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Modular invariant SUSY theory

» Modular action [Lauer, Mas, Nilles, 1989; Ferrara, Lust et al,
ar+b 1989; Feruglio, 1706.08749]
T YT =
cr+d

SL(2, Z) on torus T*?

> Field non-linear transformation

P = (et +d)*| o l

weight k € Z p is a unitary representation of I'y or 'y

> Superpotential finite modular groups as G

', =SL(2,Z)/£T"(N
W = ZYhIg...Iﬂ(T) Un¥r, - - Y, G, ={" (2,Z) I £T(N)
I, =SL(2,Z)/ T (N)
Yukawa coupling Y; 1, 1 (7) is a holomorphic modular
form of level N: F(N)z{yeSL(Z,Z)U/:lZ mod N}
Ylllz...ln (y7) = (CT"‘d)kY Py (7)Y|1|2...|n(7) | | g
Modular invariance requires A, Iy =5, I_}_L = S4 F5 = b =/A
weights balance: ky = ky, + kr, + ...+ k1 | | —

Hexahedron Dectahedron Dodecahedron lzosahedron
Teirahedron

invariant singlet: py ® p;, ®...... ®pr, 01



Is SUSY unique?

» Modular symmetry standalone is not enough!

SUSY

holomorphicity

AT LAS\J?USY Searches” - 95% CL Lower Limits
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Y (7): Yukawa couplings = modular form
of level N and weight ky

A few independent modular forms
at weight ky

[PDG,2024]

low energy SUSY is not observed so far!

Y (7,7 ): non-holomorphic Yukawa couplings

A finite choice of Y (7,7 ) to have
prediction power



Harmonic condition replacing holomorphicity

» From top-down, the effective interactions in the low energy expansion of the four-graviton
amplitude are non-holomorphic automorphic functions satisfying harmonic eigenvalue equations.

N e
VT S\ L~ TN Vanhove,1001.2535; Hoker,Kaidi,2208.07242]

1 ga

i ) T i ‘M .
%/( N — ( N > ( 2 [Green, Gutperle, hep-th/9701093; Green, Russo,

 Modular invariance based on automorphic forms naturally have multiple moduli
[Ding, Feruglio, Liu, 2010.07952]
 Automorphic forms coincide with the harmonic MaaR forms for single modulus
» Harmonic Maal forms of level N and weight k [Qu, Ding, 2406.02527]
(D modularity: Y (y1) = (ct + d)*Y (1), Yy € T(N)

(2) harmonic condition (eigenfunction of Casimir operator A}):

_ 5 d d 0 top-down evidence of SUSY
Ae¥ (1) =0, Ay = -4y Jt ot t Zka% unnecessary: Almumin, Chen et al,
2102.11286

(3 growth condition: Y(t) = O(y%), Im(t) =y > +o



Modular form VS. polyharmonic Maal} form

I —4 6 9 + 2ik i Y 0
—=Y(@) =0 y? Fog= T 2tky =Y () =
+00 o
Y(’T) = Z Anqyn , QN = e?miT/IN Z g +egytTF + Z c. I'(1 —Fk,—4mny/N)qy
n=0 N n=-1
\'—\/'—T/ holon;;rphlc non—holgmorphic
holomorphic
Weight: k=0123,.. k=-,-3,-2-1,0,1,2,3, ..
Basis:  Y;(y7) = (ct + d)*p(¥);;Y;(7) Yi(yr) = (et + d)*p();;¥; (1)

* A familiar non-holomorphic polyharmonic Maal form

3 3
modified Eisenstein series  E,(t) = E, (1) — — =1-— p—t 24q — 72q% — 96q3 + -+



Formalism of non-holomorphic modular flavor symmetry

» Modular action of T [Qu, Ding, 2406.02527]
ar+b ) ) i )
T—yr= . T is a scalar field not a chiral superfield
Ct +

> Non-linear transformations of SM fields

i = o+ ™ [y W], ¥ 9f > o+ D)7 [pye)], ¥f H - (et + )™ py(n)H
» Modular invariant kinetic terms
Ly = (=it + if) *vipt G D + (—it + iT) Y iy TG D pC + -
i+ iT) ke ihtaHa,p + (—it + iT) v iptaHa,Pc + -
» Modular invariant Yukawa interactions
Ly = Y*) () yYSyYH + h.c.
Yukawa couplings are harmonic Maass forms of weight ky and level N

