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Leading-twist distribution amplitude in HQET

Definition [A. Grozin, M. Neubert (1997)]
(0[[@(2n) [z, 0]y5ho (0)] 4| B(v)) = iFp (1) D4 (2, 1)

e v, is a time-like vector, hy(0) = [0, +ocov]

o RGE (“a% + ﬁ(a)% + ’}-LLN(a))<I>+(z, p) =0, T

e One-loop evolution kernel

(M@ (o) = 40k {Ii7z) + 17204 o) + [ aul (@) - 2@ )]

where [t = €"F pze and @ = 1 — U. [A. Grozin, M. Neubert, (1997); V. Braun, D. lvanov, G. Korchemsky, (2004)]

e Solution to one-loop RGE (G ell, T. Feldmann, Y-M. Wang, M. W. Y. Yip, (2013); V. Braun, A. Manashov (2014)]

1 o0 :
@.‘.(Z, /J') = T3 dsseZS/z TH‘(S?/J') )
z 0
2C0F 1, as() @
77+(37/J‘) = R(&M#0)’7+(S,u0)7 R(S,/.L,/.L()) ox s Po s (o) Dot
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Conformal symmetry in Lange-Neubert kernel

° ’HS\)I commute with special conformal generator of light field S, ~ v#K, but not Sy

S; =20, +2jz, So =20, +j, S- =—0., [S+,S-] =2Sp

[M. Knédiseder, N. Offen (2011)]

(S, HR] =0, [So,H{R]=4CF =T&L, [So,S+] = £S4,

solution: 7—[81\)] = thl,s)p In(iuS+) + const | (for g(nz)th(0), j = 1)

[V. Braun, A. Manashov (2014)]
e light — heavy reduction [V. Braun, YJ, A. Manashov, (2018)]

P R IV NN IR

= | HO(C2,) = Hin = Han = D% In(ipS4) + const

e eigenfunction of ’HS\)I coincides with that of S :

els/z
Qs(z) = — [V. Braun, A. Manashov (2014)] @

2
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Conformal symmetry in Lange-Neubert kernel

e To all orders Hin = Dausp(a) n(ifS+) + 'y (a) [V. Braun, YJ, A. Manashov (2019)]

Evolution kernels in the MS-like schemes are e-independent

Exact conformal symmetry in d = 4 — 2¢ at the critical point S(a+) =0

(1) [ i HLN(G*)] =0

Conformal generators receive quantum corrections:

SO =228, 4 22 SM(a.) = 8 + 2 [—e + Aad)]

s(()o) =20, + 1 Si"(ax) = S — e + Hin(ax)

Aax) = axAD +a2A@) 4 s called conformal anomaly satisfying
(2) [20:,5%"(a)] = S%'(a) |

from (1) and SL(2) algebra =

In pez enters Hin only linearly with coefficient I'cusp (6. Korchemsky, A. Radyushkin (1992)]

(3) [20:, Hin(ax)] = Leusp(ax)

rre

(1) = Hin(ax) = f(Sf“” <2:g3> ’(2) = Tcusp(ax) = Proposition
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Conformal generators at one-loop in HQET

e Two-loop evolution of twist-2 DA |v. Braun, YJ, A Manashov (2019)]

HR(ax) = TE (@) (s (ar)) + TP (),
S_(‘_l)(a*) = SS_O) +2(—e(ax) + a*A(l))

= [ie"E = pygs e

Al

e(ax) = —foax + O(a?)

