s1m2s2m2|sms)|φθm1m2 > (2.31)Ù¥(s1m2s2m2|sms)´Clebsch-GordanXê"�âªB.25§XJ^= RrΩ = (θ, φ)CǑΩ
′

= RΩ§·�éN´�ÑXe5�§
U [R]|Ωsms >=

∑

m′

s

Ds
m′

sms
(R)|Ω′

sm
′

s > (2.32)Ïd§og^ sª^=ØCþ"äk(½;�ÆÄþ���±l2.31Uì²~��{�Eµ
|lmsms >=

∫

dΩY l
m(Ω)|Ωm1m2 > (2.33)Ù¥ dΩ = dφd cos θ"·�5ww2.33�^=5�"̂ ª2.32§

U [R]|lmsms >=

∫

dΩY l
m(Ω)Ds

m′

sms
(R)|Ω′

sm
′

s > (2.34)Ù¥ Ω
′

= RΩ§dΩ = dφ
′

d cos θ
′ "�âB.24ÚB.22kµ

Y l
m(θ, φ) =

√

4π

2l + 1
Dl∗
m0(R

−1R
′

)

=

√

4π

2l + 1

∑

m
′

Dl∗
mm′ (R−1)Dl∗

m′0
(R

′

)

=
∑

m′

Dl
m′m

(R)Y l
m(β

′

, α
′

) (2.35)
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U [R]|lmsms >=

∑

m′m′

s

Dl
m′m

(R)Ds
m′

sms
(R)|lm′

sm
′

s > (2.36)ùL²� |lmsms >3^=ö�e§�ü�·��� |lm >Ú |sms >��È��C�"y3§·��~N´�EoÆÄþ J ��§
|JMls > =

∑

mms

(lmsms|JM)|lmsms >

=
∑

mms
m1m2

(lmsms|JM)(s1m1s2m2|sms)

×
∫

dΩY l
m(Ω)|Ωm1m2 > (2.37)l2.36ÚB.25§·�êþ�±��µ

U [R]|JMls >
∑

M
′

DJ
M

′
M

(R)|JM ′

ls > . (2.38)·�5¿�§Ǒ´·��ýÏµ lÚ sÑ´^=ØCþ§2.38Ú��éØ� L − S ÍÜ���d"
2.1.2.4 ������888�����,·�5?Ø
¡0����8�z¯K"éu�2.24Ú2.29§·�æ^Ï^�8�z�ªµ

< θ
′

φ
′

λ
′

1λ
′

2|θφλ1λ2 >= δ(cos θ − cos θ
′

)δ(φ − φ
′

)δλ1λ
′

1

δλ2λ2
′ , (2.39)

< θ
′

φ
′

m
′

1m
′

2|θφm1m2 >= δ(cos θ − cos θ
′

)δ(φ − φ
′

)δm1m
′

1

δm2m
′

2

, (2.40)éüâf�æ^X2.20�8�z§N´��
¡Vâf��8�z~ê a :

a =
1

4π

√

p

w
(2.41)Ù¥ p ´�éÄþ§ w ´VâfXÚ����þ"æ^2.39Ú2.40§·�¤½Â��2.28Ú2.37 �Åe¡�8�z:

< J
′

M
′

λ
′

1λ
′

2|JMλ1λ2 >= δJJ ′δMM ′ δλ1λ
′

1

δλ2λ
′

2

(2.42)
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< J
′

M
′

l
′

s
′ |JMls >= δJJ ′δMM ′ δll′ δss′ (2.43)XJr8�z~êNJ �ǑNJ = 2J+1

4π §KVâfHelicity�Ú�K����5'X�±L«Xeµ
∑

JMλ1λ2

|JMλ1λ2 >< JMλ1λ2| = I , (2.44)

∑

JMls

|JMls >< JMls| = I . (2.45)�â2.24Ú2.39§·�kµ
< θφλ

′

1λ
′

2|JMλ1λ2 >=

√

2J + 1

4π
DJ⋆
Mλ(φθ − φ)δλ1λ′1

δλ2λ′2
, (2.46)�â2.37Ú2.40§·�kµ

< θφm
′

1m
′

2|JMls >=
∑

mms
m1m2

(lmsms|JM)(s1m1s2m2|sms)Y
l
m(θ, φ)δ

m1m
′

1

δ
m2m

′

2

.

(2.47)

2.1.2.5 Helicity���ÚÚÚ���KKK������éééXXX·�l2.24Ñu§̂ 2.14§A.4Ú2.29§·��±��µ
|φθλ1λ2 > = aU [R̊] {U [Lz(p)]|s1λ1 > U [L−z(p)]|s2 − λ2 >}

= aU [L(~p)]U [R̊]|s1λ1 > U [L(−~p)]U [R̊]|s2 − λ2 >

=
∑

m1m2

Ds1
m1λ1

(φ, θ, 0)Ds2
m2−λ2

(φ, θ, 0)|φθm1m2 > . (2.48)�X|^2.28§
|JMλ1λ2 >= NJ

∑

m1m2

∫

dΩDJ∗
Mλ(φ, θ, 0)D

s1
m1λ1

(φ, θ, 0)Ds2
m2−λ2

(φ, θ, 0)|φθm1m2 > .(2.49)þª¥�n� D¼ê��È�±Uìe¡�ªz{§�âB.25kµ
Ds1
m1λ1

Ds2
m2λ2

= (s1m1s2m2|sms)(s1λ1s2 − λ2|sλ)Ds
msλ (2.50)�âB.26k

DJ∗
MλD

s
msλ =

∑

lm

√

4π

2l + 1

(

2l + 1

2J + 1

)

(lmsms|JM)(l0sλ|Jλ)Y l
m . (2.51)
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�\2.49¿�r(JÚ2.37'�§��·���µ
|JMλ1λ2 >=

∑

ls

(

2l + 1

2J + 1

) 1

2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ)|JMls > , (2.52)ù�Helicity�Ú�K��m�ÍÜXê´µ
< J

′

M
′

ls|JMλ1λ2 >=

(

2l + 1

2J + 1

) 1

2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ)δJJ ′ δMM ′ , (2.53)

2.52�_�L�ªµ
|JMls > =

∑

λ1λ2

|JMλ1λ2 >< JMλ1λ2||JMls >

=
∑

λ1λ2

(

2l + 1

2J + 1

) 1

2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ)|JMλ1λ2 > . (2.54)

2.1.3 ééé¡¡¡555�u�©�­:Ø3ué¡5�?Ø§¤±ùp�´�Ñ
�A�(Ø"�Ì�Ø�LØ­�§é¡5�A^éu~�O�þ�~­�§��UlO�©z¥
)Ù[!§��Ǒ�OPÙ(J"
2.1.3.1 ���¡¡¡ééé¡¡¡555

Π|JMls >= η1η2(−1)l|JMls > (2.55)

Π|JMλ1λ2 >= η1η2(−1)J−s1−s2|JMλ1λ2 > (2.56)

2.1.3.2 ���mmmééé¡¡¡555
T |JMls >= (−1)J−M |J −Mls > (2.57)

T |JMλ1λ2 >= (−1)J−M |J −Mλ1λ2 > (2.58)



1�Ù Æ©ÙnØ 27

2.1.3.3 ���ÓÓÓâââfff������ééé¡¡¡555éu�K�§�é�?1�Óâf��ö��§kµ
|JMls >s= as

[

1 + (−1)l+s
]

|JMls > , (2.59)Ù¥§� l + s =óê�§as = 1
2 §� l + s =Ûê�§ù���Ø�3"éuHelicity �§�é�?1�Óâf��ö��§kµ

|JMλ1λ2 >= bs(λ1λ2)
{

|JMλ1λ2 > +(−1)J |JMλ2λ1 >
}

, (2.60)Ù¥§�λ1 = λ2� bs(λ1λ2) = 1√
2
§�λ1 6= λ2� bs(λ1λ2) = 1

2 "
2.1.4 SÝÝÝ


ÚÚÚ���¡¡¡��
���E§Ò�±m©?ØSÝ
�"�ÄXe����Aµ

a+ b→ c+ d (2.61)ù�L§�SÝ
�deª�Lµ
< ~pc~pdλcλd|S|~pa~pbλaλb > . (2.62)�%X¥§^w0L«�%XUþ§�"�üâf�Äþ���©OPǑ pi Ú pf §4\�âf÷z−¶$Ä§KÄþ�4Æ©OP�(0, 0)ÚΩ0 = (θ0, φ0)"KL§2.61ØC�S−Ý
�3�%X¥�±L«Ǒµ

< ~pc~pdλcλd|S|~pa~pbλaλb > = < ~pfλc;−~pfλd|S|~piλa;−~piλb >

= (4π)2
w0√
pfpi

< θ0φ0λcλd|S|00λaλb > , (2.63)Ù¥·�^
2.24¿æ^
2.41�8�z~ê"ÏǑ·�æ^
2.20�üâf��8�/ª§¤±§éλa, λb�Ú�2.63�Ì��´LorentzØCþ§ǑÒ´`ª¥�S−Ý
��±�w�/ØC�S−Ý
�0"duUÄþÅð§·��±�Ñµ
< θ0φ0λcλd|S|00λaλb >= (2π)4δ4(pc + pd − pa − pb) < θ0φ0λcλd|S|00λaλb > .(2.64)XJ½Â�ÎTǑµ iT = S − 1§Ù¥1�Lvku)�A�Ü©§éNwÑ§þ¡�ªfé T Ǒ¤á§��{ü�r S O�Ǒ T "y3·�^ T ½ÂØC�=C�ÌMfiǑµ
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(2π)4δ4(pc + pd − pa − pb)Mfi = < ~pfλc;−~pfλd|T |~piλa;−~piλb >½ö

Mfi = (4π)2
w0√
pfpi

< θ0φ0λcλd|T |00λaλb > .(2.65)KéuÚMfi�éX�(½Helicity��©�¡�±L«Ǒ
dσ

dΩ0
=
pf
pi

∣

∣

∣

∣

Mfi

8πw0

∣

∣

∣

∣

2

(2.66)rMfi �©Å�m§�±��µ
< θ0φ0λcλd|T (w0)|00λaλb >

=
∑

JM

< θ0φ0λcλd|JMλcλd >< JMλcλd|T (w0)|JMλaλb >< JMλaλb|00λaλb >

=
1

4π

∑

J

(2J + 1) < λcλd|T J(w0)|λaλb > DJ∗
λλ′

(φ0, θ0, 0) (2.67)ùpλ = λa − λb§λ′

= λc − λd§T J(w0)´T (w0)���k�½ÆÄþJ�fÝ
"þª���Ú^�
e¡�'Xªµ
< |JMλaλb|0, 0λaλb >=

√

2J + 1

4π
δMλ , (2.68)

< θ0, φ0λcλd|JMλcλd >=

√

2J + 1

4π
DJ∗
Mλ′

(φ0, θ0, 0) . (2.69)·�½Â¤¢/Ñ��Ì0f(Ω0)Xeµ
dσ

dΩ0
= |f(Ω0)|2 , (2.70)�±��µ

f(Ω0) =
(pf/pi)

1

2

8πw0
Mfi . (2.71)ù�úªr��éØ�Ñ��Ì f(Ω0)ÚLorentz ØC�=C�ÌMfi éX
å5"l2.65Ú2.67§áǑ�±wÑµ

f(Ω0) =
1

pi

∑

J

J + 1

2
< λcλd|T (w0)|λaλb > DJ∗

λλ′
(φ0, θ0, 0) . (2.72)
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�Ú©Å S−Ý
�kXe'Xµ
< λcλd|SJ(w0)|λaλb >= δfiδλcλa

δλdλb
+ i < λcλd|T J(w0)|λaλb > , (2.73)Ù¥δfi = 1L«�5Ñ�§
Ù��¹K´0"XJ2.61L§��¡Åð^��÷v§Kd2.73 �Ñ�©Å�Ì÷vXe'Xµ

< −λc − λd|SJ(w0)| − λa − λb > = η < λcλd|SJ (w0)|λaλb > , (2.74)Ù¥
η =

ηcηd
ηaηb

(−1)sc+sd−sa−sb .

2.1.5 üüüNNNPPPCCC���ÌÌÌ���©©©ÅÅÅ���mmm�ÄüNPCL§"
J → 1 + 2 (2.75)���g^(�¡)ǑJ(ηJ )§"�üâf�g^(�¡)Ǒs1(η1)Ús2(η2)"eòPC�ØC�fPǑM§31âf·�X¥§- ~pL«âf1�Äþ§¿���ÆǑΩ = (θ, φ)"·�kæ^Helicity�Ì§Kù�L§�PC�Ì�±L«Ǒµ

MJ
λ1λ2

= < ~pλ1;−~pλ2|M|JM >

= 4π

(

w

p

) 1

2

< θφλ1λ2|JMλ1λ2 >< JMλ1λ2|M|JM >

= NJF
J
λ1λ2

DJ∗
M,λ(φ, θ, 0), λ = λ1 − λ2, (2.76)Ù¥^�
2.41§2.44Ú2.46"HelicityÍÜ�ÌF Jλ1λ2

Ǒ½ÂǑµ
F Jλ1λ2

= 4π

(

w

p

) 1

2

< JMλ1λ2|M|JM > , (2.77)l±þL�ª�±wÑPC�Ì�ÆÝ�6'X���¹3D¼ê�¥§F Jλ1λ2
´=ÄØC�§�U�6u=ÄØC�þ§'Xµλ1 , λ2 , J ÚUþE"e�AL§¥�¡Åð§Kdu

P |JM >= ηJ |JM > ,Ú
P |JM,λ1λ2 >= η1η2(−)J−s1−s2|JM,λ1λ2 > ,
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F Jλ1λ2

= ηJηsησ(−)J−s1−s2F J−λ1−λ2
. (2.78)y3·�rPC�Ì^�K��©Å�m"

MJ
ls = < ~pm1;−~pm2|M|JM >

= 4π

(

w

p

)
1

2

< θφm1m2|JMls >< JMls|M|JM >

=
∑

mms
m1m2

gJls(lmsms|JM)(s1m1s2m2|sms)Y
l
m(θ, φ) , (2.79)Ù¥^�
2.41§2.45Ú2.47"©ÅÍÜ�ÌgJlsǑ½ÂǑµ

gJls = 4π

(

w

p

)
1

2

< JMls|M|JM > , (2.80)|^2.52Ú2.54§éN´ïáåHelicityÍÜ�ÌÚ©ÅÍÜ�Ì�m�éXǑµ
F Jλ1λ2

= < JMλ1λ2|M|JM >

=
∑

ls

< JMλ1λ2|JMls >< JMls|M|JM >

=
∑

ls

(

2l + 1

2J + 1

)
1

2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ) < JMls|M|JM >

=
∑

ls

(

2l + 1

2J + 1

)
1

2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ)gJls , (2.81)Ú
gJls =

(

2l + 1

2J + 1

) 1

2 ∑

λ1λ2

(l0sλ|Jλ)(s1λ1s2 − λ2|sλ)F Jλ1λ2
(2.82)Ù8�zk�~{ü�'Xµ

∑

λ1λ2

|F Jλ1λ2
|2 =

∑

ls

|gJls|2 . (2.83)

F Jλ1λ2
¥§n��IJ, λ1, λ2Ñ´=ÄØC�þ§
duF Jλ1λ2

´3Jâf·�X¥½Â�§§vkâÔ[C�gdÝ"dd·�ß�F Jλ1λ2
�±�¤²wÆC�/ª§
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�±^�
Ônþ�EÑ�âÔ[Iþ5L�"
ù
^5
EâÔ[Iþ�Ônþ´3PC�ÌL�ª¥�UÑy�þ§X��âfJ3Äþ�m�Å¼ê§"�üâf 1Ú 23Äþ�m�Å¼ê"�;�ÆÄþk'�"�üâf��éÄþr±9��âfoÄþpα§
Ú\pα´Ǒ
÷v�¡Åð���"ù«¤¢ÆC©Û��EÚ^ÝÍÜ�Ì��{Ù¢áuZemach�<��{��«AÏ�¹�/§·�ò3eÙ;�0�"

2.1.6 ???éééPPPCCC3HelicitynØ�µee§éu?éPC�?n'�g,§Ǒ'�N´§ÏǑz�?�g^Ü©£ÆÝÜ©¤ÚUþÜ©Ñ��ß�©lm§
�z�?�?nÑ´3Ù1âf�%X�¥?1�§Ñ´Õá�¶Ïd��3��ü?PC�m^����Breit-Winger DÂfëå5Ò�±
"'u?éPC�
[?ØÚ~f�¿�3e�!?1"
2.1.7 ÞÞÞ~~~
2.1.7.1 ψ → l+l− or NN̄ù�L§´��1− → 1

2
+ 1

2
−�L§§ÏǑηaηbηc = +1§2(Ü�¡ÅðÚÆÄþÅð§·����kü�©ÅµS-wave ÚD-wave§¤±Õá�Helicity�ÌǑ�kü�"=A = F 1

++ = F 1
−−ÚB = F 1

−+ = F 1
+−"ØC�Ìµ

Mλν(M) = F 1
λνD

1∗
M,λ−ν(φ, θ, 0) ,
�¡

dσ

dΩ
=

∑

M,λ,ν

|Mλν(M)|2

= |A|2




∑

M,λ−ν=0

|D1∗
M,0(φ, θ, 0)|2



+ |B|2




∑

M,λ−ν=±1

|D1∗
M,λ−ν(φ, θ, 0)|2





= |A|2
[

(d1
1,0(θ))

2 + (d1
−1,0(θ))

2
]

+ |B|2
[

2(d1
1,1(θ))

2 + 2(d1
1,−1(θ))

2
]

= |A|2[1 − cos2 θ] + |B|2[1 + cos2 θ]XJ"�´�fé§KduQED�ÍÜ5�µA ≈ 0K"�©ÙǑ(1 + cos2 θ)§ùÚ·
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dσ

dΩ
= |A|2[1 − cos2 θ] + |B|2[1 + cos2 θ]

= (|A|2 + |B|2) + (|B|2 − |A|2) cos2 θ

= (|A|2 + |B|2)(1 + α cos2 θ) ,Ù¥ α = |B|2−|A|2
|A|2+|B|2§ù�©Ù�´·�ÙG� (1 + α cos2 θ)©Ù"

2.1.7.2 ψ → π+π− , K+K−ù�L§´��1− → 0−0−�L§§ÏǑηaηbηc = −1ÚÆÄþÅð§Ïd�k1�©ÅµP-wave§¤±Õá�Helicity�ÌǑ�k��"=F = F 1
00§ØC�Ìµ

M(M) = FD1∗
M,0(φ, θ, 0) ,�±O��©�¡µ

dσ

dΩ
=

∑

M

|M(M)|2

=
∑

M

[

|F |2|D1∗
M,0(φ, θ, 0)|2

]

= |F |2(d1
1,0(θ))

2 + (d1
−1,0(θ))

2

= |F |2 sin2 θ (2.84)ù´�{ü�©Ù§�&Ǒ®²Ǒ�[¤ÙG"
2.1.7.3 ψ → V Vù�L§��U"�´µ

• V V̄§~Xµψ → K∗K̄∗

• �Óâf"�µψ → φφ

• �Óâf"�§�"�âf��þµψ → γγb�P�¡Åð§KHelicity�Ì÷v'Xª÷v2.78¶XJ"�âf´�Óâf§ÙHelicity�ÌØ
÷v (2.78) 	§�÷vµ
F Jλν = (−1)JF Jνλ (2.85)
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F 1
λν =









F 1
11 F 1

10 F 1
1−1

F 1
01 F 1

00 F 1
0−1

F 1
−11 F 1

−10 F 1
−1−1









,duÆÄþÅð��|λ− ν| ≤ J§Ïd§F 1
−1 1 = F 1

1−1 = 0§ù�´î�¤á�"XJ�¡Åð§KkF 1
11 = F 1

−1−1§F 1
10 = F 1

−10 ÚF 1
01 = F 1

0−1§\þF 1
00§o�k4�Õá�helicity�Ì"XJ"�´�Óâf§K (2.85)ª¤á§¤±kF 1

00 = −F 1
00 = 0§F 1

11 = −F 1
11 =

0 § F 1
−1−1 = −F 1

−1−1 = 0§F 1
10 = −F 1

01ÚF 1
−10 = −F 1

0−1§¤±�3e2�Õá�Helicity�ÌØǑ":

F 1
10 = −F 1

01 , F 1
−10 = −F 1

0−1 .XJ�¡é¡1Ú�Óâfé¡5Ó�¤á§K��e��Õá�Helicity�Ìµ
F 1

10 = −F 1
01 = F 1

−10 = −F 1
0−1 .¤±�k��Õá�Ú^Ý�Ì§e¡b�M = 1�O�§¿Ø���5µ

dσ

dΩ
∝

∑

λν

|F 1
λνd

1
1,λ−ν(θ)|2

= |F 1
11d

1
1,0(θ)|2 + |F 1

−1−1d
1
1,0(θ)|2 + |F 1

00d
1
1,0(θ)|2

+ |F 1
10d

1
1,1(θ)|2 + |F 1

0−1d
1
1,1(θ)|2

+ |F 1
01d

1
1,−1(θ)|2 + |F 1

−10d
1
1,−1(θ)|2

= |d1
1,0(θ)|2

[

|F 1
11|2 + |F 1

−1−1|2 + |F 1
00|2
]

+ |d1
1,1(θ)|2

[

|F 1
10|2 + |F 1

0−1|2
]

+ |d1
1,−1(θ)|2

[

|F 1
01|2 + |F 1

−10|2
]

(2.86)y35éù�(J?1©a?Øµ
• XJ�¡ØÅð�"�âfØ´�Óâf§KÆ©ÙÒ´8
�/ª"
• XJXJ�¡Åðµ

dσ

dΩ
= |d1

1,0(θ)|2
[

2|F 1
11|2 + |F 1

00|2
]

+ |d1
1,1(θ)|2

[

|F 1
10|2 + |F 1

0−1|2
]

+ |d1
1,−1(θ)|2

[

|F 1
10|2 + |F 1

0−1|2
]

=
1 − cos2 θ

2

[

2|F 1
11|2 + |F 1

00|2
]

+
1 + cos2 θ

2

[

2|F 1
10|2 + |F 1

0−1|2
]
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• XJ"�âf´�Óâfµ

dσ

dΩ
=

1 + cos2 θ

2

[

2|F 1
10|2 + |F 1

−10|2
]

∝ 1 + cos2 θù�§Æ©Ù®²(½e5
§ÏǑ�'%Æ©Ù�§
¡�Ïf�±�Ñ"
• �¡ÅðÚ�Óâfé¤5Ó�¤á§Æ©Ù�,´ (1 + cos2 θ)"
• XJ"�´ü�1f§KHelicityØU�"§��¡Åð§
�"�´�Óâf§�Ü�ÌÑ´""ù�L§�B+"
2.1.7.4 ψ → φf0ÏǑV → V

′

SL§�¡÷vηaηbηc = 1§¤±"�ü�âfm��é;�ÆÄþ�UǑóê[ηaηbηc(−1)l = 1]¶
duÆÄþÅð§�l = 0, 2"¤±"�~fXÚ�Ukü�Õá�©Å"��¡Åð�§Helicity �Ì7L÷vµ
F Jλν = ηaηbηc(−1)Ja−Jb−JcF J−λ−ν (2.87)�=k�ü�ÕáÚ^Ý�ÌXe¤«µ

A = F1 = F 1
10 = F 1

−10, B = F0 = F 1
00 (2.88)u´�±O�"�Æ©Ù£b�M = +1¤µ

dσ

dΩ
=

∑

λ

|F 1
λD

1
1,λ(φθ)|2 =

∑

λ

|F 1
λ

[

d1
1,λ(θ)

]

|2

= |A|2
{

[d1
1,1(θ)]

2 + [d1
1,−1(θ)]

2
}

+ |B|2[d1
1,0(θ)]

2

∝ |A|2
[

1 + cos2 θ
]

+ |B|2 sin2 θ (2.89)Ù¥A§B ǑÕá�ëê§��´©Å�ÌG01, G21 ��5|Ü§�´du³^Ïf��Ï§��ýÏD ©þ�U�'S Å�éõ§K�±b�A ÚB '��C§ù�"�Æ©Ùò´Cq�þ!©Ù"ù�¯K3�¡�Helicity�Ì�?Ø¥�¬2gJ�"XJ"�¥þ0fφ´��1f§KHelicity�ÌF 1
00ò�u"§"�Æ©ÙC¤{ü�(1 + cos2 θ)"
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2.1.7.5 ψ → φf2ÏǑV → V
′

TL§�¡÷vηaηbηc = 1§¤±"�ü�âfm��é;�ÆÄþ�UǑóê[ηaηbηc(−1)l = 1]¶
duÆÄþÅð§�l = 0, 2, 4§o�kÊ�©Å�ÌG01, G21 , G22 , G23 Ú G43"¤k�U�Helicity�ÌXeµ
F 1
λν =









F 1
2 1 F 1

1 1 F 1
0 1 F 1

−1 1 F 1
−2 1

F 1
2 0 F 1

1 0 F 1
0 0 F 1

−1 0 F 1
−2 0

F 1
2−1 F 1

1−1 F 1
0−1 F 1

−1−1 F 1
−2−1









,ÏǑÆÄþÅð§=|λ − ν| ≤ J§¤±kF 1
−1 1§F 1

−2 1§F 1
2−1§F 1

0−1§F 1
2 0ÚF 1

−2 0Ǒ"¶q�â�¡Åð�'X2.78§=k�Ê�ÕáÚ^Ý�ÌL«Xeµ
F 1

21 = F 1
−2−1, F 1

11 = F 1
−1−1, F 1

01 = F 1
0−1,

F 1
10 = F 1

−10 Ú F 1
00 ,y3·�5O�"�Æ©Ù£b�M = +1¤µ

dσ

dΩ
=

∑

λν

|F 1
λνD

1
1,λ−ν(φθ)|2 =

∑

λν

|F 1
λν

[

d1
1,λ−ν(θ)

]

|2

= |F 1
21|2

{

[d1
1,1(θ)]

2 + [d1
1,−1(θ)]

2
}

+2|F 1
11|2[d1

1,0(θ)]
2

+|F 1
01|2

{

[d1
1,−1(θ)]

2 + [d1
1,1(θ)]

2
}

+|F 1
10|2

{

[d1
1,1(θ)]

2 + [d1
1,−1(θ)]

2
}

+|F 1
00|2[d1

1,0(θ)]
2

=
1 + cos2 θ

2

[

|F 1
21|2 + |F 1

10|2 + |F 1
01|2
]

+
sin2 θ

2

[

2|F 1
11|2 + |F 1

00|2
]

(2.90)�±w�ù�Æ©Ù¥¹k�õ� �ëêk�(½"
2.1.7.6 ψ → ρπ → π+π−π0ù�PC�Ì�´ÏL¥m���5?1�§'XÏLρ(770)Ó ^n­�Ú§��-u�5?1�"XJ´ÏL 1− �¥m���5PC§KduÆÄþÅðÚ�¡Åð§ü??éPCÑ´X�P-wave¶XJ´ÏL 3−½ö 5−�5PC�§K¥mÑ´X�F-wave½öH-wave"y3·�Ǒ
�Ä¯K{ü§ÀJρ0(770)5?Ø§Kù�L§



36 ©Å©Û�{´ψ → ρ0(770)π → π+π−π0"�©�¡���L�ªǑµ
dσ

dΦ
=

∑

M

∣

∣

∣

∣

∣

∑

λ

A(M)

∣

∣

∣

∣

∣

2

, (2.91)Ù¥�Ì���L�ª(Ù¥gǑ~êëê):

A(M) = C1

[

D1⋆
M1(θφ)D1⋆

10(θ
′φ′) −D1⋆

M−1(θφ)D1⋆
−10(θ

′φ′)
]

C1 = gMψB1(rρ0π0)B1(rπ+π−)BWρ0 , (2.92)Ø�ÄUþ�6£ÈK¤§ψ → ρ0π0 → 3π PC"��Æ©ÙǑ
(
dσ

dΦ
) ∝

∑

M

∣

∣D1⋆
M1(φθ0)D

1⋆
10(φ

′θ′0) −D1⋆
M−1(φθ0)D

1⋆
−10(φ

′θ′0)
∣

∣

2

=
1

2
[(1 + cos2 θ) sin2 θ′ + sin2 θ sin2 θ′ cos 2φ′] , (2.93)ù´·�?Ø�1��?éPC§��:?Ø§�±���
k���£"

• Æ©Ù¥Ø�¹ρ�� Æ§ù�´XÚ¶é¡5�Ny¶
• XJrÙ�CþÈK·���µ

dσ

d cos θ
∝ 1 + cos2 θ

dσ

d cos θ′ ∝ sin2 θ
′

= 1 − cos2 θ
′

dσ

dφ′ ∝ 1 +
1

5
cos 2φ

′

,

(2.94)1��´1 + cosθ©Ù§ùÚ·��ýÏ��§�´ψ → V P PCL§�AÆ¶
1���sin2 θ©ÙǑ´·�¤®��§1��~fÒ´ù«�¹¶1n��φ′Æ©Ù´�²T�§ù�Ú
¡�~f��/ØÓ§ù´duρ�)�¿Ø´·��§vk¶é¡�AÆ"
2.1.7.7 ψ → γηc → γρρ→ γ4πù�L§w5q�éE,§́ n?PC§
�k¥mn����§�´ÏLé¡5©Ûuyù�L§�~{ü§z�?Ñ�k��©Åµ
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• ÏǑz�?Ñ÷v ηaηbηc = −1§Ïd�âÆÄþÅðÚ�¡Åð§z�?Ñ�kX�P-wave¶�A�Helicity�Ì�k��µ
• 1�?µ1− → 1−0− L=1 F 1

10 = −F 1
−10, F

1
00 = 0

• 1�?µ0− → 1−1− L=1 F 0
11 = −F 0

−1−1, F
0
00 = 0

• 1n?£ü�ρ¤µ1− → 0−0− L=1 F 1
00K��?éL§�oPC�ÌǑµ

A(M) = F 1
λ0D

1⋆
Mλ(θ2φ2, 0)BWηcF

0
sσF

1
00BWρ56D

1⋆
s0(θ5φ5, 0)F

1
00BWρ78D

1⋆
σ0(θ7φ7, 0) ,

= CD1⋆
Mλ(θ2φ2, 0)D

1⋆
s0 (θ5φ5, 0)D

1⋆
σ0(θ7φ7, 0) ,Ù¥� C´¤kUþ�6�Ïf��È£ÚÆ©Ù�'¤µ

C = F 1
λ0BWηcF

0
sσF

1
00BWρ56F

1
00BWρ78

= gB1(rγηc)B1(rρρ)B1(rπ5π6)B1(rπ7π8)BWηcBWρ56BWρ78 ,Ko�éÜÆ©ÙǑ£b�M = +1¤µ
dσ

dΦ
=

∑

λ

∣

∣

∣

∣

∣

∑

sσ

A(+1)

∣

∣

∣

∣

∣

2

∝
∑

λ

∣

∣d1
1λ(θ2)D

1⋆
10(θ5φ5, 0)D

1⋆
10(θ7φ7) − d1

1λ(θ2)D
1⋆
−10(θ5φ5, 0)D

1⋆
−10(θ7φ7, 0)

∣

∣

2

=
∑

λ

∣

∣d1
1λ(θ2) sin θ5 sin θ7 sin(φ5 + φ7)

∣

∣

2

=
1

2
[(1 + cos2 θ2) sin2 θ5 sin2 θ7 sin2(φ5 + φ7)] , (2.95)·�Ǒ5?Ø�eù�Æ©Ù"

• Ó�ηc� ÆǑØÑy3Æ©Ù�¥§́ ²T�§́ XÚé¡5�Ny"
• 
�ρ3ηc�Helicityë�X¥�ÆCþǑØÑy3Æ©ÙL�ª¥§ù´ÏǑ1âf�g^Ǒ"§"��Æ©Ù´þ!�"�´1âf��¡´K�§ù�Ny3e�?�Æ©Ù�¥§ǑÒ´ü�ρ�PC²¡�YÆ÷v sin2(φ5 + φ7)©Ù£5¿�3ηc�·�X¥ü�ρ´�é��§§���g�HelicityX��I´ØÓ�§(Jü�²¡�YÆT�´[φ5 + φ7]¤§XJ1âf��¡´��§ù�©Ùò¬C¤ cos2(φ5 + φ7)"ù�AÆ´�~k^�§π0��¡(½Ò´ÏLü1fPCL§§,�1f�=C¤�é�K>f§§��PC²¡äkù��AÆµ�Xþ�?PC1âf��¡&E"
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• ÏLÈ©�����²T�Æ©ÙXeµ

dσ

d cos θ
∝ 1 + cos2 θ2

dσ

d cos θ5,7
∝ sin2 θ5,7 = 1 − cos2 θ5,7

dσ

dφ′ ∝ sin2(φ5 + φ7),

(2.96)

2.1.7.8 ψ → γη′ → γγρ → γγ2πÚþ¡�ψ → γηc → γρρ→ γ4π �~aq§�´�A��� ρØ2PC"
dσ

dΦ
=

∑

λ

∣

∣

∣

∣

∣

∑

s

A(+1)

∣

∣

∣

∣

∣

2

∝
∑

λ

∣

∣d1
1λ(θ2)D

1⋆
10(θ5φ5, 0) − d1

1λ(θ2)D
1⋆
−10(θ5φ5, 0)

∣

∣

2

∝
∑

λ

∣

∣d1
1λ(θ2) sin θ5 cosφ5

∣

∣

2

=
1

2
[(1 + cos2 θ2) sin2 θ5 cos2 φ5]

2.2 Covariant Tensor Formalism^�ÆCÜþ�{5�E©Å�múª��´dZemach [4, 5]�<u�å5�3PCâf�·�X^nÄþ5½Â�Ì�g^Ü©§ÏǑvk LorentzC�§¤±3���úªp¹kØÓë�X½Â�Üþ§�
§§�´�ÆC�"Ǒ,3éõ�/e£�Ø´¤k�/¤§ÆCÚ�ÆC�nØ��O¿Ø²w§�´§ÆC�Ǒ�«nØ��AT´�÷v�"3�5�ó�¥<�æ^
¤¢�Rarita-Schwinger ^�[7]�Üþ÷v
ÆC5µù�^���g^ÜþÚoÄþ�m÷v��5"Ïdk<rù«Üþ�� Rarita-SchwingerÜþ"3�Ö¥§Rarita-SchwingerÜþÚÆC ZemachÜþ£{¡ÆCÜþ¤��´Ó�«úª"ùp0��ÆCÜþ´�^���é¡Üþǫµνδσ ÚÝ5ÜþgµνÚ1âf!fâfÚ���g^Å¼ê��EØC�Ì§3²LFilippini, Chung [6, 8] �<�?�Úu��õ§y3¤ǑâfÔn¢�¥�~­��óä��"§�`:´µThe

advantage of using the tensor formalism is that a spin tensor, its indices being those of

four-momenta, can be coupled to any four-momenta and/or other spin tensors to form

the simplest scalar amplitude satisfying the requirement of the Lorentz invariance"e

shuaiying li




1�Ù Æ©ÙnØ 39¡·�?0�CÜþ�{§Äk0�Äþ�mÅ¼ê�½Â§,�´Üþ��E�{§±9XÛ�yÜþ�ÆC5",�3e�Ù¥0�Helicity�Ì�aq��E�ª§��§·�ò¬�~w�µHelicity�ÌÚÆCÜþ�{�m��d5´g,�"
2.2.1 lll������éééØØØ������éééØØØggg^̂̂ÅÅÅ¼¼¼êêêùp·�0�g^Å¼ê3Äþ�m�L«"ÏǑ·�¢�þÿþ�´¢�¿Xp�"�âfoÄþ§Ïd§3Äþ�m5?Ø¯K¬kéõB|§
�XJU�y�{´ÆC�§K�±���^¢�¿X�"�âfoÄþ§ù
�´¢�êâ©Ûö¤F"�"ùp·�Äk0�æ^nÄþ�E�ÆC�g^1�Å¼ê§ù���´Ǒ
Ú\7���{ÚVg§,��XÒXÚ/0�ÆC�ÜþÅ¼ê"
2.2.1.1 ···���XXX¥¥¥���ggg^̂̂1����Ä��?¿�nÄþ~p§§�±3(kÆ�IX�m¤µ