Y &) (1) > Y*I (y1) = (et + d) py )Y &9 (1)

kmi
Dli = au + TEZ(T)OMT

ky=k¢6+klp+kH

with
Py @ pyc Q@ py @ py 21




CP and non-holomorphic modular symmetry

» A unique CP transformation up to modular transformations
- —T" [Baur, Nilles et al,1901.03251; Novichkov, Petcov et al, 1905.11970]

» CP action on matter field and harmonic Maal form

CP
matter field:  P(x) — Xy Y™ (xp) X, and Xy are unitary matrix in flavor space

: C
MaalR form: Y (1) _7>Dy(_,[*) - X, Y*(0) () = S1 w(T) = 71
» Consistency condition CP->y->CP 1
] -1 ) _h

cTt*+d —cT+d —C

matter field& MaaR form : | X, px(Y) X' = p,(u(y))| fixing X, for eachirrepr

symmetric basis: p,.(S) = pf(S), p,(T) = pI(T)

* -1 _ -1\ — %
Xrpr(S)X: " = pr(§77) = pr(S) > X, =1 —> g; = g; real couplings

Xy pr(TX:1 = pr(T71) = pr(S)
[Novichkov, Petcov et al, 1905.11970]



Non-holomorphic Eisenstein series

» Cusp of '(N): a representative of the equivalence classes of rational numbers Q U {ico} under I'(N)
* Two coprime integers A and C to represent a cusp A/C
« A/C and A’/C’ describe the same cusp iff (A C) =+(A',C") (modN)
« T'(1) = SL(2,Z) has a single cusp ico = 1/0

- N -

-1.5 QD) -0.5 ( 0.0 ’ 0.5 (10) L5

[figures from
2008.05329 by Ivo,
Miguel,Ye-Ling]

C(2) ={1/0,0/1,1/1} c(5) ={1/0,0/1,1/1,2/1,-2/1,-1/1, 1/2, 3/2, 5/2, -3/2,-1/2,2/5} &




» Non-holomorphic Eisenstein series of weight k: defined at each cusp of I'(N) [Qu, Lu, Ding, 2506.19822]

el

~ e Y
Ey(N;7155,A/C) = E , p 5 > non-holomorphici
T3 S5 1 o + |2 - phicity
(c,d)= (d( d%( od N) ((XT i d) ‘C T d‘ g
ged(e,d)=1

* Modular transformation of E,

Eo(N;yT; S;m) = (ct + ¥ E, (N; I s y‘l(A/C)) |:> Modularity preserved for y € T'(N)
e Harmonic condition

AkEk(N;T;S;%)=—S(S+k—1)Ek(N;T;S;%) I::> s=0ors=1-k

— The linear space of weight k polyharmonic Maal3 form is spanned by the Eisenstein series

Ek(N T; S; A/C)| , its dimension equals to the number of cusp for k < 0.

_1_
— At weight k = 1, El(N; T; s;mﬂs:oare holomorphic and linearly dependent. The 15t derivative

aEl(N;T;S;m)
ds

El(l) (N; T; O;m) = generates weight k = 1 polyharmonic MaaR form.

s=0



Polyharmonic Maald form of level N

Finite modulargroup T3 = T': S? =R, (ST)3=T3=R?=1, RT=TR
» Non-holomorphic Eisenstein series of level N = 3

Ex(t;5;0), Ex(t;s;1), Ex(t;s;2), Ex(t;s;ico) Cusp: C(3) = {0/1 ,1/1,2/1, 1/0} = {0,1,2, ico}

;

Ek('r $;100) L Ey(T; 5;100) ,
T ¢ Er(1;5;0) |—>Ek(7', 2),
En(r;s:1) — Ey(r;5:0),
(

ZAGEY) s By(rs s 1).

