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B, — v serves as an excellent channel to extract |V, |

@ Determination of |V, | largely unaffected by hadronic uncertainties

(Olay*ysb|B(p)) = ifgp”

« Recently, Belle Il measured its branching fraction

BB, > tv) = (1.24 = 0.41(stat.) £ 0.19(syst.)) x 10~

and updated the value |V, | = (4.4170:20) x 1077 [arXiv: 2502.04885 ]

@ This result is derived from the SM prediction of branching fraction

87 ma
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in the absence of QED corrections



Why do we need to know the QED corrections?

0".

QCD matrix element is known with <1% accuracy
(Olay*ysb|Bp)) = ifgP" with fz=(190.0%1.3)MeV [FLAG 2024]

QED corrections can be of similar magnitude or even larger, due to
presence of large logarithms o ln(mbz/ m?) and a In(m,/ E) In(my,/m,)

— be comparable to QCD uncertainties

o'".

Belle II will measure the z, 4 channels with 5 —7 % uncertainty

— B'=pty,

O
)

— BYorty,

[Belle Il Physics Book]

w D
S
==

300; ° ° ° °
25 ol — compete with experimental uncertainties
20.0;-
15.0;

10.0;

Exp. |V, relative uncertainty [%]

B(B ' —/¢ ' v) relative uncertainty [%]
ol
o

§ .B.ellle II - - - - - - o - - - 4
1 10 50
Integrated Luminosity [ab ']



Beyond ultra-soft photon approximation

« In most cases, analyses focused solely on ultrasoft-photon emissions,
where photons were treated as extremely low-energy (“ultrasoft™).

e.g. B— K¢te~ [G. Isidori, etc. JHEP 12,104 (2020) ]

® scale Agcp < p < my, and photon emitting from lepton can recoil

against the light spectator quark, and the light spectator is then delocalized

along the light cone
1 1

— Power enhanced effects nit, Agep
- q

B, — utu~ [M. Beneke, etc. 17 & 19 ]

B, —» t™1~ [Y.K.Huang, Y.L.Shen, X.C.Zhao, SHZ 23]

— The hadronic currents become non-local, the corresponding

hadronic matrix element
h
(01g,(vn_) Y(vn_,0) 7* P, h,(0) | B)

4
is light cone distribution ~ ¢ (@), and demonstrates explicitly
the structure-dependent QED effects

2



Main challenges in formulating a factorization theorem

& Quark current g, y* P, h, is not gauge invariant under QED &

qs}/ﬂPth — Zl]sy'uPthSlELL_ﬂ)Jr
u (

add a Wilson line S,g’f )" to account for soft photon interactions with charged lepton

— anomalous dimension sensitive to IR regulators

@ Beyond leading power convolutions have endpoint divergences &

[Feldmann, Gubernari, Huber, Neubert, Seitz 2022; Hurth, Neubert, Szafron 2023]

cannot be dealt with using standard renormalization techniques and
require appropriate subtractions.

e.g. “refactorization-based subtraction (RBS) scheme” in B, — pv



QED correctionsforB, — v

A muti-scale process
‘ focus on B, —» 7v new scales appear in the present of QED effects
- My
- - mb ~ //lh 5 v

\/ mbAQCD ~ Hpe
u (

~t Nocp ~ g e » relevant modes for virtual QED corrections

™ Ey ~ Hus
+ —E, ~ Husc

My, » relevant modes for real QED corrections




A muti-scale process

‘ ® QED for u > my, included in Effective weak Hamiltonian b
Lop = —2CF (1) Vs (@y* PLb) (€7, Prvy)
1 mW eff \/i EW(\U) Vub Y L Yul LVe )

& Ultrasoft photons y < Agcp see B meson as point-like particle,
- My ~ Hy

description as a Yukawa theory
\/ m, AQCD ~ Up. [Isidori, Nabeebaccus, Zwicky 2020, Zwicky 2021, Dai, Kim, Leibovich 2021]

