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QCD: Basic Facts

» QCD is characterized by two emergent phenomena:

confinement and dynamical generation of mass (DGM).

! !

* Quarks and gluons not isolated in nature.
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* Emergence of hadron masses (EHM)

from QCD dynamics

> Formation of colorless bound states: “Hadrons”

> 1-fm scale size of hadrons?

Higgs mechanism
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(~ 928 MeV)

~ 99% of proton mass



QCD: Basic Facts

» QCD is characterized by two emergent phenomena: Locp = z r;'_.,-[*;.,.u +mjlg + 1 e
confinement and dynamical generation of mass (DGM). je, s
lyi 4o
Can we trace them down to 1 il T
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* Emergence of hadron masses (EHM)
from QCD dynamics
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Dynamical masses
(Dynamical Chiral Symmetry Breaking)
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Gluon and quark running masses



QCD: Basic Facts

» Confinement and the EHM are tightly connected with QCD’s running coupling.

(figure: D. Binosi's courtesy!)
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Modern picture of QCD coupling. ‘Effective Charge’

Combined continuum + QCD lattice analysis

Cx : Fully dressed valence quarks
express all hadron’s properties




Parton distributions: energy scales

CH

Resolution Scale

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

(quasiparticles) (partons)



Parton distributions: energy scales

§

(Mu — Md)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are
contained within their valence quarks.

> QCD constraints are defined from here
(e.g. large-x behavior of the PDF)

i (20) F (1-2) =200



Parton distributions: energy scales

CH

(Mu — Md)

* Fully-dressed valence
quarks

~ At this scale, all properties of the hadron are *

contained within their valence quarks. . )
- QCD constraints are defined from here CSM results pl’OdUCG.

(e.g. large-x behavior of the PDF) > EHM-induced dilated distributions

H] ~ Soft end-point behavior |
(T C) ( )j j-|-n,.[$ Cui:2020td

.F




Parton distributions: energy scales

* Unveiling of glue and
sea d.o.f.

- Experimental data is given here.

> The interpretation of parton distributions from
cross sections demands special care.

> In addition, the synergy with lattice QCD and
phenomenological approaches is welcome.



Parton distributions: energy scales

Conway:1989fs Aicher:2010ch

Lattice CS

Sufian:2020vzb

I EA15-Original

I E615-Rescaled |
(ASV)

* Unveiling of glue and
sea d.o.f.

- Experimental data is given here.

> The interpretation of parton distributions from

cross sections demands special care.

> In addition, the synergy with lattice QCD and

phenomenological approaches is welcome.



Parton distributions: energy scales

CH

Resolution Scale
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Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

- QCD constraints are defined from here _ _ S
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from

cross sections demands special care.

- Experimental data is given here.

~In addition, the synergy with lattice QCD and
(T C) ( ]j - 24+(¢) phenomenological approaches is welcome.



Parton distributions: energy scales

CH

Resolution Scale
| E—
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Evolution equations

* Fully-dressed valence  Unveiling of glue and
quarks sea d.o.f.

~ At this scale, all properties of the hadron are
contained within their valence quarks.

- QCD constraints are defined from here _ _ S
(e.g. large-x behavior of the PDF) > The interpretation of parton distributions from

cross sections demands special care.

- Experimental data is given here.

~In addition, the synergy with lattice QCD and
(T C) ( ]j - 24+(¢) phenomenological approaches is welcome.
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DGLAP: All orders evolution

Raya:2021zrz
Cui:2020tdf
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DGLAP leading-order evolution equations




DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:202lzrz Starting from fully-dressed Sea and Gluon content unveils,
cutzozordr quasiparticles, at (7 ‘ as prescribed by QCD
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> Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Assumption: define an effective charge such that

Raya:2021zrz

’ Starting from fully-dressed Sea and Gluon content unveils,
Cui:2020tdf

quasiparticles, at (7 ‘ as prescribed by QCD
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Not the LO QCD coupling but an effective one.

> Making this equation exact.

> Connecting with the hadron scale, at which the fully-
dressed valence-quarks express all of the hadron’s
properties.