S transformation distinguishes odd from

even weights

[Qu, Lu, Ding, 2506.19822]

10



» Multiplets of polyharmonic MaaB3 forms of level N=3
Even weight 2k (k < 0):
Y1) = Bop(731 — 2k;i00) + Fop(m: 1 — 2k;0) + Eop(7:1 — 2k; 1) + Eap(m;1 — 2k;2) singlet 1

1
(Egk 7:1 — 2k;100) — = Eop(7;1 — 2k;0) 4+ Eor(7;1 — 2k; 1) + Eor(7;1 — 2k; 2 \
3

2 /e ' i
Yg(%)('r) = — (E%(T; 1 —2k;0) + 62m/3E2k(7'; 1—2k;1)+ €4m/3E2k-(7'§ 1 — 2F; 2)) triplet 3

\ 3 (E%(T; 1 —2k;0) 4+ e BBy (1:1 — 2k; 1) + >3 Ey(1;1 — 2k; 2)) }

Odd weight 2k+1 (k < 0):
2
7 \/;(EQJ'(;—Q—I (TJ —Qk, 0) + LJEQ;H_l(T; —2]{,’, 1) + wQEng(T; —2]{}J 2))

Y (1) = ?, doublet 2
B (7 — 2k ic0) — E(EM( ~2k;0) + By (75 =2k; 1) + By (73 —2k: 2) )
_ 1
Fopi1(1; —2k;i00) + ﬁ (E2k+1(75 —2k;0) + Eopy1(7; —2k; 1) 4+ Eopyq(1; —2k; 2))
Y2 D(r) = )
2 doublet 2

2
1 \/;(E2k+1(7; —2]4) 0) + w2E2k+1(T; —2]{', 1) + WE2k+1(T; —2]‘3, 2))

Odd weight 1: replace E, with 1% derivative
aEl(T; s;ﬂ?)
ds

D)
+
D)
D)
_I_
D)

242" 143 242" 143 1+3

El(r; O;%) — El(l)(r; O;%) =
s=0 11




>level N =2:82=T*=(ST)’=1-T, =T, = S,

Ei(t;sjic0)  Ei(t;s;0) Ei(t;s;51)

~0= — ez - iez] - |1z -
> Level N = 4: S?=R, (ST)3=T*=R* =1, RT=TR->T,=S,
Ex(t;s; 1)
343 14+2 343”7142 343 1+2 1'+3
+ 3 + 3 +3 43
6+6 1+3 6+6 1+3

> level N = 5: S2=R, (ST)®=T5=R%2=1, RT=TR > T! = AL +3’ + 3’
+5 +5

Edr;s;3) EWTs7) Eyr s 3)
2 2 2

> @
6+6 1+3 4 1+3

Ex(T;s; 2) +3 +3 +3

+5 +6 t+4

+5

o— > +5

Ei(T;s; I
i( 2) 12



Non-holomorphic modular model based onI'; = T*

» Minimality as a guiding principle [Qu, Lu, Ding, 2506.19822]

>

No flavons other than T are introduced

ol
Three generations of LH lepton doublets transform as a T” triplet - % .
RH lepton singlets transform as T’ singlets . N d o

Higgs field is invariant under T’

Minimal type-l seesaw with two RH neutrinos

L= ) &lESLAWLH" + gINLE(DH + AINNCfy (V)] +hc

Non-holomorphic polyharmonic Maal8 forms appear at weights k < 2

________________________ Y1(4)
T C s R ) N -0 o) v TG \
R R R R 7N T VS SO
RN A G OB VA Gt B S MR G SIR (1) B 74 €3 R 2 3
o o WU Y v NG T Y vt
..... AR O sy WO T | | L,
-4 -3 -2 -1 0 1 2 3 4 ky

13



Lepton sector

L e | pu | 7| N| H gCP symmetry is included so that all
! 3 171111 2|1 couplings are real in the working basis
Er -1 113 |51 210 .
[Qu, Lu, Ding, 2506.19822]

» Charged leptons
LY = ale“LYAVHY), + B(ue LYY HY)y + y(r°LYSVH*), + hec.

ozYa(‘Og) aYg(g) aYéﬁ)
2 2 2
=D M, = | Yy, BYss BYsi |v
4 4 4
’YY9,(,1) 7Y3(,3) ’YY?,(,Q)
» Neutrino mass : seesaw mechanism with 2RHN

| | 1
~L, = u(NLHY,))1 + go(NCLHYV), + A (NCNCY3<4>)1 +h.c.