T AQCD ~ Hg Hge

T Ey ~ :uus




A muti-scale process

‘ ® QED for u > my, included in Effective weak Hamiltonian b
Lo = ST (1) Vap (" PrLb) (£, PrLvy)
1 mW eff \/i EW(\U) Vub Y L Yul LVe )

& Ultrasoft photons y < Agcp see B meson as point-like particle,
- My ~ Hy

description as a Yukawa theory
\/ ny, AQCD ~ Uy [Isidori, Nabeebaccus, Zwicky 2020, Zwicky 2021, Dai, Kim, Leibovich 2021]

T Nqcp ~ Mo Hse % Intermediate scale Agep < g < my,, virtual photons can resolve
b

the structure of B meson

A E ~pu
n; * different scale hierarchies require different effective
- # E, ~ pg field-theory constructions
b

In this talk, we focus on the virtual QED correctionsto B, — 7v
8




modes ‘

@ Relevant modes p ~ (n,p,n_p,p,) for virtual QED corrections:

Expansion parameters:

1T M~

¢ Hard ( 17 1a | ) A
) QCD
. AT = m m. ~ HUpe
Hard-collinear (1,A%,2) b
T Aqcp ~ s B
QCD ’
° Soft (/12,/12,/12) bZENﬂ s° Isc
ny,

o

Soft-collinear A2 (1/b,b,1) ~ (A, 2°,1%)

« Factorization requires a number of different EFT constructions (HQET, SCET I, bHLET...)

n.p

Hard

Hard-
20 collinear
Soft- (SCET I)

(Weak
EFT)

« The factorized amplitude can be expressed as

,11 Collinear

(bHLET)
2 Soft anti-h.c.
(HQET) (SCETI)

ngVirtual — ZHiJiSi + ZFIJ®MJJ®Q)SJ
i J




From Fermi theory to HQET X SCET;,

|

-+ My

. G _ _
-+ my ~pu, © FermiTheory ZLg=— —; Viplgr, (1 =ys) DIy (1 —ys)v]

m; ~ HUpe D

GF
= ﬁ Vir Q1 »
T AQCD ~ Hg
1T Ey Hus
m
+ — E}/ Huysc
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Fermi theory — HQET X SCET,

@ The b quark can be described by a soft HQET field

b(x) — e~ MV X(1 + O(?)) h,(x)

N



Fermi theory — HQET X SCET;,
@ The b quark can be described by a soft HQET field
b(x) — e (1 + O(4%)) h(x)

« Leptonic fields can have large momenta, but small
invariant mass, needs SCET

12

Relevant modes p ~ (n_p,n_p,p,)

with expansion parameters:

22 = Aqcep

my,
o

Hard-collinear  p ~ (1,4%,1)

—given by the lepton virtuality

p~ (A% 2%,1%)

—given by the spectator virtuality




Fermitheory — HQET X SCET;

@ The b quark can be described by a soft HQET field

b(x) — e~ ™V X(1 4+ O(A%)) h(x)

o’".

Leptonic fields can have large momenta, but small
invariant mass, needs SCET

In SCET], subleading power description for the different
modes of the spectator and the lepton :

f(_x)—> <1 n i DJ_ + my, ﬁ+> é((jf)(x) + <1 +

n
A — | ¢
inyDe 2 Qg At 2 > )

in_D

my (@) ! h_
> ) e T\t Qe ey ) 4
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q<x>a<1+ ' Dy

in,Dq

Relevant modes p ~ (n_p,n_p,p,)

with expansion parameters:

12— AQCD
my
o

Hard-collinear  p ~ (1,42, 1)
—given by the lepton virtuality

Soft  p~(A%22,1%)

—given by the spectator virtuality

fields with power counting parameter

h,,q, ~ A

fhc,v%,)(}gg) ~ A

ﬂic ~ A



Constructionof HQET X SCET; operator

« three classes operator are relevant

1. local operator with soft spectator O,

b £ b £ b ¢ h, e
//4// — A %
’ O, =1q,...-h]1C,, ... vl
—> 4
*
1 v 1 v 4 v qs S Vpe
2. local operator with soft spectator and Og
b £ b £ b £ h, ) he
//#ll
> N Op = 1q,...-h )16, ... V7]
\'\\
q N
v q v q v g Vhe

3. nonlocal operator with O,
4 he

b £ b £ b / h,
e -
R N e
» »
q y q 3 q ) P P e

Vhe



‘ Hard functionat y ~ m,

m, ~ u, @ FermiTheory

AT

m, ~ e & HQET x SCET,

u AQCDNMS 0...