(thus carrying all the momentum)




DGLAP: All orders evolution

Cui:2020tdf

PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:
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DGLAP: All orders evolution

Cui:2020tdf

PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:
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Valence-quark PDF in Mellin space
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DGLAP: All orders evolution

Cui:2020tdf

PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:

o al(¢?) 1 dy x
kj.,_;i’H{-T’} — imf — Py g j qu(y)

i

Valence-quark PDF in Mellin space

2D ey = ) gn mye
EEC‘E 1H A 1Y

Xi(z) = qu(x) +'-TH( )
singlet combination

o d ., a((?) dy | ¥
gfd—ﬁl,j{i} = — ] ” {Pq{_q(y)lﬂ{ﬂj“Fz S (;)EIH{?}')}

Jd {I{(;E) | dy T :
EJ;(‘EUH{J) = @ Z ? Py y Yhly)+ Py, r_; guly)



DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: :
o Yh(x) = qu(x) + Gu(z)
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Moments’ evolution is controlled by the integrated
“strength” of the coupling beyond the hadron scale




DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splittina functions: 5 _
Yh(x) = qu(z) + gu(z)
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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This ratio encodes the
information of the charge

Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.




DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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scale: only one input is needed to evolve “all” the Mellin symmetry (piI(O)n case)
moments up and reconstruct the PDF.
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DGLAP: All orders evolution

Cui:2020tdf

Implication 1: valence-quark PDF
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This ratio encodes the

Direct connection bridging from hadron to experimental Information of the charge
and use isospin

scale: only one input is needed to evolve “all” the Mellin :

moments up and reconstruct the PDF. symmetry (pion case) i
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Capitalizing on the Mellin moments of asymptotically large order:
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B(C) = B(Cn) + 5 ln %



DGLAP: All orders evolution

Implication 1: valence-quark PDF

S dy
@™ = (™) exp (—ﬂ / —a-(fj) — (2"

Piig cq 2

Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.

Capitalizing on the Mellin moments of asymptotically large order:
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This ratio encodes the
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symmetry (pion case)
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DGLAP: All orders evolution

Implication 1: valence-quark PDF

Piig

Cui:2020tdf
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Direct connection bridging from hadron to experimental
scale: only one input is needed to evolve “all” the Mellin
moments up and reconstruct the PDF.
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

; . 1
manIvey L
1.[-' e
{ Vi 2(n + 1)

e Since isospin symmetry limit implies:

q(r;Cy) = q(1 — x;Cy)

* Odd moments can be expressed in terms

of previous even moments.



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

¢ ;n.w ] * Since isospin symmetry limit implies:
/ - ] ,
e (&I}? Jan a(x; Ci) = (1 — a3 Cir)

d 2(n +

n .
x Z ( ”*”)<s:-*'}i~;.,umm-ﬂ*ﬂﬁn,

j=0,1,.. J

* Odd moments can be expressed in terms
of previous even moments.



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

R e Since isospin symmetry limit implies:
(22)g, )00™" /0
(e = E’T q(z;Cr) = q(1 — z; Cx)
e 2in+1
5 J * Odd moments can be expressed in terms
i , : o ) of previous even moments.
v (=) 2(n +1) (27YS ({228 )0/
' * thr "« Thus arriving at th lati
, j g at the recurrence relation on
j=0,1,...

the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .



DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

¢ i ',f 1 * Since isospin symmetry limit implies:
/ - ] ,

( .En-,+1>i;I = ((232}?]1”1) - q(z; C) = q(1 — 2 Cry)

d 4

* Odd moments can be expressed in terms

2n .
, ‘2 n_{_l . P i 0 of previous even moments.
<Y (—J"’( e ))wibmumﬁg .

j * Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

) {Iﬂ.}':ﬁ
Reported lattice moments bk
agree very well with the Ref. [99] Eq.(17)

recursion formula 0.230(3)(7) 0.230
0.087(5)(8) 0.087
0.041(5)(9) 0.041
0.023(5)(6) 0.023
)
)

e GO D = | 3

0.014(4)(5) 0.015
0.009(3)(3) 0.009
7 0.0078

[99] C. Alexandrou et al., PRD104(2021)054504
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

R P * Since isospin symmetry limit implies:
((22)5 )70 /o
{.12'2”“"'1)“f = e q(7; Cn) = q(1 — x; ()

g
' 2(n+1)
* Odd moments can be expressed in terms

2n .
, ‘2 n_{_l . P i 0 of previous even moments.
<Y (—J"’( e ))@ﬂLMZ@LJ .