~p =

3
∑

i=1

pi~ei , (2.97)Ù¥~ei©O´÷Xx-§y-Úz-¶�ü ¥þ"~p Ǒ�±æ^¥Ä¥�mµ
~p =

∑

m

p(m)~e(m) (m = ±1, 0), (2.98)Ù¥
~e(±1) = ∓ 1√

2
(~e1 ± i~e2), ~e(0) = ~e3 ,

p(±) = ∓ 1√
2
(p1 ± ip2), p(0) = p3 . (2.99)ùp�Ñ¥þ ~e(m)´nÄþ�m¥�4z¥þ§§�Ú·�X¥�g^1���éA"w
´�§ª2.99�¥þ ~e(m)TT´ Jk �ÆÄþ�Æ�µ

J3e(m) = me(m) (m = −1, 0, 1) , (2.100a)

J∓e(±1) =
√

2e(0) , (2.100b)

J±e(±1) = 0 , (2.100c)

J±e(0) =
√

2e(±1) , (2.100d)



40 ©Å©Û�{Ù¥µJ± = J1 ± iJ2§~e(m) ´e¡��¥þµ
e(±1) = ∓ 1√

2









1

±i
0









, (2.101a)

e(0) =









0

0

1









. (2.101b)'�ª2.100ÚªA.2§·��±wÑ ~e(m)(¢�L
g^1âf�Å¼ê§=aquN¹A¥?Ø�|jm > (j = 1)"·�w� ~e(m)�kü«ØÓ��I§�«éAug^�1n©þ§,�«éAunÄþ"�âªA.4·�uy ~e(m)3=ÄC� R(α, β, γ)e÷vXe'Xµ
R(α, β, γ)~e(m) =

∑

m′

~e(m′)D1
m′m(α, β, γ) , (2.102)Ù¥§C�vk^ U [ ]L«§́ Ǒ
rN�K� ~e(m)¿Ø´,«Ä��Hilbert�m�Ä¥§
�´´nÄþ�m�Ä¥"ÏǑ ~pÚ ~e(m) �±^Ó��Ä¥�m£�ª2.97Úª2.99¤§¤±·��±��^=C��,�«L«�ªµ

R(α, β, γ)~ei(m) =
∑

j

~ej(m)Rij(α, β, γ) (2.103)ddN´��~e(m)Ú?¿nÄþ�:Èäk=ÄØC�5�§=µ
~e(m) · ~p = ~e′(m) · ~p′ , Ù¥ ~e′i(m) = Rij~ej(m)Ú ~p′i = Rij~pj ,Ù¥�=ÄÝ
 Rij(α, β, γ)´��
µ§�_
�u§�=�"�¡§·�ò|^ù�5�l ~e(m)Ú ~pÑu5�E=ÄØC�Ì"·�2{ü�Ñ4z¥þ��
5�µ

~e∗(m) · ~e(m′) = δmm′ , (2.104a)
∑

m

~ei(m) · ~e∗j (m) = δij , (2.104b)

~e∗(m) = (−)m~e(−m) . (2.104c)

2.2.1.2 ���éééØØØ555ggg^̂̂1 ����8
Ǒ�§·��Ä� ~e(m)�,´£ã·�X�¥g^1âf��K�½öÅ¼ê§§��´÷v�½�^=5�§�±ÚnÄþ�å�¤^=ØC��Ì§�´·



1�Ù Æ©ÙnØ 41�7L�Ä�E,��¹§'X?éPC§ù�ò¬¡éõ�ë�X��/§ù�7,¬���EÑ5��Ì÷vLorentzÆC5"Ïd·�7Lr·�X¥�Å¼êí2�?¿ë�X§ǑÒ´��ÆC�Å¼ê"�â½Â§g^£ã
?u·�X�¥�âf3�m^=�^e�1ǑAÆ¶ÏdÄþ�m¥�g^Å¼êǑÒØ�UkUþ©þ"��
ù�A:§·��±ù�/ª/½Â��£ã·�X¥g^1âf��o¥þµ
~eµ(0,m) = {0, ~e(m)} , (2.105a)

~eµ(0,m) = {0,−~e(m)} . (2.105b)y3·���O�5½ÂHelicity�Ú�K�¥þ"�2.24Ú2.29aq§·��Xe½Âµ
eµ(~p,m) = [R̊Lz(p)R̊

−1
]µνe

ν(0,m) , (2.106a)

eµ(~p, λ) = [R̊L(~p)]µνe
ν(0, λ) , (2.106b)Ù¥�Lz(p)Ú±
�½Â�Ó§̊RKCǑµ

R̊
µ
ν =

(

1 0

0 Rij ,

)Ù¥Rij´3× 3�^=Ý
"XJ ~p÷X z-¶§K2.106 ¥�üªäk�Ó/ª"·��±�ÑÙwªL�ªµ
eµ(pẑ,±1) = ∓ 1√

2
(0, 1,±i, 0) , (2.107a)

eµ(pẑ, 0) =

(

p

w
, 0, 0,

E

w

)

= (γβ, 0, 0, γ) , (2.107b)Ù¥E, pÚ w©O´g^1âf�Uþ!ÄþÚ�þ§β´âf�Ý§γ = 1√
1−β2
"3�����¹e§~p÷X?¿��$Ä§KéuHelicity�kµ

eµ(~p,±1) =
∓1√

2
(0, cos θ cosφ∓ i sinφ, cos θ sinφ± i cos φ,− sin θ) , (2.108a)

eµ(~p, 0) =

(

γβz ,
βzβx

(1 + γ)/γ2
,

βzβy
(1 + γ)/γ2

, 1 +
β2
z

(1 + γ)/γ2

)

, (2.108b)éu�K�Kkµ
eµ(~p,±1) =

∓1√
2

(

γβx ± iγβy, 1 +
βx(βx ± iβy)

(1 + γ)/γ2
,±i+ βy(βx ± iβy)

(1 + γ)/γ2
,
βz(βx ± iβy)

(1 + γ)/γ2

)

,

(2.109a)

eµ(~p, 0) =

(

γβz,
βzβx

(1 + γ)/γ2
,

βzβy

(1 + γ)/γ2
, 1 +

β2
z

(1 + γ)/γ2

)

.

(2.109b)
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2.106ù�/�3^=C�e�
¡?Ø� |~p, jm >Ú |~p, jλ >C��ª�Ó"Ïd§·�kµ
Reµ(~p,m) =

∑

m′

D
(1)

m′m
eµ(R~p,m

′

) , (2.110a)

Reµ(~p, λ) = eµ(R~p, λ) , (2.110b)Ú
¡?Øaq§Helicity �Ú�K�¥�éXé{ü§Xeµ
eµ(~p, λ) =

∑

m

D
(1)
mλ(R̊)eµ(~p,m) . (2.111)ùp·�{ü�ÑA�4zo¥�5�µ

pµeµ(~p,m) = 0 , (2.112a)

e∗µ(~p,m)eµ(~p,m
′

) = δmm′ , (2.112b)

P (1)
µν =

∑

m

eµ(~p,m)e∗ν(~p,m) = ḡµν(p) , (2.112c)

ḡµν(p) = −gµν +
pµpν
w2

= −gµν + uµuν , (2.112d)ª2.112a´½Â�7,(J§§�±w�g^1Å¼ê7L÷v�7�^�§ÏǑ§Ǒ,±o��/ªÑy§%�kn�Õá©þ"ª2.112d¥uµ§uν´âf�o�Ýu = p/w§·�N´��u2 = 1§
 P
(1)
µν �¡�g^1ÝK�f§ḡµν (p) �¡Ǒ?��Lorentz Ý5£Modified Lorentz Metric¤§3k�þâf��%Xò¬�zǑ δij £vkUþ©þ¤"2.112 �
n�5�Ù¢´2.104�í2"·��5¿�ÝK�f÷vXe'Xµ

P (1)
µα P

(1)α
ν = P (1)

µν (2.113)Ï�§P
(1)
µν �±���ÝK�fǑÒ´Äu5�2.112aµ�§�A^�?¿4¥þ§)¤�¥þÑÚ pµR�"
�§7LJ��´§éuHelicity�Ǒ�3aq�5�"

2.2.1.3 ggg^̂̂2ÚÚÚ���pppggg^̂̂������£ãg^2âfÅ¼ê��±l4z¥þÚC-GXê5�E"
eµν(~p, 2m) =

∑

m1m2

(1m11m2|2m)eµ(~p,m1)eν(~p,m2) (2.114)4z¥þ�^=5�2.110ª�y·��g^2�Ǒäk�(�^=5�µ
Reµν(~p, 2m) =

∑

m′

D
(2)

m′m
(R)eµν(R~p, 2m

′

) (2.115)



1�Ù Æ©ÙnØ 43g^2�Helicity�Ǒ�±^g^1�Helicity�¥þ^Ú2.114 ���Ó��ª�EÑ5¶·���r m^ λO�K=�"'Xª2.111�±^5L²g^2�âf��K�ÚHelicity��m�éXµ
eµν(~p, 2λ) =

∑

m

D
(2)
mλ(R̊)eµν(~p, 2m) . (2.116)Ù¥§Ú±
��§̊R£ã
 ~p���"dug^2âf�k5«g^1n©þ�øÀJ§¤±§��ǑÒ�k5�Õá©þ"�´,��¡§ª2.114%L²ù´��2�Üþk16�Õá©þ"Ïd§ù¿�Xò¬k�A�^���¬�Õá©þ�ê~��5�"ù�´¤¢��êg^âf�

Rartia-Schwinger^�"l½Âª2.114·��±wÑ§¢Sþkµ
pµeµν(~p, 2m) = 0 (2.117a)

eµν(~p, 2m) = eνµ(~p, 2m) (2.117b)

gµνeµν(~p, 2m) = 0 , (2.117c)éN´w�§ù
^�r eµν �Õá©þ�ê~��
5�"3g^2âf�·�X§2.117{zǑµ
eij(2m) = eji(2m) (2.118a)
∑

i

eii(2m) = 0 , (2.118b)

2.118a{üL²3·�X¥�I µ Ú ν �k�m©þ§ǑÒ´1§2§3¶2.118bKL² eij(2m)´é¡�,Üþ"·�UìXe�ª8�z eµν :

e∗µν(~p, 2m)eµν(~p, 2m
′

) = δmm′ . (2.119)�2.112caq§·��±½Âg^2âf�ÝK�fµ
P

(2)
µναβ =

∑

m

eµν(~p, 2m)e∗αβ(~p, 2m) , (2.120)§�8�z÷vµ
P (2)
µνσρP

(2)σρ
αβ = P

(2)
µναβ . (2.121)



44 ©Å©Û�{g^2�ÝK�fl?¿2�ÜþÝKÑ5�(J�½Ñ÷v5�2.117¶3g^2âf�·�X§ÝK�f�´{ü�ÝKÑÜþé¡�,��Ü©"�âù�*:§·�êþÒ�±�Ñ·�X¥�ÝK�f�,�«/ªµ
P

(2)
ijkm =

1

2
(δikδjl + δilδjk) −

1

3
δijδkl . (2.122)3?¿ë�X¥½Â�ÝK�f7LU3·�X´z{�2.122§Ïd·�kµ

P
(2)
µναβ =

1

2
(ḡµαḡνβ + ḡµβ ḡνα) − 1

3
ḡµν ḡαβ . (2.123)Ù¥ ḡµν d2.112d�Ñ§3·�X¥�z� δij "Úþ¡�aq§·��±�E£ã�pg^�âfÜþ�"e¡{ü0�g^3�âf�ÜþÅ¼ê��Eµ

eµνσ(~p, 3m) =
∑

m1m2

(2m11m2|3m)eµν(~p, 2m1)eσ(~p,m2) , (2.124)§�8�z÷vµ
e∗µνσ(~p, 3m)eµνσ(~p, 3m

′

) = δmm′ . (2.125)g^3âf�ÜþÅ¼ê�ÀC5�d�E�ª���y"
�Å¼ê÷v
Rarita-Schwinger^�µ

pµeµνσ = 0 (2.126a)

eµνσ = paitwise symmetric (2.126b)

gµνeµνσ = 0 , (2.126c)^�2.126bL«§eµνσ é?Ûü��I���ÑØC"3·�X¥§eµνσ z{Ǒeijk §�¹k�m�I¿�üüé¡��,"g^nÝK�f�±aq½ÂXeµ
P

(2)
µνσαβγ =

∑

m

eµνσ(~p, 3m)e∗αβγ(~p, 3m) , (2.127)3g^3âf�·�X¥§dÝK�f�±l?¿n�Üþ¥ÝKÑ�Iüüé¡��,�3�Üþ"Ïd§Ú2.122aq§·�éN´�EÑ·�X¥�ÝK�Îµ
PSijklmn =

1

6

∑

p

δilδjmδkn (2.128a)

P
(3)
ijklmn = PSijklmn −

1

5

[

δijP
S
aaklmn + δjkP

S
aailmn + δkiP

S
aajlmn

]

, (2.128b)Ù¥§1�ª pL«é(i, j, k)�6¥���ª�Ú"
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2.2.1.4 üüü���ggg^̂̂ÅÅÅ¼¼¼êêê���ÍÍÍÜÜÜ3�EØC�Ì��ÿ��I�æ^ L− S ÍÜ�Y§Ïd7Lk�Ä S − S ÍÜ"e¡·�5�Äü�"�âf�g^��ÍÜ"
• XJü�âfÑ�g^§ǑÒ�¤¢ÍÜ§§��ÍÜ�´1"
• XJ��âfkg^§
,���g^§K§��ÍÜ�Ò´kg^âf�g^Å¼ê"
• XJü�âfÑkg^§Uì����Ä§��¬ÍÜÑeZ�og^�§'X§b�s1 ≥ s2§KS = s1 − s2, s1 − s2 + 1, s1 − s2 + 2, ...s1 + s2§o� (2s2 + 1)�g^�¶b�ü�âfg^Ñ´1§§��Å¼ê©OǑµωα(m1)Úǫβ(m2) Kkog^s = 0, 1, 2§§��ÍÜ�´µ

χ
(0)
αβ(0) =

∑

m1m2

(1m11m2|00)ωα(m1)ǫβ(m2) (2.129a)

χ
(1)
αβ(m) =

∑

m1m2

(1m11m2|1m)ωα(m1)ǫβ(m2) (2.129b)

χ
(2)
αβ(m) =

∑

m1m2

(1m11m2|2m)ωα(m1)ǫβ(m2) (2.129c)�±w�§g^1Üþ χ
(0)
αβ(1)´���é¡�§
g^2Üþ χ

(0)
αβ(2)´é¡��,�"·��±æ^ÝK�Î�/ª5��ÍÜg^Å¼ê"ÝK�Î½ÂXeµ

P
(S)
αβγσ =

∑

m

χSαβ(m)χS∗γσ(m) , (2.130)²Lz{���µ
P

(0)
αβγσ =

1

3
ḡαβ ḡγσ (2.131a)

P
(1)
αβγσ =

1

2
(ḡαγ ḡβσ − ḡασ ḡβγ) (2.131b)

P
(2)
αβγσ =

1

2
(ḡαγ ḡβσ + ḡασ ḡβγ) −

1

3
ḡαβ ḡγσ . (2.131c)�ÝK�Î�^�Xg^Å¼êþ�µ

χ
(0)
αβ = (ω̃ · ǫ)ḡαβ (2.132a)

χ
(1)
αβ =

1

2
(ω̃αǫ̃β − ǫ̃αω̃β) (2.132b)

χ
(2)
αβ = ω̃αǫ̃β + ǫ̃αω̃β −

2

3
(ω̃ · ǫ)ḡαβ (2.132c)
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(ω̃ · ǫ) = (ω · ǫ̃) = (ω̃ · ǫ̃) , ω̃α = −ωα +

p · ω
W 2

pα . (2.133)l¥�±wÑ§���é¡Üþk3�Õá©þ§
é¡Üþk5�Õá©þ§���A
§�©O´g^1Úg^2�Å¼ê"
• �p��g^�m�ÍÜÚþ¡�ÍÜaq§�±Uì�Ó��{�ÍÜ"
2.2.2 ÄÄÄþþþ���mmm���;;;���ÆÆÆÄÄÄþþþÅÅÅ¼¼¼êêêÏǑ�¡�?Øò¬^�§·�25?ØX;�ÆÄþÅ¼ê3Äþ�m�L«§;�ÆÄþÅ¼ê3�¡ò¬k�~­��A^"|^
¡½Â�g^ÝK�Î§�±�~�B���;�ÆÄþÅ¼ê"�;�ÆÄþ l = 0 �=S-wave�§�I�m¥�Å¼ê���Ó5�§3Äþ�m�LyÑ�AÆǑµ��éÄþ ~r �'§ǑÒ´`µt̃(0) = 1¶�;�ÆÄþǑ l = 1§=P-wave�§·��±^ t̃(1) 5L«ÙÅ¼ê§§�±^
¡½Â�g^ÝK�Î2.112c �^�"�âf��éÄþ r = p1 − p2þ��µ

t̃(1)µ = P (1)
µν r

ν = ḡµν(p)r
ν

= −rµ +
m2 − µ2

W 2
pµ

≡ r̃µ , (2.134)Ù¥m, µ�O´"�ü�âf��þ"éN´��3?¿ë�X¥Ñkµ
(r̃ · r̃) = (r · r̃) = ~r · ~r . (2.135)�;�ÆÄþǑ l = 2 §=D-wave�§ t̃(2) Ǒaq§^
¡½Â�g^ÝK�Î2.120 �^�"�âf��éÄþþ��µ

t̃(2)µν = P
(2)
µναβr

αrβ

=

[

r̃µr̃ν −
1

3
(r̃ · r̃)ḡµν(p)

]

, (2.136)Ón§t̃(3)UìXe�ª��µ
t̃
(3)
µνλ = P

(3)
µνλαβγr

αrβrγ

= r̃µr̃ν r̃λ −
1

5
(r̃ · r̃)[ḡµν(p)r̃λ + ḡνλ(p)r̃µ + ḡλµ(p)r̃ν ] , (2.137)



1�Ù Æ©ÙnØ 47õê�¹e§·�ò¬^�1âf·�X�¥�;�ÆÄþÅ¼ê�/ª§¤±·��Ñ31âf·�X¥
n��;�ÆÄþÅ¼ê�²wL�ªµ
t̃
(1)
i = ri (2.138a)

t̃
(2)
ij = rirj −

1

3
r2δij (2.138b)

t̃
(3)
ijk = rirjrk −

r2

5
[δijrk + δjkri + δkirj ] , (2.138c)

2.2.3 ØØØCCC���ÌÌÌ������EEEy3·���
�«O�§½Â
ØÓ�êg^âfÄþ�m�Å¼ê§̂ §�5�ELorentzØC��Ì"
2.2.3.1 ������555������EEE555KKK3�EL§¥§��¬^�µ�"�âf�g^Å¼ê§X;�ÆÄþÜþ§og^Å¼ê�k�U¬^���âf�oÄþ"ÖöAT3¿�§¤kù
þÑ´l"�âf�oÄþÑu½Â�§ǑÒ´^·��¢�ÿþþ�E�§
�·���¤�E��Ì´ÆC�§¤±§�I�¢�¿X¥�oÄþÒv

"ù:éu¢�©Û�~­�"Ä���E5KXeµ

• �±�^�¤©�)µ�"�âf�g^Å¼ê£4z¥þ¤φ∗(m)§X;�ÆÄþÜþ t̃(l) ÚÆCg^Å¼êω(ms)Úǫ(mσ) ÍÜ¤�og^Å¼ê§��âf�oÄþ pµ±9 ǫµνσγ ÚLorentzÝ5 gµν¶
• �Ì7L�±LorentzØC§�¡Åð�é¡5���¶
• �rÎÜþ¡����U�ÌUìÚ L− S ÍÜ�Vg�Ü�EÑ5§�ê���Õá©Åê8�Ó¶
• Ǒ
�±�¡Åð§�(J+ s1 + s2 + l)ǑÛê�I�ǫµνσγpµ§Ù��¹KØI�"Uìþ¡�ù�5K§3�EL§¥ë�g^−g^ÍÜ§±9og^−;�ÆÄþ�ÍÜ'X§�±�~�Ù�w�ÙÔnéA§éu�EÑ�AÕá�ê�ÍÜ�Ì�~k|"
Ù´E,�?éPC§ù«�{UÜÒ�§(J��(½§́ u�y�(5"�´§§���Ñ�«ÆCÜþ�²wL�ª§¿I�?�Úz{§�ó�þO�"
z{�L§�ó�þ�§ǑÒN´Ñ�"�´du�EL§k(½�5K�±�Ì§¤±éu�ÆöÚ��öS'�Ü·"



48 ©Å©Û�{��5`§��^g^Å¼ê§�"�âfoÄþ!ǫµνσγ ÚLorentzÝ5 gµνÒ�±�����d�(J§¿Ø^ÕYu L− S ÍÜ�Vg§�����E��Ì�m´Õá�=�"Uìù«g´du;�
;�ÆÄþÜþ��E§�±�ó�þ~�§�´éu²�ØvöØN´wÑz�þ�Ôn¿Â§�E�'�(¹§(JǑØ��§?¿5��§N´Ñ�§Ø�Ýº"¤±§'�·Ük²��'�Ùö�<�^"éu�Æö§'�Ün��ª´kUìþã1�«5KUÜÒ�æ^L−SÍÜVg5�EØC�Ì§,�?�Úz{§
�·��z{ó�¬é¯JpUåÚ��Ônaú¶��ã�m§ÙG
±�§Ò�±Ø^ÕYuù
5K§2Uì'�{ü��ª5�EØC�Ì"ù�ÆSödu®²k
²�§Ǒ'�ÙGÜþ�O�E|§Ò'�N´;�Ñ�"·�3�EÆC/ªÍÜ�Ì�§Ǒ
�BÚ��5§æ^
�½�ÎÒ�½§'XéµJ → s + σ.�üNPC�§¤^��Ì�PÒ�uL2.1¥"�5¿§Ǒ
�BÚ±����5§ùp�PÒÚ
¡�Ø���¶�kÒ´·�^ r 5L«"�ü�âf�oÄþ� r = q − k§Ó�·�Ǒ^rL«ÙnÄþ��§��Ø�u· "L 2.1: �EÆCÍÜ�Ì¤^�Ì�ÎÒ�½1âf fâf1 fâf2g^ J s σ�¡ ηJ ηs ησ

Helicity δ λ νg^z−©þ m ms mσÄþ p q kUþ p0 q0 k0�þ W m µUþ/�þ γJ γs γσÅ¼ê φ∗(δ) ω(λ) ǫ(−ν)

2.2.3.2 ÜÜÜþþþ///ªªª���PPPCCC���ÌÌÌ��`²�ª´l��{ü�~fÑu§'Xψ → π+π−, K+K−"ù´��1− → 0−0−�L§§"�âfvkg^§g^Å¼êǑ1§duÆÄþÅð§"�âfm�;�ÆÄþ l = 1§Kk(J + s+ σ + l) = 2§́ óê§KØI� ǫµνσγp
µ�Ñy"æ^
¡¤ãÍÜ�Ì�E5K§K�Ì¥Ñy"�X;�ÆÄþ t̃(1) Å¼ê
Ø
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M(m) ∝ φ∗µ(m)t̃µ(1) = φ∗µ(m)r̃µ

= φ∗µ(m)ḡµν(p)r
ν = φ∗i (m)ri (in ψ rest frame)

∝ φ∗i (m)qi

=
−sign(m)√

2
[q1 − sign(m)iq2] , m 6= 0 (2.139)þ¡^�
3 ψ·�X¥ÄþÅð^� ~q + ~k = 0 Ú ψvkp�4z©þ�^�",�«��Æ©Ù�E|é{üµ

dσ

dφ
∝
∑

m

φ∗µ(m)qµφµ′ (m)qµ
′

(2.140)
ψd�K>féE�)§g^1n©þ�U� ±1§Kk
∑

m

φ∗µ(m)φµ′ (m) = δµµ′ (δµ1 + δµ2) (2.141)K�¡µ
dσ

dφ
∝ q2x + q2y = q2 × sin2 θ . (2.142)ùÚ·�
¡^Helicity�{��Æ©Ù�����Ó§�´
¡õ
�� q2�Ïf§ù��`² F 1

00 äkÚ"�âf31âf·�X¥Äþ�g�¤�'"2w��~f ψ → φf0(980)"ù´��1− → 1−0+�L§§ÏǑ�¡ÚÆÄþÅð§�Uk S-wave Ú D-wave§Ïd3 L − S ÍÜ¥§k±eü�©Å�ÌM1
01ÚM1

21"ÏǑé¤k��ÌM1
lS k J + l+ s+ σ =óê§¤±ØI� ǫµνλσp

σ�Ñy"e¡·�Å�5�E"1��µ
M01(λ) = φ∗µ(m)ωµ

= [φ∗(m) · ω]

= φ∗iω
i , (in ψ rest frame) (2.143)1��µ

M21(λ) = φ∗µ(m)t̃(2)µνων

= [r̃ · ωr̃ · φ∗(m)] − 1

3
(r̃ · r̃)[ω̃ · φ∗(m)] , (2.144)



50 ©Å©Û�{2?Ø���E,�~f ψ → K∗0K̄∗0"ù´��1− → 1−1−�L§§ÏǑ�¡ÚÆÄþÅð§�Uk P-wave Ú F-wave§Ïd3 L − S ÍÜ¥§k±eo�©Å�ÌM1
10§M1

11§M1
12 ÚM1

32"ÏǑé¤k��ÌM1
lS k J + l + s+ σ =óê§¤±ØI� ǫµνλσp

σ�Ñy"e¡·�Å�5�E"1��µ
M10(λν) = φ∗µ(m)χ(0)µν(0)t̃(1)ν = (ω̃ · ǫ)φ∗µ(m)ḡµν(p)t̃(1)ν

= (ω · ǫ)[φ∗(m) · ~r] , (in ψ rest frame) (2.145)1��ØC�Ì§·�EÎrφ∗3~q§ǑÒ´~r���m§
M11(λν) = φ∗µχ

(1)µν t̃(1)ν

= (r̃ · ω)[ǫ̃ · φ∗(m)] − (r̃ · ǫ)[ω̃ · φ∗(m)] ,1n�ØC�Ìµ
M12(λν) = φ∗µχ

(2)µν t̃(1)ν

= (r̃ · ω)[ǫ̃ · φ∗(m)] + (r̃ · ǫ)[ω̃ · φ∗(m)] − 2

3
(ω̃ · ǫ)[r̃ · φ∗(m)] , (2.146)1o�ØC�Ìµ

M32(λν) = φ∗λt̃(3)µνλχ
(2)µν

= (r̃ · ω)(r̃ · ǫ)(r̃ · φ∗)

−1

5
[r̃ · r̃)[(ω̃ · ǫ)(r̃ · φ∗) + (r̃ · ǫ)(ω̃ · φ∗) + (r̃ · ω)(ǫ̃ · φ∗)] , (2.147)·��±�Ù�l¥w� r�gÚ©Å L�éA"

2.2.4 ???nnn???éééPPPCCCþ¡?Ø�´�k�?PC��/§�´·�3¢S¥-���õ�´?éPC¶
3ïÄ0fÌ�§  �õê�¹�ª"�Ñ´�g^âf£πÚK ¤£ùpØ?Ø"��¹¤�f��/¤§���g^Å¼ê´~ê§ùÒ¬�����~k^�(Øµ�Ä?éPC�§du"�âfg^Ñ´"§�o�Ì¥òØ¬k"�âf�g^Å¼ê£~ê1¤Ñy§
¥m��g^Å¼êÚ�A�X;�ÆÄþÅ¼ê´�d�§�±^�ö5�O
ö§�â´��kg^�âfÏLüNPC�ü��g^�âf§�oduÆÄþÅð§"��;�ÆÄþ�u1âf�g^"'uù:3©z[6]¥k'�
[�?Ø"3qXt�Ç�£�5�ó�[12]¥§k�þ'u J/ψ Ú ψ
′ PCL§�~f"ùp·�Ú^Ù¥A���:©ÛÚ?Ø§8�3u0��{"
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2.2.4.1 ψ → ρπ3 → π1π2π3ù�PC�´ÏL¥m���ρ(770)5?1�§
 ρ(770)´ 1− �§KduÆÄþÅðÚ�¡Åð§üg?éPCÑ´X�P-wave§
��k��©Å"ØC�Ì���E�^�
ü?�;�ÆÄþÅ¼ê§ÏǑJ + s+ σ + l = 3´Ûê§¤±k���é¡Üþ ǫµνλσp
σ
ψ Ñy"����ÌXeµ
M(m) = ǫµνλσφ

∗µ(m)pσψT̃
(1)ν
ρ3 BWρt̃

(1)λ
12

= BWρB1(rρ3)B1(r12)ǫµνλσφ
∗µ(m)(p1 + p2 + p3)

σ

[

(p1 + p2 − p3)
ν −

(p1 + p2 + p3)
ν(m2

ρ −m2
π3)

m2
ψ

]

[

(p1 − p2)
λ − (p1 + p2)

λ(m2
π1 −m2

π2)

m2
ρ

]

= −4BWρB1(rρ3)B1(r12)ǫµνλσφ
∗µ(m)pν1p

λ
2p
σ
3 ,O��¥§̂ ����é¡Üþ����ü��IÑy��ÎÒ�AÆ§�±rÙ������K§��e��o����Ó"���Ñ�´Ù¥�B1(r)´³^Ïf§
�ù�ÿ�HelicitynØ¥^��³^ÏfØÓ"ÏǑ�Ì¥� ǫµνλσφ
∗µ(m)pν1p

λ
2p
σ
3 ®²Ûª��¹
ÊÏ�³^Ïf�©fÜ©§
ùp�³^Ïf�Ñy©1Ü©"
n��³^ÏfäN/ªXe§

B1(r) =

√

2

r2 + r20

B2(r) =

√

13

r4 + 3r2r20 + 9r40

B3(r) =

√

277

r6 + 6r4r20 + 45r2r40 + 225r60Ù¥§r´"�âf31âf�%¥�Äþ�§r0�Lr�p�^��»éA�;.Äþ§�����¤�éA�Äþ�197.327MeV/c2"XJ|^3 ψ�·�X¥�^�§�±?�Úrþ¡(Jz{§
M(m) = Cǫijkφ∗i(m)pj1p

k
2 (2.148)Ù¥C = −4BWρB1(rρ3)B1(r12)"ù��ÿ§�Ì®²��^"�âf�3¢�¿X¥�oÄþL«Ñ5
§/ª�~{ü§
�ØI�?1?Û^=ÚLorentzC�§O�þé�§��^�¢�[Ü�¥�~·Ü"ùǑ�´ÆCÜþ�{�`:"
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2.2.4.2 ψ → φπ+π− → K+K−π+π−ù�L§¥π+π−���±ÏL f0½ö f2¥m�PC"·�Äk5�ÄÏL f0��/§d��kü�©Å L = 0, 2§r"�o�âf^g?ÒǑ1§2§3§4§- q12 =

p1 − p2§�Ì�±PǑ < φf0|01 >Ú φf0|21 >§y3·��±Å�5�E§
< φf0|01 > = φ∗µ(m)t̃

(1)µ
(12)BWφBWf0 , (2.149)

< φf0|21 > = φ∗µ(m)T̃
(2)µν
(φf0) t̃

(1)
(12)νBWφBWf0 , (2.150)Ù¥§̃t(1)µ(12) ´ φ→ K+K−L§�;�ÆÄþÅ¼ê§

t̃
(1)µ
(12) = [ḡµµ

′

(p1 + p2)]qµ′B1(r12)

=

[

qµ − (p1 + p2)
µ(m2

1 −m2
2)

m2
φ

]

B1(r12)

= qµB1(r12) , (2.151)Ù¥���Ú�z{´ÏǑK±��þ��§Ù¢§ÏǑφ�°Ýé�§¤±Ù³^Ïf�KǑǑé�§��±�Ñ"T̃ (2)µν
(φf0)´1�? ψ → φf0 L§�;�ÆÄþÅ¼ê(L = 2)§Pq(12,34) = p1 + p2 − p3 − p4§Kk

T̃
(2)µν
(φf0) =

{

[ḡµµ
′

(p)][ḡνν
′

(p)] − 1

3
[ḡµ

′
ν
′

(p)][ḡµν (p)]

}

q(12,34)µ′ q(12,34)ν′B2((r12,34))

=

{

qµ(12,34)q
ν
(12,34) −

1

3
q(12,34) · q(12,34)[ḡµν(p)]

}

B2(r(12,34)) , (2.152)|^ ψ·�X�^�K��e�m©þτ ij§
τ ij =

{

qi(12,34)q
j
(12,34) −

1

3
~q(12,34) · ~q(12,34)δij

}

B2(r(12,34)) , (2.153)Ïd�Ì�±z{¤µ
< φf0|01 > = φ∗µ(m)qµB1(r12)BWφBWf0 , (2.154)

< φf0|21 > = φ∗i (m)τ ijqjB2(r(12,34))B1(r12)BWφBWf0 . (2.155)·�E,�±w�d���Ìúª/ªéE,§�{w�wª�Æ©Ù§ù´ÆCÜþ�{�Øv�?µÆ©ÙÚUþ�6�Ïf´·3�å�"ù�A:Q´":§Ǒ´`:¶ÏǑÆÝÚUþ�6Ñ3�å§
�ÆC55�y(J��(5§Ǒ,/ªØ
�*§�´¬�¢S�O�þ¬��~�"Filippini �ÑÆCÜþ�{¤�Ñ�O�ÅÅ��V´Helicity�{�o©��[6]"ù:éu¢S�O�Åê�O�´���~­��k|Ï�"



111nnnÙÙÙ ÜÜÜþþþ///ªªª���Helicity ÍÍÍÜÜÜ���ÌÌÌµµµüüü«««nnnØØØ������ddd555������
�Ù·�rØC�Ì^Helicity ��m§¿½Â
Helicity ÍÜ�Ì§�´lÜþ/ª��Ì�E¥·�q�±wÑ§Helicity ÍÜ�ÌÙ¢´kUþ�6�"3¢S�©Û¥§·�ék7�rùÜ©Uþ�6©lÑ5§r�{Ü©��¢�ÿþëê"y3·�Ò5XÛ�EHelicity ÍÜ�Ì¿wª�rÙ¥�Uþ�6Ä�Ñ5"duF Jλ1λ2
¥§n��IJ, λ1, λ2Ñ´=ÄØC�þ§
duF Jλ1λ2

´3Jâf·�X¥½Â�§§vkâÔ[C�gdÝ"dd·�ß�F Jλ1λ2
�±�¤²wÆC�/ª§=F Jλ1λ2

�±^�
Ônþ�EÑ�âÔ[Iþ5L�"
ù
^5
EâÔ[Iþ�Ônþ´3PC�ÌL�ª¥�UÑy�þ§X��âfJ3Äþ�m�Å¼ê§"�üâf 1Ú 23Äþ�m�Å¼ê"�;�ÆÄþk'�"�üâf��éÄþr±9��âfoÄþpα§
Ú\pα´Ǒ
÷v�¡Åð���"o�Ú^ÝÍÜ�Ì�±�¤Xe/ªµ
F Jλ1λ2