1 1 1 Y(4)
—> 91750 V2050 = V203, — 0V Yy %
Mo =1y ey ag vl Jaoyn v Me=A e

o —V2qY5 . V2q1Y; — V2015,

’2'}!}1 §H:2

14



Input pars NO 10
Re(7) Z0.03777 | 4338 x 103
Im(7) 1.090 1.083

B/ 17.70 16.00

v/ 284.6 257.1

G2/ 0.1490 —0.08106
av/GeV | 4.696 x 1072 | 5.156 x 1073

A /meV 191.6 603.8

1.10_|||||||||||||||||||||||||||||_
=, @S
~ B Region III 7
1.08_— 7]

© [ / i

= - -

— 1.06_— 7]
o NO

dredend oo
Re(T)

Predictions NO 10
sin” 01, 0.308 0.308
sin” 01, 0.02215 | 0.02236
sin” 605, 0.459 0.561

O p 1.097 1.567
Am2,/107%eV? |  7.48 7.49
Am3,/1073eV* | 2513 | —2.484

me/my, 0.004737 | 0.004737

my,/m; 0.05882 | 0.05882

m./MeV 0.469652 | 0.469652
0) 1.047 0.357
my /meV 0 49.08
ma/meV 8.65 49.84

ms/meV 50.13 0

> .m;/meV H8.78 98.92
mga/meV 8.84 48.76
X7 0.90 0.92

7 parameters vs 12 observables

15



Points with error bars are the experimental best values and the 3o
uncertainties

N

oo

: = ' -
mk.' * In perfect agreement with neutrino data
soat : 1/ \
— = — / — AN
[ S \ * Sharp predictions for 6%, and Dirac CP phase 55},
RS S ‘ — 65 in the 1%t octant: sin?0%, € [0.454, 0.463]

- 8fp € [0.84m,1.167]

/
U8 o0 042 034 0021 0022 0423 045 050 0.5 [ 0 14 L8 70 5 50 245 250 258
+ s G : 2l f -5 %72 / 2 —: r2
sin? E}fQ sin? 6’{3 sin 353 (SE'P [7] Amﬁl [107"eV7] Amgz, [10 LAY, ]

16




Extension to quark sector-> minimal modular model

QL 1u° c° 1€ dc g€ bc
T’ 3 1 1’ 1" 1 1" 1/
ki | kg | —2—ko | —ko | —ko | —4—ko | =4 — ko | —kg
.Yy, ? Y, aYy,” agYy " agVys? agYy,”
> M, = | 8.Y3Y  BYAY BYAY v, Ma=| 85" sy sy | v
0 0 0 0 0 0
’Yuy:at( ,2) Yu Y:s{, 1) Yu Y:?.(,:s) ’Ydya( ,3) ’Ydy:at(,g) ’?’dya(, 1)

 Minimal modular invariant model for quarks and leptons: 13 parameters VS. 22 observables

B Ouly Leptons
- W Only Quarks
N Leptons and Ouarks

L 10— Ill . — Iepton couplingS: CZ,,B,)/,gl,gz

viable region 54 6+ 2 = 13 parameters § quark couplings: ay, By, Yu A4, Ba, Va

quark and lepton shared: Re(7), Im(7)

I | / |
- ' ‘ 1 ¢ The complex modulus t common in quark and lepton sectors, is mostly

Im(7)

fixed by the quark parameters

1.09

() = 0.00506+1.093i close to imaginary axis

B 0 N * Tiny region of T after combining quarks & leptons

17



The model can well describe the masses and mixing of both quarks and leptons: 12 masses+6 mixing
angles+4 CP phases. The neutrino spectrum can only be NO after combined with quark sector.