; j * Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
a symmetric one at the initial scale .

) {Iﬂ.}':ﬁ
Reported lattice moments bk
agree very well with the Ref. [99] Eq.(17)

recursion formula and so {].23[]{3){?} 0.230

also does and estimate for
the 7-th moment from lattice 0.087(5)(8) 0.087
0.041(5)(9) 0.041

reconstruction. )
0.023(5)(6) 0.023
0.014(4)(5) 0.015
0.009(3)(3) 0.009
710.0065(24) 10.0078

[99] C. Alexandrou et al., PRD104(2021)054504
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DGLAP: All orders evolution

Implication 2: recursion of Mellin moments (pion case)

¢ i ',f 1 * Since isospin symmetry limit implies:
/ - ] ,
(1) = “Engwn (o Cr) = a(1 — 7 i)

* Odd moments can be expressed in terms

s . 9An +1 . o of previous even moments.
< 3 (Y ) @i, (g ). § .
, j T  Thus arriving at the recurrence relation on
J=0,1,... the left which is satisfied if, and only if, the
source distribution is related by evolution to
¢ a symmetric one at the initial scale .
) Iﬂ. 5
Reported lattice moments (@ i Moments computed from: P. Barry et al.,
agree very well with the n| Ref. [99] Eq. (17) PRL127(2021)232001
recursion formula and so ——r—————r— )
also does and estimate for 110.230(3)(7) 0.230 4 %
the 7-th moment from lattice 210.087(5)(8) 0.087 . kB § %
reconstruction. 310.041(5)(9) 0.041 NS 31 i e e B
410.023(5)(6) 0.023 b -2
Moments from global fits can ~ — {d}(r] ——— L5 n -
be also compared to the 5]0.014(4)(5) 0.015 T T
estimated from recursion ! 6/0.009(3)(3) 0.009 il *
7/[0.0065(24) ]0.0078 e
[99] C. Alexandrou et al., PRD104(2021)054504 T 5 9 13 17 21 256 28

n



DGLAP: All orders evolution

Implication 3: phySicaI bounds (pion case), Keeping isospin symmetry, implying:

q ?’J.>C ¢(z; Cxr) = q(1 — z; Cx)
7

e
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DGLAP: All orders evolution

Implication 3: physical bounds (pion case), Keeping isospin symmetry

implying:
1 saseans n g ¢(z; Cxr) = q(1 — z; Cx)
e (e () )T _ -
. — Yo Hor « Lower bound is imposed by considering

B the limit of a system of two strongly
T massive and maximally correlated) partons:



DGLAP: All orders evolution

Implication 3: physical bounds (pion case). |c;ingisospin symmetry, implying:

1 . . T 1 q(x; Crr) = q(1 — 2 Cn)
=S ()50 )0 s den
n X T 14+ n * Lower bound is imposed by considering
the limit of a system of two strongly
T T massive and maximally correlated) partons:
Q(SU; CH) = (5(3’3 — 1/2) Q’(ZUQ CH) =1 * Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)
partons:



DGLAP: All orders evolution !

Implication 3: physical bounds (pion case). |c;ingisospin symmetry, implying:

1 o) 1 q(z; Ca) = q(1 — z; ()
o < ()5, (225, ) 70/ < si der
n 'ff 14+ n * Lower bound is imposed by considering
the limit of a system of two strongly
massive and maximally correlated) partons:
both carry half of the momentum.
Q(SL‘; CH) = (5(113 — 1/2) Q(ﬂ?; CH) =1 « Upper bound comes out from considering

the opposite limit of a weekly interacting
system of two (then fully decorrelated)

partons: all the momentum fractions are
equally probable.
J00:2019bzr Sufian:2019bol Alexandrou:2021mmi
n fil] [62] |63]
1 0.254{03) 0.18(3] 0.23(3)(7)
2 0.094(12) 0.064(10) 0.087(05)(08)
3 0.057{04) 0.030{05] 0.041{05){049)
1 0.023(05)(06)
g 0.014(04)(05)
{3 0.009(03){03)

n Lattice moments verifying the recurrence relation too.



DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ;
Yh(x) = qu(z) + gu(z)
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Hard-wall threshold

Quark singlet and glue PDFs in Mellin space P{f = 0(C — M,)
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DGLAP: All orders evolution

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions: ;
Yh(x) = qu(z) + gu(z)
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——qgylr) = A P y singlet combination
d¢? 47w f. Wy A Jr qH{ /)
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Hard-wall threshold

Quark singlet and glue PDFs in Mellin space P{f = 0(C — M,)
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DGLAP: All orders evolution °

Cui:2020tdf
PDFs DGLAP evolutions equations, expressed by the corresponding massless

splitting functions:

1 2y g . 2h(z) = q4(z) + gy ()
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Hard-wall threshold

Quark singlet and glue PDFs in Mellin space P{f = 0(C — M,)
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DGLAP: All orders evolution

Implication 4: glue and sea from valence M, = (51, Vg
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Implication 4: glue and sea from valence M, = (51, Vg
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Implication 5: correlating glue and sea
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DGLAP: All orders evolution

Implication 5: correlating glue and sea M, = (51, Vg
All quarks active
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The equation can be easily inverted
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DGLAP: All orders evolution

Implication 5: correlating glue and sea M, = (51, Vg
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The equation can be easily inverted and, relying on the hadronic scale definition, delivers a
constraint for all Mellin moments of glue and sea at any experimental scale:
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DGLAP: All orders evolution

Implication 5: correlating glue and sea M, = (51, Vg
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All-orders DGLAP: hard-wall thresholds

11

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!
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Consider, for the sake of simplicity, three flavors and ¢ < M,



11

All-orders DGLAP: hard-wall thresholds

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!
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Consider, for the sake of simplicity, three flavors and ¢ < M., such that the singlet combinations can
be rearranged and the strange decoupled from the light flavors.
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!
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Consider, for the sake of simplicity, three flavors and ¢ < M, such that the singlet combinations can be

rearranged and the strange decoupled from the light flavors. Specializing for the averaged momentum
fraction.
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

d r Jcli{;‘ejl T"?l‘]' = T;Tw. 3 H."I;Lq — "',r’;;; L3 "}"l?g | — "},.f::g_
-2 ny ¢ . a on g
s qug {T }'TH At LETEY) {‘L )E” q — u’ d’ S, 2
o d {l‘. ({1_-2 } . = -
| ”qu { " ) iir i 17T {r}l::“ {;E” }:‘.:*j 1 -2 HU‘ M i ::'f'u‘":ig (I” ) f;l',“ }
e =~ I S + e

q

In general, at any momentum scale ¢ = M, and again specializing for the averaged momentum

fraction, the solutions are:
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!
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In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

()5, = (@)585(Cr ) (@), = = — (M, M) [(22)5 ]
12 M. —T/4 24 nr.q—3/16 A7 —25/16 M A1 —3/16
(M, M,) = —— [(2a)te] 7" — 2 [(amlte] ™ [«:z:r)u:] 104 (2wl 2]

Capitalizing on the universality of the effective charge, all hadrons’ momentum fraction averages can
be expressed in terms of pion’s ones.
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!
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ﬂTC‘a{I ) = (I:'r) { (¥ }L’ hy H20(C — Myh '?*{r( )f’}ﬂ}

2 d T {'E{CE} n n T
S E{‘r >EH - At {?HH Z{‘E }£1E‘? T -:.n:r{ }Em}

q

In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

7/4
(2)gs = (@) S, ) ()5, = 5 —T{M..q,M ) [(22)5, ]
12 A1 —T/4 24 £.1—3/16 : _z.f.;u‘ 8 F A1 —3/16
r(M,, M) = =2 [(2a)3e] 777 = 22 [(20)e] ™ [(a) 2] 10 4 2 [(2)Me (22)20]
12