=
∑

α

gαAα(λν)

≡
∑

α

gαAα(pn, rl, ω(λ1), ǫ(−λ2), φ
∗(δ)) , (3.1)Ù¥ Aα ´âÔ[Iþ§gαK�±�w��Uþ�C�§½ö�±Cqw�´~ê"'u Aα §�Kþ·��±r¤k�Õá� Aα Ñ�EÑ5§��÷vLorentzØC§^=ØCÚ�pÕá^�Ò1"�´XJù�§�À��YØ´���¶�´·�^Ônþ L − S �Vg[9]§r�A� Aα �EÑ5§d��αéAuØÓ�L− SÍÜ§K�±y²ù����HelicityÍÜ�Ì�(J´���§
���éu�éØC�Ïf γs Ú γσ ��6Ǒ´���"ù��{´É�3��éØ�4��¹eHelicity�ÌÚ©Å�Ì�éX�éuµ

F Jλν =
∑

lS

√

2l + 1

2J + 1
(l0Sδ|Jδ)(sλσ − ν)GJlS (3.2)lüö�m�éX¥§·�¬uyHelicitynØÚÆCÜþnØ��d5§��éuk�þ�âf´�d�"ù�´�Ù�8���§Ǒ´�Ö�8���"AT�Ñ�´�Ù·��?Ø"�âfǑk�þâf�L§§éu"�¹kvk�þâf£Ë�PC¤§duÙAÏ5§·�ò3eÙüÕ?Ø"e¡·�Ò50�ù��Helicity �Ì�ÆCÜþ�E�Y"
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3.1 ggg^̂̂ÅÅÅ¼¼¼êêêÚÚÚXXX;;;���ÆÆÆÄÄÄþþþÅÅÅ¼¼¼êêêÏǑ Aα ´^=ØC�§¤±§·�Ǒ
{ü�±ÀJAÏ�ë�XÚ�IX4üNPCL§�1âf?u·�XÚü�PCâfK÷X z-¶$Ä"Å¼ê��EÚ
¡����Ó§�´À�
AÏ��IXÚë�X"XJÚ
¡�(J­E·�ùp�´{ü��Þ§·��5¿åò¬8¥3�
#�/ª!5�Úk^�'Xª"æ^L2.1��½§3·�À½�AÏë�XÚ�IX¥§n�âf�ÄþXeµ

pα = (W ; 0, 0, 0) 1âf
qα = (q0, 0, 0, q) = (γsm; 0, 0, γsβsm) fâf1§÷X+z−¶$Ä
kα = (k0, 0, 0, k) = (γσµ; 0, 0,−γσβσµ) fâf2§÷X−z−¶$Ä
rα = (q0 − k0; 0, 0, 2q) . �éÄþ (3.3)n�âf�g^XJÑǑ0§K§��Å¼êǑ1¶n�âf�g^XJÑǑ1§K§��g^Å¼êXeµ

φα(±) = ∓ 1√
2
(0; 1,±i, 0) ,

φα(0) = (0; 0, 0, 1) , (3.4)

ωα(±) = ∓ 1√
2
(0; 1,±i, 0) ,

ωα(0) = (γsβs; 0, 0, γs) , (3.5)

ǫα(±) = ∓ 1√
2
(0; 1,±i, 0) ,

ǫα(0) = (−γσβσ; 0, 0, γσ) . (3.6)Ó�§§�Ñ÷vÚÄþ��§Å¼ê�m���5�§X2.112¤«"y3·��±�ÞÑ�Ü�æ^þ¡�g^1Å¼êÚoÄþ�¤�LorentzIþ"§�3¢S�ü�¥¬²~^�§¿�ÑUl½ÂÑu²L{ü�O���"ùp·�æ^
L 2.1k'ÎÒ�½Ú1âf·�X�b�"Äk´1�aLorentzIþ§§�^ ḡµν Â ��"
[r · ω(m)] = γsrδm0 , (3.7a)

[r · ǫ(m)] = γσrδm0 , (3.7b)

[r · φ∗(m)] = rδm0 , (3.7c)

[ω̃(m) · ǫ(m′

)] = (−1)m[m2 + γsγσ(1 −m2)]δm,−m′ , (3.7d)

[ω̃(m) · φ∗(m′

)] = [m2 + γs(1 −m2)]δm,m′ , (3.7e)

[ǫ̃(m) · φ∗(m′

)] = [m2 + γσ(1 −m2)]δm,m′ , (3.7f)



1nÙ Üþ/ª�HELICITY ÍÜ�Ìµü«nØ��d5�� 551�aLorentzIþ§§�^ ǫµνγσ Â ��§½Âo�o¥þ�Â Xeµ
[abcd] = ǫµνγσa

µbνcγdσ ,Kþ¡�Å¼êÚoÄþ��«ÍÜ/ªXeµ
[pω(m)rφ∗(m

′

)] = imWrδm,m′ ,

(3.8a)

[pǫ(m)rφ∗(m
′

)] = imWrδm,m′ ,

(3.8b)

[pω(m)rǫ(m
′

)] = −imWrδm,m′ ,

(3.8c)

[pω(m)ǫ(m
′

)φ∗(m
′′

)] = iW [m(1 −m
′′2) +m

′′

(1 −m
′2)γσ −m

′

(1 −m2)γs]δm′′ ,(m+m′).

(3.8d)XJâf�g^�u1§K�^g^-1âf�Å¼ê��ÍÜÑ5§Ú
¡�p��Å¼ê½Â����"'Xg^2�Å¼ê�±�¤µ
φαβ(m) =

∑

m1m2

(1m11m2|2m)φα(m1)φ
β(m2) (3.9)Ù¥ m = m1 +m2 "Å¼ê÷vÚÄþ��§é¡��,�5�§¤¢�,´`3^Ý5 g ½ö g̃(W )Â �(JǑ""éug^2�ü�"�âf sÚ σǑ�±^aq��{�EÑ§��Å¼ê"�´§�^ g̃(W )Â �(J¿Ø´""

[g̃(W ) : ω(m)] =

√

2

3
(γ2
s − 1)δm0 (3.10)Ù¥�kÒL«���ü��IÂ "�´� γs → 1�§(Jò¬C¤""g^-3âf�Å¼êǑ�±?�Ú^CG XêÍÜ��ª�EÑ5µ

φαβγ(m) =
∑

n1m3

(2n11m3|3m)φαβ(n1)φ
β(m3)

=
∑

m1m2m3

(2n11m3|3m)(1m11m2|2n1)φ
α(m1)φ

β(m2)φ
γ(m3) (3.11)Ù¥m = n1 +m3 = m1 +m2 +m3"Ón·��±�Ñg^-J�Å¼ê§��J��Üþµ

φα1α2...αJ (m) =
∑

m1m2...mJ

(1m11m2|2n1)(2n11m3|3n2)...(J − 1nJ−21mJ |Jm)

× φα1(m1)φ
α2(m2)...φ

αJ (mJ ) , (3.12)



56 ©Å©Û�{Ù¥µm = m1 +m2 + ..+mJ§¿�æ^Xe8�z�ªµ
φ∗α1α2...αJ

φα1α2...αJ = (−1)Jδmm′ (3.13a)

[φ∗(m) ⊗ φ(m
′

)] = δmm′ , (3.13b)Ù¥ ⊗L«^?�Ý5é?Ûü�Ó�Üþ��IÂ "þ¡�ÍÜ^�
CGXê§ÏǑ�^�
k��A�§¤±·��ÑÙäNL�ªµ
(jm+ 11 − 1|j + 1m) =

[

(j −m)(j −m+ 1)

(2j + 1)(2j + 2)

]
1

2

(3.14a)

(jm10|j + 1m) =

[

(j −m+ 1)(j +m+ 1)

(2j + 1)(j + 1)

] 1

2

(3.14b)

(jm− 11 + 1|j + 1m) =

[

(j +m)(j +m+ 1)

(2j + 1)(2j + 2)

]
1

2

(3.14c)^ù
CGXê§·��±rg^-JÅ¼ê3.12 z{¤Ǒµ
φδ1δ2...δJ (m) = [aJ (m)]

1

2

∑

m0

2
m0
2 ×

∑

P

φα1(+)...φβ1(0)...φγ1(−)... (3.15)Ù¥ [aJ(m)]
1

2 ´§
[aJ(m)]

1

2 =
(J +m)!(J −m)!

(2j)!
(3.16)��I{δ1δ2...δJ}�±©¤naµÙ¥� m ©OǑ+1!0!-1§= {αi} §Ù¥{i =

1, 2, ...m+}§{βi}§Ù¥{i = 1, 2, ...m0}§{γi}§Ù¥{i = 1, 2, ...m−}§m± , m0 ©O´ φ(±)Úφ(0)�ê8"Kk{ü�(JµJ = m+ +m0 +m− !m = m+ −m−Ú
2m± = J ±m−m0 ,N´w�úª�m>7,´óê"ª3.15�1���ÚòH{¤k#N� m0"éu(½� J Úm§éw,µm0����Ǒ J −m§¤±m0���ò¬´��X��o´Ûê§�o´óê£�ûu J −m�Ûó¤§=µ0, 2, ...(J −m)½ö§1, 3, ...(J −m)"1���ÚKL«é

{(+)(+)...(0)(0)...(−)(−)...} ,¤kØÓü�/ª�Ú"ù´��{ü�ü�|Ü¯K§�Ú�êǑµ
bJ(m,m0) =

J !

m+!m0!m!
,
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φ(−m) = (−1)φ∗(m) ,�±�·����E�Å¼êê8~�����"ee¡wª��Ñ�$�A��g^Å¼ê§g^-1�Ò´ φ(+)Ú φ(0)¶g^Ǒ��§·��Ñµ

φαβ(+2) = φα(+)φβ(+) (3.17a)

φαβ(+1) =

√

1

2

[

φα(+)φβ(0) + φα(0)φβ(+)
]

(3.17b)

φαβ(0) =

√

1

6

[

φα(+)φβ(−) + φα(−)φβ(+)
]

+

√

2

3
φα(0)φβ(0) (3.17c)

φαβγ(+3) = φα(+)φβ(+)φγ(+)

(3.18a)

φαβγ(+2) =

√

1

3

[

φα(+)φβ(+)φγ(0) + φα(+)φβ(0)φγ(+) + φα(0)φβ(+)φγ(+)
]

(3.18b)

φαβγ(+1) =

√

1

15

[

φα(+)φβ(+)φγ(−) + φα(+)φβ(−)φγ(+) + φα(−)φβ(+)φγ(+)
]

+

√

2

15

[

φα(+)φβ(0)φγ(0) + φα(0)φβ(+)φγ(0) + φα(0)φβ(0)φγ(+)
]

(3.18c)

φαβγ(0) =

√

1

10

[

φα(0)φβ(+)φγ(−) + φα(0)φβ(−)φγ(+) + φα(−)φβ(+)φγ(0)+

φα(+)φβ(0)φγ(−) + φα(−)φβ(0)φγ(+)
]

+

√

2

5
φα(0)φβ(0)φγ(0) ,

(3.18d)

3.2 ///ªªª������������EEE���ªªªµµµ���âââL − SÍÍÍÜÜÜ���YYY���Helicity���ÌÌÌ���EEEǑ
�E(J���HelicityÍÜ�Ì§·�7LrÜþúªÚL-SÍÜ��YéXå5§Ǒd7LÚ?d sÚ σÍÜ
¤�oS�g^ S Ú^ r�E�X;�ÆÄþ l"y3·��Ä^5�E |SMS >��|ÄµÅ¼ê χS(mS)§·���§3 J ·�X¥
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χSα1...αs;β1...βσ

(mS) =
∑

msmσ

(smsσmσ|SmS)χsα1...αs
(ms)χ

σ
β1...βσ

(mσ) (3.19)Ù¥§s-�Üþ χs(ms) Úσ-�Üþ χσ(mσ) ´�±^5�EÝK�Î�/·��0Å¼ê§��r3.12 ¥� J �¤ s ½ö σ "u´ χSα1...αs;β1...βσ
(mS) ´���±�^� ωÚ ǫþ� s+ σ-�ÅÜþ§
 ωÚ ǫ´PC�Ô sÚ σ�/�(�0�éØ5ÜþÅ¼ê§�A�ÝK�Î´�� 2(s + σ)�Üþ§Xeµ

PS =
∑

mS

χS(mS)χ∗S(mS) . (3.20)�±éN´/uy§ØC�Ì7,¬¹kXeÂ �Èµ
[χ∗s(ms) ⊗ ω(λ)] = f sλ(γs)δmsλ , (3.21a)

[χ∗σ(mσ) ⊗ ǫ(−ν)] = fσν (γσ)δmσ−ν , (3.21b)Ù¥ ⊗ L«éü�Ó�Üþm^?�Ý5 g̃(W ) Â "¼ê f æ^�8��ª´µ� γ → 1��u1§ò3e¡�Ñ"���AuXg^ S ��ØC�Ìµ
eS(λν) = [ω(λ) ⊗ χ∗S(mS) ⊗ ǫ(ν)]

= (sλσ − ν|Sσ)f sλ(γs)f
σ
ν (γσ)δmsδ , (3.22)Ù¥ δ = λ− ν "⊗L«©Oé�I {α1α2...}Ú {β1β2...}�Â £�3.19¤"���~­��z{´§�·�æ^AÏ��IXÚë�X§=HelicityX§ù�½Â�Å¼ê´÷XHelicity¶§u´éuÝK�Î¥�mS ��Úò¬��"ÝK�Î�k��§Ò´ χS(δ)§�^3ª3.22þ"� s = 1�§¼ê f sλ(γs)�~{ü§�â3.7ª�(J§�±�ÑXeµ

ξs(λ) ≡ fσλ (γs) =















[χ(1)∗(λ) · ω(λ)]

1 for λ± 1

γs for λ = 0 ,

(3.23)� s = 2�§¼ê f sλ(γs)�±�Xe/ªµ
f sλ(γs) =

∑

λ1λ2

(1λ11λ2|2λ)2ξs(λ1)ξs(λ2) (3.24)
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f sλ(γs) =















1 for λ = ±2

γs for λ = ±1
2
3γ

2
s + 1

3 for λ = 0 ,

(3.25)aq�� s = 3�§
f sλ(γs) =

∑

λ1λ2λ3

(1λ11λ2|2λa)2(2λa1λ3|3λ)2ξs(λ1)ξs(λ2)ξs(λ3) (3.26)

f sλ(γs) =



























1 for λ = ±3

γs for λ = ±2
4
5γ

2
s + 1

5 for λ = ±1
2
5γ

3
s + 3

5γs for λ = 0 ,

(3.27)ùp·����Ñ� s = 4��wªL�ªµ
f sλ(γs) =

∑

λ1λ2λ3λ4

(1λ11λ2|2λa)2(2λa1λ2|3λb)2(3λb1λ4|3λ)2

× ξs(λ1)ξs(λ2)ξs(λ3)ξs(λ4) (3.28)

f sλ(γs) =



































1 for λ = ±4

γs for λ = ±3
6
7γ

2
s + 1

7 for λ = ±2
4
7γ

3
s + 3

7γs for λ = ±1
8
35γ

4
s + 24

35γ
2
s + 3

35 for λ = 0 ,

(3.29)

�Ä�ª3.15Ú3.21§·��±�Ñ f sλ(γs)���/ªµ
f sm(γs) = aj(m)

∑

m0

bj(m,m0)(2γ)
m0 , (3.30)Ù¥§j, mÚ γL« s, λÚγs½öσ, ν Ú γσ¶Ú
¡��m0����Ǒµ0(1), 2(3), ...(J−

m)§½Û½ó£�ûu(J − m)Ûó¤�X�"éN´^ù�Ï^L�ª�Ñ s =

1, 2, 3, 4�(JÚþ¡�����"Úg^aq§;�ÆÄþ�Æ� |lm > Ǒ�±^���m©þǑ"� l-�Üþ τ l(m)5L«§
�ù�Üþ½Â31âf·�X¥£ÏǑ;�ÆÄþ�U½Â3ù



60 ©Å©Û�{�ë�X¥¤"Üþ τ l(m)Ú
¡½Â�Üþ χs(ms)�����§§�±æ^3.12 ��ª5½Â§Ó��±^5�EÑÝK�Î§́ �� 2l-�Üþµ
P l =

∑

ml

τ l(m)τ∗l(m) . (3.31)Ó�§Ú
¡aq§·��±æ^HelicityX5�éu;�ÆÄþ�?n"~X§� l = 1§·�uyµ
[τ (1)∗(m) · r] = rδm0, (3.32)ù�'X�±í2� l > 1��/µ

[τ (l)∗(m) ⊗ rr...] = clr
lδm0, (3.33)Ù¥

cl = (1010|20)(2010|30)...(l − 1010|l0)

= l!

[

2l

(2l)!

]

1

2

.y3·�®²��O�5O� L− S ÍÜ�ØC�Ì��ª(Jµ
[pn, χS(δ), τ l(0), φ∗(δ)] , (3.34)Ù¥�s+ σ + l− JǑÛê� n = 1§��Ǒ""Þ~5`§� σ = 0§s = l = J = 1�§ØC�Ì�±�¤µ

[pχ(δ)τ(0)φ∗(δ)] = W (101δ|1δ) .·��±íäÑ§��5`§ØC�Ì3.343 J ·�X¥§AT�eXe/ªµ
[pn, χS(δ), τ l(0), φ∗(δ)] ∝W n(l0Sδ|Jδ) ,þª�>Ù¢�'uÝ
�µ

< l0Sδ|M|Jδ > ,·��±r |Jδ >�Xe�mµ
|Jδ >=

∑

j1δ1j2δ2

(j1δ1j2δ2|Jδ)|j1δ1j2δ2 > ,



1nÙ Üþ/ª�HELICITY ÍÜ�Ìµü«nØ��d5�� 61XJkrM§�Xr|l0Sδ >l�¡�^�þª§·��±éN´��ª3.35�(Jµ
< |l0Sδ|M|Jδ > = [pn, χS(δ), τ l(0), φ∗(δ)]

= (l0Sδ|Jδ)MJ
lS ,�âª3.22 Úª3.35§·��±rHelicityÍÜ�Ì�¤µ

F Jλν =
∑

lS

glSAlS(λν) , (3.35)Ù¥µ
AlS(λν) =

√

2l + 1

2J + 1
(l0Sδ|Jδ)(sλσ − ν|Sδ)W nrlf sλ(γs)f

σ
ν (γσ) . (3.36)Ù¥Ú\²���´Ǒ
�±3.2î�¤á"Xê cl �áÂ�
 glS ¥"
 g ´���Eëê§��¢�5(½"ù�úªNy
3 L − S ÍÜ�Vge�EÑ5�Helicity�Ì�/ª��(½�§k
¢S�±ö��OK§¤±���±ÏL?§��ª5�Oí��ÑHelicity�Ì�L�ª"XJr3.36ª/ü z0§=§4Ŵ = W/W0§r̂ = r/r0§¿^§�5�OW Ú r§·�¬uyª3.36¬C¤3.2§ÏǑd�Ŵ → 1, r̂ → 1, f sλ → 1, fσν → 1ÚglS → GlS"Ù¥W0Ú r0©O´W Ú r�¶Â�"

3.3 ÞÞÞ~~~
3.3.1 ψ → π+π−, K+K−
¡0�L§ù�PC�"�âfvkg^§
�duÆÄþÅð"��k l =

1�P-wave§
��k��HelicityÍÜ�Ì F 1
00§§7,Ú©ÅÍÜ�Ì G10 ¤�'§
�§�U^X;�ÆÄþÅ¼êτ1(0)Ú��âfg^Å¼êφ∗(m)5�¤µ

F 1
00 = τ1

µ(0)φµ∗(m) = [r · φ∗(m)]

= g10r . (3.37)
(J¥¹kÄþ��g��6§TT´P-wave�AÆ"
3.3.2 ψ → V S[φf0(980)]ù�PC���¡÷v ηJηsησ = +1§�oXJ�¡ÅðÚÆÄþÅð§"��U´S-wave ÚD-wave§¤±§�kü�©Å�Ì¶Ó��±íäÑ�kü�Õá
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+ = F 1

−§\þF 1
00"·��±rF 1

λL«¤µF 1
λ = g01A01(λ) + g21A21(λ)§
�â
¡�?Ø ALS ´e¡�(Jµ

Aλ01 = [ω̃(λ) · φ∗(m)] =

√

1

3
f

(1)
λ (γs)

Aλ21 = [ω̃ · τ2(0) · φ∗] =

√

5

3
(201λ|1λ)r2f

(1)
λ (γs)Ïdk

F 1
± =

√

1

3
g01 + g21

√

1

6
r2 (3.39a)

F 1
0 =

(

√

1

3
g01 − g21

√

2

3
r2

)

γs (3.39b)Ù¥©OÑy r0Ú r2L«S-waveÚD-wave��z"
3.3.3 ψ → V A(φf1(1420))ÏǑ�"�âf��¡�È ηψηφηf = +1§2(ÜÆÄþÅð§·���Õá�©Å�Ìkn�µG01!G21 Ú G22"Ó�ÕáHelicity��ÌǑ�kn�µF 1

++ =

−F 1
−− !F 1

10 = −F 1
−10Ú F 1

01 = −F 1
0−1"ù�L§�ü�"�âf�g^Ñ´¬§�¡��§§�I�kÍÜå5¤Ǒ χ

(S)
αβ §,�2Ú;�ÆÄþÅ¼ê±91âfÅ¼êñÖ
�¤�Ì§
ÏǑJ + s+ σ + l = 3, 5§¤±�Ì¥k1âf�oÄþÑy"XJî��lL− SÍÜ�Vg���§K(J´��(½�µ

A01 = [pχ(1)(λσ)φ∗(δ)] (3.40a)

A21 = [pχ(1)(λσ)τ̃2 · φ∗(δ)] (3.40b)

A22 = [pχ(2)(λσ)τ̃2 · φ∗(δ)] (3.40c)Ù¥��)ÒL«^o����é¡Üþ?1Â "���z{(JXeµ
F 1

1,1 = +g01

√

1

6
r0 − g21

√

1

3
r2 (3.41a)

F 1
1,0 = +g01

√

1

6
r0γσ + g21

√

1

12
r2γσ + g22

√

1

4
r2γσ (3.41b)

F 1
0,1 = +g01

√

1

6
r0γs + g21

√

1

12
r2γs − g22

√

1

4
r2γs (3.41c)
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¡¤`� L− S�Vg5�E�{§ÒU����(½�(J¶�,Ǒ�±æ^O��ª§�±���d�(J§�´/ªþk¤«O§ÏǑù�ÿ��E�K�kLorentzÆC5Ú�¡Åð§¤±(J  Ø´���§���±y²ù
ÎÜ^��ØCþ´ØÕá�§
��ª�ÕáCþ�êÚ
¡���£[8]¥k�éù�~f��[?Ø¤"
3.3.4 ψ → V P (ρπ)ù��duk�¡ÅðÚÆÄþÅð§7L´P-wave§
��k��©Å G11§Ǒ�k��Õá�Helicity�ÌF 1

10 = −F 1
−10§Ï
kF 1

00 = 0¶ÏǑJ + s+ σ + l = 3§¤±�Ì¥k1âf�oÄþÑy
F 1
± = g11[prω(±)φ∗(±)]

= ±g11iWr . (3.42)Ñy r1L«P-wave��z"
3.3.5 ψ → V T [φf2(1270)]ù�PC���¡÷v ηJηsησ = +1§�oXJ�¡ÅðÚÆÄþÅð§"��U´S-wave !D-wave ÚF-wave§�´g^�ÍÜ(J%k 1, 2, 3n��§¤±§o�kÊ�©Å�ÌµG01!G21!G22!G23ÚG43 ¶Ó��±íäÑ�kÊ�Õá�helicity�Ì"ínL§Xeµo�k 3 × 5 = 15��U�Helicity�Ì§

F 1
λν =









F 1
21 F 1

11 F 1
0 1 F 1

−1 1 F 1
−2 1

F 1
20 F 1

10 F 1
0 0 F 1

−1 0 F 1
−2 0

F 1
2−1 F 1

1−1 F 1
0−1 F 1

−1−1 F 1
−2−1









,�´duÆÄþÅðλ− ν ≤ 1§¤±k F 1
−1 1 !F 1

−21 !F 1
20 !F 1

−20 !F 1
2−1 Ú F 1

1−1 Ǒ"§�e9�"2�â§��m÷v2.78§k
F 1

11 = F 1
−1−1 , F

1
01 = F 1

0−1 , F
1
10 = F 1

−10 , F
1
−11 = F 1

1−1 ,\þ F 1
00§KÕá�Helicity�Ì��e
5�§Ú©Å�Ì�ê8�Ó"e¡·�5�EHelicity�Ì"ÏǑ F 1

λν =
∑

lS glSAlS(λν)§·�k5�ÄAlS§§�d�"�âf�g^Å¼êÚX;�ÆÄþÅ¼ê�¤§æ^ÝK�ÎÚ3.36§·�kµ
A01(λν) = e(1)(λν)χ1

αβ;ρ(δ)g̃
βρ(W )g̃αγφ∗γ(δ)] (3.43a)

A2S(λν) = e(S)(λν)[τ (2)(0) : χS(δ) · φ∗(δ)]c2r2 (3.43b)

A43(λν) = e(3)(λν)[χ3(δ) ∴ τ (4)(0) · φ∗(δ)]c4r4 (3.43c)



64 ©Å©Û�{Ù¥1�ª� S �±�1§2§3"Ù¥ e(S)(λν)®²33.22²(½Â
"·��I�3¿� χS �n��I§�k
ü�÷vé¤Ú�,�^�§1n�¿Ø÷v§¤±^©Ò�m"XJ�;m�^ÝK�Î§KAlS�±L«¤e¡�/ªµ
A01(λν) = [ǫ(−ν) · ω(λ) · φ∗(δ)] (3.44a)

A21(λν) = [ǫ(−ν) · ω(λ) · τ (2)(0) · φ∗(δ)]c2r2 (3.44b)

A22(λν) = [ǫ(−ν)ω(λ) · τ (2)(0) · φ∗(δ)]c2r2 (3.44c)

A23(λν) = [ǫ(−ν) · τ (2)(0) · ω(λ) · φ∗(δ)]c2r2 (3.44d)

A43(λν) = [ǫ(−ν)ω(λ) ∴ τ (4)(0) · φ∗(δ)]c4r4 (3.44e)�Ì��ª/ª£ùp·��â3.36ª§?§O���¤§·��ÑXeµ
F 1

1,2 = +g01

√

1

5
r0 + g21

√

1

10
r2 + g22

√

1

6
r2

+g23

√

2

105
r2 + g43

√

1

70
r4 (3.45a)

F 1
1,1 = +g01

√

1

10
r0γs − g21

√

1

5
r2γs + g23

√

3

35
r2γs − g43

√

4

35
r4γs (3.45b)

F 1
0,1 = −g01

√

1

10
r0γsγσ − g21

√

1

20
r2γsγσ + g22

√

1

12
r2γsγσ

+g23

√

16

105
r2γsγσ + g43

√

4

35
r4γsγσ (3.45c)

F 1
1,0 = +g01

√

1

30
r0(

2

3
γ2
s +

1

3
) + g21

√

1

60
r2(

2

3
γ2
s +

1

3
) − g22

√

1

4
r2(

2

3
γ2
s +

1

3
)

+g23

√

4

35
r2(

2

3
γ2
s +

1

3
) + g43

√

3

35
r4(

2

3
γ2
s +

1

3
) (3.45d)

F 1
0,0 = −g01

√

2

15
r0(

2

3
γ2
s +

1

3
)γσ + g21

√

4

15
r2(

2

3
γ2
s +

1

3
)γσ

+g23

√

9

35
r2(

2

3
γ2
s +

1

3
)γσ − g43

√

12

35
r4(

2

3
γ2
s +

1

3
)γσ (3.45e)Ù¥� r��g�Ñwª/�Ñ5
§L«éAuØÓ�©Å"

3.3.6 ψ → K∗K̄∗ù�PC���¡÷v ηJηsησ = −1§�oXJ�¡ÅðÚÆÄþÅð§"��U´P-wave ÚF-wave§¤±§�ko�©Å�Ì¶Ó��±íäÑ�ko�Õá



1nÙ Üþ/ª�HELICITY ÍÜ�Ìµü«nØ��d5�� 65�helicity�Ì§ùp�´�ÑÙO�(Jµ
F 1

1,1 = g10

√

1

3
r1 − g12

√

1

15
r1 + g32

√

1

10
r3

F 1
1,0 = −g11

√

1

4
r1γσ − g12

√

3

20
r1γσ − g32

√

1

10
r3γσ

F 1
0,1 = g11

√

1

4
r1γs − g12

√

3

20
r1γs − g32

√

1

10
r3γs

F 1
0,0 = −g10

√

1

3
r1γsγσ − g12

√

4

15
r1γsγσ + g32

√

2

5
r3γsγσ (3.46)

3.4 üüü«««nnnØØØ���mmm���éééXXXÙ¢§�y3§·����±wÑ§ÆCÜþúª¥§·�æ^�"�âf�g^Å¼ê§Ú��âf�oÄþ5�E����Ì§Ù¢Æ©Ù´�¹3���Ì�¥§3Üþ�ÚO��â¬w�§�¶,
§·��EHelicity�Ì��ÿ§�âHelcity�Ì�=ÄØC5�§��æ^
AÏ��IX§
��^
1âf�·�ë�X§ù�ÿ§vk?ÛÆÝ��zÑy§ÏǑ§�3�Helicity�m�®²�¹3D¼ê�¥
"XJ�·�3�^ÆCÜþ�{�§XJég^Å¼ê�^=ö�§r§=�"�âfÄþ��þ§½ö`rÅ¼ê^þf¶Ǒ"�âf�1���Å¼ê�m§d�§D¼êg,�Ò�Ú?
§
Å¼êÚÄþ3Ó��þf¶��Ú§Ǒ¬C�é{ü"e¡·�ÒÏLù���ªÞ~5`²ü«nØ�éX¿`²§�´�d�"
3.4.1 ÞÞÞ~~~���µµµψ → π+π−, K+K−l2.2.3.2¥�2.139ªÑu§?�Ú�âφ∗i (m)�^=5�§φ∗i (m′

) = U [R]φ∗i (m) =
∑

mD
1
m′m

(φ, θ, 0)φ∗i (m)§m′´g^3~q����Æ�"Kkµφ∗i (m) =
∑

m′ D∗1
mm′ (φ, θ, 0)φ∗i (m

′

)§�
k
M(m) ∝

∑

m′

D∗1
mm

′ (φ, θ, 0)qiφ∗i (m
′

)

=
∑

m
′

D∗1
mm′ (φ, θ, 0)qδm′ 0

= qD∗1
m0(φ, θ, 0) , (3.47)�±w�F 1

00 = g10r§Ù¥ g10´���Eëê§l¥�±wÑ§·�^ ~qǑþf¶��Æ�rφ∗�m§ÒéN´�rÜþ�ÌÚHelicity�ÌéXå5
§Ù¥��d5�~²w"
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dσ

d cos θdφ
∝

∑

m=±1

|M(m)|2 =
∑

m=±1

q2|D∗1
m0(φ, θ, 0)|2

= q2 × sin2 θ . (3.48)

3.4.2 ÞÞÞ~~~���µµµψ → φf0(980)�â2.2.3.2¥(J§·�k?Ø�ÌM01(λν)§ÏǑφ∗´÷�6��î�4z�§
 ω ´g^-1�fâf�g^Å¼ê§kn�©þ§·��´ÀJrφ∗3~q�m§φ∗i (m) =
∑

m′ D∗1
mm′ (φ, θ, 0)φ∗i (m

′

)§Kk§
M01(λ) = φ∗µ(m)ωµ

=
∑

m′

D∗1
mm′ (φ, θ, 0)φ∗i (m

′

)ωµ

=
∑

m′

D∗1
mm′ (φ, θ, 0)[λ2 + γs(1 − λ2)]δm′

,λ

= [λ2 + γs(1 − λ2)]D∗1
mλ(φ, θ, 0) . (3.49)Ó��ÌM21(λ)

M21(λ) = [r̃ · ωr̃ · φ∗(m)] − 1

3
(r̃ · r̃)[ω̃ · φ∗(m)]

= rγsδλ0[r · φ∗(m)] − 1

3
r2[ω̃ · φ∗(m)]

= rγsδλ0

∑

m
′

D∗1
mm

′ (φ, θ, 0)rδm′0 −
1

3
r2[λ2 + γs(1 − λ2)]D∗1

mλ(φ, θ, 0)

= r2γsδλ0D
∗1
m0(φ, θ, 0) −

1

3
r2[λ2 + γs(1 − λ2)]D∗1

mλ(φ, θ, 0) . (3.50)ù�§·��±rÜþ�ÌÚHelicity�Ì?1'�§�â'Xª3.2§k
F 1

10 =

√

1

3
G01 +

√

1

6
G21

F 1
00 =

√

1

3
G01 −

√

2

3
G21 (3.51)�KD¼ê§·�r
¡ü��Ì�)Ûª�\��(Ù¥�
~ê�áÂ�
ëê g�¥)µ

F 1
10 = g

′

01 −
1

3
g
′

21r
2

F 1
00 =

(

g
′

01 +
2

3
g
′

21r
2

)

γs
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′ µg01 =

√
3g

′

01Úg21 = −
√

2
3g

′

21§(JÒÚ3.39���Ó§ǑÒ´ÆCÜþÚHelicity�{éù�L§�£ã���d"XJ½Â GµG01 =
√

3g
′

01Ú G21 =

−
√√

23g
′

21r
2§ù�3��éØ4�(γs → 1) e§Ò£�
ª3.51�(J"

3.4.3 ÞÞÞ~~~nnnµµµψ → K∗0K̄∗0l2.2.3.2¥'uù�L§�(JÑu"é1���Ì§ÏǑ (ω ·ǫ)´^=ØC�§��±���^3.7d¶?�Ú�âφ∗i(m)�^=5�§φ∗i(m′

) =
∑

mD
1
m′m

(φ, θ, 0)φ∗i(m)§m′´g^3~q����Æ�"Kkµφ∗i(m) =
∑

m′ D∗1
mm′ (φ, θ, 0)φ∗i(m

′

)§�
§
M10(λν) = (ω̃ · ǫ)(φ∗(m) · r̃)

= (−1)λ[λ2 + γsγσ(1 − λ2)]δλ,νφ
∗i(m)ri

= (−1)λ[λ2 + γsγσ(1 − λ2)]δλ,ν
∑

m′

D∗1
mm′ (φ, θ, 0)φ∗i(m

′

)ri

= (−1)λ[λ2 + γsγσ(1 − λ2)]δλ,ν
∑

m′

D∗1
mm

′ (φ, θ, 0)rδm′0

= (−1)λ[λ2 + γsγσ(1 − λ2)]δλ,νrD
∗1
m0(φ, θ, 0) m = ±1 , (3.52)L�ª¥Ñy rǑÒ´Äþ��g�¿�Xù´ l = 1� P-wave��z"éu1���Ì§ÏǑ (r̃ · ω)Ú (r̃ · ǫ) ´^=ØC�·�Ò^§�3Äþ~r��þ�(J5�O�§=3.7bÚ3.7c¶Ó�2é φ∗i(m)^÷X~r����Æ��m§·��±��µ