One-loop conformal anomaly four one-loop diagrams

a90() = ce f30() +2 [ "o (2 +1ma) 06) - 0@}

e The scheme-dependent constant Ff) (a) is found from Feynman diagrams
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Two-loop kernel in integral representation

e Integral representation for =2 is usually preferred

Ansatz

L a
H(a)O(z) = Ceusp(a) [ln(zﬁz)@(z) + /(; da > (14 h(a, ) (O(z) — O(&z))} + v+ (a)O(2)

e AW and ¢(a.) = —Boax + O(a?) dictate h(a,a)  going to Mellin space

h(a, ) = aln&{ﬁo —2CF (g +mly hm)}+0(a2)
(e}

a

® 74 requires additional calculation scheme-dependent, vy, = v+ —7F

T . 21 72 83  2m? 35 w2
7+ (a) = —aCF + a”CF { 4CF §+?—6€3 +Ca|———7—-60G|+Bo|—Z——| ¢+ -

9 3 18 6

also obtainable from known anomalous dimensions!

e LN kernel at three-loops: to appear @
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Solution to one-loop evolution of higher-twist DAs

e One-loop evolution kernels of three-particle DAs are pairwise.
Example

2FBVs3(z1, 22) = (0] g(z1n)rh[z1m, 221G v (z2n)y! n” [z2m, 0]hy (0) | B)

where the one-loop kernel takes the form ’H(l) ’H(l) ’H(l) ’H(Q with
2 e = o { [ 2 1760 - ap(@a] + finan) - 2] o0}
1
G 1Ge2) = N { [ 92 (1) = )] + [insa) = 3| 1)}

1
d _ @ _ @
[, 22) = No{ [ 92 P2p(en,20) = g 22) = en, 351
0

_3 (21, 22) —i/lda/ldﬁﬁ (255, 22)
490 1,22 N. J, - P (212, %21)

where 2?2 = (21 + (Z2. [M. Knédiseder, N. Offen (2011); V. Braun, A. Manashov, J Rohrwild, (2009); YJ, A. Belitsky (2014)]
e Eigenfunction?
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One-loop evolution of higher-twist DAs

e RGE for ®3(z1, 22, 1) is integrable at large N. limit.

Two conserved charges (hidden symmetries)

1010 = [0, 1)) = @0 #2] =0

explicitly [v. Braun, A. Manashov, N. Offen (2015)]

Q1 =4(S5 +57),
Qo = 5iS§ — i (5557 +5953) - i53 (85 - 8357)

St =220, +2j2,8° = 20, + j,8~ = —9,, j conformal spin.

e Two DOF in <1>f§3> - Hgs) and {Q1,Q2} share the same eigenfunction.

e Integrability of RGE < Integrable spin chains [v. raun, vJ, A Manashov (2018)]
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One-loop evolution of higher-twist DAs

e Solving for eigenfunction of {Q1,Q2} leads to (complete orthonormal basis)

o) = [T gy + [ ds o2V o sun)

1 oo
sote) = [ as[n? o (619 + 5 [ dem(s.a Yas,z )],

where Y;O)(s|g) =Ys(s,z =1/2|w) and
1

1 _ e 1.
Y3(s,z|w) = — [du/uswy J1(2y/uswi) wa J2(2v/uswz) 2 F1 ( 2 ' 2+1z’ — g)

2 [
0

Solving RGE for ¢3(w, i) up to 1/N2 gives

773(87 x, IJ‘) = L’Y3<1’>/60R(s; M, /J‘O) 773(87 x, IJ'O)
s (s, ) = LNe/Po R(s; u, po)ns” (s, o)

L= 22U and vs5(z) = N[1(3/2 + iz) + 1(3/2 — iz) + 2vz].

as(1o)

o l/NC2 ~ O(1071) taken perturbatively

e also possible at twist-4 level: three conserved charges of 2 x 2 matrices @

[V. Braun, YJ, A. Manashov (2017)]
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Evolution kernels of soft functions

e h — /Ay — 77 at subleading power induces the soft function [ZL. Liu, M. Neubert, (2020)]