P T(CH:-*MC) — -

175 25

3 (always) active flavors

[{Er}ﬂf] —-7/4 i lﬁ' [{Em}fﬁ] ~-3/16
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11

Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

-2 cl m ({: } A
':.'I E{‘T }g“ - __.Iﬂl_ -ri‘ﬂ'i‘.'(}" )E” q — ’U«, d’ S,C
2
alg” . n
ﬂTC‘a{I ) = (I:'r) { (¥ }L’ hy H20(C — Myh '?*{r( )f’}ﬂ}

2 d T {'E{CE} n n T
S E{‘r >EH - At {?HH Z{‘E }£1E‘? T -:.n:r{ }Em}

q

In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

7/4
(@)s,; = (2585 (Ca €) ()$, = = —*r{MS,M ) [(22)S_]
(M Mo) = - 7 (2] - g )™ [{zwm?ﬁ‘"““ + g7 [kl
12 PRVUR. 5 (s | ar.1—3/16
- 7o M) = — 1 (22} 4 32 (2

3 (always) active flavors

4
- T('[;.-H'. ﬁH:} o ?
4 (always) active flavors

Thus recovering the previous resulit!

L — Tk L — L L T
,-}Irqq = Vs ’-:rllgr]' - le'lg':u,i qu‘ - Tﬂ.g_
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

L — Tk L — L L T
,-}Irqq = Vs ’-:rllgr]' - le'lg':u,i qu‘ - T‘ir.g_

-2 f 1 ({: } A
':.'I E{‘T }g“ - '1"[_ -ri‘ﬂ'i‘.'(}" )E” q — ’U«, d’ S,C
ﬂ.({ni) . n
b, = 9 e, - e,
2 ”T Tl “:{CE} - (1] i
C E{‘r E‘H - o -"gu Z{‘E }';13*'-‘ g -:.r-:,r{ }E}H
iq

In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

T/4
(Theu = (@i S <) (@)ou = = —T{M..q,M ) [(22)3,]
12 AM1—T/4 24 1—3/16 _zﬁﬂr 8 J AL —3/16
r(M,, M) = =2 [(2a)36e] 777 = 22 [(20)e] ™ [(a)2] 10 4 2 [(2)Me (22)20]

¢ A
@, = @, — @5, = 06~ Mg [ a2}, 56,0
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

-2 d )
§ @{T }gu

oy

g

Sl 5 Y
fj{.;z {I >E.|'H

i — TL I T Tk i — i
( } Taqa = Tuur Vg = Tgus Tag = Vug
¥(§ o | )
I’T Ii-.--n(}* )r}'” q = u, d,S,C

I { 'tm{ H}L’u - 20(¢ JLI 1:| I-::.{r{‘t”}*'fﬂ}

o
_“:{E_} {,:r.:uZ{,E”}c“Eq + ggla ”}gﬁm}

i
iq

In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

(z)§y = (@) S(Ca, €)

B [{E.L}Mr ]—7.-"'“1 s

T(M,, M,) = ~1

(z )5*« - {m}éﬂH -

(2)S, = = — T(Ma, M,) [(22)5 ]

E E.E -ﬂ-fflm] —-3/16 [{EJ_.IJ ii“:l —Eﬁfl'[‘ ap: % [{Ej}ﬂi‘" {25}:?] —-3/16

Uy

¢ A
@=0C - M)z [ Tal)@);, 50

iy = o 0 S0,
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Let us now solve generally the hard-wall model of massless partons with hard-wall thresholds for
each flavor activation, that can be analytically solved!