M11(λν) = (r̃ · ω)[ǫ̃ · φ∗(m)] − (r̃ · ǫ)[ω̃ · φ∗(m)]

= rγsδλ0

∑

m
′

[ν2 + γs(1 − ν2)]δ−νm′D1∗
mm

′ (φ, θ, 0)

−rγσδν0
∑

m′

[λ2 + γσ(1 − λ2)]δλm′D1∗
mm′ (φ, θ, 0)

= rγsδλ0[ν
2 + γs(1 − ν2)]D1∗

m−ν(φ, θ, 0)

−rγσδν0[λ2 + γσ(1 − λ2)]D1∗
mλ(φ, θ, 0) (3.53)
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M12(λν) = φ∗µχ

(2)µν t̃(1)ν

= (r̃ · ω)[ǫ̃ · φ∗(m)] + (r̃ · ǫ)[ω̃ · φ∗(m)] − 2

3
(ω̃ · ǫ)[r̃ · φ∗(m)]

= rγsδλ0[ν
2 + γs(1 − ν2)]D1∗

m−ν(φ, θ, 0)

+rγσδν0[λ
2 + γσ(1 − λ2)]D1∗

mλ(φ, θ, 0)

−2

3
r(−1)λ[λ2 + γsγσ(1 − λ2)]δλ,νD

∗1
m0(φ, θ, 0) (3.54)1oØC�Ìµ

M32(λν) = φ∗λt̃(3)µνλχ
(2)µν

= (r̃ · ω)(r̃ · ǫ)(r̃ · φ∗)

−1

5
[r̃ · r̃)[(ω̃ · ǫ)(r̃ · φ∗) + (r̃ · ǫ)(ω̃ · φ∗) + (r̃ · ω)(ǫ̃ · φ∗)]

= r3γsγσδλ0δν0D
1∗
m0(φ, θ, 0)

−1

5
r3(−1)λ[λ2 + γsγσ(1 − λ2)]δλ,νD

∗1
m0(φ, θ, 0)

−1

5
r3γσδν0[λ

2 + γσ(1 − λ2)]D1∗
mλ(φ, θ, 0)

−1

5
r3γsδλ0[ν

2 + γs(1 − ν2)]D1∗
m−ν(φ, θ, 0) (3.55)�â'Xª3.2§kµ

F 1
1,1 = +G10

√

1

3
−G12

√

1

15
+G32

√

1

10

F 1
1,0 = −G11

1

2
−G12

√

3

20
−G32

√

1

10

F 1
0,1 = +G11

1

2
−G12

√

3

20
−G32

√

1

10

F 1
0,0 = −G10

√

1

3
−G12

√

4

15
+G32

√

2

5
, (3.56)�KD¼ê§·�r
¡�o��Ì�)Ûª�\��(Ù¥�
~ê�áÂ�
ëêg�¥)µ

F 1
11 = −g′

10r +
2

3
g
′

12r +
1

5
g
′

32r
3

F 1
10 = −g′

11rγσ + g
′

12rγσ −
1

5
g32r

3γσγσ

F 1
01 = g

′

11rγs + g
′

12rγs −
1

5
g32r

3γsγs

F 1
00 = g

′

10rγsγσ +
4

3
g
′

12rγsγσ +
2

5
g
′

32r
3γsγσ .
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′ µg10 = −

√
3g

′

10§g11 = 2g
′

11§g12 = −
√

20
3 g

′

12Úg32 = −
√

5
2g

′

32§(JÒÚ3.46���Ó§ǑÒ´ÆCÜþÚHelicity�{éù�L§�£ã���d"XJ½Â½ÂGµG10 = −
√

3g
′

10r§G11 = 2
′

11r§G12 = −
√

20
3 g

′

12rÚG32 = −
√

5
2g

′

32r
3§ù�3��éØ4�(γs → 1)Ú(γσ → 1) e§Ò£�
ª3.56�(J"(((ØØØ�±UY?Ø�õ�~f§�´éupg^�âf§?Ø¬C�éE,"�+Xd§ùpÏLén�~f�
[?Ø§·�Ò�±�Ù/w�µÆCÜþ�{�EÑ�ØC�Ì§ÏLT�/C�Ú­#½Â��~ê§�±��ÚHelicity nØ���Ó/(J§Ǒ�±Ú��éØ4�e� L − S ÍÜ�/ª��éAå5"y3·��±��ù��(Øµéu�"�Ñ´k�þ�âf��¹e§ÆCÜþ�{ÚHelicity�{���(J���d"





111oooÙÙÙ éééËËË���PPPCCC���???nnn:üüü«««nnnØØØ������ddd555������
¡·�?Ø
^HelicitynØÚÆCÜþnØ5éPCL§�Æ©Ù?1£ã§
�ÏLü«nØ�0�§·��±wÑü«nØ´�d�"�´§
¡?Ø��ÿ��9�ÊÏ�k�þ�0f"�§e¡·�5?Ø,�«�¹µË�PC"Ë�PC§ǑÒ´"�¹k1f�PCL§§2Â�`´"�¹k��þâf�PC�ª"3£ãù��PCL§�Æ©Ù�§ÚÊÏk�þâf��¹ØÓ"�Ï´§1f´vk·��þ�§§�g^Ú;�ÆÄþ�Kþ´v{üÕ½Â�§�o·�3�©Å�m�§7L�Ä�ù�A:"3�^Helcity�Ì��m�'�{ü§ÏǑ1f�HelicityØǑ"§ù´§·���3�Ú�§4¹k1f�Helicity�Ì�1f�IØ�"=�¶�´éuÆCÜþ�{§�k3^ÆCÜþ��{5�EHelicity�Ì�§̄KÒvkùo{ü
")û¯K��{´æ^Ü·�5�^�§5�Kõ{��Ôn�gdÝ"ùÙ·�Ò5?Øù«?n�{§l?n�{�?Ø¥§·�¬uy§éuË�PC�£ã§ÆCÜþ�{ÚHelicity�{Ǒ´�d�"
4.1 ÆÆÆCCCÜÜÜþþþ���{{{Úk�þâf�/ªaq§Uìe¡0���ª5�EØC�Ì§b�kXeL§µ

ψ → γ +X , (4.1)Ù¥ ψ´ e+e−éE�)�ìó�¥þ0f§"�1��´1f§1��X ´ÊÏ�k�þ0f"b��{ü��¹ X ´0+½ö2+�ÊÏk�þ0f§̂ ψ∗
µ(m1)Úeν(m2)©OL«ψÚ1f�4z¥þ§Kù�L§�ØC�Ì�±�EÑXeµ

A = ψ∗
µ(m1)eν(m2)

∑

i

giU
µν
i = ψ∗

µ(m1)eν(m2)A
µν , (4.2)Ù¥ Ui L«�Ì�ØÓÕá©þ§Aµν =

∑

i giU
µν
i "ÏǑ1f�þǑ"§�Ñl5�ØC5§¤±ù��Õá©Å�Ì�ê8¬'ÊÏ�¥þ0f�/��"qduù� L− S ÍÜ�Y��§¤±ØU�â L− S ÍÜ�Vg5�EØÓ�©Å�Ì§
�U�Þ�«Õá��E�ª§
æ^ÕáHelicity�Ì�ê85(½¤�E�Õá�Ì�ê8´Ä�(§ù«�{éuu��Ìê89ÙÕá5´v
�"
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4.1.1 ���¡¡¡O�aqL§4.1��¡�^� ψ 4z¥þ��Ú'X2.141Ú1f�4z¥þ��Ú'X£äNí�L§�e!¤§
∑

m

e∗µ(m)eν(m) = −gµν +
qµKν +Kµqν

q ·K − K ·K
(q ·K)2

qµqν ≡ −g⊥⊥
µν , (4.3)Ù¥ q´1f�Äþ§
K = pψ − q´ ψÚ1f�oÄþ��"ù��¡Ǒµ

dσ

dΩ
=

1

2

2
∑

m1=1

2
∑

m2=1

ψµ′ (m1)e
∗
ν′

(m2)A
∗µ′ν′ψ∗

µ(m1)eν(m2)A
µν

= −1

2

2
∑

m1=1

ψµ′ (m1)ψ
∗
µ(m1)g

⊥⊥
νν′
AµνA∗µ′ν′

= −1

2

2
∑

µ=1

Aµνg⊥⊥
νν′
A∗µν′

= −1

2

∑

ij

gig
∗
j

2
∑

µ=1

Uµνi g⊥⊥
νν

′ U
∗µν′
j

≡
∑

ij

Pij × Fij , (4.4)Ù¥
Pij = gig

∗
j

Fij = −1

2

2
∑

µ=1

Uµνi g⊥⊥
νν′
U∗µν′
j ,�±w�§·�3O��¡�§̂ �
��âf�4z¥þ�Ú'XÚ1f��Ú'X§ùéuO��¡�~­�§
éË�PC�?n�'�Ò31f�4z¥þ��Ú'X�?nþ§äN�?n�ª�¹
XÛ�¹?�þǑ"�^�Ú¤æ^�5�"e!§·�;�?Ø¥þâf�4z¥þ�Ú¯K§�)k�þ�Ú��þ��¹"

4.1.2 444zzzµµµ¥¥¥þþþâââfff→111fffùp·�5;�?Ø¥þâf�)k�þÚ��þ�âf�4z¥þ�Ú5�"b�¥þâf´k�þ�'Xψ!ρÚφ�"PÙoÄþÚ4z¥þǑ pµÚ ǫµ(p,m)§Ù¥m´^þfê"4z¥þ��÷vµ
ǫ∗µ(p,m)ǫµ(p,m

′

) = −δmm′ ,
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∑

m

ǫ∗µ(p,m)ǫν(p,m) ≡ ηµν(p) ,

ηµν(p)ATäkXe²wÆC�/ªµ
ηµν(p) = Agµν +Bpµpν . (4.5)y3·�5(½Ù¥� A Ú B"ÏǑ4z¥þ ǫ ÷v¤¢n�î�4z^�µpµǫµ(p;m) = 0§¤± pµ Ú ǫ(p;m)o�o��5Õá����¥þ�¤����8§ǑÒ´`§?Û��o¥þ�±^§��5|ÜL«µ
aµ = app

µ +
∑

m

amǫ
µ(p;m)y3·�N´wÑ§

aµηµν(p) =
∑

m



app
µǫ∗µ(p;m) +

∑

m′

am′ ǫ∗µ(p;m)ǫµ(p;m
′

)



 ǫν(p;m)

=
∑

m



ap × 0 +
∑

m
′

am′ (−δmm′ )



 ǫν(p;m)

= −
∑

m

amǫν(p;m) .ù�(JØ�6u ǫ�äN/ª�ÀJ§¿�L²−ηµν(p) �±�K?Û�½¥þ¥�'upµ�Ü©"Ïd ηµν(p) �U�6u pµ§ǑÒ´` a⊥ν (p) = −aµηµν(p)"ÏǑ ǫµ(p;m) ´o¥þ§¤±4z¥þ�Ú ηµν(p) �C�1ǑÚ��Üþ��"?Û^ pµ�EÑ�é¡���ÜþÑäk��/ªµ
ηµν(p) = A(p2)gµν +B(p2)pµpν , (4.6)vkÙ��U§ÏǑ�ULorentzÆCþ�k gµν§pµ Úp2"qÏǑ p2 = M2´~ê§Ïd AÚ BǑ�U´~ê"̂ pµ Ú ηµν(p)��§kµ

pµηµν =
∑

m

p · ǫ∗µ(p;m)ǫν(p;m) = 0

→ pµ[Agµν +Bpµpν ] = (A+Bp2)pν = 0

→ B = − A

M2
. (4.7)
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M2 )"Ú gµν Â kµ
gµνηµν = ηµν =

∑

m

ǫ∗µ(p;m)ǫµ(p;m) =
∑

m

(−δmm) = −3

→ ηµν = Agµν +Bp2 = A

(

gµν −
p2

M2

)

= A(4 − 1) = 3A

→ A = −1 . (4.8)¤±§�ª(Ju´´µ
∑

m

ǫ∗µ(p;m)ǫµ(p;m) = −
(

gµν −
pµpν
M2

)

.ù�´2.141ª"XJ¥þâf´��þ�§'X1f½ö�f§K4z¥þØ=÷vn�î�4z^�§�÷v5�ØC5§Ïd¢1fÚ¢�f�kü�gdÝ"Ïd?n¬k¤ØÓ"�{ü�ÀJ £́k ´1f½ö�fÄþ¤ǫ1!ǫ2÷vXe½Âµ
(ǫ1)

2 = (ǫ2)
2 , (ǫ1)

0 = (ǫ1)
0 = 0

ǫ1,2 · k = 0 , Ú ǫ1 · ǫ2 = 0 ,u´é4z�Ú(J´µ
∑

ǫ

ǫµǫ∗ν =

{

0 XJ µ = 0½ö ν = 0
∑

ǫ=ǫ1,ǫ2
ǫµǫ∗ν Ù��/ . (4.9)���Ñ�´§þ¡��Ú�éü�©þ�Ú§¤±(JÒÚk�þ�¥þ0fk�O
"�´§þ¡�/ªvk²w�LorentzÆC5"���´ÀJÙ��/ª§e¡�´�«'����ÆC/ªµ

∑µν
=
∑

ǫ

ǫµǫ∗ν = −gµν +
nµkν + nνkµ

n · k − n2kµkν

(n · k)2 , (4.10)ù«/ªäkù��5�µ
kµ
∑µν

=
nνk2

n · k − n2k2kν

(n · k)2 = 0 ,ÏǑ kµǫµ(m) = 0§¤±�u"�(J´g,�§
Ø+âf´Äk�þ§ù´5�ØC�Ny"�´§éu¢1f1���Ò¤á´²w�§ÏǑ k2 = 0"?�Ú§§�÷vµ
nµ
∑µν

= −nν +
n2kν

n · k + nν − n2kν

n · k = 0 , (4.11)
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nµA

µ = 0 . (4.12)lª4.12�â¤À�5��±(½ nµ�/ª§Ó�Ǒ(½
∑µν �/ª"~Xµ
• Lorentz 5�µnµ = kµ"

∑µν
=

∑

ǫ

ǫµǫ∗ν = −gµν +
2kµkν

k2
− kµkν

k2

= −
[

gµν − kµkν

k2

]

,

• ¶5�µn2 = 0"
∑µν

=
∑

ǫ

ǫµǫ∗ν = −gµν +
nµkν + nνkµ

n · k ,

• ¥Õ5�µn = p£p´Ôn¯K¥���A½�Äþ¤"3¢SA^¥4.10ª#N·�(¹�À�nµ§À��T��{§¬�5é���B"'X§3·�ù�äN¯K¥§·�À�¥Õ5�µnµ = pµ§pµ´ ψ�oÄþ§ù�∑µν ÷vXe5�µ
pµ
∑µν

= 0

kµ
∑µν

= 0 .¢S¥^�´ nµ = pµ − kµ§ùÒ´ª4.3"
4.2 Helicity ÍÍÍÜÜÜ���ÌÌÌ���ÌÌÌy3·�?Ø3HelicitynØ¥XÛ?nË�PC¯K"Äk·�kr1f3HelicityL�¥�L«A:�±£ãµ1f�g^Ǒ1§ÙÅ¼ê^4zo¥þ5L«§��m©þǑ"¶Ó�1f��þǑ"§ÏdÙHelicity�UǑ ν = ±1§
Ø�3HelicityǑ"�1f�¶PÙoÄþǑ k§4z¥þǑ ǫ§1âf�ÄþÚ1f�oÄþ� q = p− k"3Helicity�/e§XJØéHelicityÍÜ�Ì�?�Ú��z§KéË�PC�?n�~{ü§��-¹1fHelicity�I´"��ÌǑ"Ò1"�´§XJ�éHelicity�Ì��z§̄ K¬C���E,�
§ùp·�Ì�?Ø3�EÜþ/ª�HelicityÍ



76 ©Å©Û�{Ü�Ì�7L�Ä�¯K"�«{ü�?nË�PC��{´- ǫ(0)Ǒ"§¿4 ǫ(±)Ú1f�Äþ��§ù���÷v¥Õ5�§=µ
k · ǫ(±) = 0 � ǫ(0) = 0 .nØþ?n>^|¯KI�À�5�§~^�5�
¡0�L§kLorentz5�§¥Õ5��"æ^Lorentz5�nØ¥�¬k�Ôn�gdÝ§E,I�Ú\Ø½Ý5§±d5�Øõ{��ÔngdÝ¶
¥Õ5�Kl�m©ÒÏL5�^�rnØ¥ ǫ(0)ù�gdÝ�ØK§�ªü«5�Ñ���Ó�(J"
3HelicitynØ�?n�¥§'�~^�´�«ò¥��{">^|äk U(1)5�é¡5§=§nØ3Xe�5�C�e�±ØCµ
Aµ(x) → A

′

µ + ∂α(x) , (4.13)Ù¥ Aµ(x)Ǒ�IL�¥�>^|Å¼ê"3ÄþL�¥§þª�Ǒµ
ǫµ → ǫ

′

µ = ǫµ + αkµ , (4.14)Ù¥§αǑ��Äþ�'�~ê"lþª�±wÑ§�rnØ¥� ǫµ �Ǒ ǫµ + αkµ �§�ÌAT�±ØC§ù`²αkµ �Ú\éO�(JvkKǑµ=�r�Ì¥� ǫµ �Ǒ kµ �§(JATǑ""�nØ÷v5�ØC5��{B��{Ò´3�m©Ò�1fÀ½����4zo¥§�d4zo¥O�Ï~�4zo¥?1O��§5�ØC5gÄ���÷v"Ǒd§�±½Âü�o¥þµ
ǫ−α (m) = ǫαβγδq

βkγǫδ(m) , (4.15a)

ǫ+α (m) = ǫα(m) − q · ǫ(m)

q · k kα , (4.15b)�r4.15aÚ4.15b¥� ǫ(m)�Ǒ k�§ǫ±(m)þð�u""Ïd^ǫ±(m)�O ǫ(m)?1O��§nØl�m©ÒgÄ÷v5�ØC5���",�À�¥Õ5�§� ǫ±(m)÷vµ
k · ǫ±(m) = 0 ,ǑÒ´` ǫ±(m) ØUkp�©þ"
¢Sþ§·�uy�k^þfê m = 0 �âkp�©þ§Ïd¥Õ5��� m = ±1 §ù��Ò´Xe��µ1f�kν =

±1�Helicity�§
vk ν = 0�Helicity�"Ïd��r�Ì¥� ǫ(±)�Ǒ ǫ±(±)§¿�- ǫα(0)Ǒ"§ù�����ÌQ÷v5�ØC5���§q÷v¥Õ5�^����"
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ǫ(±) → ǫ±(±) , (4.16)¿- ǫα(0)Ǒ"§äNO��¥æ^ ǫ±(+)�´ ǫ±(−)��wäN�¡Åð���"®� kα§qα´o¥þ§
 ǫα´�¥§Ïd3�m��C�e§ǫ−α ´¥þ§
ǫ−α ´�¥µ
ǫ−α (±) → +ǭ−α (±) , (4.17a)

ǫ+α (±) → −ǭ+α (±) . (4.17b)Ïd§ǫ+α (±)� ǫα(±) ��m��5��Ó§þ´¥þ"31âf J �·�X¥§ǫα(±)d3.6 ½Â§

kα = {k; 0, 0, 0, k} , qα = {q; 0, 0, q} , (4.18)� J �·�X¥§k

q · ǫ(±) = 0 , (4.19)¤±
ǫ+α (±) = ǫα(±) . (4.20)
 ǫ−α (±)3 J �·�X¥´µ

ǫ−α (±) = ±iqWǫα(±) . (4.21)Ù¥§qǑÄþ qα � z-©þ"Ïf ±iqW �du�¯K¥\\
 l = 1�;�ÆÄþ"±��¢SA^¥·�¬uy§��ÏL- ǫ(0)Ǒ"Ò��
Ë�PC�HelicityÍÜ�Ì"ù´ÏǑ�þm 6= 0��HelicityÍÜ�Ì3�EL§¥®²�Ä
Ñu�¡é¡5´ÄTÚ\ ǫ−α (±)§
3 J �·�X¥ ǫ+α (±)Ú ǫα(m)Ù¢´���"lg^Å¼êÚ;�ÆÄþÅ¼ê§±9�"�âf�oÄþÑu�EHelicity�Ì"1�Ú��âé¡'Xk(½ÑÕá�Helicity�Ì��ê§,�^Å¼êÚâf�oÄþ5�EÎÜ÷v�A�¡5��LorentzIþ§��U�EÑ5�Iþ�ê8ÚÕá�Helicity�Ì�ê8�Ó§k�ê8¬Ø��§�´#NØÓ�Iþ�m����Uþ��6�Ïf�§ê8E¬~����"ù���rù
Iþ^Eëê����5|Ü§Ò��
HelicityÍÜ�Ì�L�ª"'uù
?Ø�A^3e¡�~f¥§·�¬�[0�§Ó�Ǒ�±wÑHelicity�{ÚÆCÜþ�{�éX"
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4.3 ÞÞÞ~~~éuù�L§·�æ^ÏÈ�PÒ§P§k§q©OL«ψ′§γ ÚχcJoÄþ"rL«ü� πoÄþ�¶φµÚǫν ©OL«ψ′Ú γ�4z¥þ§
 t

(J)
µν L«ü� π �;�ÆÄþÅ¼ê§Ǒ´ χcJ �g^Å¼ê¶(θ

′

, φ
′

)Ú (θ, φ)©OL« γ Ú π+3�g1âf�%¥�4ÆÚ� Æ"
4.3.1 ψ

′ → γχc0 → γπ+π−k^Helicity�{5(½ù�L§�Æ©Ù"ù�L§1�?PC ψ
′ → γχc0§ÏǑ1f�HelicityØUǑ"Ú�¡Åð���§�k��Õá�Helicity�Ì F 1

+ = F 1
−§
�χc0 → π+π−Ǒ�k��Õá��Ì F 0

00"K���PC�Ì�±�Ǒµ
A(m) = F 1

λD
1∗
m,λ(φ

′

θ
′

, 0)BWχcF
0
00D

0∗
0,0(φθ0) , (4.22)Ù¥ F 0

00D
0∗
0,0´~ê§
 F 1

±�±?�Ú�z§=µ
F 1
λ = g1φ

∗µ(δ)ǫµ(λ) + g2φ
∗µ(δ)t̃(2)µν ǫ

ν(λ)

= g1λ
2 + g2 × 0 , (4.23)(J�u 1§Úm��K�'§ǑÚ λ�K�'§ù�(JÚ·��ýÏ��§ÏǑÕá��Ì�k��§1��´"´5�^��7,§ÏǑ t̃(2) ¥¹k1foÄþÏf"��Ì�z{/ªǑµ

A(m) = D1∗
m,λ(φ

′

θ
′

, 0)BWχc λ = ±1 , (4.24)ÑKUþ�6�Ü©§·��±�ÑÆ©Ù§
�ù�Æ©Ù´��(½�§ÏǑ�k��Õá�Helicity �Ì§
dσ

dΦ
=

∑

mλ

|A(m)|2

∝
∑

mλ

|D1∗
m,λ(φ

′

θ
′

, 0)|2

= 1 + cos2 θ
′

. (4.25)XJæ^ÆCÜþ�{§ÏǑ Pµǫ
µ = kµǫ

µ = 0§Ó�Ǒ�k���«�Ì�"��E�ª§u´ÚHelicity �{��§�k��ØC�Ì§Ù¢æ^yk�4z¥þÚoÄþ�§Ǒ�U�EÑ��Lorentz ØC��Ì§
A(m) = φ∗µ(m)ǫµ(λ)BWχc0

. (4.26)
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r(JÚHelicity�(JéXå5?1'�§·�r φ∗µ(m)^1f$Ä��þ��Æ��mµφ∗µ(m) =
∑

m
′ D∗1

mm
′ (φ, θ, 0)φ∗µ(m

′

)§K�Ì�±�¤£ÑK
Uþ�6�Ü©¤µ
A(m) =

∑

m′

D∗1
mm

′ (φ, θ, 0)φ∗µ(m
′

)ǫµ(λ)

= D∗1
mm′ (φ, θ, 0)λ2 (4.27)ù�(JÚHelicity�{������Ó"ù´���{ü�~f§ÏǑ�k��Õá�ØC�Ì§ü«nØéÆ©Ù�£ãvk?Û�É§���d"�´XJÕá�Ì�ê8Oõ§̄ KÒ¬C�E,§�d5ò¬Ø´é²w§�y²�{§7L²L�
'�E,�O�§'Xe¡�~f"

4.3.2 ψ
′ → γχc2 → γπ+π−�´k^Helicity�{5£ãù�L§�Æ©Ù"ù�L§1�?PC ψ

′ → γχc2§ÏǑ1f�HelicityØUǑ"!�¡Åð����kÆÄþÅð��å§��kn�Õá�Helicity�Ì F 1
12 = F 1

−1−2§F 1
11 = F 1

−1−1 Ú F 1
10 = F 1

−10 §1f�HelicityØUǑ"��
 F 1
01 = F 1

01 = 0Ú F 1
00 = 0"
χc2 → π+π− �k��Õá��Ì F 1

00"K���PC�Ì�±�Ǒµ
A(m) = F 1

λσD
1∗
m,λ−σ(φ

′

θ
′

, 0)BWχcF
2
00D

2∗
σ,0(φθ0) , (4.28)éu1�?PC F 1

λσ§XJÙ¥� γ ´ÊÏk�þ�¥þ0f§K·��±æ^3.44ª�(J§��� λ = 0�- ǫ = 0=�"Xeµ
F 1

1,2 = +g01

√

1

5
r0 + g21

√

1

10
r2 + g22

√

1

6
r2

+g23

√

2

105
r2 + g43

√

1

70
r4 (4.29a)

F 1
1,1 = +g01

√

1

10
r0γs − g21

√

1

5
r2γs + g23

√

3

35
r2γs − g43

√

4

35
r4γs (4.29b)

F 1
1,0 = +g01

√

1

30
r0(

2

3
γ2
s +

1

3
) + g21

√

1

60
r2(

2

3
γ2
s +

1

3
) − g22

√

1

4
r2(

2

3
γ2
s +

1

3
)

+g23

√

4

35
r2(

2

3
γ2
s +

1

3
) + g43

√

3

35
r4(

2

3
γ2
s +

1

3
) (4.29c)�´§n�Õá�Helicity�Ìù�%Ú\
Ê��½ëê g"ù`²æ^
¡��{5�EHelicity �ÌÚ\
õ{�ëê§ùÊ�ëê�kn�´Õá�£�y²§���'5¿Ø{ü¤§Ǒ,ù���3��Uõ��U5"
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¡���æ^ L− S ÍÜ�Vg��EØCþ,��5|Ü¤Helicity�Ì§7Læ^O��Y§ù�Ò¬����Õá��Ì§
�ê8Ò´Õá�Helicity�Ì��ê§�´%��
Ôn¿Â�*�`:§¿�¿K
���Ì�m�U�Uþ�6�Ïf"ØÓ�©z¥�ÌÜ¿Ø�Ó§�¡·��¬J�"XJæ^ÆCÜþ�{§Ó�k Pµǫ
µ = kµǫ

µ = 0§�o3�EØC�Ì�§¤k�¹ù
��(JÑ´""¤±§ù�·��ïL − S �E�YÔn¿Â�*��?§��5^ù
oÄþÚÅ¼ê5�EÕá��ÎÜ�AÅð5��ØC�Ì§���ê8AT��´n�µ
A1 = φ∗µ(m)ǫν(λ)t̃(2)µνBWχc2

(4.30a)

A2 = φ∗µ(m)ǫµ(λ)PαP β t̃
(2)
αβB2(χ2)BWχc2

(4.30b)

A3 = φ∗µ(m)ǫν(λ)qµt̃
(2)ν
α PαB2(χ2)BWχc2

(4.30c)éu'�E,��¹§du�U��é¡5ÚÕá5��K5u��E��Ì§"yÔn�*5§¤±ù«�E�{éNÑ�§I�v
�²�§=�ù�§���´I�æ^ê���{5�Ñ���Æ©Ù§�âÆ©Ù5u�¤�E��Ì��(5"e¡·�5ÏL��~f
[�`²ù«�¹e§·�¤¡��¯KÚ·�TXÛ5ÀJ"
4.3.3 ψ

′ → γχc1ù�~f·�À�
���é'�{ü�¹§
�Ø�Äχc1�PC§r§��"�âf?n"ÏǑù�âf�'©z?Ø�'�
[§ùp·�r§<5�Ǒ'�ü«�{���;.~f"Äk�ÄHelelicty�{§ÏǑηψηγηχ = +1§
1f�HelecityØUǑ"§2(ÜÆÄþÅð§·��±��ÕáHelicity��Ì�kü�µF 1
++ = −F 1

−−Ú F 1
10 = −F 1

−10"����Ì�±LǑµ
A(m) = F 1

λσD
1∗
m,λ−σ(φ

′

θ
′

, 0) , (4.31)'uHelicity�Ì��z§���±ë�3.3.3��{§�´�p�¥þ0fy3�¤
1f"Úþ�âf��§ùpE,´�½ëêõuÕáHelecity�Ì��ê"
F 1

1,1 = +g01

√

1

6
r0 − g21

√

1

3
r2 (4.32a)

F 1
1,0 = +g01

√

1

6
r0γσ + g21

√

1

12
r2γσ + g22

√

1

4
r2γσ (4.32b)



1oÙ éË�PC�?n:ü«nØ��d5�� 81XJæ^ÆCÜþ�{§Úþ¡�~f��§k Pµǫ
µ = kµǫ

µ = 0§¤±§AT�EÑü�Õá�ØCþ"�´¢S�E�L§¥§·�uykn��Ìµ
A1 = ǫµναβφ

∗µ(m)ǫν(λ)Pαωβ(σ) (4.33a)

A2 = [φ∗µ(m)kµ]ǫνδαβǫ
ν(λ)Pαkβωδ(σ) (4.33b)

A3 = [ων(σ)kν ]ǫµδαβφ
∗µ(m)ǫδ(λ)Pαkβ (4.33c)ùp�(JØ��§ÏǑ·���Õá��Ìkü�§�´%�±�EÑn�wqÕá�ØCþ"©z[8] ¥y²
ùn�ØCþ¿ØÕá§§��±ÏL¹kUþ�6�XêÍÜ��""'uù«�¹§3äN�©Å©Û¥§kü«¿�µ1�«£Chung¤ïÆr¤k�ØCþÑ��[Ü§S�¥§4¢�êâ5�ä§�´ÄÜn¶,�«´(B.S. Zou) [12] �Ǒ[Ü¥�õ�gdÝ¬�5Ø(½5§
�ØÓ�Ì�m�Z�Ø´��§¤±�ïÆæ^Ù¥,A�Õá��Ì§
�Ñ�
Uþ�6Ïf"

4.4 ???ØØØÚÚÚ���(((Ë�PC3ìó�Ôn¥äkAÏ/ §ÏǑùp��Ǒ´�¥��U�)��¸��§ÏdË�PC�©Å©ÛÒäk�~­��¿Â"�Ǒ©Å©Ûü«~^�Æ©Ù£ã�{§Heleicty �{?nË�PC��äk�~��`³§�´ù«`³==Û�u�·�éHeleicty �ÌØ�?�Ú�z��ÿ§XJI��zHeleicty�Ì§�oü«�{éuË�PC�?nò¡�aq��¹§�´§du"�¹k�þǑ"�1f§¤±I�æ^·��5�^�§
�L− S ÍÜ�Vg3ùp��§¤±ü«�{?nå5ÑØ�{§I��Ñ�½���ÚÀJ"�´§ù
Øv¿Ø´duü«�{k�o�O§§�3�EØCþ�?n�ªþ´���§��À��Ó�5�^�§�o(JÒ���d"ü«�{�+kX�«b�½öØ�n���¡§�´ù´ÏǑ¯K���AÏ5§§�3£ãË�PC�Æ©Ù�§Ù¢´�d�"(Ü
�Ù�?Ø§·��±�Ñ(Øµ�Ø3�«�¹e§Ø+´Ä´Ë�PC§Heleicty �{3I�éHeleicty �Ì?1�z�§§ÚÆCÜþ�{´���d�"ù�(Ø�´�Ö�`²�¯K��"eÙ·�ò¬æ^ê��{5y²ü«�{��d5§§äk/�Ú�*�`:"





111ÊÊÊÙÙÙ ^̂̂êêê������{{{yyy²²²üüü«««nnnØØØ������ddd555X8â´�n�§�Ú®X�" �´¢1Ûý§w�Ê�8"
�p·5�¯C6ü«nØ��d5§ÏL
¡�0�ÚÞ~?Ø§®²é²w
"3ùp§·�2æ^ê�O���{5éüö?1'�"äN�{´k^ü«nØí���,�PC�ª���Æ©Ù§,�3é��m¥�O�Ù�©�¡§��'��©�¡�ê�§XJü«nØ��§�o3O�Å��\Ø���S§�öAT´�Î�¶
�?�Ú�±�Ñz�ÆCþ�©Ùã§lÙ¥�±��*�w�§���d5"
5.1 ~~~fff���µµµψ → ρ0π0 → π+π−π0Äk·�kÀJ
ψ → ρ0π0 → π+π−π0 L§§ù�L§
¡®²kLO�§�´ê��{I�äN�L�ª§��z�Cþ�äN[!§Ïd§·�ùp2gO�ÙÆ©Ù§Ó�¬0�³^Ïf§����L«�§��2rù
äN�L�ª��§S�¥5�O�"ÏǑù�L§�~{ü�k��©Å�Ì§3ü«nØµee§=k���ÍÜ~ê3'���±�K§ùǑ´·�ÀJù�L§��Ï"ù�·�ÒUî�'�nØO�Ñ5�Æ©Ù§±9é�Ì�Uþ�6Ü©?n��O§ù
�´·�¤'%�"ùp·�5wù�L§�é¡5��åµ

• ü?�PCÑ´üNPCµ1− → 1−0−Ú 1− → 0−0−¶
• ÏǑ�¡Åð�� ηaηbηc(−1)L = 1§
ü?PCÑ÷v ηaηbηc = −1§Ïd§��;�ÆÄþ LÑ�U�Ûê¶
• ÆÄþÅð�� L = 0, 1, 2§Ïd·�íäÑ L = 1§�k��©Å¶
• lHelicity�ÆÝÑu§·���Helicity�Ì3�¡Åð´AT÷v'Xª F Jλν =

ηaηbηc(−1)J−σ−sF J−λ−ν§Ïdé1�?PCkµF 1
10 = −F 1

−10§F 1
00 = −F 1

00 = 0§��k��Helicity�Ì§ùÚ�k��©Å�Ì�ýÏ���¶
1�?Ǒ�k��Helicity �Ì F 1
00"



84 ©Å©Û�{
5.1.1 æææ^̂̂Helicity ���ÌÌÌ���mmm�âþ¡�?Ø§1�?PCkµψ → ρ0π0kF 1

λν = −F 1
−λ−ν§=�k��Õá�Helicity�Ì:F 1

±¶
1�?PCρ0 → π+π− �PCǑ�k��Õá�Helicity �ÌF 1"·��±���Ñ���PC�ÌǑ:

A(M) = F 1
λ0D

1⋆
Mλ(θφ, 0)BWρ0F

1D1⋆
λ0(θ

′φ′, 0), (5.1)Ù¥�Ì´ Helicity �ÌÚ D ¼ê��È§¥m^ Breit-Winger DÂf�ë"

Helicity �Ì�±?�Úæ^
¡�Üþ�{5�z§éuùü�L§§�z'�{ü§·�ùp���Ñ(Jµ

F 1
± = ±gMψrρπ = gMψB1(rρπ), (5.2)