Combined Leptons only Quarks only
Observable Best fit | y? breakdown | Best fit | x* breakdown | Best fit | y? breakdown
sin? 0%, 0.291 2.385 0.308 0.001 — —
sin? 6%, 0.02158 0.974 0.02215 | 6.88 x 107° -~ —~
sin? 0%, 0.462 0.424 0.459 0.751 — —
dp/m 0.99 0.690 1.09 0.143 - -
Am?2,/107%eV? | T7.11 3.995 7.48 0.001 - -
Am3,/107%eV? | 253 0.387 2.51 2.28 x 107° — —
Me /My, 0.004737 0.099 0.004737 0.099 - -
m,,/m, 0.05882 0.008 0.05882 0.008 - -
min( Xieptons) 8.86 0.90 :
01, 0.2263 0.033 — — 0.2257 0.492
01, 0.0037 0.631 — — 0.0037 0.449
04, 0.0374 12.330 - - 0.0398 2.969
Obp/° 70.52 0.072 — — 73.32 1.253
My /M 0.00204 | 1.252 x 107# — — 0.00204 | 2.260 x 10~7
me/my 0.00318 | 7.770 x 10~* -~ — 0.00318 | 1.057 x 1077
My /1M 0.0588 0.066 — — 0.0950 2.522
ms/my 0.018 0.659 — — 0.019 0.430
miu(.\fﬁw,ks) 13.79 — 8.11
min(x2,,..) 22.65 — —

[Qu, Lu, Ding, 2506.19822]

* Slightly tension for 92613 in
the combined analysis

18



I.-".ilf’\. BN Only Leptons
[ B Leptons and Quarks

NN

:

Lepton observables:

=
B

)
:

sin® 6,

e
i

=
g

— only NO neutrino mass is viable after
qguark sector is combined, testable at
JUNO

‘EE‘:: [TFJ

B
=

— sin?6%; ~ 0.46 in the 15t octant

£
— Ocp~ T

[
]

Am3, [10-%eV?]

£ &

Amd 1073V

5

N

{ff i
{1y \
Fov
f 0
f{f J"I " H\\\"\
1/ _\\'L

(LW 50 [(E (%7 0kl (U2 ouigs e 0458 DARD OL4E2 L] L 11 7.0 75 L] 2.4
s gy . ; —5 a2 : 5y
sin” @, sin? @ sin® dep 7] Am3, [107%eV7 Am3, [107%V7




Bl Only Quarks

I Leptons and Quarks

 The allowed regions of quark observables

are significantly reduced in the combined

analysis!

. 8;’3 in marginal agreement with data
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Tsh
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1
T 1
1
1
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1
1
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L L L l L
1043 nd4e &0 70 &) 0000 0002 0003 0.004 0.002 0.003 0004
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923

T I
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T i
i
i
1 1
0.004 0057 0.040 .




-0.25 0.14
-0.05 0.02

-0.07 0.01

-0.00 .—0.31 0.48 .01

&m%l -0.25

0!1-0.25

61,1 0.14
57 10.39
re] 0.00
ro] 0.04
rg<| 0.06

Tsh 0.13

-0.23 -0.20 -0.33
006 0.05 0.10 0.38
-0.01 -0.01 -0.00 0.03  0.00

-0.08 —ﬂ.ﬂ?’. 0.40 -0.15

-0.31 -0.17 0.10

0.09 0.07 048 I[].E‘E

0.01 002 002

-0.01 -0.02 0.01 0.04

0.02 0.01

-0.00 -0.00 4 -0.02 0.00 -0.00

-0.01 -0.01 -0.01 0.05 0.4 -0.02 0.06

(.40 —ﬂ.l?. 0.02

-0.15 0.10 023 0.02

(.00

(.00

-0.07 0.00 011 0.04

0.39 000 0.04 0.06

0.09 -0.00

0.07 -0.00

0.01 0.03

-0.01 -0.07

-0.02

-0.00 0.03

,{,.
sin® @,

.
sin® 04,

0.13

0.00

-0.01

0.22

-0.16

0.05 0.04 007

0.04 -0.07 0.28

-0.02 0,00 -0.24

0.06 0.11 033

0.02 0.04 -0.04

1.00

0.75

.50

0.25

0.00

—0.50

—0.75

—0.25

Correlations between flavor observables, 7 is the portal connecting quarks and leptons

* Lepton observables: strong
correlations among 6%, Qfg, 953
and 85p

* Quark observables: strong
correlations among 0.5, 6., and
6gp, strong correlation between
quz and mg/mg (GST relation?)