15



SCET; — bHLET p~ myAocp

lower the virtuality to remove the hard-collinear mode to reach to bHLET

.0‘0.

become to a soft-collinear (sc) field in boosted boosted parameters:

HLET after integrating m_ p= 2 Aqcp
my,

. n, ny,
fhc — e~ "eve x(l + b 7) fsc

1
e Soft-collinear p ~ 2% Z, b,1)

h —soft scale to 7 boosted in the B frame
<«
P / 2 12 12
p'~ (A%,4547)
\\t B
q 0] \\\\\\ vy vy, h" . fsc
N A 1 Cc C //
’ %
// ﬁ
— AB _ 7 —* )t 17
h " jm — [QS PL hv] Sn_ [l’ﬂsc PL UE]
Y hv 7" \?\\ 2
% A 9s Ve
¥, S
4q; A Vhe ds A Vhe
Op, Op,

16




SCET; — HQET x bHLET

o“.

)(lgi{ ) — g, by inserting the following NLP and NNLP interactions

Oc=1[ 20" ...h][Ch.. vl

1C

L)(x) = G, (x)[WecWel'(0) i Dey Sex) +h.c.

(2) — f . . . -1 ﬁ+
qu (.X) = qS (x_) [Wf,hc th] (X) (l n_Dhc + 1 DhCJ_ (l I’l+DhC) l DhCJ_) 76116‘()(:) + ...

ok ]
h,  Che ’ £y,
{/ intermediate propagators introduce
. 4 non-local operators
x _ & V() [7
J Fu(v) = [g(vn_) Y(vn_0) . P, h(0)]1S,”7'(0) [£,0) PLv0)]
s v B qs c

17



The helicity suppression be relaxed or not

S(v) = [g,(vn_) Y(vn_0) % Py h,(0)] S7%(0) [£,.(0) Py v(0)]

Nonlocal annihilation can probe the meson structure, and possibly
overcome the helicity suppression

. Che 1 1 1
% (0]q, - ...h,|B) ~ ~

In_og 48 Aqcp

X Happens for B, — £ £~, but not for B, — £ v with
U left-handed currents

[Beneke, Bobeth, Szafron 2017 & 2019, Y.K.Huang, Y.L.Shen, X.C.Zhao, SHZ 2023]

V—daYVs

b _ ok, _
@7 PLbI v, 7, Wl =200 = a)la =" PLOIE Py

— No power enhancementin B, - £v !
18



SCET; — HQET x bHLET

g, " LM , ) 2
7%
Xem mg /42 1 +7r
J = 0,0, u |In— - In(1 + ) | Ow)O(@)
& ﬂ nyDs urmyn_py v
a m 2 1+ 1
J)=—-0,0, “ i |In— s — T In(1+7) + —In(1 + ) | O(w)0(@)
X V) nypy > myn_p, r 20’ r
u wmg
r = — >
— No endpoint div. (1/u — co, when u— 0) in B, — v when W mg

convoluting to hard function! -

subtractions scheme independence



‘ Factorization Formula

— my, ~ u, & Fermi Theory
My~ Hpe M HQET X SCETI

— Agcp ~ #s & HQET x bHLET

1

0
Agl_rf}[lgl ~HypJ, gt V| FABIB Y + J du H%(u)" do J(u; w) (t"v| 74| B,)
0 0
SCET] operators with soft SCET] operators with hc
spectator (A-type and B-type) spectator (C-type)