F 1 = grππ = gB1(rππ), (5.3)ùp·�æ^Ï^��{§��r�éÄþ r^�A�ê�³^Ïf�O§·�ùp�¬^��´���³^Ïf§L�ªǑµ
B1(r) =

√

2( rr0 )2

( rr0 )2 + 1
, (r0 = 0.1973GeV)

r0�´r�p�^å§;.� 1fm¤éA�Äþ��"3���
é¥m�� Helicity�Ú§���é"��Ú§é���²þ§�±���©�¡L�ª:

dσ

dΦ
=

∑

M

∣

∣

∣

∣

∣

∑

λ

A(M)

∣

∣

∣

∣

∣

2�Ì���L�ª(Ù¥ÑK~êÍÜXê g ):

A(M) = C1

[

D1⋆
M1(θφ)D1⋆

10(θ
′φ′) −D1⋆

M−1(θφ)D1⋆
−10(θ

′φ′)
]

C1 = MψB1(rρ0π0)B1(rπ+π−)BWρ0 (5.4)Ø�ÄUþ�6,ψ → ρ0π0 ����Æ©ÙL�ªǑ
(
dσ

dΦ
)H ∝ |C1|2

∑

M

∣

∣D1⋆
M1(θφ)D1⋆

10(θ
′φ′) −D1⋆

M−1(θφ)D1⋆
−10(θ

′φ′)
∣

∣

2

∝ 1

2
[(1 + cos2 θ) sin2 θ′ + sin2 θ sin2 θ′ cos 2φ′] (5.5)
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5.1.2 æææ^̂̂ÆÆÆCCCÜÜÜþþþl
¡�©Û·�®²��ü?PC¥ LÑ�U� 1,ǑÒ´�k P Å��z"�âù�A:·��Ñ�ÌXe
A(m) = ǫµνλσψ

∗
µ(m)pσψT̃

(1)ν
ρ3 t̃

(1)λ
12 BWρ0

= ǫµνλσψ
∗
µ(m)pν1p

λ
2p
σ
3B1(rρπ)BWρ0B1(rππ)

=
C2

Mψ
ψ∗
µ(m)Uµ ,Ù¥µ

Uµ = ǫµνλσp
ν
1p
λ
2p
σ
3 = Mψǫµνλ0p

ν
1p
λ
2

C2 = MψB1(rρπ)BWρ0B1(rππ) .Ó�²Lé"��Ú§���²þ§�©�¡Ǒ:

dσ

dΦ
∝

∑

m=±1

A(m)A∗(m)

∝ |C2|2
M2
ψ

∑

m

ψµ(m)Uµρ ψ
⋆
µ′(m)U⋆µ

′

ρ ,·���d�K>féE�)� ψ�kü�4z��§ÏdkXe'Xªµ
∑

m

ψµ(m)ψ⋆µ′(m) = δµµ′(δ1µ + δ2µ′).�\�¡L�ª§z{�kµ
dσ

dΦ
∝ |C2|2

M2
ψ

2
∑

µ=1

Uµρ U
⋆µ
ρ

= |C2|2ǫijkpj1pk2ǫimnp1mp2n

= |C2|2(~p1 × ~p2)
2
xy .lù�L�ª¥§·��{w�²w�Æ©Ù§§ÚUþ�6Ü©ª·3�å�"ù´ù��{�":��§Ø
²wÚ/�§�´ùǑ´§�`:§ÏǑ"�âf�oÄþØ^�?ÛC�§��Ñy3�ÌÚÆ©Ù�L�ª�¥§ù¬éäN�O��5é���B§�þ�!�
CPU �m§ÏǑ3Helicity �{¥§·�l"�âf�oÄþÑu§��eZg^=C�ÚLorentz C�§���Ñ¤CPU �m§éuõ??éPC§�´Xd"
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5.1.2.1 '''uuu³³³^̂̂ÏÏÏfff������:::`̀̀²²²ùp7Lé³^Ïf��^��:`²§ÏǑ3ü«�¹e³^Ïf�/ªk¤�É"3Helicity /ª¥§³^Ïf´�þj�§±���/ªÑy¶
3ÆCÜþ�/ª¥§³^Ïf�©fÜ©®²Û¹3ÆC�Ì�¥
§¤±³^Ïf��e©1ÚHelicity ¥��éA§u´©1´kþj�"äN/ªXeµ

B1(r) =

√

2

r2 + r02
, (Tensor) (5.6)

B1(r) =

√

2( rr0 )2

( rr0 )2 + 1
. (Helicity) (5.7)§�æ^�Ó�8�z(Tensor /ª�7Lr©fÜ©Ǒ�Ä?5)§=3 r

r0
�u 1�§³^ÏfǑ�u1"

5.2 ~~~fff���µµµψ → γηc → γρ0ρ0 → γ2(π+π−)·�25�Ä��Ë�PC�~f"Ǒ´��¤k?éL§Ñ�k��©Å�PC�µψ → γηc → γρ0ρ0 → γ2(π+π−)L§§3âfÔn{¤þk��Í¶�L§��aq§= π0 → γγ → 2(e+e−)§y3·�5rü�L§\±©Û'�§¿O�ù�L§���Æ©Ù"ùü�L§kXeAÆµ
• n?PCÑ÷v ηaηbηc = −1§2(ÜÆÄþÅð^�§n?PC�;�ÆÄþÑk L = 1£�´§ψ → γηcL§¹k1f§;�ÆÄþ�VgØ2·^¤"
• 1�?PC ψ → γηc L§´ V P �ª§¤±1�?PC�Helicity�ÌF 0

00 = 0"
• 1�?PC ηc → ρ0ρ0 Ú π0 → γγ §ÏǑ��âfg^Ǒ"§K"�âf£ρ§1f¤3Ù�%X¥�Æ©Ù´þ!©Ù"ÏǑL§´0− → 1−1− �L=1§éN´��F 0

−1−1 = −F 0
11§
F 0

1−1 = F 0
−11 = F 0

00 = 0§��k��Õá�Helicity�Ì§ρ0Ú1f��§Ǒvkp�4z£ùp´ÏǑ�¡ÅðÚÆÄþÅð��Ï§1f´du5��n���¤"
• Ǒ,"�Æ©Ù´²T�§�´3π0 → γγL§¥§ü�1f�4z²¡p�R�,ǑÒ´4z²¡YÆ÷vsin2 φ ©Ù"��aq§ηc → ρ0ρ0¥§ρ�4z²¡Ǒ÷vÓ��©Ù§ù�©ÙÚ��âf��¡k'"£�D.H.Perkins , Introduction to High Energy Physics[14�]P68∼69¤



1ÊÙ ^ê��{y²ü«nØ��d5 87

• ���? ρ → ππ£1− → 0−0−¤§�âÆÄþÅð§�±íäÑ�k��©Å§Ǒ�k��Helicity�Ì F 1
00"�âþ¡�?Ø§e¡·�5äNO�Ù�Ì�äNL�ªÚ���Æ©Ù"Äk3Helicity�m¥?Ø"

5.2.1 æææ^̂̂Helicity ���mmmù´��n?!ogPC�E,L§§§�z�?Ñ�±^Helicity�m§,�§z?£z�PC¤�m^DÂfë�å5§Ò��
����ÌL�ª"äNL�ªXeµ
A(M) = F 1

λ0D
1⋆
Mλ(θ2φ2, 0)BWηcF

0
sσF

1
00BWρ56D

1⋆
s0(θ5φ5, 0)F

1
00BWρ78D

1⋆
−σ0(θ7φ7, 0)

= C1D
1⋆
Mλ(θ2φ2, 0)D

1⋆
s0 (θ5φ5, 0)D

1⋆
−σ0(θ7φ7, 0)Ù¥ C1´¤k�¹Uþ�6�ÏfoÚ§�ÑK��o�ÍÜ~ê"

C1 = F 1
λ0BWηcF

0
sσF

1
00BWρ56F

1
00BWρ78

= B1(rγηc)B1(rρρ)B1(rπ5π6)B1(rπ7π8)BWηcBWρ56BWρ78?�Ú§r�Ì��¿é"��Ú§é���²þ§Ò�±��éÜÆ©Ù§�±w�§ùp�(JÚ
¡�?Ø����"
dσ

dΦ
=

∑

Mλ

∣

∣

∣

∣

∣

∑

sσ

A(M)

∣

∣

∣

∣

∣

2

= |C1|2
∑

Mλ

∣

∣d1
Mλ(θ2)D

1⋆
10(θ5φ5, 0)D

1⋆
10(θ7φ7) − d1

Mλ(θ2)D
1⋆
10(θ5φ5, 0)D

1⋆
10(θ7φ7, 0)

∣

∣

2

∝
∑

Mλ

∣

∣d1
Mλ(θ2) sin θ5 sin θ7 sin(φ5 + φ7)

∣

∣

2

=
1

2
[(1 + cos2 θ2) sin2 θ5 sin2 θ7 sin2(φ5 + φ7)] (5.8)

5.2.2 æææ^̂̂ÆÆÆCCCÜÜÜþþþ���{{{�â©z[12]¥�?Ø§�Ì�±L�Ǒ:

A(m1,m2) = φµ(m1)ǫ
∗
ν(m2)Uµν ,

Uµν = C2ǫµναβp
α
ψq

βǫγδλσp
γ
5p
δ
6p
λ
7p
σ
8 ,

C2 = B1(γηc)B1(ρρ)B1(π5π6)B1(π7π8)BW (ηc)BW (ρ56)BW (ρ78) ,
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 φ(m1)÷vÚþ¡~f����Ú'X§éuǫm2
§·�æ^T��5��Kõ{��ÔngdÝ§=Xe'Xµ

− g⊥⊥
µν = −gµν +

qµKν +Kµqν
q ·K − K ·K

(q ·K)2
qµqν (5.9)ù��±��oÆ©ÙǑ:

dσ

dΦ
= −1

2

2
∑

u=1

Uµνg⊥⊥
νν′ U

∗µν′

∝
2
∑

u=1

[ǫµναβpψαqβǫ
γδλσp5

γp
6
δp

7
λp

8
σ]g

⊥⊥
νν′ [ǫ

µν′α′β′

pψα′qβ′ǫγ
′δ′λ′σ′p5

γ′p
6
δ′p

7
λ′p

8
σ′ ] .(5.10)7L`²�´§Ù¥ü«O��{æ^�³^Ïf/ªk¤ØÓ§ù�Ú
¡�~f��½´���"

5.3 êêê���'''���·�æ^ê�O���{5éz�~f�ØÓnØ�Ñ�Æ©Ù?1'�"äN��{Xe"k�â��m�Ä�§���|"�âf�oÄþ¶2|^�)Ñ�z�|oÄþO�z�¯~��¡¶ù��±��rù
ê�?1'�§�Kþ§ù
�¡�ê���������8�zÏf§¤±ü«nØO�Ñ��¡�'�AT´���¶Ó�§·��±rù��¡�ǑÑu:§é��m��gÄ�§3�)v
õ�¯~��¹e§�±��z�äNÆ©Ù§�)ü��Æ©ÙÚéÜÆ©Ù§ù�§Ò�±��éù
©Ùã?1'�§�±'��*�wÑÙ¥´Ä��"e¡·�ÒUìùü«�ª5'�§k'�.¡�'�´Ä��§2wÆ©Ù´Ä��"
5.3.1 ψ → ρ0π0 → π+π−π01��~f§·�æ^��m�)f§�)
ψ → ρ0π0 → π+π−π0 L§���m¯~§ù�Breit-Wigner©Ù®²�¹3S
§�´Ø�¹³^ÏfÚÆ©Ù"

5.3.1.0.1 �¡ ·�krz�¯~��¡O�Ñ5£�KBreit-Wigner¤§wwü«nØ£ã�O�(J§¿�§��'�§e¡´�<Ñ�ê�&EµHelicityO���¡!Üþ�{O���¡Ú§��'�"§�3O�°ÝS����"
Helicity: 0.070130 L-S: 0.070130 Ratio: 1.000000
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Helicity: 0.353986 L-S: 0.353986 Ratio: 1.000000

Helicity: 0.795525 L-S: 0.795525 Ratio: 1.000000

Helicity: 0.410571 L-S: 0.410571 Ratio: 1.000000

Helicity: 0.004812 L-S: 0.004812 Ratio: 1.000000

Helicity: 0.704383 L-S: 0.704383 Ratio: 1.000000

Helicity: 0.480020 L-S: 0.480020 Ratio: 1.000000

Helicity: 0.710924 L-S: 0.710924 Ratio: 1.000000

Helicity: 0.260103 L-S: 0.260103 Ratio: 1.000000

Helicity: 0.815119 L-S: 0.815119 Ratio: 1.000000

Helicity: 0.080978 L-S: 0.080978 Ratio: 0.999999

Helicity: 0.820139 L-S: 0.820139 Ratio: 1.000000

Helicity: 0.406128 L-S: 0.406128 Ratio: 1.000000

Helicity: 0.870989 L-S: 0.870989 Ratio: 1.000000

Helicity: 0.858621 L-S: 0.858621 Ratio: 1.000000

5.3.1.0.2 Æ©Ù ,��v
õ�ÚOÄ�§3��m©Ù�Ä:þ§��?�Ú¹k·�
¡�E��¡���©Ù���"ù�·�5w��Æ©Ù§k´ ρ3 ψë�X¥�4Æ�Æ©Ù§§´�� (1 + cos2 θ)©Ù¶1��´Ù� Æ�Æ©Ù§§´²T�¶1nÚ1o´ π+ 3 ρ�ë�X¥�4ÆÚ� Æ�Æ©Ù"�±w�§ü«O�(J£��ã´Helicity§Ø��´Tensor¤����"ù�§·�Ò���y
§éuψ → ρ0π0 → π+π−π0L§§ü«nØO�Ñ�Æ©ÙÚ�¡���d"
5.3.2 ψ → γηc → γρ0ρ0 → γ2(π+π−)1��~f§·�æ^��m�)f§�)
ψ → γηc → γρ0ρ0 → γ2(π+π−) L§���m¯~§ù�Breit-wigner©Ù®²�¹3S
§�´ǑØ�¹³^ÏfÚÆ©Ù"

5.3.2.0.3 �¡ ·�krz�¯~��¡O�Ñ5£�KBreit-Wigner¤§wwü«nØ£ã�O�(J§¿�§��'�§e¡´�<Ñ�ê�&EµHelicity O���¡!Üþ�{O���¡Ú§��'�"§�3O�°ÝS����£d�§ù���PC?ê'�õ§¤±O�'�õ§�A��\Ø�Ǒ¬��
§̄ ¢þ·�Ǒw�§�°Ý��C�
�
§�´§E,U
°(�`²ü«nØ�(J´���¤"
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0 2 4 6ã 5.1: ρ3J/ψë�X¥�θ!φ©Ù: [(1 + cos2 θ)!1

Helicity: 0.706897 L-S: 0.706895 Ratio: 1.000002

Helicity: 0.023429 L-S: 0.023429 Ratio: 1.000001

Helicity: 0.320131 L-S: 0.320131 Ratio: 1.000002

Helicity: 0.032101 L-S: 0.032101 Ratio: 1.000001

Helicity: 0.283059 L-S: 0.283057 Ratio: 1.000005

Helicity: 0.154563 L-S: 0.154563 Ratio: 1.000000

Helicity: 0.033133 L-S: 0.033133 Ratio: 1.000001

Helicity: 0.015787 L-S: 0.015787 Ratio: 1.000001

Helicity: 0.022249 L-S: 0.022249 Ratio: 1.000001

Helicity: 0.017373 L-S: 0.017373 Ratio: 1.000002

Helicity: 0.000034 L-S: 0.000034 Ratio: 1.000013

Helicity: 0.053734 L-S: 0.053734 Ratio: 1.000002

Helicity: 0.108506 L-S: 0.108506 Ratio: 1.000000

Helicity: 0.028954 L-S: 0.028954 Ratio: 1.000000

Helicity: 0.158179 L-S: 0.158179 Ratio: 1.000002

Helicity: 0.762752 L-S: 0.762752 Ratio: 1.000000

Helicity: 0.011012 L-S: 0.011012 Ratio: 1.000000
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0 2 4 6ã 5.2: π+3ρ0·�X¥�θ!φ©Ù[(sin2 θ)!(2 + cos 2φ′)]

5.3.2.0.4 Æ©Ù ?�Ú�v
õ�ÚOÄ�§3��m©Ù�Ä:þ§��?�Ú¹k·�
¡�E��¡���©Ù���"ù�·�5w��Æ©Ù§k´ ηc3ψë�X¥�4Æ�Æ©Ù§§Ǒ´�� (1 + cos2 θ)©Ù¶1��´Ù� Æ�Æ©Ù§§Ǒ´²T�¶1nÚ1o´ ρ3 ηc �ë�X¥�4ÆÚ� Æ�Æ©Ù§§�Ñ´²T�¶�X´ π+ 3 ρ�ë�X¥�4ÆÚ� Æ�©Ù§��´ sin2 θ ©Ù§,��´²T�¶��´§ü� ρ�PC²¡�YÆ§
�´^ü«�{O����§1�«´ü� π+3�g1âfX¥�� Æ�Ú§-�«´���ü�²¡�{�¿�ÙYÆ§ü«(J����§ù�©Ù´ sin2 ∆φ©Ù§̀ ² ηc ��¡´K�"��?�ÚJ�e�´§ü�ρ�PC²¡�YÆ�©Ù´ sin2 ∆φ�´ cos2 ∆φNy
1âf��¡§¤±§0+Ú 0− �����g^�(½�±æ^ù«�{"¢Sþ§�� π0 ��¡Ò´æ^ù���{5(½�"�uù�YÆ�O�k��{ü�CÏ�{§�Ò´ü�π+ 3�g1âfë�X�� Æ�Ú§ÏǑ31âf�%¥§ü� ρ´�é��§
ü�π+�� ÆT�U�Lù�²¡���§
�duæ^
ØÓ��IX§ü�� Æf����KÒ§Ïd§üö��ÒC¤
Ú"l¤kù
Æ©Ù�±w�§ü«O�(J£��ã´Helicity§Ø��´Tensor¤����"ù�§·�Ò���y
§éuψ → γηc → γρ0ρ0 → γ2(π+π−) ù�L§§=�¹kË�PC§ü«nØO�Ñ�Æ©ÙÚ�¡���d§§�ÑéË�PC�Ñ�(�?n
�����(J"
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5.4 ���(((Ǒ
'�ü«Æ©Ù£ãnØ��d5§ùpæ^ü�äN�~f§ÏLMonte CarloÄ���{§'�
z�¯~��©�¡§uy§��(J3O�Å�Ø���S´�����¶Ó�r��©Ùã���'�§�±/��wÑ�ö�m���5"ü�~f��´ÊÏ0f�PCL§§��´¹k1f£�þǑ"¤�Ë�PC§Ǒ{üÚ�±î�5§ü�~fÑÀ�
�k��©Å�?éPCL§¶¿�'��¥§é�Ì�Uþ�6Ü©æ^
Ï^�³^Ïf/ªÚ��� Breit-Winger ëêzúª"(J�î���§L²ü«nØéuÆ©Ù�£ã´���d�§��éü�©Å´���"�Kþ§ù«'�áu8B{§7L�Ä¤k�U��¹§
õ�©Å½öõ�Õá�Helicicy�Ì��¹e§ê�'�¬�é�E,§ÏǑ7L�Äõ�©Å�m�ÍÜëê��ÌÚ�Æ§ù
Ñ´���"�´éu�k��©Å�ÌÚHelicity�Ì�L§§§��mk(½�C�'X§§��ÍÜXê��Æ�±�Ñ§��Ǒ�±�Ñ§ù��'�´î��"Ïd·��±�Ñù��(Øµ3==�Ä�k��©Å��¹e§æ^���8�z�ª§ÆCÜþ�{ÚHelicity�{éuÆ©Ù�£ã´�d�¶ù«'��±í2�õ�©Å��/§�´/ª¬E,�õ"(Ü
¡üÙ�?Ø§·��±�Ñ(ØµÆCÜþÚHelicityü«nØéuÆ©Ù�£ã´���d�"



111888ÙÙÙ Dalitz-Plot©©©ÛÛÛÚÚÚÄÄÄåååÆÆÆëëëêêêzzzÌ����ANº
7æë§ð4�­ê"î�?·5R�s6�©Å�Ì¥�ÆÝÜ©©lÑ5§
�L�(½e5�§�e�Ü©  ´dÄåÆû½�§�õê�¹e§�U^,«�.5Cq§½öæ^�«���ëêz/ª"'Xk¥m���Ñy�§æ^ Breit-WingerDÂf5£ã§�´ù�´3Ä��CqeâUé��ó�§��Ñy°��§'X σâfù��§Ò7LÀJÙ��ëêz�ª"ùÙ§·�Ò5?ØÚÄåÆ�'��
~^��.Úëêz�ª§�´§·�ò¬k0�,�«'�~^�©Û���g^!�¡�óä§=Dalitz-Plot©Û"�Ø´©Å©Û�´ Dalitz-Plot©Û§  du§�3©ÛL§¥æ^
ØÓ�nØúª§ØÓ�¥m���b�§��ØÓ�¢�(Jp�'���(J§¤±§ïÄ�Ù�
ØÓ�nØ��péX§éun)Ú'�ØÓ¢��©Û(J�~k�"'uÆ©Ù�nØ§
¡AÙ§·�®²�
[��?Ø"ÄåÆþ��
���?n�ª�éXÚ�É3�Ùò¬��
?Ø"
6.1 Dalitz-Plot ©©©ÛÛÛ

Dalitz-Plot©Û���^5(½�0f�g^Ú�¡"�C§Dalitz-Plot©Û��Ǒ�«rkå�©Ûóä2�A^� DÔnÚ BÔn�©Û�¥5"ì0f�ÄåÆ5�3L���
¥Q�2�/ïÄ§CÏ/ì0fõNPCïÄ�¹éõÔnSN'XµDoubly-CabiboØ�PC!ÏéCP»�!T»�!D0− D̄0·Ü!�0f�5�!ππ !KπÚKK � S-wave��5�ÚoN"��ÄåÆ�"Ó�ìó��nNPC'X3π!KKπ"��� Dalitz-Plot ©Ûéu°(ÿþ ρÚ K∗ 9Ù-u����ëê!ïÄØÓ-u���z�äk�~­��¿Â"�´§ù¬'DÚ B0f� Dalitz-Plot©ÛE,�
§ÏǑìó��g^ØǑ"§le¡�©Û�±wÑ§¢Sþù�®²´©Å©Û
",	©Å©Û�{Ǒ�2��A^�ìó��PCÄåÆ�¥§XJÓ�æ^ Dalitz-Plot©Û�{�ù�+�§ìó�k'�����m§
�BESIIIÚCLEOò



96 ©Å©Û�{¬æ8�~��êâ��§ù�Ò¬réu ππ !Kπ Ú KK � S-wave��5�ïÄJp����~p�°Ý§XJrù
�ǑB� Dalitz-Plot©Û�Ñ\Úë�§�±ü$§�XÚØ�"
6.1.1 $$$ÄÄÄÆÆÆCCCþþþ���êêê888
Dalitz-Plot©Û�Ǒ�«'���©Ûóä§�?3u§§�|^��ê8�$ÄÆCþ§%�¹
�õ�Ôn&E"·���¢�þ§nN"��ÿþ�¹
12�$ÄÆCþ§�´XJb���Ú"�âfg^ÑǑ"�{§5g���¡���§'XUÄþÅðÚâf���'X§U
�ÕáCþ�ê8��~�§����m�kü�Õá�$ÄÆCþ£XL6.1¤«¤§��ÑÀJǑ m2

12 Úm2
23 §©OǑ"�n�âf¥üü|Ü�ØC�þ²�¥�ü�"L 6.1: Dalitz-Plot©Û¥�ÕáCþê8""�3�o¥þ 12oÄþÅð�� −4n���^� −3�m��Ó5£�g^b�¤ −3oÚ 2Ïd§�k�"�âfÑvkg^��¹e§©Ûâ´ý��Dalitz-Plot©Û§ÏǑd� Dalitz-Plot þò�Ñ��¯~���&E§[ÜúªpÑy�ÕáCþ�ê�u�"XJ��½ö"�?¿��âfkg^§K�m��Ó5�b�òØ2÷v"äN5`§'X�"��¹��¥þâf��ÿ§��mÕáCþ�ê8¬O\�4�¶XJ"��¹�é¤�f/�¤�f�§��mÕáCþ�ê8¬O\�5�£äN�ê8ò¬ÚÝ
��äN[!k'¤"ù�§[Üúª¥�ÕáCþ�êõuü�§ù«©ÛÙ¢®²´©Å©Û
§�´§�ØXÛ§Dalitz-Plotþ�kü�ÕáCþ�&E§�[Ü(JÝK�Dalitz-Plotþ�§Ù��$ÄÆCþ§Ù¢´�È©K
"��§Dalitz-Plot©ÛÚ©Å©Û�.�¿Ø²w§Dalitz-Plot©Û�´AÏ�/e��«©Å©Û"¤± Dalitz-Plot©Ûéu D§B�nNPC��I0f�©Û�~k^§ÏǑùp^�
��ÕáCþê8§
vk��&E¶�´XJ©Û'XD → φππù��PC�§XJ�^Dalitz-Plot©Û§�^�ü�ÕáCþ§¤±¢�&E´k���§ù«�¹e§æ^©Å©Û�{��¬���
§ÏǑ§Ø¬��?Û5g¢��&E"
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6.1.2 úúúªªªXJb���Ú"�âfg^ÑǑ"§éuPC;.�PCL§ R → a + b + c§PCÇ���/ªǑµ
dΓ =

1

(2π)232
√
s3

|M|2dm2
abdm

2
bc , (6.1)Ù¥m2

abÚm2
bc�Ñ:ã�¡Ǒ Dalitz-Plot"XJ |M|2´~ê§K3$ÄÆ#N�«�§̄ ~ò¬/þ!0©Ù§�Ú��m�NÈ�¤�'"
ãþ?Û |M|2 �CzÑ¿�XÄåÆ��A§ù�´·�¤'%�"·�5�ÄL§µR→ r + c → a + b + c��Ì§Ù¥ R´ B§½ö D0f§


a!b!c´�I0f§Mr L«ÏL¥m��� r�PC§ù�L§��Ì�L«Ǒµ
Mr(J,L, l,mab,mbc) =

∑

λ

< ab|rλ > Tr < crλ|RJ >

= Z(J,L, l, ~p, ~q)BR
L (p)Br

l (q)Tr(mab) , (6.2)Ù¥��Ú´é¥m� r �Helicity?1�§a Ú b ´ r �fâf§c ´¤¢��*ö¶ J ´ R�oÆÄþ§L´ R Ú c�m�;�ÆÄþ§ l ´ aÚ b�m�;�ÆÄþ£§Ú r �g^��¤¶~p(p)Ú ~q(q)©O´ cÚ a3�g1âf�%X¥�nÄþ£�¤¶Z £ã"�âf�Æ©Ù¶BR
L Ú Br

l ©O´ rcÚ ab�)³^Ïf¶Tr ´£ã r����ÄåÆ¼ê"��`²�´§1�Ú�/ªvk�Ú§ÏǑXJ�"�âfÑ´vkg^��I0f§K¥mü?PCÑ�k��©Å§ØI��Ú"¢Sþ§  ´du Z§BLÚ Tr�ØÓëêz�ª§�kÀJØÓ���� r|ÜX���
ØÓ¢�(J'��E,z"Ï~§���^ Breit-Wigner¼ê5£ã§�CǑkéõ©Ûæ^�k P-vectorCq� K-matrixúª5£ã ππ SÅ"
D → abcL§¥����£non-resonant¤Ü©£Ǒ����>�µcontact-term¤��z�ëêzǑ���Ú�Æ3 Dalitz-Plotþ�±ØC�E~ê"�´3�A� B PCL§¥§du��m�
éõ§§����Ü©��z�£ãI��E,�ëêz§ùpØ2�?�Ú/?Ø"
6.1.3 ÆÆÆ©©©ÙÙÙ���£££ãããéuL§ R→ r + c→ a+ b+ c�Æ©Ù Z §ÆCÜþ�{ÚHelicity�{�Ñ�d�£ã§Ù¥b� a!b!cg^Ǒ"§���vk4z"·�P3R�·�X¥§r�4ÆÚ� ÆǑθ0, φ0§
3 r�·�X¥§a4ÆÚ� ÆǑθ, φ§Ù¥z-¶ÀǑ c�
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Cþ´�Helicity �{æ^�§
ÆCÜþ�{¥ÆCþØ¬wª�Ñy§XJ��yÙÆ©Ù��(5§I�?�Ú�êÆ/ª�C�§Ó�P��âf�4z¥þǑ φ(m)£���âfg^Ǒ1�¤§T̃ (L) Ú t̃(l) ©O´1�?Ú1�?�;�ÆÄþ�Å¼ê§P¥m����HelicityǑ λ"e¡·�r~^�L§��{ü0�§L§·�rPǑ J → L+ l§ÏǑ"�âfvkg^¤± lÒ´¥m��g^��§
��âfXJǑvkg^�{§k L = l"�±wÑ§e¡�k
n«�¹â�õ�kü�Õá�$ÄÆCþµm2
abÚ θ§ù�â´ý�� Dalitz-Plot©Û"

6.1.3.1 0 → 0 + 0ù�§ÏǑ�"�âfÚ¥m���Ñ´vkg^�§¤±Æ©Ù¼ê Z ´²T�§�ØéuÆCÜþ�{�´Helicity�{Ñk�Ó�(Jµ
Z ∝ 1 . (6.3)kéõùaL§§'XµD → σπ0, f0π
0, ...→ π+π−π0"

6.1.3.2 0 → 1 + 1ùaL§kµD → ρ0π0 → π+π−π0, φπ0 → K+K−π0"ùaL§§ÏǑÆÄþÅð§¤± λ�U�"§ü?Ñ�k��©Å§¤±Ø^ég^�I�Ú"kü:7L`²§1�ÏǑ³^Ïf BLØ�¹�éØ?�Ïf§¤±3 Z L�ª�¥7L¹k�éØ?�Ïf§ù3ÆCÜþ�{¥´gÄ�¹�§
3Helicity�{¥§Ù¢´�Ä�rHelicity �Ì¥�Uþ�6©ǑüÜ©£3
¡�©Å©Ûúª�?Ø¥§�éØ?�Ïf´¹3HelicityÆC�Ì�¥�§l�zL§¥�±²w�wÑ¤§�Ü©��³^Ïf�¥§
,�Ü©K´�éØ?�Ïf¶1�:´§ÏǑÆCÜþ�{¥� Z L�ª¥®²�¹
�½�Uþ�6§¤±§ÚHelicity�{�³^Ïf�/ªØÓ£�L6.3¤§vkÙ©fÜ©"æ^Helicity�{§Ù¥ fλ(γ)£ γ Úe¡�R¡�½Â�Ó¤½Â�ªÚª3.23�Ó§Kkµ
Z = D0

0λ(0, θ0φ0)fλ(γ)D
∗1
λ0(0θφ)

= γd1
00(θ) λ = 0

= γ cos θ , (6.4)
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Z = T̃ (1)

µ (pa + pb + pc)t̃
µ(1)(pa + pb)

=

[

(pa + pb − pc)µ −
(pa + pb + pc)µ(m

2
ab −m2

c)

m2
R

]

[

(pa − pb)
µ − (pa + pb)

µ(m2
a −m2

b)

m2
ab

]

= (pa + pb − pc)i(pa − pb)
i

= −2pci(pa − pb)
iO�¥^�
 R·�XÚma = mb�^�"3·��Ä�¯K�¥§ÀJ~pc�Ǒ z-¶§P γ = Er

mr
§β = pr

Er
§ÏǑ aÚ b��þ��§¤±3 r·�X¥k E∗

a = E∗
b = E∗§:È��e1n©þ§�kµ

Z = −2p(pa − pb)
3

= −2p[(γβE∗ − γq3) − (γβE∗ + γq3)]

= 4pγ(q cos θ)

= 4pqγ cos θ , (6.5)l¥�±wÑ§Ø
 4pqÏf£pÚqò¬©O�¹3�g¤á�³^Ïf¥§3Helicity�{�(J¥³^Ïf´,	�Ä�¤	§ü«nØ�ÑÆ©Ù��d£ã"
6.1.3.3 0 → 2 + 2ùaL§kµD → f2π

0 → π+π−π0"ùaL§§ÏǑÆÄþÅð§¤± λ�U�"§ü?Ñ�k��©Å§¤±ǑØ^�Ú"Ó�ǑI�5¿�éØ?�Ïf§Ó�5¿³^Ïf��O§·��e¡�O�"æ^Helicity�{§Ù¥ fλ(γ)½Â�ªÚª3.25�Ó§5¿ λ = 0§�k�«��§Ïdvk�ÚL§"Æ©ÙǑµ
Z = D0

0λ(0, θ0φ0)fλ(γ)D
∗2
λ0(0θφ)

= (
2

3
γ2 +

1

3
)d2

00(θ)

= (
2

3
γ2 +

1

3
)(

3 cos2 θ − 1

2
) , (6.6)æ^ÆCÜþ�{§5¿�í�¥^�
1lf·�Ú aÚ b��þ���^�§
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Z = T̃ (2)

µν (pa + pb + pc)t̃
µν(2)(pa + pb)

=

[

(pa + pb − pc)i(pa + pb − pc)j −
1

3
δij(pa + pb − pc)

2

]

[

(pa − pb)
i(pa − pb)

j − 1

3
δij(pa − pb)

2

]

= [(pa + pb − pc) · (pa − pb)]
2 +

1

3
(pa + pb − pc)

2(pa − pb)
2

−1

3
(pa + pb − pc)

2(pa − pb)
2 − 1

3
(pa + pb − pc)

2(pa − pb)
2

= [(pa + pb − pc) · (pa − pb)]
2 − 1

3
(pa + pb − pc)

2(pa − pb)
2

= 16p2q2γ2 cos2 θ − 1

3
16p2q2(sin2 θ + γ2 cos2 θ)

=
64

3
× p2q2

[

(
2

3
γ2 +

1

3
)(

3 cos2 θ

2
) − 1

2

]

, (6.7)Ù¥�éØÏf��k¤�O§XJ�Ä����éØ4�§Kk (2
3γ

2 + 1
3) = 1§¤±���(J3��éØ4��¹e�±C¤µ

Z =
64

3
× p2q2

[

(
2

3
γ2 +

1

3
)(

3 cos2 θ

2
) − 1

2

]

=
64

3
× p2q2

(

3 cos2 θ − 1

2

)

, (6.8)ù�Ú�^ Helicity�{���(J3��éØ4�e´���"
6.1.3.4 1 → 1 + 1ùaL§kµψ → ρπ → π+π−π0§±9 ψ → K∗K → KKπ�"ÏǑd���âf�g^Ǒ1§¤±���¹eüX�Dalitz-Plot©Û´Ø
�§
�
¡?Ø
ù�L§©Å©Ûúª§ùpØ2�[í�"�´?Ø�e§XJ���4zØÓ�§Ônþ�Æ©Ù¬k=
ØÓ�AÆ§±93©Û¥ATXÛ5?n"31�Ù¥·�^ü«�{�Ñ
ù�L§��Ì/ª§XJæ^Heliciy�{§�±wª/w��?�äNÆ©Ù§ùp·�Eæ^Helicity�{5�?Ø"®��Ì¥�ÆÝÜ©�±L�¤µ