R — T LI J— T L — T
,-}Irqq - Tu.ﬂ.:' ’-:rllgr]' - Hfg-u,: qu‘ - f}"r'u.g_

-2 c . ({: } G
5 @{‘T }g” - e .ri'J.'i‘.'(}" )r}'” q = U, d,S,C
( ) . n n
ﬂrcg{l ) s - { n (x }a s F20(C — M)y, (e }rm}
2 d T {'E{Ci} i n kY TR
. E{I jé” — T Ax fgu Z{‘E }£1E‘? g c.rqr{ }E}H
q

In general, at any momentum scale { > M, and again specializing for the averaged momentum
fraction, the solutions are:

; 4 T
(238 = ()52 S8(¢a,0) @) = 5 = 7(M, M) [(22) ]
12 Mmo-T/4 24 \ M. —3/16 AMo1—26/16 8 M AL —3/16
(M, M,) = - == [(22)2] f—ﬁ[zx ] 7% [(22)36] Y 4 = [(2m) e (20)200]) Y
‘ d
@)%y, = (), — @5 = 00~ M) [ Tal?)@);, 860

- @y == +7(M,, M) [(2z)5 ] Z(rhm

Momentum conservation q
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PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions

. afC? Ly T
(*— e th) = < jf _';Pqi'—q (_){IH{U}

dm Y ]

o d a(¢?) /l dy » f
Tz n(T) = = | =< Py T4 (3) + 2N

¢ d(.& H[ J A . H 4 ,i'f {U} g+—g Y '?H“J'r}
5 i) alc?) [ dy z\ o |
Cacrti®) = g ]_1 5 |Foma\ 5 ) B + Poeg { 7 ) 9ulv)

Modeling the Pauli-blocking contribution:

P Az) = [Pq‘-_y{z] + 8, V(1 = 22)D (Ci)] 8(¢ = M,)

H

1

PO = ixa-1pe




All-orders DGLAP: Pauli blocking -

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

qﬂd—{?mgﬂ = ) g
¢2 d[:ﬂ( n}{f _ _%‘fj {w;*q{ } - 26(¢ — M,) [’T&} + d,a, D (%)} (Iﬂ}gw}
CE%@”)EH = {Z’} ()3 + g0 la" g, } ;
Modeling the Pauli-blocking contribution: Momentum conservation
B j—l—jf”— n? e Z"]W_'_ o Z'ﬁ"zn

1

PO = -1y




All-orders DGLAP: Pauli blocking

12

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

e &{gﬂj Tl TL
d_g-?{z }f;'ﬂ = S g }g“
Tt ﬂ(cgj T C &
‘:2 d¢? o }{: T 4 {T‘”{ } s +20(C— M,) [ch} + 040, D (E (z"Ys.
d L 1rj- T T
C2E<$ }gﬂ = {Z"}“ {.‘13 Eg —I—"*Igg{ }g_ } x
Modeling the Pauli-blocking contribution: Momentum conservation
s Van o ij—l—qqq Zrﬁq =1
" 24+ 3n+n? -
1
B = 1+ (t—1)2

Equations and solutions for » (z)5, and (z),, remain the same, while:

q

e I nI".'r" 3 L - [ T 3 -\'H "II-
@5, =—— / —a(2?) [ ug T Jq@nD (f)] ™2 (e Q)=
S |:; o Jr.{
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12

PDFs DGLAP evolutions equations, expressed by the corresponding massless
splitting functions, after converting to Mellin space

i &(ggj T T
d_g'z{:z }g?l = 4.R- ”Ir'q_q L }gn

2

&7,
{Z,} {‘Tn E‘i T {m..ra.}gﬁ} :

Modeling the Pauli-blocking contribution:

d

CEE@?“}; —

Momentum conservation

B "'-"ﬁ”' | T T Z Tqg T Yag = Z dg =10
2+ 3n+ n? .
1
D(t) = = RS 2 fc dz 2 - V3 ¢ AY:
1+ (t—1)2 {‘E}Sﬁld = ar 7 a(z) |1 9 0D E {H‘}gﬁ"g(z: ).
Particularly, for the pion 1 /5 {fz ¢ "
momentum fractions, and (z)5. = 0(¢ — M5 / a(z?) {1 + /36D (—” (x)y, 5(z,C)
with: | TJIM, = ¢
i f2idy T)ge = {— M, ] a(z"MHz), S(zC) .
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13

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
0-th order

! Sl

H dqr H

oo o caC? W a(C%) , o
(L’EE g '}Sg('.i'f'f} [: ))(J.'ﬂ;& = 4 { {_Lt.’ﬂ;
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
0-th order