Sl =] <0| 01 |’y’y> ) with 01(2’1, 22) = q(zlnl)[zlnl, 0]7}/17V2[0, ZQ’ILQ](](ZQ’IL)

necessary to solve the RGE of S; to resum large logs ~ In(Aqcp /m)

one-loop: [ZL. Liu, M. Neubert, (2020)] (from RG consistency), [G. Bodwin, J. Ee, J. Lee and X-P. Wang (2021)] (from diagrammatic calculations)
e Exploiting translation 4 conformal symmetry + vq: [M. Beneke, YJ, X. Wang (2024)]

e Hop, satisfies the same commutation (“double copy”) relation as Hin

[’Cv Hol] = 07 [D7 Hol] = F(I?usp

e Analysis of the local limit s,¢ — 0 yields the relation

Ho, (s,t) = Hin(s) + Hin(t) — 270

e Two loop Hp, obtained directly [M. Beneke, YJ, X. Wang (2(@
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Evolution kernels of soft functions

e Similarly h — A\, — gg requires [ZL. Liu, M. Neubert, M. Schnubel and X. Wang (2022)]
82 = (0] Oz]g9) ,
Os(z1, 22) = q(z1m1)[2101, 0on1 ] T*[cona, 0][0, cona] TP [oconz, zans]q(zanz)

e lightlike infinite Wilson lines spoils conformal properties

e only one (possible) commutation relation: [M. Beneke, YJ, X. Wang (2024)]

[K,Ho,] # 0, [D,Ho,] = T'% g

cusp ~ -+ cusp

e One-loop via diagrammatic calculation using background field method

[M. Beneke, YJ, X. Wang (2024)]

e new “emergence symmetry” to fully constrain Ho,?

9
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Evolution kernels of soft functions

e Nonperturbative effects in B — v+ with soft gluon emission is captured by

[Q. Qin, Y-L. Shen, C. Wang, Y-M. Wang (2022)]; [Y-K. Huang, YJ, Y-L. Shen, C. Wang, Y-M. Wang, X-C. Zhao (2023)]

83 = (0| 03| B)
Os(21,22) = @(z1ma)ph, [21m1, 0][0, 22m1]G v (22m2 )7 5 7 [22m2, 0]y (0)

e Evolution kernel at one-loop constructible directly from conformal symmetry

[to appear: YJ, Y-M. Wang, H-X. Yu]
e complication of constants at higher-loops (T, C)

[Ho, O3] (21, 22) = r® [/0 %X fi(@) [O(z1, 22) — O(@z1, 22)] + ln(uzl)}

+1® Uol %O‘ £2(0) [O(z1, 22) — Oz1,G2)] + m(MZQ)] +C

[to appear: YJ, Y-M. Wang, H-X
e How to get '™ and T'® directly beyond two-loops? @
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Evolution kernels of soft functions

e Similarly B — X, at subleading power requires:

[M. Benzke, S-J. Lee, M. Neubert, and G. Paz (2010)]; [R. Bartocci, P. Bder, and T. Hurth (2024)]

<BIO4|B>

Ou(a, 22) Ru(zin_)h_[zn—, 0)[0, z2m4 )G (zams )P [zany, O] (0)

e At one-loop, Hp, obtainable form symmetry consideration (e appear: YJ, Y-M. Wang, H-X. Yu]

e determination of constants again becomes nontrivial at higher-loops

[Ho, Os] (21, 22) =T [/0 %O‘fg(a) [O(21, 22) — O(z1,a22)] + In(pz2) | + C

[to appear: YJ, Y-M. Wang, H-X. Yu]
e Simplification beyond two-loops? I" from Wilson loop anomalous dimension?
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Evolution kernels of soft functions

e Subleading power corrections to Drell-Yan process near threshold involving
[M. Beneke, A. Broggio, M. Garny, S. Jaskiewicz, R. Szafron, L. Vernazza, J. Wang (2018)]

[M. Beneke, A. Broggio, S. Jaskiewicz, L. Vernazza (2019)]; [M. Beneke, Y. Ji, E. Siinderhauf, and X. Wang (2025)]

S5 = (0] Os [0)
92 n/—
Os(xo; 21, 22) = N.Cr — T [(anf) (zo + zon_)T°Y, (@0)Yn, (xo)] e
x T [Y,L (0)Yo_ (0)T* [Yn_ qs] (sln_)]
° H(95 computed at one-loop [M. Beneke, Y. Ji, E. Siinderhauf, and X. Wang (2025)]

e Symmetry analysis shows both Hp, and Hop, related to Hy,:

2F5Ws (21, 22) = (0] @(zin)[zam, 22n]Guw (22n)7 " [z2m, Oy (0) | B)

9
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Conclusion and Outlook

Conclusion

e Symmetries reduces the computation workload of various evolution kernels
needed for large log resummations in many exclusive processes

e also allows establishing relations between different kernels

Outlook for future work

o Extending the symmetry analysis to NLP jet functions and other perturbative
functions

e Computing evolution kernel of higher-twist B-LCDAs at higher orders via
symmetry considerations
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Two-loop kernel from Feynman diagrams

There are ~ 30 diagrams in Feynman gauge:

e Exchange diagrams

e Light vertices

Yao Ji (CUHKSZ)

Symmetries in evolution kernels

Wuhan, September 13, 2025
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Two-loop kernels from Feynman diagrams

! lel le2 e*ixn‘(szﬂb«kull)
I~ d M .
/0 u/ (2m)P / 2m)P v (k1 — )21 + l2)212 (ko — I2)2 q(k1)ysq(k2)

e Exchange diagrams contribute to both h(a, o) and 4 (many are UV-finite)
e Cusp diagrams generate ~ In z and contribute to v
e Light vertices contribute to h(a, ) only, known

FT

[V. Braun, A. Manashov, S. Moch, and M. Strohmaier (2016)]

@

rre

Yao Ji (CUHKSZ) Symmetries in evolution kernels Wuhan, September 13, 2025 2/5



One-loop evolution of higher-twist DAs

e RGEs for twist-4 DAs are also integrable [v. graun, vJ, A. Manashov (2017)]
Light fields mixing: kernels of 2 X 2 matrices. [V. Braun, A. Manashov, J. Rohrwild (2009); YJ, A. Belitsky (2014)]

Three conserved charges {Q1, Q2, Q3}

1 o0
t@=y [ d [ donfDsmwyPe k),
0 — 00

2

(Vg 4 U4)(w) = / ds/ dx r/<+)(s z, 1) Y4(2)(s z|w),

@i-F0@ =2 [~ (52 ) {606+ 7 dam(s,0.) Vil o) |

—/ ds/ da:%iﬂ(s,a:,u) Zi;)(s,r@),
0 —o00 ’

O(lLNS)

L’W’4(II?)/[30 R(57 H, /J’O) 774(1+) (87 Z, MO)

O(1/N?)

257 (5,2, 1) L4(®)/80 R(s; i, o) 25 (s, , po)

e Redundant operators are traded for others using EOMs and Lorentz symmetry,@
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Light-heavy reduction

e Evolution kernel of O; = g(nz1)itg(nzz) in integral form

(Hepl(orsoe) = [ duh(u) [2p(e1,22) = oot 22) = [on, 280 |

1 u
+ / du / v X (1, 0) (22, 280) + (e, 70)] | + cple, 22)
0 (0]

e drop terms in boxes and z; — 0 to obtain HS* + HY.
t* Location of the heavy quark is fixed!

- = o 2 -
explicit expressions for Hl( ) available [V. Braun, A. Manashov, S. Moch, M. Strohmaier (2016)]
. . . . . . 2
e adding contribution of cusp diagrams again gives us H£1\)1

e can be proved by noting h,(0) is fixed in space

@
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Analytic solution of the two-loop RGE

e Operator O(z) in Mellin space

+i0c0 .
0@ = [ dilimmse2700)

gives rise to the Mellin-space RGE:

0 0 0 . .
(1555 + (0) . = Tewn(a) 3 + V(i) ) OGia) =0

explicit expression for V(j,a) at two-loop available in |v. graun, vJ, A Manashov, 1912.03210]

e Mellin moment j as the second coupling, with I'c.s; as the S-function
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