A(M) ∝ D1⋆
M1(φθ0)D

1⋆
10(φ

′θ′0) −D1⋆
M−1(φθ0)D

1⋆
−10(φ

′θ′0) , (6.9)ÏǑ��� ψ ��´l�K>féE�)�§�kî�4z©þ§ǑÒ´ M = ±1 §
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dσ

dΦ
∝

∑

M=±1

∣

∣D1⋆
M1(φθ0)D

1⋆
10(φ

′θ′0) −D1⋆
M−1(φθ0)D

1⋆
−10(φ

′θ′0)
∣

∣

2

=
1

2
[(1 + cos2 θ) sin2 θ′ + sin2 θ sin2 θ′ cos 2φ′] . (6.10)XJ ψ ´���4z�§'Xd´,�L§�PC"�§KÆ©ÙÒ¬u)Cz§I�rM = 0��Ì©þ\?5§

dσ

dΦ
∝

∑

M=0,±1

∣

∣D1⋆
M1(θφ)D1⋆

10(θ
′φ′) −D1⋆

M−1(θφ)D1⋆
−10(θ

′φ′)
∣

∣

2

= sin2 θ′ . (6.11)�±w�����4zØÓ�§"��Æ©ÙǑk¤ØÓ�"3��î�4z��¹e§1�?�PC4Æk�²T�Æ©Ù§
�4z��¹e§1�Ú�4Æ�Æ©Ù´þ!�§ù�´���4z�Ny§
1�?�4ÆÆ©Ù�,ØC§
� Æ�Æ©ÙǑC�²T§ǑÒ´`§XJ��� ψ���4z§Æ©Ù¬C�{ü�õ§ù��kü�k��$ÄÆCþ§éuù���/§?1Dalitz-Plot ©ÛÒv

§
é ψk4z��¹K©Å©ÛK´7L�§ÏǑd�7L�Ä1�?�Æ©Ù"
6.1.3.4.1 �( lþ¡�~f�±w�§ÆCÜþ�{ÚHeliciy�{�ÑÆ©Ù��d£ã",
§Helicity ��^���2�
§ÏǑ§?nË�PC�~�B§¿�ég,�÷vÆC5"e¡�L6.2�Ñ
~���
Æ©Ù�/ª§Ù¥�Ä
�éØ?�Ïf§
ÑK
 Helicity�Ì�Ù�Ü©"

6.1.4 ³³³^̂̂ÏÏÏfff BL
¡·�®²J�§3HelicityÚÆCÜþ�{¥Ñy�³^Ïf�/ªk�:�É§ùp§·�rA«/ª��$�A�Ñ�Ñ5§�B'�Ú��"Ù¥Helicity�{æ^�³^Ïf´1��§
ÆCÜþ�{æ^�Ǒ´1��¥�/ª§
´©f¥�k8�z~ê"Ù¥z = [qd]2§z0 = [q0d]
2§d´�p�^�;.å§"

6.1.5 ÄÄÄåååÆÆÆ¼¼¼êêê Tr ÚÚÚ Breit-WignerúúúªªªÄåÆ¼ê Tr ´l S Ý
�5�"��5`§L«"� f ÍÜ��� i��Ì��LǑµSfi =< f |S|i >§Ù¥Ñ��Î S ´o��§÷vSS† = S†S = I"K=C�
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L 6.2: � J = 0, 1, 2§���4z��Æ©Ù§Ù¥ ξ2 = γ2 − 1§γ = Er

mr
"

J → L+ l Æ©Ù
0 → 0 + 0 uniform

0 → 1 + 1 (1 + ξ2) cos2 θ

0 → 2 + 2 (ξ2 + 3
2)2(cos2 θ − 1/3)2

1 → 0 + 1 uniform

1 → 1 + 0 1 + ξ2 cos2 θ

1 → 1 + 1 sin2 θ

1 → 1 + 2 1 + (3 + 4ξ2) cos2 θ

1 → 2 + 1 (1 + ξ2)[1 + 3 cos2 θ + 9ξ2(cos2 θ − 1/3)2]

1 → 2 + 2 (1 + ξ2) cos2 θ sin2 θ

2 → 0 + 2 uniform

2 → 1 + 1 3 + (1 + 4ξ2) cos2 θ

2 → 1 + 2 sin2 θ

2 → 2 + 0 1 + ξ2

3 + ξ2 cos2 θ + ξ4(cos2 θ − 1/3)2

2 → 2 + 1 1 + ξ2

9 + ( ξ
2

3 − 1) cos2 θ − ξ2(cos2 θ − 1/3)2

2 → 2 + 2 1 + ξ2

9 + ( ξ
2

3 − 1) cos2 θ + (16ξ4+21ξ2+9)(cos2 θ−1/3)2

3

L 6.3: ØÓ/ª�³^Ïf BL"
L BL(q) B

′

L(q, q0)

0 1 1

1
√

2z
1+z

√

1+z0
1+z

2
√

13z2

(z−3)2+9z

√

(z0−3)2+9z0
(z−3)2+9z

3
√

277z3

z3+6z2+45z+225

√

z3
0
+6z2

0
+45z0+225

z3+6z2+45z+225

4
√

12746z4

z4+10z3+135z2+1575z+11025

√

z4
0
+10z3

0
+135z2

0
+1575z0+11025

z4+10z3+135z2+1575z+11025
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S = I + 2iT = I + 2i{ρ}1/2T̂{ρ}1/2 , (6.12)Ù¥ I ´ð��Î§T̂ ´ LorentzØC�=C�Î§ρéÆ���mÝ
§Ù¥ρii =

2qi/m, qi ´ r�1 i�PC�"�âf a3 r�%X¥�Äþ"éü�L§Ú S Å�/µS = e2iδ÷vo�5§K§
T̂ =

1

ρ
eiδ sin δ . (6.13)��ÄåÆ¼ê²~^n«/ª5£ã"Breit-Wigner úª´�{ü��«§´ T Ý
�4:��� Taylor�m"KÝ
�{´���/ª§§�±£ã T Ý
�õ�4:ÚÍÜ���/"Flatté©ÙK�^5£ãCK���§���d´µ��4:!ü�ÍÜ��K Ý
"��£ã��PC�ü��g^âf"� aÚ b� Breit-Wignerúª�/ª´µ

Tr(mab) =
1

m2
r −m2

ab − imrΓab(q)
, (6.14)Ù¥�/�þ�6�0°Ý Γ´µ

Γ = Γr

(

q

qr

)2L+1( mr

mab

)

B
′

L(q, q0)
2 , (6.15)Ù¥� B

′

L(q, q0)´L6.3¥�³^Ïf"Breit-WignerúªU'���£ã������
J´µù�����lÙ����£�á�¤
vkU\§�lK§��°Ý��u�þ£Ä��b�¤"éu'�°����'Xρ!ρ(1450)Ú σâf�§k�E,�ëêz/ª"�keZ�ÄåÆ¼ê�ëêzǑõ� Breit-Wigner �ZU\��ÿ§k�U¬»�o�5";�ù«��¹��«ÀJ´æ^ KÝ
��{"
rKNC/GCqǑ�����¬� Breit-WignerC/"ù«�/��^Flattéúª5£ã"¢Sþ§�õê�¹e�©Û¥æ^�´¤¢� Isobar�.§ù��.´kÛ�5�"Isobar�¹
e¡�b�µ
• s-���A¶
• ?ÛüN|ÜÑ�¹"��p�^¶
• "��p�^´Ì��¶
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• ¤k�Ì�±�ZU\"
§�Û�55guü«�AØU�Ñµ
• t-�����z¶
• 2Ñ�£Rescattering¤�A"¢Sþ§©Å©ÛÚéõDalitz-Plot©ÛÑæ^
 Isobar �.§
é§�Û�5�ÄØv§
Ù´Ø÷vo�5���"
e�!0��K-Matrix�´�«�U�ÀJ"

6.2 ooo���555ÚÚÚ K-Matrix
¡J��keZ�ÄåÆ¼ê�ëêzǑõ� Breit-Wigner �ZU\��ÿ§k�U¬»�o�5"
o�5´�«�~r�b�§§´AÇÅð�7,��"
)ûù«¯K��«ÀJ´¤¢�KÝ
��{§ùp·�Ò5{ü/0��eKÝ
�{�SN"
6.2.1 K-MatrixÄklüNÑ�L§¥��éØo�5��ÑuéÑ��=��ÎkXe�'Xªµ

Tjk − T †
jk = 2iT †

jpρpqTqk , (6.16)Ù¥§é���¹k Nch �rÍÜ���¹5`§K=��Î´ Nch × Nch �Ý
§·�5^ØÓ�.¶i1L«ØÓ��"�¶ρ ´��éÆÝ
§�LØÓ"���Ýµρij = δijρj "3dü�­½âf|¤"��§ρj deª�Ñµ
ρj(m

2) =

√

[1 − (mja +mjb)2

m2
][1 − (mja −mjb)2

m2
] , (6.17)Ù¥§mja Ú mjb ´1 j �¥�0f�þm´Ñ�L§¥�ØC�þ"XJ"�¹k���§Ǒkaq�(J"Ó�7L�� ρ3ÔnKe�)ÛëY5§ÏǑ�Ä��Ì)Û5�§ù´7L�"·�ÏLeª5½Â K-Matrix§

K̂−1 = (T̂−1 + iρ) , (6.18)K T Ý
�±L«¤µ
T̂ =

(

I − IK̂ρ
)−1

K̂ , (6.19)



18Ù DALITZ-PLOT©ÛÚÄåÆëêz 105ù�½Â� K-Matrix÷v��5�5�§Ï�ǑÒg,�y
 T-Matrix�o�5"K-Matrix�Ä�5��ÞXeµ
• ��5§ù:�y
 T-Matrix�o�5"

K = K† , (6.20)

• ÏǑ�m�üé¡§K-Matrix´é¡�"
• Ú T-Matrix�pé´§=

[K,T ] = 0 . (6.21)

K-Matrix��L«ǑéÑ�¥�UÑy��'��4:�Ú§Ǒ
£ã�U�rf����å§u´Ï~¬\þ��~ê½ö����%Uþ�C�1w¼ê£ǑÒ´¤¢�����.� non-resonant bakkground term¤"e¡´K-Matrix���/ªµ
K̂ij =

(

∑

α

g∗αi(m)gαj(m)

(m2
α −m2)

√
ρiρj

+ ψijB
)

Z , (6.22)Ù¥mαÚ gαi©O´ K-Matrix ¥1 α�4:��þÚ©°Ý§ψijB£ã����.�§
 Z K´£ã ππ ½ö Kπ S-ÅÑ��Ì Alder zero�ØC�þ�¼ê"��ÀJψ† = ψ§Ò�±�y K-Matrix���5±9 T-Matrix�o�5¶XJ�m�üÅð§K gαiÚ ψÒ´¢�§u´�±y² K-Matrix´é¡�"
BÚ Z �wªL�ªXeµ

B =
1 + s0
m2 + s0

Z =
2m2 −m2

π

2m2
, (6.23)Ù¥ s0´gdëê§
mπ ´ π0f��þ"3ü�!ü�4:��Ñ����L§�z�AÏ�¹e§·��±��µ

K =
gi(m)gj(m)

m2
0 −m2

, (6.24)�A� T-MatrixǑµ
T = K (1 − iK)−1 =

gi(m)gj(m)

m2
0 −m2 − igi(m)gj(m)

, (6.25)



106 ©Å©Û�{(J�´�éØ�¹e� Breit-Wignerúª"XJ´,�«AÏ�¹µü�!ü�4:§·�kµ
K =

gαi(m)gαj(m)

m2
α −m2

+
gβk(m)gβl(m)

m2
β −m2

, (6.26)3ù«�¹e§XJü�4:�å'��§ǑÒ´µ|mα − mβ| ≫ Γα(m) or Γβ(m)§K T-Matrix�±Cq�L�¤ü� Breit-Wigner�Ú§T (Kα + Kβ) = T (Kα) +

T (Kβ)§=
T ≃ gαi(m)gαj(m)

m2
α −m2 − igαi(m)gαj(m)

+
gβk(m)gβl(m)

m2
β −m2 − igβk(m)gβl(m)

, (6.27)�´§XJü�4:�å�C�{§ª6.27òØ2·^§ÏǑd�� T-Matrix¬î­»�o�5^�"
6.2.2 AAA^̂̂������)))LLL§§§
K-Matrix��´�^5£ãÑ�L§¥�S-�������)�§�´§Ǒ�±í2�^��)L§¥5£ãÙ¥����§'Xì0f�PCL§"ù«í2´Äu Isobar�.�§=b��K-Matrix£ã�üNXÚÚÙ{"�vk�p�^"ù�b��k�5´�XØÓ��
Cz�§éu'XÑ�¢�π−p → π0π0n§Ë�PC J/ψ → γππ§±9��PC'XD → Kπlν§ù�b�U
�é��÷v¶�´éu D → πππÚ pp̄→ πππ§k�5%�~k�"3"��p�^�b�µee§L«ù«/�)0L§�=C�Î F 7L÷vXe/ª�o�'Xµ

Fj − F ∗
j = 2iF ∗

p ρpqTqj , (6.28)Xþ¤£ã��)�Ì F ´¹k Nch©þ�¥þ§é'6.16Ú6.28§·��±��µ
Fj =

Nch
∑

q=1

αqTqj , (6.29)�	��å�� αq 7L´¢�"6.29 L���)ÚÑ��Ì�m�Ä�éX´3Ó�µee©ÛÑ�Ú�)êâ��ÜÄ:"r6.16�\6.29§¿�½Â
P = αK , (6.30)
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F̂i =

(

I − iK̂ρ
)−1

P̂ . (6.31)r6.22�\�6.30òÚÑXe½Â��)Ú�.ëêµ
βα =

Nch
∑

q=1

αqgαq φk =

Nch
∑

q=1

αqψqk , (6.32)ù�Ò�Ñ�A� P-vectorL�ª£ù�l K-Matrix�Ñ Z ¼ê¤µ
Pk =

(

NP
∑

α=1

βαgαk
m2
α −m2

+ φkB
)

. (6.33)�Ä� P-vector�L�ª�k3 Isobar�.�b�eî�¤á§§���U�gÓ��ÄüN��p�^"�´ù�b�3éõ�¹e¿vknØÄ:§d�§ATrXê αq ��Eê?n§¿�I��m6.32¥��å§u´�)ëê βα Ú�.�XêφkÑ¬¤ǑE�§
�´Õá�ëê"
6.2.3 °°°������ÚÚÚ Breit-Wignerúúúªªª3©Û�¥²~¬���~°����§'X ρ§ρ(1450)§σ§κ�§§�¥k�°Ý�~�§®²Ú�þÄ���§
��´�~�CK�§ùÒ�\Ø÷v Isobar���§�oXJ�^²~� Breit-Wignerúªé§�5?1ëêz§�½´J±4<÷¿�"¤±éu�
°���ëêz§¢�ÚnØÑkØÓ�}Á"ùp·�5��
{ü�£�"

6.2.3.0.2 ρ[x����ëêz �{ü�ÀJ�,´�éØ/ª� Breit-Wignerúª6.25§k�Ù¥©1¥�JÜ¥��þ¬��Ǒ√
s§=µ

BW (s) =
1

s−m2
ρ + i

√
sΓρ(s)

, (6.34)Ù¥ Γρ(s)´¹Uþ�6����°Ý"¢�þ  kØÓ��ªéΓρ(s)?1ëêz"'XKLOE^5©Ûφ→ π+π−π0 ÚSDN^5©Û τ → 2π, 4π� Kühn-Santamaria (KS)ëêzµ
Γa(s) = Γa(m

2
a)

(

m2
a

s

)(

p(s)

p(m2
a)

)2n+1

. (6.35)
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,�«ëêz/ª§=Hipple-Quigg (HQ)/ª§§�SDN|^3©Û ρ, ω →
γπ0π0¥§

Γa(s) = Γa(m
2
a)

(

m2
a

s

)(

p(s)

p(m2
a)

)2n+1 B2
n(p(s))

B2
n(p(m

2
a))

. (6.36)�k�«/ª�ǑE,� Breit-Wignerëêz§�� Gounaris-Sakurai (GS)/ª§Q�ALEPH§CMDÚBES�Ü�|æ^L§äN/qXeµ
BW (a→ bc) =

m2
a + dmaΓa(m

2
a)

sbc −m2
a −H(sbc) + i

√
sbcΓa(sbc)

, (6.37)Ù¥� Γ(s)ÚKSëêz¥���§Ù�Ü©½ÂXeµ
H(s) = Γa(m

2
a)

m2
a

p(m2
a)

3

{

p(s)2[h(s) − h(m2
a)] − (s −m2

a)p(m
2
a)

2 dh(s)

ds

∣

∣

s=m2
a

}

,

with h(s) =
2

π

p(s)√
s
ln

√
s+ 2p(s)

2mπ±

,

dh(s)

ds
|s=m2

a
= h(m2

a)

[

1

2p(m2
a)

2
− 1

2m2
a

]

+
1

2πm2
a

,

d =
3m2

π±

πp(m2
a)

2
ln
ma + 2p(m2

a)

2mπ±

+
ma

2πp(m2
a)

− mam
2
π±

πp(m2
a)

3
. (6.38)^ùA« Breit-Wignerëêz5£ã ρ(770)ù�����§�gÑuØÓ�Ônþ��Ä§�JǑk¤ØÓ"o�5`§GSëêz�£ã¬��
§�´§·��±w�§'uÄåÆÜ©�£ã§8
ÑÛ�u�«����.§�ªd¢�êâ5�OÙ¥�`�"

6.2.3.0.3 σ Ú κëêz �CâfÔn¥'uσÚ κ¢�ÚnØ�ïÄ´��9:§
'uùü�âf�3�?ØǑ�~õ"du§���þÚ°Ý����§
�Ò3KNC§́ �~AÏ��«���§éu§��ëêzǑ´���~;.�¯K§ùp�ÞÑ~^�A«ëêz§¿��:?Ø§±d5`²'u°���£ã�AÏ5"
σâfÑy3 ππ�s-wave�¥§́ Ó ^Iþ�0f§du§�°Ý�~�§
�q´3 ππ��)KNC§¤±3¢S©Û�¥²~Ø
æ^ÊÏ�~ê°Ý�Breit-

Wigner úª	§�kÙ��ãå"Ù¢��¢SþÑ´é°Ý�Uþ�6�,
�Ä§'X��Breit-Wigner úªÑ�¤Xe/ªµ
BW =

1

s−m2 + imΓ(s)
, (6.39)�´§°Ý¬�ØÓ��Ä§
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• �r°Ý?n¤~ê�§Ò´~���«Breit-Wigner úª�/ªµ
Γ(s) = Γ ; (6.40)

• �~���«�Ä°ÝUþ�6�/ª´�Ä�°ÝÚ"�âf�Äþ¤�'§ù�Q3E791�©Û¥�^ [17]"
Γ(s) = ρΓ =

√

1 − 4m2
π

s
Γ ; (6.41)

• �´E791�ù«ëêz/ª§k��¯K§Ò´3 ππ Ke�Uþ¢¶þk��õ{�J� [19]§
3xÇ��<�ó��¥§�Ä�GØKù�J���z��Ñ
�«ëêz/ª§·�¡�ǑP.K.U. Ansatz§Xeµ
Γ(s) = ρ

s

m2
Γ =

√

1 − 4m2
π

s

s

m2
Γ . (6.42)

• 'u σâf�,�«/ª'�E,�ëêzdqXt�<�Ñ§Ù¥�Ä
¤¢�Adler zero �å [20]§/ªXeµ
Γ(s) = g1

ρππ(s)

ρππ(M2)
+ g2

ρ4π(s)

ρ4π(M2)
, (6.43)

g1 = f(s)
s−m2

π/2

M2 −m2
π/2

exp[−(s−M2)/a],ùp'uρππ, ρ4π Úf(s) �©z [18]¥���",�«Ñy�K�NC§Ú σ aq�°��´Ñy3 Kπ s-wave¥��� κ�0f§§�éõ5�Ú σ�~�q§�´Ó ^´ 1
2 "3BES�©Û¥ [21]§Ǒ�Ä
A«§�Breit-Wigner ëêz/ª§�´§ù
ëêz��ÄÄ�Ú σ ��¹aq§°��!CKÚGØõ{�J�§�´§�"�âf�þØÓ§�5�
$ÄÆþ��É
®"ùpØ2Kã"

6.3 ���:::???ØØØÚÚÚ���(((�ǑâfÔn¥ü«~^�©Ûóä§Dalitz-Plot ©ÛÚ©Å©Û§Ù��´���§Dalitz-PlotÙ¢´©Å©Û��aA~"§��Æ©ÙÜ©Ø+æ^=«�{5£ã§Ñ´lî��é¡5nØÑu�§¤±(JǑ´î��",
§3ÄåÆ�ëêz£ã�¡§§�æ^
aq��{§Ǒ¡�aq�¯KI�)û"





111ÔÔÔÙÙÙ '''uuu[[[ÜÜÜ���???ØØØ�ªQ�§�ØóÈǑ"5�f ·�Ô1�6ó�õÙ¯§7k|Ùì"5Ø� ·�(ú6©Å©Û´�é�ÚOþ�êâ���«�~­��¢��ã§�±��Uõ/l¢�êâÄ�Ù¥�&E"�ØC�Ì��E�Y(½e5�µ=Æ©Ù�£ãÚÄåÆ�ëêz�ª(½e5�§u´·��Ôn¯K§�ª=z¤êÆ¯K§Ò´�âÆ©Ù��'nØÚ�
ÄåÆ�.���¡§¿�Ä�¢���Ç£&ÿ©E¤�E��k��8I¼ê¶,�éù�8I¼ê?1êÆO�µ�4�£��´���¤§�ª��·�'%�kÔn¿Â�ëê£�þ°Ý§�Ìm�� �Ú'~¤���ÚØ�§±9Ù�·�'%�Ônþ£©�'�¤"
ù«¯K�8I¼ê��¬éE,§
�duêâ����ÚOþ§O�þǑ¬�~�§¤±§A^O�ÅÚ�A����z�êÆóäÒ´·��7,ÀJ"
7.1 ~~~���������zzz���{{{{{{000��z¯K´��;��A^êÆ©|"�â8I¼ê�5���©ǑélÑ¼ê���zÚëY¼ê���z§�,?nùü«¯K��{Ǒ�,Ø�Ó"��5`©Å©Û�8I¼ê´��/ªE,�ëY¼ê"
éùa¯K��z�Ì��{©Ǒüaµ���^8I¼ê�¼ê����{¶,�a´�9�é8I¼ê��(���D����)�)Û�{"üa�{�k`":µ��{Ï^5r§­½5�§�Âñ�Ýú¶)Û�{Ǒ,��Âñ'�¯§�´du���ê§¤±O�þÚ�;þÑ'��§
�éE,¼ê9vk)ÛL�ª�8I¼ê�^'�(J§��­½5Ø
�"¢S�¹¥§��zL§¥��ÑkÛ����¯K§ù´��vkl��þî�)û�¯K§Ïd§vk=«��z�{U
é?Û��z¯KÑÊHk�§  ��¤õ���z�Y´æ^�«üÑnÜ�^õ«��z�{���Z�J"'u��z�{�?Ø�ë�[22, 24, 25]§
�ök'�V)�?Ø§ÏL�ÖÆS·�Ué¯é`z�{ïáå�Ú
)¶
�öK´;�?Ø�«�`z�{�Í�§ÆSò¬s'�õ��mÚ°å"



112 ©Å©Û�{ùp���J�´§pUÔn+��^'�2��;��¼ê��z�^��MINUIT£Function Minimiztion and Error Analysis§¼ê��zÚØ�©Û¤§�ö´CERN� F. James"ù�^��²L
�Ï£�u1970
Òm©�^¤�Ú2���^Úu�§Øä�õ£®²k
C++�����¤§́ 8
pUÔn+�'�Ï^���^��§§æ^
'�¤Ù��{§²L�þÿÁy²5U��¿�´õU'�r�����zóä"e¡·�é��z�{��:{ü0�"
7.1.1 ¯̄̄KKK���½½½ÂÂÂ�`z¯K���½ÂǑµ

min f(~α) ,

s.t. ~α ∈ X . (7.1)Ù¥§~α ∈ Rn´ûüCþ§~α´�`z�ëê§f(~α)´8I¼ê§X ⊂ Rn¯K��å8½ö�1�"AO�§XJ�å8X = Rn§K�`z¯K( 7.1)¡Ǒ��å�`z¯K"�`z�{Ï~æ^S��{�§��`)§ÙÄ�g�´µ�½���©: ~α0 ∈ Rn§Uì,�S�5K�)��:� {~αk}§��� {~αk}´k¡:��§Ù����:´�`z�.¯K��`)¶��� {~αk}´�¡:��§§k4�:§Ù4�:´�`z�.¯K��`)"�����{ATäk�;.AÆǑµS�: ~αk U­½/�CÛÜ4�: ~α∗ ���,�×�Âñu ~α∗ "��½�,«ÂñOK÷v�§S�=ª�"�`z�{�Ä�(�Ǒµ�½�©:~α0§
(a) (½|¢�� ~dk §=�ì�½5K§
E f 3 ~αk :?�eü���Ǒ|¢��"
(b) (½Ú�Ïf αk §�8I¼ê�k,«§Ý�eü"
(c) -~αk+1 = ~αk + αk ~dk§e ~αk+1 ÷v,«ª�^�§KÊ�S�§��Cq�`)"ÄK§­E±þÚ½"
7.1.2 ���������{{{��^8I¼ê�¼ê����z�{¡Ǒ���{"¢S¯K¥�8I¼êk��~E,§k�$�vk²w�)ÛL�ª§�k¼ê��Cþ�éA'X§Ï
�
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�JÑ��«`z�{§§´3¯K��1�þ½ÂüX/§
¯K��`)�UÑy3üX/�º:þ§,�Øä'�üX/º:þ�8I¼ê�§Ó�éüX���!ò�!Â Ú >S�$�§üX/{�`:´Ø7O�8I¼ê�FÝ§ǑØ7Uì�½���?1��|¢§zgS��IO���üg¼ê�"��5`üX/�{´'�k���«���{§MINUIT ¥ÒkSimplex ù«���{§�ø^rÀJ�^"
7.1.3 )))ÛÛÛ���{{{|^8I¼ê��Ú���ê��{¡Ǒ)Û�{"ÏǑ¼ê��ê£ã¼ê�Cz5Æ§¤±|^�ê�&E�±\��4�:Âñ��Ý¶
�§[ÜëêØ���OI�^�8I¼ê��ê§¤±U�Ñ[ÜëêÜn�&�Ø�§́ )Û�{�,��`:"�´3¢S¯K¥§O��ê  é8I¼ê�)Û5k�p���§XJ�êO�Ø
§d�{Ò¬�}"
�O��ê���^�©{§I��þO�¼ê�§ÏdǑ¬k'���O�þ"Ì��'�~��)Û�{k��eü{!Úî{!�ÝFÝ{ÚCºÝ{"�õêl�g¼ê�.�Ñ�)Û�{3¢Sþ~~´k��§Ì��Ï´��¼ê34�:NC~�^�g¼êé�/?1Cq"��eü{q�FÝ{§ÏǑKFÝ´¼êeü�¯���§¤±Ò�ú/ÀJxk+1 = xk − α∆f( ~xk)§§�`:´S�L§{ü§l�l4�:�/�ÑuǑUÂñ¶":´Âñ'�ú"Úî{Ø��Ä
FÝ§
��Ä
���ê§=�Ä
FÝCz�ª³§Ïd'��eü{Âñ¯§�´§�O����§¤±O�þ'��§
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��eü{Âñú§Úî{O�þ��Øv"Ù¥CºÝ{´3���¹e`u�ÝFÝ{§§okÚî{Ú�ÝFÝ{�ö�`:§́ ��z¯K¥'�Ï^��{"
7.1.4 ÙÙÙ§§§`̀̀zzz���{{{C
5§ê�`z�{�¡kéõ?�§Ñy
éõ�#�`z�{§��¡Ǒy�`z�{§¿�ù
�{��Äu�
Ù�Æ���.§'X�[ò»§ ²�ä§¢D�{��"�u©Å©Û�8I¼ê'�E,§
�XJ?�Ú�U?Ônþ��Ä£�¡¬?Ø�ù�¯K¤§8I¼ê¬C��E,"Ïd§}Áæ^#�g´§w��~7�§�Ï´æ^DÚ�`z�{§3¡��E,��¹�§O�þÚO�ÅÅ���Ñ´�{=É�"Ïd§3©Å©Û¥Ú\Ü·�#�{§ǑN´AG¯KE,z��«'���ÀJ"
7.1.5 ÛÛÛ���444���¯̄̄KKK��zL§�3��ÊH�¯K§�Ò´ÛÜ4�"3�^ù
�{�§·�Ï~b½8I¼ê3��4��:�¹��4�:�¼ê"XJ3�1�þkõ�4�§�«��z�{��Ñ�UǑå§�Ué���4�"
·�¡é�¯K�õê�¹e´µ3�1�þé��4�§§´ÔnþI��4�§�Ø´�Û4�"ù�§ÒI��	�ó�µæ^õ|����ØÓ4�\±'�¶½öæ^���1�S��Å|¢¶½ör®�ëê�Cq�k\±�½§éÙ§ëê���z�"
MINUITǑù
Jø
B|§§3$1��±�B��½Ú�mëê§Jø
�Å|¢��{"MINUIT ^��Ó�Jø
A«ÀJ���z�{§
��
^r�éØÓ¯KÀJ�^�gd§�^r�^T��·-�§MINUIT �¬gÄ3�«�{�}�=�O���z�{§\r
�{�­è5"�,§MINUIT �,��`:´�Ñ
[Ü(J'��õ�Ø�©ÛõU"7L�Ñ�´§lêÆ�î�5Ñu§'uÛ���¯K¿vk�«�{��{5)û"�«¢^�E|�´�·�±����U5�C¯K�ý���)"

7.2 888III¼¼¼êêê������«««���EEE���ªªªe5·�0�3BESÔn©Û�¥�~~^��«©Å©Û8I¼ê��E�ª§¿?Ø§3[Ü¥�`":"



1ÔÙ 'u[Ü�?Ø 1153©Å©ÛL§¥²~æ^��q,{[Ü [22]5[Ü�½ëê"�ìS.��z¯K��z8Ǒ�d���z¯K"Ǒd§·�Äk��E8I¼êS§,�éÙ���z"3êâ©Û�¥§·��8I´Ïé��U�S������ëêµα"éuØÓ���XØÓ�g^!�¡�Ônb�§"�äkØÓ�Æ©Ù"·�^ØÓ�b��[Üêâ§��[Üäk���8I¼ê�S"·�Ò^ù���{5(½���X�g^!�¡§±9�þÚ°Ý"Ǒ
�^��q,{§·�7L�EÙ8I¼ê"3ùp§4·�^x�Ld¢�ÿþ���Õá�Ônþ "�âf�oÄþ"·�½Âω(x,α)Ǒ�)ù«|Üx�AÇ�Ý"&ÿ�Çǫ(x)�L&ÿìÿþ�A½|Üx��Ç"5¿�ω(x,α)ǫ(x)éx�È©Ø�½´8��§¤±7LÚ\8�zÏf��å"3d·�y½Â*	���|Üx�AÇ�ÝǑµ
P (x : α) =

∫

dx
′

ω(x,α)ǫ(x)G(x
′

,x)
∫ ∫

dx′dxω(x,α)ǫ(x)G(x′ ,x)
, (7.2)Ù¥ω(x,α)Ǒ�©�¡§G(x

′

,x) &ÿì�©E¼ê§∫ ∫ dx′

dxω(x,α)ǫ(x) ´o*ÿ�¡§§´�8�z��©�¡3����m�ëYÈ©"XJ·��Ñ&ÿì�©E§=b�&ÿì�©E´ δ¼ê§Kþª�±{z¤
P (x : α) =

ω(x,α)ǫ(x)
∫

dxω(x,α)ǫ(x)
, (7.3)ù�§7LJ25¿�´È©Cþ xAT´Ôný¢�Cþ§
�&ÿìÿþ�(J§ÏǑÿþ(J´�¹k¢�©E�"l11�1N�¯~äk|Üx1�xn �éÜAÇ�Ý��Ǒ

P (x1,x2, ...,xn : α) =
N
∏

i=1

P (x) =
N
∏

i=1

ω(xi,α)ǫ(xi)
∫

dxω(x,α)ǫ(x)
. (7.4)ª( 7.4)©f¥�&ÿ�Ç¼ê3�g,éê��±©lÑ5

lnP (x1,x2, ...,xN : α) =
N
∑

i=1

ln

[

ω(xi,α)
∫

dxω(x,α)ǫ(x)

]

+
N
∑

i=1

ln ǫ(xi) . (7.5)þª1��é�|A½*ÿ�Ǒ�~ê§3éq,¼ê�4���Øå�^§��±Ø��Ä"¤±�ÑK1��§=-
lnP (x1,x2, ...,xN : α) =

N
∑

i=1

ln

[

ω(xi,α)
∫

dxω(x,α)ǫ(x)

]

. (7.6)



116 ©Å©Û�{2-q,¼êL = P (x1,x2, ...,xN : α)§o�¡σ =
∫

dxω(x,α)ǫ(x)§K
lnL = lnP (x1,x2, ...,xN : α) =

N
∑

i=1

ln

(

ω(xi,α)

σ

)

. (7.7)Ǒ
êÆ[Ü��B·��^q,¼ê�Kéê�Ǒ?n�é�(·�rÙ¡�Ǒ8I¼ê)µ
S = − lnL . (7.8)ù�§©Å�Ì¥��[Ü�é�Xëê��Ú� §±9�����þ!°Ý�ëêò3[Ü8I¼êS¿���������"�,§q,¼ê�ýé�´vk¿Â�§¤k[Ü���&EòlØÓb�éA�8I¼ê��é�¥��"

7.2.1 Monte CarloÈÈÈ©©©y3§·�?ØXÛO�o�¡ ∫

dxω(x,α)ǫ(x)"du·��{�� ǫ(x)�)Û/ª§
� ω(x,α)�/ªǑ�~E,§¤±éÙ?1)Û/È©´Ø�U�"éuù�/ªE,½övk)Û/ª�È©§·�æ^Monte CarloÈ©�{ [23]5O�"¢Sþ·�æ^�´Monte CarloÈ©�{¥��«µÏ"��O{§?Û��È©Ñ�±L«¤,��ÅCþ�êÆÏ""��5`§b�¤�È©Ǒµ
I =

∫

Vs

g(x)dx , (7.9)Ù¥§x = {x1, x2, ..., xs}L«S��m¥�:§VsL«È©�m"-f(x)ǑVsþ?��ÅCþ~ξ�VÇ�Ý¼ê
∫

Vs

f(x)dx = 1 . (7.10)�oÈ©I�L«Ǒ�ÅCþh(x) = g(x)
f(x)�êÆÏ"µ

I =

∫

Vs

g(x)dx =

∫

Vs

g(x)

f(x)
f(x)dx = E

[

g(x)

f(x)

]

= E [h(x)] , (7.11)ù�·�l�ÅCþ~ξÄ�NþǑn��Åf�~ξ1§~ξ2§...§~ξn(=Ñl©Ùf(x)��Åê)§·�k
I = E

[

h(~ξ)
]

= lim
n→∞

1

n

n
∑

i=1

hi ∼=
1

n

n
∑

i=1

hi ≡ In , (7.12)
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È©I"ª( 7.12)�Ï"Ú���±LǑ§
E(In) = E

[

1

n

n
∑

i=1

hi

]

= E(h) = I

V (In) = V

[

1

n

n
∑

i=1

hi

]