5 d

dql( g, =0
a(C?) x.:,” _ e

In general, at any momentum scale ¢ = M, :

0y ¢ IV
agy = (@ )‘:_H = (a ki ,

12 8" _B1/: ; —75,/32
AGY = ()0 = (a")¢! {;,g ([ (Cory M) ™72 — )[S{ﬂ-fmﬂfp]] BT

L ooy SRRy 2 —75/32 | 12 ik AN{L7BIER,
+ = ([S(M, M) 1) [S(Me, O™ + = (IS(M.., ) 1) }

”u oy < dz 5.
S(Ca.C) = ——= —HD< ;:-f. / —a(z%)
r:' 1 CH

Lo
l. .
VRS

o
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Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for

O-th order
d
2.-;{(;3( >§H=”
ﬂn - N, anE a5,
(628 + 3,0 220 ) a0, = 42 e,

In general, at any momentum scale M; < { < M,

0y ¢ 0
agy = (@ )‘:_H = (a ii ,

12

W 4 On¢
AGY = (@) = (@) {zt}

f’r
S(Cm,¢) = -

(56, 07 1) iS00, 1§ (1000, 1) |

2
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
0-th order

d
Edci( )%, =0
~0 ¢ ﬂ(cgj 6 ':‘(‘:2]' :
(C a2 +7 (”f} 7P ){hx.“,;g - 4] o {J.ﬂ}gﬁ

In general, at any momentum scale (g < ¢ < M, :

0y ¢ 0
agy = (@ )‘:_H = (a ii ,

12 T
A = g = 2 (st6n. 07 1)

c’fr'"JEH ST |
SICH;C) = 2 (— = [ —oiz)
I"cr".':I i - ':.-H
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All-orders DGLAP: Polarized distributions

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding
massless splitting functions, after converting to Mellin space and specializing for
0-th order

d
zdci( =0
() 0 _ 42
(C d¢? +ﬂﬂ (1) 47 ){in@ =3 47r (@ }EH

In general, at any momentum scale (g < (, and neglecting the mass thresholds:

04, A0 C
agy = (@ >::-H = {a >£1 r

v 0 € Ov 6
AGH = (&0, = @




All-orders DGLAP: Polarized distributions +

Polarized PDFs DGLAP evolutions equations, expressed by the corresponding

massless splitting functions, after converting to Mellin space and specializing for
0-th order

d
qui{ =0
A ( ﬂ'(cgj O ¢ G(CE} ;
(C d¢? + o9(1'f) 47 ){LLGEH =3 47r C‘I'ﬂ%‘q

In general, at any momentum scale (g < (, and neglecting the mass thresholds: A [CT18]+ no thresholds

“un _ {Tt}}h _ {I,Dﬁ:u B [Ya2022]+no

En 2( 75,32 thresholds

. o (1€ 1™ - 1) np=4
AGY = (@), = (@)g {2
9

_.ﬁ
-

C [Ya2022]+[Chen2022]

([S(ﬂf.v {:)]—P‘]f"ﬂ — 1) ny = 3 D [Ya2022]+ thresholds
) T T - - Abelian anomaly corrected:
ugp 0.74(11) 0.74(11) 0.65(02) 0.65(02)
=~ & Qv ({:J L
By = Oy = T — AG
A B C D 2m
.ﬂ(?ﬁ 2.27(30) 1.50(25) 1.33(15) 1.41(16) , ..