HQET X bHLET operators

n _ h _
JAB = |z, 7* P h ]S Z Pyl TH0) = 1,0 n) YO n_0) = P (0)] S{(0) 17,0 P 1 (O)]

20



Generalized decay constant and LCDA P o

« Modified B-meson decay constant and LCDA

h _ qs qs
jl;}a,B — [QS a Pth] Szgfﬁ [Z’ﬂscPLUE]
2 i Soft photon decoupling from lepton

/) B .,
F4) = 13,0 Y n_0) =5 Py b O S7'(0) [2,,0) Py v(0)] Additional QED
soft Wilson lines

« Factorization anomaly $0(x) = exp [—ieQ,-[ dsr-A;(x+s- r)]
0
jA,B _ [— ﬁ"‘ P. h ]S(fﬁ
S - qs 2 L A% n_

Sv) = [g,(vn_) Y(vn_,0) % P, h,(0)] S77(0)

21



Generalized decay constant and LCDA P o

« Modified B-meson decay constant and LCDA
_ fl - ds ds
j_ll?’l’B — [QS T-i_ PL hv] Sl/(lf)T [fsc PL UE]
Soft photon decoupling from lepton

n _
J5v) = [g,(vn_) Y(vn_,0) 7+ P, h,(0)] S{97(0) [£,,(0) P, v,(0)] Additional QED
soft Wilson lines

« Factorization anomaly SO(x) = exp [_ ieQ, [ dsr-A,(x+s- r)]
0

n
7= 13, s

FLv) = [g,(vn_) Y(vn_0) % Py, h,(0)] S77(0)

o Refactorization

o = (0] 75" B) ® Fora,, — 0, Fzand F,®yreduces to the standard
7 o] [ S50 ST (0)110) HQET decay constant and LCDA
F . D(y) = (0] 7% | B) ® Fora,, # 0, high order % and F,®; are new
o (01 [SP0)S70)110) nonperturbative hadronic parameters.

Lattice determination ? QCD SR estimate ?



Decay amplitude including virtual QED corrections at NLP+NLO

, B,(1,2
; (1,2)

; gvintual _ ~ - ™y, w (Pe) Pove(p,) | D H(WI(u) Fy(w) +
i=A,1

X2 1 o0
ZJ du Hu, ﬂ)J deo J(u; @, 1) F s (1) @ (0, 1)

j=y.1 0 0 ]
AVirtual —ﬁ mefB'u, Pr vz X—er 2Qb (L—21ns—s—1)L— le-I—
\/§ u SC C 47r 2
21 2 82 — 2 . _2
n“s + 8_11n3+2L12(1—s)—s—1+12 —6(2Qp — Q) —
1 B 7.(.2 /1 ~ “2
Qe (2L + 12) +4 [ du@Q + Qungg

1 B 2 1+ 1
4Qu/o du/o dw ¢ (w) (1 + a) [ln{ﬂm,%_ r In(1+7) + (1+a)arln(1+7')‘}

Large (double) logarithms L, L’
23

° ¢4 (w) demonstrates explicitly the structure-dependent QED effects



Numerical prediction

.0‘0.

The non-radiative QED corrections to branching fraction of B, — 7v
for central values of the parameters

BrOB, - ) = (0.89( () = 0.01 (1 ) ) x 107

NLP+NLO+LL QED virtual correction changes the branching fraction by: ~ 1 %
compete with QCD uncertainties 0 fé ~ 1.4 %

o".

Determining the CKM matrix element using the latest data
from Belle 11

FLAG2024

4.5

inclusive

V| = [(4.41 4 0.01[5QED]) + 0.03(th.)*073(exp.)| x 1073

the experimental uncertainty would reduce to ~ 0.08 x 1073
based on ~ 50 ab~of electron-positron collision data

24




Summary

® We have analyzed exclusive leptonic decay B, — tv, which is an important mode for

extraction of |V, |.