 Quark & lepton observables:

strong correlations between
q <4 ? 2
013, 0cp and Ocp, Amy,

21



Summary

Formalism of non-holomorphic modular flavor symmetry: modular form—>polyharmonic
Maald form, supersymmetry is unnecessary!

Polyharmonic Maals forms of weight k < 1 can be constructed from non-holomorphic
Eisenstein series, the dimension equals the number of cusp.

Minimal modular invariant model for quarks and leptons: 13 real parameters describe 22
observables.

Testable predictions: NO neutrino mass, sin?64, ~ 0.46, §:p ~ ...

Open questions:

— origin of harmonic condition for polyharmonic Maal’ forms ?
— quantum corrections?

— possible top-down connection?

22
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Polyharmonic Maal} forms of level N=2,3,4,5

I T T I T I N N A
T, =5; ST - 1+2 1+2

- 1+ 2 1+ 2
M 1+3 2+ 2" 1+3 2 +2" 1+3 2 +2" 1+3 2+2" 1+71
+3
vy 14243 343 1+2+3 3+3 142 3+3 142 1"+3 1+2+
+ 3 + 3 + 3 3+3
w0 1+3+3 646 1+3 6+6 1+3 6+6 1+3 3 +6 1+3
+5 +3"+5 +3"+5 +3"+5 +6 +3"+4
+5+5

24



» The best fit values of free parameters
and flavor observables

Inputs | Without gCP | With gCP
Re(r) 0005315 (005056
Lin{7) 1.1 1.093
Bfa 5084 17.77
e 0004373 286.8
lga/ ] 0.1647 0.1535
arg(zs/e) 5.799 0
o [ GeV 0.2789 (00679
A fneV 164.7 185.3
Bufer 0006165 | D.0DGTAT
Yol ot 4073 496.2
Bufog 30.11 2012
~a feva 0.1131 006111
ayrfGeV 0.3806 0.3869
g fGeV 000457 0.1018

Observables | Without gCP | With gCP
sin? @t 0.308 0.291
sin” 88, 0.02205 0.02158
sin 6L, 0.443 0.462

8o 1.00 0.99
Amd, f10=%eV 7.57 7.11
Am3, f10-%eV? 2.51 2.53

. fm, 0004737 0.004737

my, o, 0.05882 0.05882

@ 1.10 0.99

iy feV 0 0

g eV 8.70 8.43

g fmelV 50.11 50.26

3y fmeV 58.81 58.69
Mg,/ meV 213 1.32
mgfmeV 8.84 8.65
@, 0.2256 0.2263
g1, 0.0037 0.0037
&, (0. (L4006 00374
88.0/° 74.33 70.52
miy fre 000204 000204
rrig e 0.00318 0.00318
g S 0. 1066 00588
g ey, 0.019 0018
2 457 5,86
A 877 13.79

fm 13.33 2265
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Parameters

Observables
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Correlations among flavor observables and Re (7), Im(7)

Re(r) 022 -0.07 -0.06 0.37 -0.13 -0.01 0.46 -0.03 -0.04 -0.06 0.31 o
Im(7) 051 0.11 0.08 0.28 0.31 -0.02 0.25 000 0.05 010 022
sin? gf,{-0.22 051 -0.25 0.14 -0.00 -0.25 0.14 039 000 0.04 0.06 0.13 0.7
sin2 §{,{-0.07 0.11 -0.23 0.06 -0.01 -0.08 0.02 0.09 -0.00 -0.01 0.00 0.00
sin? §L,{-0.06 0.08 -0.20 0.05 -0.01 -0.07 0.01 0.07 -0.00 -0.01 0.00 -0.01 0.50
6t p 0.10 —ﬂ.[][].-'[l.El 048 001 0.01 0.03 -D.22
Am2, 1037 025 -0.23 -0.20 -0.33 038 0.03 040 -0.1?. 0.02 -0.01 -0.07 -0.16 0.95
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Confronting non-holomorphic S4 models with experiments
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