=
1

n2

n
∑

i=1

V (hi) =
1

n
Vh (7.13)N´w�§È©�Ø����ûu��Åf����§
�Ú¤À©Ùf(x)Ǒk'"¤À�Åf���§Ø�Ò��¶f(x)Ú�È©¼ê�/G��C§Ø���(ǑÒ´­�Ä�{��n)"²�Ú?§O�w�·�§Monte CarloÈ©�Ø�§�Monte CarloÈ©æ^�¯~���u100,000�§�õê�Monte CarloÈ©�Ø�√

V (In)

In
ÒÄ��u0.1%§
ù�°Ý®²v

"3¢Sö��§·�¿Ø´^¯~�&ÿ�Ç5O�o�¡σ�§
´^&ÿìû½�Monte Carlo��m5?1O��§=�^Monte Carlo��m�)�¯~ÏL¯~℄À§S�¯~�ǑO�σ��Ú�m"ǑÒ´`§�5Monte CarloÈ©�^�©Ùf(x)´��m©Ù§�´y3�^�´��m©ÙÚǫ(x)��Èù��©Ù"¤±kµ

σ =

∫

dxω(x,α)ǫ(x) =
1

Nmc

Nmc
∑

i=1

ω(xi,α) , (7.14)Ù¥Nmc´ÏLÀJ§S����mMonte Carlo¯~ê§ù�§&ÿ�ÇÒ�¹3�Ú�m�¥"�ª�σL�ªǑµ
σ =

1

Nmc

Nmc
∑

i=1

dσ

dΦ
(xi,α) . (7.15)ùp§·�2g`²§Ù¥� xi´ý¢�Ônþ§
Ø´�¹k¢�©E�ÿþþ"

7.2.2 [[[ÜÜÜëëëêêê���ØØØÓÓÓ???nnn3[Ü�¥küaëê§=������ëêM, Γ£α0¤±9ØÓ©Å�Ì��zÍÜE~ê£¹�ÌÚ� £α1¤¤"§��/ ØÓ§8
�?n�ªǑØÓ"ÏǑéÍÜ~ê���Ú�Æ§·�A�vkõ�k���£§¤±ÀJr§��Ǒgd�[Üëê54êâ5û½¶
é��ëê§���¹e�õê[Ü����·���Ñ��§��V��þ!°Ý��§́ '�(½�§Ïd§3[ÜL§¥·�r§���
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[?Ø"ù�·�I�kr
¡½Â�8I¼ê�/ª��{üC/"��5`�©�¡�L�ª ω(x,α)�±L�¤üÜ©��È£ùpǑ
±��L�{ü§·�^ σi5L�,�¯~��©�¡¤§
σi = ωi(x,α) = |

∑

n

gnA
i
n(α0)|2

=
∑

mn

g∗mgnA
i∗
m(α0)A

i
n(α0)

=
∑

mn

FmnU
i
mn(α0) (7.16)Ù¥§g ´E�ÍÜ~ê§���±LǑ g = heiφ, h = |g|§A(α0)´ØC�Ì§Ù¥�¹é�����þÚ°Ý��6¶
 Fmn = g∗mgn = hmhne

−iφmeiφn §Umn(α0) =

Ai∗m(α0)A
i
n(α0)"?�Ú§o*ÿ�¡�±L�¤µ

σ =
1

Nmc

∑

i

∑

mn

FmnU
i
mn(α0)

=
∑

mn

Fmn

{

1

Nmc

∑

i

U imn(α0)

}

=
∑

mn

FmnŪmn(α0) (7.17)Ù¥|^
�þÚ°Ý�ëê3[Ü�¥´ØC�b�§¤±éU ��Ú�²þ�±üÕ�k?1§�� Ū §ù�§�5O�þé��Monte CarloÈ©L§ÒC¤
��{ü�Ý
�È§O�þ���~�
§�,§�d´7L3�g[ÜL§¥�±��ëê��ØC"·��±|^±þ(Jr
¡�E�8I¼ê­#L�Ñ5§
S = − logL = −

N
∑

i=1

ln
(σi
σ

)

= −
N
∑

i=1

lnσi + n lnσ

= −
N
∑

i=1

ln

{

∑

mn

FmnU
i
mn(α0)

}

+N ln

{

∑

mn

FmnŪmn(α0)

}

. (7.18)�ùp§·��±�Ù�w�r[Üëê©¤üa�¢S�O�Å?n�5
�~���?"ǑÒ´´§Monte CarloÈ©�O�C��~{ü§�IO��g Ū §Ï
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ù�?n±�zg�O��gÝ
�È¿�Ú§O�þÒ�~�
§zg�*ÿ�¡O��mA��±�ÑØO"Ó�§8I¼ê�ù«L�/ª�k?�Ú��B§·�ò3e�!?Ø"
7.2.3 ���������LLL§§§¥¥¥������555zzzCCCqqq3)Û�{�4��L§¥§¬é8I¼ê��� �§¿���¼ê�§|�)Ǒ"§d��)��Ò´·������)"=��

∂S

∂λj
= −

N
∑

i=1

[

∂σi
∂λj

/σi

]

+N

[

∂σ

∂λj

]

/σ = 0 . (7.19)�õê�¹e§)Û�{�¬^�¤¢HESSIANÝ
§=8I¼ê��� �ê�Ý
§¿���ù�Ý
´�½�£Positive Definite¤"�âþª§�� ��L�ªXeµ
∂2S

∂λj∂λk
=
∑

i





∂σi

∂λj

∂σi

∂λk
− ∂2σi

∂λjλk

σ2
i



+N





∂2σ
∂λjλk

− ∂σ
∂λj

∂σ
∂λk

σ2



 . (7.20)Ù¥§·��±w�Ù¥©O�¹k σ(i) ���Ú�� �"¢SþO�Åþ^§SO��� ��$�þ´�~��§CÏ��{´æ^®²O�Ñ��� ��(J£�3S��¥¤5O��� �§ù�7Læ^�½�b�½öCq§'Xb�þ¡��� �L�ª¥�z��¥� σ(i) ����êCqǑ"§ǑÒ´¤¢�5zCq"ù�Ò�±r7.20ªz{Xe
∂2S

∂λj∂λk
=
∑

i

[ ∂σi

∂λj

∂σi

∂λk

σ2
i

]

−N

[ ∂σ
∂λj

∂σ
∂λk

σ2

]

. (7.21)ù�§Ò�±��æ^�� ��O�(J5O��� �"�´§¿Ø´¤k�¼êÑU÷vù�^�§8
·�¤'%�Ò´7.18´Ä÷vù�b�"y3·�äN5w ∂2σ
∂λjλk

Ú ∂2σi

∂λjλk
�1Ǒ"ÏǑ�Kþz�ÍÜëêÑ´Eê§¤±���Cþê8Ù¢´�Ì���§Ǒ
3L�ª¥«OéEëê����Úé�Æ��§·�^ü��I5I£ λ§= λαj ½ö λβk §Ù¥α, βL«§�áu��EÍÜëê§
j, k L«´��´�Æ£=j, k ∈ {r, φ}¤"ù�o*ÿ�¡ σ��� �Ǒ£ σi��� ��/ª
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∂2σ

∂λαjλβk
=

∂2

∂λαjλβk

[

∑

mn

hmhne
−iφmeiφnŪmn

]

=



































































2Re
[

e−iφαeiφβ Ūαβ
]

α 6= β � j = k = r

2Ūαα α = β � j = k = r

2hαhβRe
[

e−iφαeiφβ Ūαβ
]

α 6= β � j = k = φ

−2hαhβRe
[

e−iφαeiφβ Ūαβ
]

α = β � j = k = φ

2ihβRe
[

e−iφαeiφβ Ūαβ
]

α 6= β � j = r, k = φ

2ihαRe
[

e−iφαeiφβ Ūαβ
]

α 6= β � j = φ, k = r

2i
∑

n 6=α hnRe
[

ei(φα−φn)Ūnα
]

α = β � j = r, k = φ

2i
∑

n 6=α hnRe
[

ei(φα−φn)Ūnα
]

α = β � j = φ, k = r

,(7.22)

l¥�±w��«�¹�?Ø§vk�«�¹´î�Ǒ"�"ù�§ÊÏ�)Û�{éù«/ª�8I¼êÏǑ¹k��ØT��b�§§��ó��ÇÚ5UÒ¬eü§$���(JØ��"XJæ^8
��«~5���z�{§'����«ÀJ´µr�«�{kÅ�(Üå5§æ^�½�üÑ§Æ�;á§éÜ�^õ«��z�{§r�«��zL§�(J��1�«�{�Ñ\£'X3MINUITp�±k^���{SIMPLEX§3�X^)Û�{MIGRAD¤"ù�Ul,«§Ý�ÖüÕ�«�{�Øv"
7.3 ���õõõ���UUU'u©Å©Û�{§�+®²ké�{¤
§�´§�´3Øä�u��¥"'X'uÆ©ÙnØ§XÛ£ã��£°¤�����ÄåÆ¯K§æ^Û«`z�{'�k��¯K§XÛ�Ä¢�©E§�kXÛ½þ��þÚ'�[Ü��þ���§ù
¯K�Øä�JÑ5§Øä�U?§�´§8
du�«��§k
�vk�Ä§k
k�U?"·��&©Å©Û�Ǒ�«ïÄrfÌ�k|óä�ké��u��m§±�Øäk#�?�"ùp·�{ü?Ø�:U?���Ú�U"

7.3.1 ���ÄÄÄ&&&ÿÿÿììì���©©©EEE��5`§¢��&ÿìÑk�½�©E§�Kþ§¢�©E��A3�©Å©Û�´AT�Ä�§ǑÒ´`3�E8I¼ê§̂ T���ªr¢�©E�?8I¼ê�¥§'Xª7.2¥¤«"�´§ù��´kJÝ�§ÏǑÄk©E¼ê�/ª��´���§$�´vk)ÛL�ª�§=���
©E¼ê�äN/ª§
�/ªv
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7.3.2 [[[ÜÜÜ`̀̀ÝÝÝuuu���8
æ^�'�õ�´��q,{[Ü§�o�k8I¼ê�é5��âäkäN�¿Â§̂ §�ýé�´�{µd[Ü��þ`��"�oXÛ5½þ��þ[Ü��þÒI�üÕ��Ä§ùÒ´[Ü`Ýu�"[Ü`Ýu�éu(Jäk�~­��¿Â§Ù¢§AT´(J��Ü©§�Ñ©Û(J���§Ý�½þ&E§XJ©Å©Û¥uy#����§[Ü`Ýu�ATǑU�Ñ#âf�ÚOwÍ5"XJ[Ü�{Ò´ χ2 �{§K§�8I¼ê��Ò´��é��[Ü`Ý�I�þ§ù�3ÚOþ´k'�î��nØÄ:�"�+�
©Å©Û�Ü©�´æ^��q,{5�Ǒ[Ü�{§�´�XÚOþ�O�§é��m©BIN Åì¤Ǒ�U§�oæ^ χ2�{?1[ÜǑ´�«ÀJ"�uXÛ�E χ2 /ª�8I¼ê§Ke4�Ñ
��²;�~f"=�8
�õê�¹æ^��q,{[Ü§·�Ǒ�±�{�EÜ·�þ5�þ[Ü`Ý§'Xæ^¤¢��Öu��g´§�E��� χ2 þ"�«�{´µÀJÕá£½öCqÕá�¤$ÄÆCþ§é��m�?1©BIN§¿��yz�BINkv
�ÚOþ§b�kN �BIN§1i �BIN �¯~êǑnmc,dti §K½Â χ2Ǒµ

χ2(N −Np − 1) =

N
∑

i

(ndti − nmci )2

ndti
(7.23)Ù¥� Np ´[Ü�¥�gdëê��ê§,��±O�Ñù� χ2 �gdÝ§�âù
ÒUé[Ü`Ý�Ñ�ä"3¯~ê'����ÿ§�±�Ä�ï�
Ø­��
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Dalitz-Plotþ��©BIN§?1[Ü`Ýu�"
7.3.3 °°°���������ëëëêêêzzzÚÚÚõõõ������������ZZZ���ù�¯K3þ�Ù¥k'�õ�?Ø§°����I�AÏ�ëêz§õ��å'�C����Z��§ÒI�Ú\K-Matrix��{§5�±nØ�o�5"'u°���ëêz§8
�¢�©Û¥®²k'�õ��Ä
§�´'uo�5�¯K§�k3 Dalitz-Plot©Ûm©�Ä§ÏǑù�¬éúª�/ªUC'��§��O�þO\"
7.3.4 ÚÚÚ\\\###���`̀̀zzz���{{{8
©Å©Û¥æ^�`z�{��Ñ´'�DÚ��{§'XCERNlib¥�FUMILI ÚMINUIT§Ù¥�äN�{Ñ´320­V70
�±
u�å5�§²L�¢�u�5U'�­½§�JǑ'���¤Ù�{§̂ ��Ǒ²L��m��^ÚÿÁ§'���"�´§�â
¡�?Ø§·���§ù
^��Ì�Ñæ^
)Û�{§Ñ�6u¼ê�)Û5�§=���êÚ���ê�5�§
Ǒ
!�CPU§§�Ñæ^
�5zCq§¤±§¢Sþ´Ø
n��"C
5§̀ z�{+�ǑkØ��#u�§Ñy
�
#��{§����y�`z�{§'X�[ò»�{§¢D�{�k ²�ä�{§�Å`z�"�±�ÄÚ\ù
�{�©Å©Û¥5§U?�{��ÝÚ�Û���5�§�&ù¬´©Å©Û���u���§$�ò5¬Ñy;��é©Å©Û8¤
,A«'�k���z�{�^��"

7.4 ���(((ÚÚÚ���"""�Ù0�
[Ü¥�
¯Kµ̀ z�{�ÀJ§8I¼ê��E§��ÚZ���Ä§¢�©E��Ä§±9[Ü`Ý�u��¯K§���{ü�?Ø
Ú\y��`z�{��U"o�5`§©Å©Û'uÆ©Ù�£ã´î��§d	�Ù§¯Kkéõ´I�U?�§ÏǑnØþ�î>´·��8IÚn�"©Å©Û�{´�«�~k^�óä§
Ù´3rfÌÚ#rf�ïÄ�¥§�+©Å©Û®²k
éõ�~­��©Û(J§�´©Å©Û���L§E,ké��U?�m§§�´�«�3u���{§
�§�O$ÄÆ§ÄåÆ§êÆ�{ÚO�ÅE|�õ�¡��£§I�·�?�Ú�ÆSÚïÄ§Øä��õù�©Ûóä§¿Øä��Ñ¤��©Û(J"



NNN¹¹¹ A ggg^̂̂ÆÆÆÄÄÄþþþ���ÆÆÆ���
A.1 üüüâââfffÆÆÆÄÄÄþþþ���ÆÆÆ���Ä�âf�g^���8
�Ø�Ù§§Ǒvk²;éA§éug^�£ã§Ì�´�;�ÆÄþa'
5"·�X¥�þ�"�üâf��±P�|jm >§Ù¥j´g^m´g^1n©þ"�|jm >´�KÄ¥§^§��±rÆÄþ��±^IO��ª5L«"�EÆÄþ�Î�L«�{´·��~ÙG��éØþfåÆpIO�{"ùp·��´{ü��Ñ�
5�øÖ¥�^"ÏǑÆÄþ�Î´´=Ä�Î��¡�)¤�§¤±âf�g^ǑÒǑx
·�âfXÛ3�m^=�XÛC��(By definition, the spin of particle characterizes how the particle at rest behaves

under spatial rotation )"PÆÄþ�n�©þ©OǑµJx§JyÚJz(½J1§J2ÚJ3)"§�´Hermitian�Î§÷ve¡����'Xµ
[Ji, Jj ] = iǫijkJk , (A.1)²~^�ÆÄþ�Î�Xe/ªÚ5�µ

J2|jm >= j(j + 1)|jm >

Jz|jm >= m|jm > (A.2)

J±|jm >=
√

(j ∓ 1)(j ±m+ 1)|jm± 1 > ,Ù¥ |jm >´ÆÄþ�Î J2 Ú J3 ��Ó�Æ�§§�÷vXe���Ú8�z5�§¿/¤��8§
< j′m′|jm >= δj′jδm′m ,
∑

jm

|jm >< jm| = I . (A.3)e¡?ØÆÄþ�Æ��^=5�"ùp7LJ��´ÆÄþ�Î´3âf�·�X¥½Â�§ÆÄþ�Æ��^=5�ǑÓ�´3ù�ë�X¥5?Ø�"b�éÆÄþ��±^=ö� R(α, β, γ)§Ù¥� α, β, γ ´î.Æ§̂ =ö��¤ SU(2)+§§�L«´ D¼êÝ
§
U [R(α, β, γ)]|jm >=

∑

m′

|jm′ > Dj
m′m(α, β, γ) , (A.4)
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D¼êUìeª½Â§3N¹B;�?Ø D¼êÚ^="

Dj
m′m(R) = Dj

m′m(α, β, γ) =< jm′|U [R(α, β, γ)]|jm >

= e−im
′αdjm′m(β)e−imγ , (A.5)

A.2 ÆÆÆÄÄÄþþþ���ÍÍÍÜÜÜ3ïÄâfPC"��Æ©Ù�§²~¬^�ü�½öõ�ÆÄþÍÜ�Vg§'X²~rüNPC"��g^ÍÜå5§,�2Ú;�ÆÄþÍÜå5§�â�"�ÆÄþÅðÒ¬éÍÜ(J�Ñ�
�½§���
XÚ�½5(J"¤±ùp{ü�0��eÆÄþÍÜ�L§§¿Ó��ÑÍÜL§¥^��CG ��
A^ÚÄ�5�"
A.2.1 ���ÍÍÍÜÜÜLLL���ÚÚÚÍÍÍÜÜÜLLL����Äkü�ÆÄþ�ÎµĴ1 ÚĴ2§y3?Ø§�ÍÜ¤Ĵ�L§"b�§��þfê©OǑµj1!j2 Új§z- ©þǑm1!m2 Úm"K�â¥þÍÜ�5�ÚþfåÆ��n§ÆÄþ�ÍÜ7L÷vµ

|j1 − j2| ≤ j ≤ |j1 + j2| (A.6a)

m1 +m2 = m (A.6b)·��Ĵ1ÚĴ2�Æ�¥©OǑµ|j1m1 > Ú|j2m2 >§�âA.2§·�kµ
J2

1 |j1m1 >= j1(j1 + 1)|j1m1 >, (A.7a)

J1z|j1m1 >= m1|j1m1 >, (A.7b)

J2
2 |j2m2 >= j2(j2 + 1)|j2m2 >, (A.7c)

J2z|j2m2 >= m2|j2m2 > . (A.7d)dü��Æ�¥��È |j1m1 > |j2m2 >= |j1m1; j2,m2 > ǑÄ¥�¤�L�§¤Ǒ�ÍÜL�"U3
ùo���Ï´µĴ2
1 , Ĵ

2
2 , Ĵ1z Ú Ĵ2z ´üüé´�§âU�¤��Ä¥"
Ó�·��±y²Ĵ2, Ĵz , Ĵ1ÚĴ2Ǒ´üüé´§§���Æ�¥ |j1j2; jm >Ǒ�±�¤����Ä§ù��L�§·�¡�ǑÍÜL�"

A.2.2 ^̂̂���ÍÍÍÜÜÜLLL������mmmÍÍÍÜÜÜLLL���µµµC-GXXXêêêe¡§·�5^�ÍÜL�Ä¥ |j1m1; j2,m2 >�mÍÜL��Ä¥ |j1j2; jm >§5éÑü�L��éX"



N¹ A g^ÆÄþ�Æ� 125du|j1m1 >Ú|j2m2 >���5A.3§¤±µ
∑

m1m2

|j1m1; j2m2 >< j1m1; j2m2| = 1 , (A.8)Ï
§�±ò |j1j2; jm >�m¤µ
|j1j2; jm >=

∑

m1m2

|j1m1; j2m2 >< j1m1; j2m2|j1j2; jm >, (A.9)ª¥§�mXê< j1m1; j2m2|j1j2; jm >¡�Ǒ¥þÍÜXê(���¤< j1m1; j2m2|jm >§Ǒ���Clebsch-GordonXê½öC-GXê)"XJXê®�§�oÒ�±�B�^�ÍÜL��Ä¥5�mÍÜL��Ä¥"
A.2.3 C-GXXXêêê������


555���
C-GXê3âfÔn¥2��^§'u§�O�'�E,§·�ùpØ¬�9§¢Sþ§ÏL�LÚæ^§SO���{§�±�~�B������C-GXê"�´§C-GXêk�
�~­��5�·�I���§·�ùp�´{ü0��e"
• nÆ5�µ

|j1 − j2| ≤ j ≤ |j1 + j2| (A.10)

• �"�^�µ
m = m1 +m2 , (A.11)ù�^��9�ÀJ5K"

• ��'Xµ
∑

m2

< j1,m−m2, j2,m2|j
′

m >< j1,m−m2, j2,m2|jm >= δjj′ (A.12)

A.2.4 ���:::AAA^̂̂ÚÚÚ???ØØØÆÄþ�ÍÜ3©Å©Û¥�~k^§ÏǑ=��·�-��{ü�üNPC�§Ǒ¬¡�S −SÍÜÚL−SÍÜ�¯K§ÏLÍÜL§·�¬²(/��Õá©Å�Ì�ê8"Þ~`²§'XüNPCL§J → s + σ ¿��¡÷vηJηsησ = ±1"äN5`'XJ/ψ → φf0§ÏǑJ = s = 1§
σ = 0§¤±S − SÍÜ�(J�k�«Ò



126 ©Å©Û�{´1§�âÆÄþÅðÚ�¡7,kL = 0, 2"¤±éN´��äÑ©��Ì MLS �kM01ÚM21 ü�"q'XJ/ψ → φf2, J = s = 1§
σ = 2 ¤±S − SÍÜ�(Jk1§2§3n«�¹§
�âÆÄþÅðÚ�¡7,kL = 0, 2, 4§¤±o�©Å�ÌÏLL− SÍÜ�±��kÊ�µM01 !M21 !M22 !M23ÚM43"
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§§§~~~^̂̂D¼¼¼êêê999ÙÙÙ555���3Æ©ÙnØ�¥§=ÄÝ
£D¼ê¤äk­�/ §§´=Ä�Î�L«§́·�3=Äö�¥��¡é�é�§Ó�Ǒ´Æ©Ù¼ê��Ä�ü�§ǑÒ´`§Æ©Ù´^D¼êO�Ñ5�§L�Ñ5�§�o·�ÙGD¼ê�5�§ÙG§�/Géu
)Æ©Ù�~k^§¤±§·�ùp�Ñ
D¼ê'�
[�0�§¿��Ñ�
D¼ê�¼êã�§ù
¼êã�´é�'�I�Ú��(J§¤±�±��Ú¢�êâ©Ù?1é'"
B.1 ===ÄÄÄÝÝÝ


=Ä�Î�Ý
L«q�=ÄÝ
"du=Ä�Î�¤+§¤±=ÄÝ
ǑÒ´^=+�L«Ý
"·��±O�=Ä�Î R �é¥�¼ê�Ý
�§l
�Ñ=ÄÝ
"du

[J2, Jα] = 0 , α = x, y, z ,Ï

[J2, Rn̂(α)] = 0 ,

J2Rn̂(α)|jm >= Rn̂(α)J2|jm > = j(j + 1)Rn̂(α)|jm > ,§`² Rn̂(α)|jm >Ǒ´J2��Æ�Ǒj(j + 1)��Æ�"ǑÒ´` Rn̂(α)é |jm >��^ØUCÙ¥�þfê j §�´ Jz Ø�½� Rn̂(α)é´§ÏǑ Rn̂(α)|jm >Ø�½´ Jz ��Æ�§�´§�±�m¤ØÓ n� |jn >��5U\§=
J2Rn̂(α)|jm > =

j
∑

n=−j
Dj
n,m(α)|jn >Ï


< jm
′ |Rn̂(α)|jm > =

j
∑

n=−j
Dj
n,m(α)δm′n = Dj

m′ ,m
(α)½

< jn|Rn̂(α)|jm > = Dj
n,m(α) . (B.1)
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Rn̂(γ) = Rn̂(α)Rn̂(β) ,�Ý
�§k

< jn|Rn̂(γ)|jm >=

j
∑

m′=−j

< jn|Rn̂(α)|jm′

>< jm
′ |Rn̂(β)|jn > ,=

Dj
n,m(γ) =

j
∑

m
′
=−j

Dj

n,m
′ (α)Dj

m
′
,m

(β) . (B.2)éuz��=Ä α§Ñk��Ý
Dj(α)��éA§ù
Ý
AT´ (2j + 1)��"éun��m¥�k�=Ä§�±^nî.Æ α, β, γ 5£ã§Xã¤«§éAu�m�?¿=ÄÑ�±L«Ǒk7 z-¶=Ä αÆ§37#� y
′

-¶=Ä β Æ§27# z
′

-¶=Ä γ Æ§éAuù
=Ä��Î´
R(α, β, γ) = e−

i
~
γJ

z
′ e

− i
~
βJ

y
′
e−

i
~
αJz (B.3)Ù¥§Jy′ Ú Jz′ ´ÆÄþ J ÷y′

-¶Úz′

-¶�ÝK"�´·�F"�´��^�m�½�IX�x, y, z-¶���ÆÄþJx, Jy, Jz5L«ù
=Ä�Î§Ǒd�ÏL��o�C�5� Jy′ Ú Jz′ "du Jy′ Ú Jz′ ����C� e−
i
~
αJz §Ï


Jy′ = e−
i
~
αJzJye

i
~
αJz

e
− i

~
βJ

y
′
= e−

i
~
αJze−

i
~
βJye

i
~
αJzÓn§Ǒk

e−
i
~
γJ

z
′ = e

− i
~
βJ

y
′
e−

i
~
γJze

i
~
βJ

y
′rùüª�\B.3�§

R(α, β, γ) = e
− i

~
βJ

y
′
e−

i
~
γJze

i
~
βJ

y
′
e
− i

~
βJ

y
′
e−

i
~
αJz

= e−
i
~
αJze−

i
~
βJye+

i
~
αJze−

i
~
γJze−

i
~
αJz

= e−
i
~
αJze−

i
~
βJye−

i
~
γJz (B.4)
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§~^D¼ê9Ù5� 129���Ú´ÏǑ e−
i
~
γJz Ú e−

i
~
αJz ´é´�"�âB.2

Dj
n,m(α, β, γ) = < jn|e− i

~
αJze−

i
~
βJye−

i
~
γJz |jm >

= e−inα < jn|e− i
~
βJy |jm > e−imγ

= e−inαdjn,m(β)e−imα (B.5)Ù¥
djn,m(β) = < jn|e− i

~
βJy |jm > (B.6)ùò¬´·��~^��D¼ê�/ª"'u§��äN/ªXÛ��§ùpØ2Kã§e¡5?ØD¼êÚd¼ê��
5�"

B.2 d¼¼¼êêêÚÚÚD¼¼¼êêê���555���
B.2.1 d¼¼¼êêê���555���

• �âB.6�
djn,m(0) = δnm , (B.7)ùNy
�β = 0�´ð�C��¯¢"

• duJy´JêÝ
§KiJy´¢Ý
§�µ
d∗(β) = d(β) , d−1(β) = d+(β) = d̃∗(β) = d̃(β) , (B.8)¤±

djn,m(−β) = djm,n(β) . (B.9)

•

djn,m(−β) = (−1)n−mdjn,m(β) . (B.10)

•

djn,m(β) = djm,n(−β) = (−1)n−mdjm,n(β) . (B.11)

•

dj−n,−m(β) = djm,n(β) . (B.12)
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•

dj−n,−m(β) = (−1)n−mdjn,m(β) . (B.13)

•

djn,m(π) = (−1)j+mδn−m . (B.14)

•

djn,m(−π) = (−1)j−mδn−m . (B.15)

•

djn,m(π + β) =
∑

m
′

dj
n,m

′ (β)dj
m

′
,m

(π)

=
∑

m′

dj
n,m′ (β)(−1)j+mδm′−m

= (−1)j−mdjn,−m(β) . (B.16)

•

djn,m(π − β) = (−1)j+mdjn,−m(β) . (B.17)

B.2.2 D¼¼¼êêê���555���
B.2.2.1 ������555ÏǑR+(α)R(α) = R(α)R+(α) = 1§¤±µ

< jn|R+(α)R(α)|jm > = =< jn|jm >= δnm

=
∑

m
′

< jn|R+(α)|jm′

>< jm
′ |R(α)|jm >

=
∑

m′

Dj∗
nm′ (α)Dj

m′m
(α)Ïdk

∑

m

Dj
nm(R)Dj∗

n′m(R) = δnn′ , (B.18)

∑

m

Dj
mn(R)Dj∗

mn′(R) = δnn′ . (B.19)



N¹ B =ÄÝ
§~^D¼ê9Ù5� 131

B.2.2.2 ___


ÏǑR+(α) = R−1(α) = R(−α)§��[Dj(α)]+ = Dj(−α)§Ïd
Dj∗
mn(α, β, γ) = Dj

nm(−α,−β,−γ) , (B.20)2�âB.12§k
Dj∗
mn(α, β, γ) = (−1)m−nDj

−m−n(α, β, γ) . (B.21)

B.2.2.3 D¼¼¼êêêÚÚÚ¥¥¥���¼¼¼êêê
Dl∗
m0(φ, θ, 0) =

√

4π

2l + 1
Y l
m(θ, φ)½ö

Dl
m0(φ, θ, 0) =

√

4π

2l + 1
Y l∗
m (θ, φ) (B.22)y²Xeµ^^=�Îr�¥lz-¶��=�(θ, φ)��§=

R(φ, θ, 0)|θ = 0, φ = 0 >= |θφ > ,þª�±< lm|¿3mà�\µ45'X∑ |ln >< ln|§�
< jm|θφ >=

∑

n

< jm|R(φ, θ, 0)|ln >< ln||θ = 0, φ = 0 > ,=
Y l∗
m (θ, φ) =

∑

n

Dl
mn(φ, θ, 0)Y

l∗
n (θ = 0, φ = 0) ,
§·���Y l∗

n (θ = 0, φ = 0) =
√

2l+1
4π δn0§Ïdµ

Y l∗
m (θ, φ) =

√

2l + 1

4π
Dl
m0(φ, θ, 0) .,	§¥�¼êk���~k��5�§�A
XÚ�¥é¡5§

4π

2l + 1

∑

m

Y l∗
m (θ, φ)Y l∗

m (θ, φ) = 1 .
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B.2.2.4 D¼¼¼êêêÈÈÈ©©©úúúªªª
∫

dRDj∗
nm(R)Dj′

n′m′(R) =
8π2

2j + 1
δjj′δnn

′δmm′ , dR = dαd cos βdγ (B.23)

B.2.2.5 D¼¼¼êêêÍÍÍÜÜÜúúúªªª
Dj
m′m(R1R2) =

∑

k

Dj
m′k(R1)D

j
km(R2) (B.24)

Dj1
µ1m1

Dj2
µ2m2

=
∑

j3µ3m3

(j1µ1j2µ2|j3m3)(j1m1j2m2|j3m3)D
j3
µ3m3

(B.25)

Dj1
µ1m1

Dj3∗
µ3m3

=
∑

j2µ2m2

(

2j2 + 1

2j3 + 1

)

(j1µ1j2µ2|j3m3)(j1m1j2m2|j3m3)D
j2∗
µ2m2

(B.26)

B.3 ~~~^̂̂d¼¼¼êêê
d1(θ) =









1+cos θ
2

sin θ
√

2
1−cos θ

2

− sin θ
√

2
cos θ sin θ

√

2
1−cos θ

2 − sin θ
√

2
1+cos θ

2









d2(θ) =





















(1+cos θ)2

4
(1+cos θ) sin θ

2

√

6
4 sin2 θ (1−cos θ) sin θ

2
(1−cos θ)2

4

− (1+cos θ) sin θ

2
(1+cos θ)(2 cos θ−1)

2

√

3
2 cos θ sin θ (1−cos θ)(1+2 cos θ)

2
(1−cos θ) sin θ

2
√

6
4 sin2 θ −

√

3
2 cos θ sin θ 3 cos2 θ

2 − 1
2

√

3
2 cos θ sin θ

√

6
4 sin2 θ

− (1−cos θ) sin θ

2
(1−cos θ)(2 cos θ+1)

2 −
√

3
2 cos θ sin θ (1+cos θ)(2 cos θ−1)

2
(1+cos θ) sin θ

2

(1−cos θ)2

4 − ((1−cos θ) sin θ)
2

√

6
4 sin2 θ − (1+cos θ) sin θ

2
(1+cos θ)2

4





















B.4 ~~~���ÆÆÆ©©©ÙÙÙùp·��Ñ~^g^�d−¼ê�ÜÆ©Ù§ùpéé¡�g^©þ?1
�Ú§ùp�
[dJmn]

2 =
∑

{

[dJmn(θ)]
2 + [dJnm(θ)]2

}

(B.27)
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(1, 1) Ú(−1,−1) ½öé(1, 0)Ú(−1, 0) �Ú"ù«�¹�ÎÜ�Æ©Ù�é"��Ú¿é���²þ����{"e¡Þ~`²µ

• 'X[d1
11]

2Ò´ψ → γP, V P (1−0−) , 3−0− , 5−0−, ...�"�Æ©Ù��/, ù��k��©Å§��ψ�^þfê�UǑ±1§
"��helicity�"©þ�B+K"¤±"�©Ù´ (1 + cos2 θ)�/ª"ψ → e+e−, µ+µ− ��fǑ´ù«�¹§ÏǑQED�ÍÜ�ªǑB+
helicity�"©þ"
• [d1

10]
2 ½ö[d1

01]
2 Ò´V → PP ��/§Ǒ�k��©Å§��ψ�^þfê�UǑ±1§"�âfvkg^§¤±helicityǑǑ""¤±"�©Ù´ sin2 θ�/ª"

• [dJ10]
2 ½ö[dJ01]

2§J = 1, 3, 5, ... §́ ψ → JP§J = ρ , ω , φ�âf9Ù-u�§2PC�PP�ª¯�Æ©Ù§ÏǑ�k��©Å§Ïd´{ü���Æ©Ù§Ù/G�ãB.1§B.3ÚB.5"
• Ù�XJPC"�Ǒ,Ø���heliciy©þ§�´XJ´,��helicity©þǑÌ§'Xψ → γf2(1270) → γπ+π−§·�lêâ¥��ù�¹kf2(1270)�L§D2

00(θ)Óé�'©§¤±§�"�Æ©ÙäkãB.2¥�[d2
00]

2¤«¥W/G©Ù"
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(d1 10)

2 (d1 11)
2

(d1 00)
2 (d1 01)

2

ã B.1: g^¨1âf�d¼êã§Ù¥[d1
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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(d2 20)
2 (d2 21)

2 (d2 22)
2

(d2 10)
2 (d2 11)

2 (d2 12)
2

(d2 00)
2 (d2 01)

2 (d2 02)
2

ã B.2: g^¨2âf�d¼êã§Ù¥[d2
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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(d3 30)

2 (d3 31)
2 (d3 32)

2 (d3 33)
2

(d3 20)
2 (d3 21)

2 (d3 22)
2 (d3 23)

2

(d3 10)
2 (d3 11)

2 (d3 12)
2 (d3 13)

2

(d3 00)
2 (d3 01)

2 (d3 02)
2 (d3 03)

2

ã B.3: g^¨3âf�d¼êã§Ù¥[d3
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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(d4 40)
2 (d4 41)

2 (d4 42)
2 (d4 43)

2 (d4 44)
2

(d4 30)
2 (d4 31)

2 (d4 32)
2 (d4 33)