® Subleading power factorization formula for QED corrections to B, — 7v derived in
SCET, HQET and bHLET

no endpoint divergences in this factorization at NLP (due to tau mass) —

subtractions scheme independence

Structure depended QED corrections arising from hard, hard-collinear

photons exchange — important source of large logarithmic corrections

Structure depended QED corrections from leptonic field decoupling produce

generalized B decay constant and LCDA — new hadronic parameters

2 NLP+NLO+LL QED virtual correction changes the branching fraction by ~ 1 % , are

critical for |V, | determination.
25

Thank you



Backup slides



HQET X bHLET — Low-energy theory (1 < p, p,.)

E

4
power parameters: Az = — ~ A*
ny,

p~ (A, 28, 27)
» Ultra-soft-collinear p ~ AZ(1,b%b)

—ultrosoft scale to 7 boosted in the B frame

T AQCD ~ Hg p




HQET X bHLET — Low-energy theory (1 < p, p,.)

E
T N Y
& 11 < Agcp, the hadronic B meson can be power parameters: - Az = -~ 4
described as a effective theory (HSET) p~ (A2, 02,12)
—iMmpVp -X ~
Dplo) = e 8B ™ Hs + Ultra-soft-collinear p ~ A2( 1,52 b)
& u<u,,s oft-coll. (S C) field in bHLET turned into —ultrosoft scale to 7 boosted in the B frame

ultra-soft-coll. one (usc) in bHLET-2

—imyv, X I
4 s € ce fusc MpVye Mg

& HQET x bHLET — HSET x bHLET,; 4 ~ Aqcp

PR DY - KK

nonperturbative hadronic = ygh, [/ P, v
B

usc
matrix element before

decoupling




Real correction to HSET X bHLETY;

@ all interactions of the B and the tauon with and ultra-soft-collinear

photons can be decoupled into Wilson lines via field redefinitions, so that the low-

energy theory is a theory of only Wilson lines

hy, () = 57 CE h O ()

KK,

4
7D x) = 57 CY) 480y

@ Real corrections are matrix elements of these Wilson lines

o0 o0 E
S(Ey’ 1) = J' da)us J da)usc 8(73/ — Wy — a)usc) Wusc(a)usc’ //t)
0 0

X Real emissions are factorized at the level of the decay rate

[[B, - ] ~ |Ay™ > ® S(E,, )

B—1Ur

AVirtual ~ Hi ®Jl 02 Y R SC

B—tv



@ Ultra-soft photons (under the assumption that AE < Agcp)
Based on eikonal approximation, k

(-:u(k)ﬁ(p)’y” (kp:pl)kztn,;z — 6M(k) _(p)

note k" <« p*,m

2 Mp
5QED ~ — 11'1 —
T my

Large logarithmic enhancements can mimic lepton-flavor universality violation

The ultrasoft contribution S (vg, vz, AE) is

S (vg,v5, AE) = Z ‘<X
Xs

with the one-loop ultrasoft function for massive final particles given in [16] ,

1 2 2 2 2
S (v, vg, AE) = 8 (1 + = lnm—) In £ (2 + ln—) lnm— +4 — Zx?,
2 m% 2AFE m% m% 3

f (0) SUE(O)‘ 0>}2 0(AE — Ex.) (5.5)

(5.6)

The resummed soft function can be achieved by using the QED exponentiation theorem

as a approximate, e.g. full soft function can be considered as the exponent of the one-loop
result,

Olem
S (ve, v5, AE) = exp [ yp Q2 SW (vy, vy, AE)] : (5.7)



C'FO‘s
W

1 w 41_\DA w
- _In= 92— ln— 2
- <2 nu)+ 3w ( nﬂ)]’(g)

which exhibits a negative radiation tail
for w »> u

w
82w, 1) =N =5 /0 19w — w)
0

Seung J. Lee and Matthias Neubert hep-ph/ 0509350
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Figure 1: Projection of uncertainties on the branching fractions B(B* — u* +v,) and B(B* —
Tt + v;). The corresponding uncertainty on the experimental value of |V,,| is shown on the right-
hand vertical axis.



TAB. 1. Published results for B(B™ — 77 v, ) by Belle, BABAR

and the PDG average.