2 (d4 34)
2

(d4 20)
2 (d4 21)

2 (d4 22)
2 (d4 23)

2 (d4 24)
2

(d4 10)
2 (d4 11)

2 (d4 12)
2 (d4 13)

2 (d4 14)
2

(d4 00)
2 (d4 01)

2 (d4 02)
2 (d4 03)

2 (d4 04)
2

ã B.4: g^¨4âf�d¼êã§Ù¥[d4
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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(d5 50)

2 (d5 51)
2 (d5 52)

2 (d5 53)
2 (d5 54)

2 (d5 55)
2

(d5 40)
2 (d5 41)

2 (d5 42)
2 (d5 43)

2 (d5 44)
2 (d5 45)

2

(d5 30)
2 (d5 31)

2 (d5 32)
2 (d5 33)

2 (d5 34)
2 (d5 35)

2

(d5 20)
2 (d5 21)

2 (d5 22)
2 (d5 23)

2 (d5 24)
2 (d5 25)

2

(d5 10)
2 (d5 11)

2 (d5 12)
2 (d5 13)

2 (d5 14)
2 (d5 15)

2

(d5 00)
2 (d5 01)

2 (d5 02)
2 (d5 03)

2 (d5 04)
2 (d5 05)

2

ã B.5: g^¨5âf�d¼êã§Ù¥[d5
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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(d6 60)
2 (d6 61)

2 (d6 62)
2 (d6 63)

2 (d6 64)
2 (d6 65)

2 (d6 66)
2

(d6 50)
2 (d6 51)

2 (d6 52)
2 (d6 53)

2 (d6 54)
2 (d6 55)

2 (d6 56)
2

(d6 40)
2 (d6 41)

2 (d6 42)
2 (d6 43)

2 (d6 44)
2 (d6 45)

2 (d6 46)
2

(d6 30)
2 (d6 31)

2 (d6 32)
2 (d6 33)

2 (d6 34)
2 (d6 35)

2 (d6 36)
2

(d6 20)
2 (d6 21)

2 (d6 22)
2 (d6 23)

2 (d6 24)
2 (d6 25)

2 (d6 26)
2

(d6 10)
2 (d6 11)

2 (d6 12)
2 (d6 13)

2 (d6 14)
2 (d6 15)

2 (d6 16)
2

(d6 00)
2 (d6 01)

2 (d6 02)
2 (d6 03)

2 (d6 04)
2 (d6 05)

2 (d6 06)
2

ã B.6: g^¨6âf�d¼êã§Ù¥[d6
mn(θ)]

2L«éýé�Ǒ(±m,±n)��/�Ü�Ú¿²þ"
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âf�üNPC�lg^ 0�g^ 3�¤k�¡|Ü�/�(J"(J´§S��ÑÑ�LATEX(J§�k�NN�§¤±k:Å�z"
C.1 111âââfffggg^̂̂ǑǑǑ"""������///

C.1.0.5.1 0− → 0− + 0+

F 0
0,0 = +g00

√

1

1
r0 (C.1a)

C.1.0.5.2 0− → 0− + 1−

F 0
0,0 = −g11

√

1

1
r1γσ (C.2a)

C.1.0.5.3 0− → 0− + 2+

F 0
0,0 = +g22

√

1

1
r2(

2

3
γ2
σ +

1

3
) (C.3a)

C.1.0.5.4 0− → 1− + 0−

F 0
0,0 = −g11

√

1

1
r1γs (C.4a)

C.1.0.5.5 0− → 1− + 1−

F 0
1,1 = −g11

√

1

2
r1 (C.5a)

C.1.0.5.6 0− → 1− + 1+

F 0
1,1 = +g00

√

1

3
r0 + g22

√

1

6
r2 (C.6a)

F 0
0,0 = −g00

√

1

3
r0γsγσ + g22

√

2

3
r2γsγσ (C.6b)
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C.1.0.5.7 0− → 1− + 2−

F 0
1,1 = −g11

√

3

10
r1γσ − g33

√

1

5
r3γσ (C.7a)

F 0
0,0 = +g11

√

2

5
r1γs(

2

3
γ2
σ +

1

3
) − g33

√

3

5
r3γs(

2

3
γ2
σ +

1

3
) (C.7b)

C.1.0.5.8 0− → 1− + 2+

F 0
1,1 = +g22

√

1

2
r2γσ (C.8a)

C.1.0.5.9 0− → 2− + 0+

F 0
0,0 = +g22

√

1

1
r2(

2

3
γ2
s +

1

3
)

(C.9a)

C.1.0.5.10 0− → 2− + 1−

F 0
1,1 = −g11

√

3

10
r1γs − g33

√

1

5
r3γs (C.10a)

F 0
0,0 = +g11

√

2

5
r1(

2

3
γ2
s +

1

3
)γσ − g33

√

3

5
r3(

2

3
γ2
s +

1

3
)γσ (C.10b)

C.1.0.5.11 0− → 2− + 1+

F 0
1,1 = +g22

√

1

2
r2γs (C.11a)

C.1.0.5.12 0− → 2− + 2−

F 0
2,2 = −g11

√

2

5
r1 − g33

√

1

10
r3 (C.12a)

F 0
1,1 = +g11

√

1

10
r1γsγσ − g33

√

2

5
r3γsγσ (C.12b)
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C.1.0.5.13 0− → 2− + 2+

F 0
2,2 = +g00

√

1

5
r0 + g22

√

2

7
r2 + g44

√

1

70
r4 (C.13a)

F 0
1,1 = −g00

√

1

5
r0γsγσ + g22

√

1

14
r2γsγσ + g44

√

8

35
r4γsγσ (C.13b)

F 0
0,0 = +g00

√

1

5
r0(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
) − g22

√

2

7
r2(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
)

+g44

√

18

35
r4(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
) (C.13c)

C.2 111âââfffggg^̂̂ǑǑǑ 1������///
C.2.0.5.14 1− → 0− + 0−

F 1
0,0 = +g10

√

1

1
r1 (C.14a)

C.2.0.5.15 1− → 0− + 1−

F 1
0,1 = +g11

√

1

2
r1 (C.15a)

C.2.0.5.16 1− → 0− + 1+

F 1
0,1 = +g01

√

1

3
r0 + g21

√

1

6
r2 (C.16a)

F 1
0,0 = +g01

√

1

3
r0γσ − g21

√

2

3
r2γσ (C.16b)

C.2.0.5.17 1− → 0− + 2−

F 1
0,1 = −g12

√

3

10
r1γσ − g32

√

1

5
r3γσ (C.17a)

F 1
0,0 = −g12

√

2

5
r1(

2

3
γ2
σ +

1

3
) + g32

√

3

5
r3(

2

3
γ2
σ +

1

3
) (C.17b)

C.2.0.5.18 1− → 0− + 2+

F 1
0,1 = −g22

√

1

2
r2γσ (C.18a)
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C.2.0.5.19 1− → 1− + 0−

F 1
1,0 = −g11

√

1

2
r1 (C.19a)

C.2.0.5.20 1− → 1− + 0+

F 1
1,0 = +g01

√

1

3
r0 + g21

√

1

6
r2 (C.20a)

F 1
0,0 = +g01

√

1

3
r0γs − g21

√

2

3
r2γs (C.20b)

C.2.0.5.21 1− → 1− + 1−

F 1
1,1 = +g10

√

1

3
r1 − g12

√

1

15
r1 + g32

√

1

10
r3 (C.21a)

F 1
1,0 = −g11

√

1

4
r1γσ − g12

√

3

20
r1γσ − g32

√

1

10
r3γσ (C.21b)

F 1
0,1 = +g11

√

1

4
r1γs − g12

√

3

20
r1γs − g32

√

1

10
r3γs (C.21c)

F 1
0,0 = −g10

√

1

3
r1γsγσ − g12

√

4

15
r1γsγσ + g32

√

2

5
r3γsγσ (C.21d)

C.2.0.5.22 1− → 1− + 1+

F 1
1,1 = +g01

√

1

6
r0 − g21

√

1

3
r2 (C.22a)

F 1
1,0 = +g01

√

1

6
r0γσ + g21

√

1

12
r2γσ + g22

√

1

4
r2γσ (C.22b)

F 1
0,1 = +g01

√

1

6
r0γs + g21

√

1

12
r2γs − g22

√

1

4
r2γs (C.22c)
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C.2.0.5.23 1− → 1− + 2−

F 1
1,2 = +g11

√

3

10
r1 − g12

√

1

10
r1 − g32

√

1

15
r3 + g33

√

1

30
r3 (C.23a)

F 1
1,1 = −g12

√

1

5
r1γσ + g32

√

3

10
r3γσ (C.23b)

F 1
1,0 = −g11

√

1

20
r1(

2

3
γ2
σ +

1

3
) − g12

√

3

20
r1(

2

3
γ2
σ +

1

3
)

−g32
√

1

10
r3(

2

3
γ2
σ +

1

3
) − g33

√

1

5
r3(

2

3
γ2
σ +

1

3
) (C.23c)

F 1
0,1 = −g11

√

3

20
r1γsγσ − g12

√

1

20
r1γsγσ − g32

√

1

30
r3γsγσ + g33

√

4

15
r3γsγσ (C.23d)

C.2.0.5.24 1− → 1− + 2+

F 1
1,2 = +g01

√

1

5
r0 + g21

√

1

10
r2 − g22

√

1

6
r2 + g23

√

2

105
r2 + g43

√

1

70
r4 (C.24a)

F 1
1,1 = +g01

√

1

10
r0γσ − g21

√

1

5
r2γσ + g23

√

3

35
r2γσ − g43

√

4

35
r4γσ (C.24b)

F 1
1,0 = +g01

√

1

30
r0(

2

3
γ2
σ +

1

3
) + g21

√

1

60
r2(

2

3
γ2
σ +

1

3
) + g22

√

1

4
r2(

2

3
γ2
σ +

1

3
)

+g23

√

4

35
r2(

2

3
γ2
σ +

1

3
) + g43

√

3

35
r4(

2

3
γ2
σ +

1

3
) (C.24c)

F 1
0,1 = −g01

√

1

10
r0γsγσ − g21

√

1

20
r2γsγσ − g22

√

1

12
r2γsγσ

+g23

√

16

105
r2γsγσ + g43

√

4

35
r4γsγσ (C.24d)

F 1
0,0 = −g01

√

2

15
r0γs(

2

3
γ2
σ +

1

3
) + g21

√

4

15
r2γs(

2

3
γ2
σ +

1

3
)

+g23

√

9

35
r2γs(

2

3
γ2
σ +

1

3
) − g43

√

12

35
r4γs(

2

3
γ2
σ +

1

3
) (C.24e)

C.2.0.5.25 1− → 2− + 0−

F 1
1,0 = −g12

√

3

10
r1γs − g32

√

1

5
r3γs (C.25a)

F 1
0,0 = −g12

√

2

5
r1(

2

3
γ2
s +

1

3
) + g32

√

3

5
r3(

2

3
γ2
s +

1

3
) (C.25b)
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C.2.0.5.26 1− → 2− + 0+

F 1
1,0 = +g22

√

1

2
r2γs (C.26a)

C.2.0.5.27 1− → 2− + 1−

F 1
2,1 = −g11

√

3

10
r1 − g12

√

1

10
r1 − g32

√

1

15
r3 − g33

√

1

30
r3 (C.27a)

F 1
1,1 = −g12

√

1

5
r1γs + g32

√

3

10
r3γs (C.27b)

F 1
1,0 = +g11

√

3

20
r1γsγσ − g12

√

1

20
r1γsγσ

−g32
√

1

30
r3γsγσ − g33

√

4

15
r3γsγσ (C.27c)

F 1
0,1 = +g11

√

1

20
r1(

2

3
γ2
s +

1

3
) − g12

√

3

20
r1(

2

3
γ2
s +

1

3
)

−g32
√

1

10
r3(

2

3
γ2
s +

1

3
) + g33

√

1

5
r3(

2

3
γ2
s +

1

3
) (C.27d)
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C.2.0.5.28 1− → 2− + 1+

F 1
2,1 = +g01

√

1

5
r0 + g21

√

1

10
r2 + g22

√

1

6
r2

+g23

√

2

105
r2 + g43

√

1

70
r4 (C.28a)

F 1
1,1 = +g01

√

1

10
r0γs − g21

√

1

5
r2γs

+g23

√

3

35
r2γs − g43

√

4

35
r4γs (C.28b)

F 1
1,0 = −g01

√

1

10
r0γsγσ − g21

√

1

20
r2γsγσ + g22

√

1

12
r2γsγσ

+g23

√

16

105
r2γsγσ + g43

√

4

35
r4γsγσ (C.28c)

F 1
0,1 = +g01

√

1

30
r0(

2

3
γ2
s +

1

3
) + g21

√

1

60
r2(

2

3
γ2
s +

1

3
) − g22

√

1

4
r2(

2

3
γ2
s +

1

3
)

+g23

√

4

35
r2(

2

3
γ2
s +

1

3
) + g43

√

3

35
r4(

2

3
γ2
s +

1

3
) (C.28d)

F 1
0,0 = −g01

√

2

15
r0(

2

3
γ2
s +

1

3
)γσ + g21

√

4

15
r2(

2

3
γ2
s +

1

3
)γσ

+g23

√

9

35
r2(

2

3
γ2
s +

1

3
)γσ − g43

√

12

35
r4(

2

3
γ2
s +

1

3
)γσ (C.28e)
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C.2.0.5.29 1− → 2− + 2−

F 1
2,2 = +g10

√

1

5
r1 − g12

√

4

35
r1 + g32

√

6

35
r3 − g34

√

2

315
r3 + g54

√

1

126
r5 (C.29a)

F 1
2,1 = −g11

√

1

10
r1γσ − g12

√

9

70
r1γσ − g32

√

3

35
r3γσ − g33

√

3

20
r3γσ

−g34
√

5

252
r3γσ − g54

√

1

63
r5γσ (C.29b)

F 1
1,2 = +g11

√

1

10
r1γs − g12

√

9

70
r1γs − g32

√

3

35
r3γs + g33

√

3

20
r3γs

−g34
√

5

252
r3γs − g54

√

1

63
r5γs (C.29c)

F 1
1,1 = −g10

√

1

5
r1γsγσ − g12

√

1

35
r1γsγσ + g32

√

3

70
r3γsγσ

−g34
√

32

315
r3γsγσ + g54

√

8

63
r5γsγσ (C.29d)

F 1
1,0 = +g11

√

3

20
r1γs(

2

3
γ2
σ +

1

3
) + g12

√

3

140
r1γs(

2

3
γ2
σ +

1

3
)

+g32

√

1

70
r3γs(

2

3
γ2
σ +

1

3
) − g33

√

1

10
r3γs(

2

3
γ2
σ +

1

3
)

−g34
√

5

42
r3γs(

2

3
γ2
σ +

1

3
) − g54

√

2

21
r5γs(

2

3
γ2
σ +

1

3
) (C.29e)

F 1
0,1 = −g11

√

3

20
r1(

2

3
γ2
s +

1

3
)γσ + g12

√

3

140
r1(

2

3
γ2
s +

1

3
)γσ

+g32

√

1

70
r3(

2

3
γ2
s +

1

3
)γσ + g33

√

1

10
r3(

2

3
γ2
s +

1

3
)γσ

−g34
√

5

42
r3(

2

3
γ2
s +

1

3
)γσ − g54

√

2

21
r5(

2

3
γ2
s +

1

3
)γσ (C.29f)

F 1
0,0 = +g10

√

1

5
r1(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
)

+g12

√

4

35
r1(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
) − g32

√

6

35
r3(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
)

−g34
√

8

35
r3(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
) + g54

√

2

7
r5(

2

3
γ2
s +

1

3
)(

2

3
γ2
σ +

1

3
) (C.29g)



N¹ C Ü©HELICITYÍÜ�Ì��z(J 149

C.2.0.5.30 1− → 2− + 2+

F 1
2,2 = +g01

√

2

15
r0 − g21

√

4

15
r2 + g23

√

3

70
r2 − g43

√

2

35
r4 (C.30a)

F 1
2,1 = +g01

√

1

15
r0γσ + g21

√

1

30
r2γσ + g22

√

3

14
r2γσ

+g23

√

3

35
r2γσ + g43

√

9

140
r4γσ + g44

√

1

28
r4γσ (C.30b)

F 1
1,2 = +g01

√

1

15
r0γs + g21

√

1

30
r2γs − g22

√

3

14
r2γs

+g23

√

3

35
r2γs + g43

√

9

140
r4γs − g44

√

1

28
r4γs (C.30c)

F 1
1,1 = −g01

√

1

30
r0γsγσ + g21

√

1

15
r2γsγσ + g23

√

6

35
r2γsγσ − g43

√

8

35
r4γsγσ (C.30d)

F 1
1,0 = −g01

√

1

10
r0γs(

2

3
γ2
σ +

1

3
) − g21

√

1

20
r2γs(

2

3
γ2
σ +

1

3
)

−g22
√

1

28
r2γs(

2

3
γ2
σ +

1

3
) + g23

√

2

35
r2γs(

2

3
γ2
σ +

1

3
)

+g43

√

3

70
r4γs(

2

3
γ2
σ +

1

3
) + g44

√

3

14
r4γs(

2

3
γ2
σ +

1

3
) (C.30e)

F 1
0,1 = −g01

√

1

10
r0(

2

3
γ2
s +

1

3
)γσ − g21

√

1

20
r2(

2

3
γ2
s +

1

3
)γσ

+g22

√

1

28
r2(

2

3
γ2
s +

1

3
)γσ + g23

√

2

35
r2(

2

3
γ2
s +

1

3
)γσ

+g43

√

3

70
r4(

2

3
γ2
s +

1

3
)γσ − g44

√

3

14
r4(

2

3
γ2
s +

1

3
)γσ (C.30f)

C.3 111âââfffggg^̂̂ǑǑǑ 2������///
C.3.0.5.31 2− → 0− + 0+

F 2
0,0 = +g20

√

1

1
r2 (C.31a)

C.3.0.5.32 2+ → 0− + 0−

F 2
0,0 = +g20

√

1

1
r2 (C.32a)



150 ©Å©Û�{
C.3.0.5.33 2− → 0− + 1−

F 2
0,1 = +g11

√

3

10
r1 + g31

√

1

5
r3 (C.33a)

F 2
0,0 = +g11

√

2

5
r1γσ − g31

√

3

5
r3γσ (C.33b)

C.3.0.5.34 2− → 0− + 1+

F 2
0,1 = +g21

√

1

2
r2 (C.34a)

C.3.0.5.35 2− → 0− + 2−

F 2
0,2 = +g12

√

2

5
r1 + g32

√

1

10
r3 (C.35a)

F 2
0,1 = +g12

√

1

10
r1γσ − g32

√

2

5
r3γσ (C.35b)

C.3.0.5.36 2− → 0− + 2+

F 2
0,2 = +g02

√

1

5
r0 + g22

√

2

7
r2 + g42

√

1

70
r4 (C.36a)

F 2
0,1 = +g02

√

1

5
r0γσ − g22

√

1

14
r2γσ − g42

√

8

35
r4γσ (C.36b)

F 2
0,0 = +g02

√

1

5
r0(

2

3
γ2
σ +

1

3
) − g22

√

2

7
r2(

2

3
γ2
σ +

1

3
) + g42

√

18

35
r4(

2

3
γ2
σ +

1

3
) (C.36c)

C.3.0.5.37 2− → 1− + 0−

F 2
1,0 = +g11

√

3

10
r1 + g31

√

1

5
r3 (C.37a)

F 2
0,0 = +g11

√

2

5
r1γs − g31

√

3

5
r3γs (C.37b)

C.3.0.5.38 2− → 1− + 0+

F 2
1,0 = −g21

√

1

2
r2 (C.38a)



N¹ C Ü©HELICITYÍÜ�Ì��z(J 151

C.3.0.5.39 2− → 1− + 1−

F 2
1,1 = +g11

√

1

5
r1 − g31

√

3

10
r3 (C.39a)

F 2
1,0 = +g11

√

3

20
r1γσ + g31

√

1

10
r3γσ − g12

√

1

20
r1γσ + g32

√

1

5
r3γσ (C.39b)

F 2
0,1 = +g11

√

3

20
r1γs + g31

√

1

10
r3γs + g12

√

1

20
r1γs − g32

√

1

5
r3γs (C.39c)

C.3.0.5.40 2− → 1− + 1+

F 2
1,1 = +g20

√

1

3
r2 + g02

√

1

30
r0 − g22

√

1

21
r2 + g42

√

3

35
r4 (C.40a)

F 2
1,0 = −g21

√

1

4
r2γσ + g02

√

1

10
r0γσ − g22

√

1

28
r2γσ − g42

√

4

35
r4γσ (C.40b)

F 2
0,1 = +g21

√

1

4
r2γs + g02

√

1

10
r0γs − g22

√

1

28
r2γs − g42

√

4

35
r4γs (C.40c)

F 2
0,0 = −g20

√

1

3
r2γsγσ + g02

√

2

15
r0γsγσ − g22

√

4

21
r2γsγσ + g42

√

12

35
r4γsγσ (C.40d)



152 ©Å©Û�{
C.3.0.5.41 2− → 1− + 2−

F 2
1,2 = +g11

√

9

50
r1 + g31

√

3

25
r3 + g12

√

1

30
r1 − g32

√

2

15
r3

−g13
√

8

525
r1 + g33

√

1

450
r3 + g53

√

1

63
r5

(C.41a)

F 2
1,1 = +g11

√

3

25
r1γσ − g31

√

9

50
r3γσ − g13

√

9

175
r1γσ

+g33

√

4

75
r3γσ − g53

√

2

21
r5γσ

(C.41b)

F 2
1,0 = +g11

√

3

100
r1(

2

3
γ2
σ +

1

3
) + g31

√

1

50
r3(

2

3
γ2
σ +

1

3
) − g12

√

1

20
r1(

2

3
γ2
σ +

1

3
)

+g32

√

1

5
r3(

2

3
γ2
σ +

1

3
) − g13

√

16

175
r1(

2

3
γ2
σ +

1

3
) + g33

√

1

75
r3(

2

3
γ2
σ +

1

3
)

+g53

√

2

21
r5(

2

3
γ2
σ +

1

3
) (C.41c)

F 2
0,2 = +g12

√

4

15
r1γs + g32

√

1

15
r3γs − g13

√

1

21
r1γs

−g33
√

1

9
r3γs − g53

√

1

126
r5γs

(C.41d)

F 2
0,1 = −g11

√

9

100
r1γsγσ − g31

√

3

50
r3γsγσ + g12

√

1

60
r1γsγσ

−g32
√

1

15
r3γsγσ − g13

√

64

525
r1γsγσ + g33

√

4

225
r3γsγσ

+g53

√

8

63
r5γsγσ (C.41e)

F 2
0,0 = −g11

√

4

25
r1γs(

2

3
γ2
σ +

1

3
) + g31

√

6

25
r3γs(

2

3
γ2
σ +

1

3
)

−g13
√

27

175
r1γs(

2

3
γ2
σ +

1

3
) + g33

√

4

25
r3γs(

2

3
γ2
σ +

1

3
)

−g53
√

2

7
r5γs(

2

3
γ2
σ +

1

3
) (C.41f)



N¹ C Ü©HELICITYÍÜ�Ì��z(J 153

C.3.0.5.42 2+ → 1+ + 2+

F 2
1,2 = +g21

√

3

10
r2 + g02

√

1

15
r0 − g22

√

1

42
r2 − g42

√

8

105
r4

−g23
√

1

105
r2 + g43

√

1

42
r4 (C.42a)

F 2
1,1 = +g02

√

1

10
r0γσ − g22

√

1

7
r2γσ + g42

√

9

35
r4γσ (C.42b)

F 2
1,0 = −g21

√

1

20
r2(

2

3
γ2
σ +

1

3
) + g02

√

1

10
r0(

2

3
γ2
σ +

1

3
)

−g22
√

1

28
r2(

2

3
γ2
σ +

1

3
) − g42

√

4

35
r4(

2

3
γ2
σ +

1

3
)

+g23

√

2

35
r2(

2

3
γ2
σ +

1

3
) − g43

√

1

7
r4(

2

3
γ2
σ +

1

3
) (C.42c)

F 2
0,2 = +g02

√

2

15
r0γs + g22

√

4

21
r2γs + g42

√

1

105
r4γs

−g23
√

5

42
r2γs − g43

√

1

21
r4γs (C.42d)

F 2
0,1 = −g21

√

3

20
r2γsγσ + g02

√

1

30
r0γsγσ − g22

√

1

84
r2γsγσ

−g42
√

4

105
r4γsγσ − g23

√

8

105
r2γsγσ + g43

√

4

21
r4γsγσ (C.42e)

C.3.0.5.43 2+ → 2+ + 0−

F 2
2,0 = −g12

√

2

5
r1 − g32

√

1

10
r3 (C.43a)

F 2
1,0 = −g12

√

1

10
r1γs + g32

√

2

5
r3γs (C.43b)

C.3.0.5.44 2+ → 2+ + 0+

F 2
2,0 = +g02

√

1

5
r0 + g22

√

2

7
r2 + g42

√

1

70
r4 (C.44a)

F 2
1,0 = +g02

√

1

5
r0γs − g22

√

1

14
r2γs − g42

√

8

35
r4γs (C.44b)

F 2
0,0 = +g02

√

1

5
r0(

2

3
γ2
s +

1

3
) − g22

√

2

7
r2(

2

3
γ2
s +

1

3
) + g42

√

18

35
r4(

2

3
γ2
s +

1

3
) (C.44c)



154 ©Å©Û�{
C.3.0.5.45 2− → 2− + 1−

F 2
2,1 = +g11

√

9

50
r1 + g31

√

3

25
r3 − g12

√

1

30
r1 + g32

√

2

15
r3

−g13
√

8

525
r1 + g33

√

1

450
r3 + g53

√

1

63
r5

(C.45a)

F 2
2,0 = −g12

√

4

15
r1γσ − g32

√

1

15
r3γσ − g13

√

1

21
r1γσ

−g33
√

1

9
r3γσ − g53

√

1

126
r5γσ

(C.45b)

F 2
1,1 = +g11

√

3

25
r1γs − g31

√

9

50
r3γs − g13

√

9

175
r1γs

+g33

√

4

75
r3γs − g53

√

2

21
r5γs

(C.45c)

F 2
1,0 = −g11

√

9

100
r1γsγσ − g31

√

3

50
r3γsγσ − g12

√

1

60
r1γsγσ + g32

√

1

15
r3γsγσ

−g13
√

64

525
r1γsγσ + g33

√

4

225
r3γsγσ + g53

√

8

63
r5γsγσ

(C.45d)

F 2
0,1 = +g11

√

3

100
r1(

2

3
γ2
s +

1

3
) + g31

√

1

50
r3(

2

3
γ2
s +

1

3
) + g12

√

1

20
r1(

2

3
γ2
s +

1

3
)

−g32
√

1

5
r3(

2

3
γ2
s +

1

3
) − g13

√

16

175
r1(

2

3
γ2
s +

1

3
) + g33

√

1

75
r3(

2

3
γ2
s +

1

3
)

+g53

√

2

21
r5(

2

3
γ2
s +

1

3
)

(C.45e)

F 2
0,0 = −g11

√

4

25
r1(

2

3
γ2
s +

1

3
)γσ + g31

√

6

25
r3(

2

3
γ2
s +

1

3
)γσ

−g13
√

27

175
r1(

2

3
γ2
s +

1

3
)γσ + g33

√

4

25
r3(

2

3
γ2
s +

1

3
)γσ

−g53
√

2

7
r5(

2

3
γ2
s +

1

3
)γσ (C.45f)



N¹ C Ü©HELICITYÍÜ�Ì��z(J 155

C.3.0.5.46 2+ → 2+ + 1+

F 2
2,1 = −g21

√

3

10
r2 + g02

√

1

15
r0 − g22

√

1

42
r2 − g42

√

8

105
r4

+g23

√

1

105
r2 − g43

√

1

42
r4

(C.46a)

F 2
2,0 = +g02

√

2

15
r0γσ + g22

√

4

21
r2γσ + g42

√

1

105
r4γσ

+g23

√

5

42
r2γσ + g43

√

1

21
r4γσ

(C.46b)

F 2
1,1 = +g02

√

1

10
r0γs − g22

√

1

7
r2γs + g42

√

9

35
r4γs

(C.46c)

F 2
1,0 = +g21

√

3

20
r2γsγσ + g02

√

1

30
r0γsγσ − g22

√

1

84
r2γsγσ − g42

√

4

105
r4γsγσ

+g23

√

8

105
r2γsγσ − g43

√

4

21
r4γsγσ

(C.46d)

F 2
0,1 = +g21

√

1

20
r2(

2

3
γ2
s +

1

3
) + g02

√

1

10
r0(

2

3
γ2
s +

1

3
) − g22

√

1

28
r2(

2

3
γ2
s +

1

3
)

−g42
√

4

35
r4(

2

3
γ2
s +

1

3
) − g23

√

2

35
r2(

2

3
γ2
s +

1

3
) + g43

√

1

7
r4(

2

3
γ2
s +

1

3
)

(C.46e)



156 ©Å©Û�{
C.3.0.5.47 2− → 2− + 2−

F 2
2,2 = +g11

r

4

25
r1 − g31

r

6

25
r3 − g13

r

9

350
r1

+g33

r

2

75
r3 − g53

r

1

21
r5 (C.47a)

F 2
2,1 = +g11

r

3

50
r1γσ + g31

r

1

25
r3γσ − g12

r

3

70
r1γσ

+g32

r

6

35
r3γσ − g13

r

12

175
r1γσ + g33

r

1

100
r3γσ

+g53

r

1

14
r5γσ − g34

r

1

84
r3γσ + g54

r

1

42
r5γσ (C.47b)

F 2
2,0 = −g12

r

4

35
r1(

2

3
γ2

σ +
1

3
) − g32

r

1

35
r3(

2

3
γ2

σ +
1

3
) − g13

r

1

14
r1(

2

3
γ2

σ +
1

3
)

−g33
r

1

6
r3(

2

3
γ2

σ +
1

3
) − g53

r

1

84
r5(

2

3
γ2

σ +
1

3
) − g34

r

1

14
r3(

2

3
γ2

σ +
1

3
)

−g54
r

1

28
r5(

2

3
γ2

σ +
1

3
) (C.47c)

F 2
1,2 = +g11

r

3

50
r1γs + g31

r

1

25
r3γs + g12

r

3

70
r1γs

−g32
r

6

35
r3γs − g13

r

12

175
r1γs + g33

r

1

100
r3γs

+g53

r

1

14
r5γs + g34

r

1

84
r3γs − g54

r

1

42
r5γs (C.47d)

F 2
1,1 = −g11

r

1

25
r1γsγσ + g31

r

3

50
r3γsγσ − g13

r

18

175
r1γsγσ

+g33

r

8

75
r3γsγσ − g53

r

4

21
r5γsγσ (C.47e)

F 2
1,0 = −g11

r

9

100
r1γs(

2

3
γ2

σ +
1

3
) − g31

r

3

50
r3γs(

2

3
γ2

σ +
1

3
)

+g12

r

1

140
r1γs(

2

3
γ2

σ +
1

3
) − g32

r

1

35
r3γs(

2

3
γ2

σ +
1

3
)

−g13
r

8

175
r1γs(

2

3
γ2

σ +
1

3
) + g33

r

1

150
r3γs(

2

3
γ2

σ +
1

3
)

+g53

r

1

21
r5γs(

2

3
γ2

σ +
1

3
) − g34

r

1

14
r3γs(

2

3
γ2

σ +
1

3
)

+g54

r

1

7
r5γs(

2

3
γ2

σ +
1

3
) (C.47f)

F 2
0,2 = +g12

r

4

35
r1(

2

3
γ2

s +
1

3
) + g32

r

1

35
r3(

2

3
γ2

s +
1

3
) − g13

r

1

14
r1(

2

3
γ2

s +
1

3
)

−g33
r

1

6
r3(

2

3
γ2

s +
1

3
) − g53

r

1

84
r5(

2

3
γ2

s +
1

3
) + g34

r

1

14
r3(

2

3
γ2

s +
1

3
)

+g54

r

1

28
r5(

2

3
γ2

s +
1

3
) (C.47g)

F 2
0,1 = −g11

r

9

100
r1(

2

3
γ2

s +
1

3
)γσ − g31

r

3

50
r3(

2

3
γ2

s +
1

3
)γσ − g12

r

1

140
r1(

2

3
γ2

s +
1

3
)γσ

+g32

r

1

35
r3(

2

3
γ2

s +
1

3
)γσ − g13

r

8

175
r1(

2

3
γ2

s +
1

3
)γσ + g33

r

1

150
r3(

2

3
γ2

s +
1

3
)γσ

+g53

r

1

21
r5(

2

3
γ2

s +
1

3
)γσ + g34

r

1

14
r3(

2

3
γ2

s +
1

3
)γσ − g54

r

1

7
r5(

2

3
γ2

s +
1

3
)γσ (C.47h)



N¹ C Ü©HELICITYÍÜ�Ì��z(J 157



158 ©Å©Û�{
C.3.0.5.48 2+ → 2+ + 2+
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D.1.1 ooo���ÜÜÜþþþF1i1µ§ν§δ§...��0§1§2§3§4"
gµν = gµν =















1

−1

−1

−1















(D.1)

gµνg
µν = 4 (D.2)

pµ = (p0, p1, p2, p3) (D.3)

pµ = gµνpν = (p0,−p1,−p2,−p3) (D.4)

pµ1gµνp
ν
2 = p0

1p
0
2 − ~p1 · ~p2 (D.5)

ǫµνδσp
µpν = 0 (D.6)

ǫµνδσg
µν = 0 (D.7)

eµ ´���¥µ
eµ = ǫµνδσp

ν
1p
δ
1p
σ
1 (D.8)
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D.1.2 nnn���ÜÜÜþþþ=©i1i§j§k§...���1§2§3"

ǫijkp
i
1p
j
2p
k
3 = (~p1 × ~p2) · ~p3 = (~p3 × ~p1) · ~p2 = (~p2 × ~p3) · ~p1 (D.9)

(~p1 × ~p2)i = ǫijkp
j
1p
k
2 (D.10)

δijδ
ij = 3 (D.11)

D.2 LorentzØØØCCCþþþ������EEEXJ·�l�X�o¥þ(p1, p2, ...)Ñu§��U�EÑ��Ü� LorentzØCþ,ù�Vg3�EØC�Ì��~k^"��kn«/ª�ØCþ§·��ÞXeµ
• �â½Â§IþÈ´��ØCþ"

pi · pj = EiEj − ~pi · ~pj , (D.12)~X§²~^��ü�âf�ØC�þ�²�µ
s12 = (p1 + p2)

2

= m2
1 +m2

2 + 2p2 · p2 , (D.13)½öÄþ=£�²�µ
t12 = (p1 − p2)

2

= m2
1 +m2

2 − 2p2 · p2 , (D.14)XJü�âf��þm1Úm2ØC§K s12§t12Ú p1 · p2 Ǒ´ØCþ§§�ò¬Ó���4�"
• a�¥þ�Uþ©þ�ÎÒǑ´ØC�§ÏǑ·��¬���£orthnchronous¤LorentzC�"
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• XJko�o¥þ§K
ǫ ≡ ǫ(pi, pj , pk, pl)

= ǫαβδσp
α
i p

β
j p

δ
kp
β
l , (D.15)´��ØCþ"ǫαβδσ ´o����é¡Üþ§ù�ØCþÙ¢´±o�oÄþǑ�½öǑ1���Ý
�1�ª"'uÙØC5�y²ùpÑ�"
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