Experiment Tag B(10~%)
Belle Hadronic 0.7215:57 +0.11
BABAR Hadronic 1.8310:55 +0.24
Belle Semileptonic 1.25 4+ 0.28 £+ 0.27
BABAR Semileptonic 1.8+ 0.8 4+0.2
PDG 1.09 £0.24




modes

% Relevant modes k ~ (n k,n_k, k) for virtual QED corrections:

Expansion parameters:

® Hard (1,1, 1) 2 Aqcp
ny,
(1,2%,2)
m’l’
(A% 22%,22) b=—~1
ny,
® Soft-collinear 22(1,b2,b) ~ (42,24, 23)

@ Relevant modes for real QED corrections:

E
® ultrasoft (42,22,22) =L~

® ultrasoft soft-collinear 42(1, 52 p)




Construction of HQET X SCET; operator

only two irreducible Dirac structures

1. local operator with soft spectator O, £,.T,Pvi-] with I'y =1, yﬂl

b £ b £ b ¢ h, L ne
4//
P A _ 1= =(¢
. ( OV = 1q,.. - W17 ]
A
9 v 9 v 4 v s N Vie

o on, i
My [QS 7 PL hv] [Z’ﬂhc

S
~
\O
~
|

— PL Vh_c]

ln+ahc

@f,)z = [g,7,1 P [} }’f P gl ><

35



Construction of HQET X SCET; operator

2. local operator with soft spectator and hard-collinear photon Oy

ﬂ/J—
b £ b £ b £ h, L. ¢,
//,/
—> X WD — [7 7 1 ot
S @B = [qshv] [th"'th] ﬂ/l(‘
\\\
q N
v q v q v g, Vhe

1 N _
Opy = ———la— 1 &3 PLI G Pve]
+%Yhc
O — 15 gL M 5
@Bz = 14, th_ «— Yul Pph,J1Z ), YLPLV%]
| ) in+ahc 2
00 = : [G ﬁ+P W1, H49 P, v-]
B3 in+ahc s 2 L™y hc hel - L% he

36



Construction of HQET X SCET; operator

3. nonlocal operator with hard-collinear spectator O

b ¢ b £ b ¢ h e
\ e ]
—> : @C= [ Xhe hv][bﬂhcyﬁ]
KPR XK =X
q v oq v oq v Yne )

he

O (s,0) = [1\(sn,) 7,1 PL (O] [ £, (tny) !l Py v (0)]

1
@”) ) (s,1) = my | ;(<q>(sn+)— P, h(0)] [, (tn,) —— P; v7(0)]
l I’l+ 0 hc

C operators are power-enhanced with respect to A and B ones, but hard-collinear
quark needs to be converted to a soft field through SCET] power-suppressed

soft-collinear interactions. 37



Fermitheory — HQET X SCET;,
b ¢ b l b , h //f/hc
/”4//
> ¢

A ]
Q, = [uy* P, bl [y, P ] @f,)l = my|q, 7+ P 1y - = Py vyl
LN, 0pe

E, = [ay*y"y" PLOIC Y, 1, 7,PLv] — 160, Or = [g; 7+ VYL P A v V1, Prvse]

evanescent operator

<Q1> = <@A,1>

(Ep) = 6(D=4)(04,) — 3(0Op) ~ 0O(e) AY ,,

(D) — A (1) 4(0) (1) 0 _ 0) (D)
HA,I _ Al,(A,l) + Zext Al,(A,l) + Z(A,l)j Aj,(A,l) Hé{ﬁ </“‘b) Z(A,l)(A,l)

A

1
Zy gl = P 0,0, +20)




Y(z,y) = exp !iqu /yx dzuA’s‘(z)] P exp [z’gs /yx dzuG’s‘(z)] :

Yi(x) =exp [—z’ng /OOO dsnzAg (T + sn;)] :

Sr'(i)(x) = exp —ite-J dsr-Aus(x+s-r)]
0

C,D(x) = exp —ieQiJ dsr-AuSC(x+s-r)]
0