I:'. fll:luh. ) Il'l'llrl!' 'II..FH
= = : f e e —ﬂ(z )
as, 0.20(11) 0.38(11) 0.33(04)  0.32(04) {g)SH T Jeu 2

- J




All-orders DGLAP: Polarized distributions +

Polarized PDFs DGLAP evolutions equations

COMPASS - C———
D- —*—
d C- _H
2 = t’: _ :
AP\, e _4aleD), o cTeA———
(C ac2 +ﬂgg(”f) T (a >§H =4 o (@ 01 02 03 04 05

a o
C Il

In general, at any momentum scale (g < (, and neglecting tne mass mresnoias: A [CT18]+ no thresholds

0 _ CH B [Ya2022]+no
ﬂ*—"” (@ }H = (= >£H 119 thresholds
4 —?'-1 32 J
e 01¢ ¢v ) 125 (['S[CH O - l) ny=a C [Ya2022]+[Chen2022]
&{:TH — {.t-' :}gr — {-! } 4 ; :
& ([S(ﬂ[ﬁl‘:)]_h”'ﬂ — l) ng = 3 D [Ya2022]+ thresholds
¢ : S _ - - Abelian anomaly corrected:
A, 0.74(11) 74(11) 0.65(02) 0.65(02) o . v(€)

Ly
Gn. — 4. — 1 AGS
A B C D Op — "0p I Vor P

.ﬂG’f; 2.27(30) 1.50(25) 1.33(15) 1.41(16) , ..

{a) dz .
=7 = . u; — exp (—% / Tf}:(ﬁz})
ag, 0.20(11) 0.38(11) 0.33(04) 0.32(04) e J“‘ ST Jey =

ifH




Reverse engineering the PDF data
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15

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

s losl () = nﬁm”f(] — :r)”‘g(l + asz?)

/ {at]i = 1,2,3}

Normalization
Free parameters

‘”'I $ ¢ '}I{.
TREL
fits .,

Fs #
E ' fi
*s
iI'I
I‘-"'
0.0k ; ; ; ; L Fe——
0.0 0.2 04 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]



Pion PDF

15

> Let us assume the data can be parameterized
with a certain functional form, i.e.:

£
1

u™ (3 [0s); ¢) = nSz®i(1 — :r)”’g(l + asz?)

/ {at]i = 1,2,3}

Normalization
Free parameters

0.4}
$ ¢ '}{.
RTRIEL
. Mt b,
E; 0.2 ﬁ*ﬁ
i,ﬁ
'I.‘-
0.0L . . - -"'!'l--—
0.0 0.2 0.4 0.6 0.8 1.0

> Then, we proceed as follows:

1) Determine the best values a. via least-
squares fit to the data.

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:

u™ (3 [0s); ¢) = nSz®i(1 — :r)”’g(l + asz?)

1) Determine the best values a. via least-

s squares fit to the data.
1

/ - 1.9.3 2) Generate new values a, distributed
{“5:'|?- o } randomly around the best fit.

Free parameters

Normalization

0.4}
$ ¢ '}{.
RTRIEL
. L .,
E; 0.2 ﬁ*ﬁ
i,ﬁ
'I.‘-
0.0L . . - -"'!'l--—
0.0 0.2 0.4 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

= ) F ool . ¢ 9 squares fit to the data.
u”" (z; [og];¢) = mpx®i (1 — 2)*2 (1 + azz®)
C- 2) Generate new values a,, distributed

{az]i = 1,2,3} !

AN P randomly around the best fit.

Free parameters

Normalization

3) Using the latter set, evaluate:

o $ 4 ¢ }
H# + ﬂ + ﬁﬁﬁ 1 = | . DaTa point with error

'I""'I- ki) -~ Ty
2 (u" (2 [ﬂ'-;]f. £y u_.-]‘
= E 2 f

Fs #
E ' fi
*s
iI'I
I‘-"'
0.0k ; ; ; ; L Fe——
0.0 0.2 04 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF

> Let us assume the data can be parameterized > Then, we proceed as follows:
with a certain functional form, i.e.:

u" (23 []; €) = n§z®i (1 — 2)°3 (1 + afz?)

1) Determine the best values a. via least-
squares fit to the data.

/ - 1.9.3 2) Generate new values a, distributed
{"'?”r'h' o } randomly around the best fit.

Free parameters

Normalization

3) Using the latter set, evaluate:

0.4}

xu” (%;45)

0.0k

T [ﬂf aJ' — ;)2

M,.-

H '}{.
HH ' \ Data point with error
ﬁ*éi 4) Accept a replica with probability:
¢ S ‘5
% I o P(x?;d) Bl flfgjd"H.:f,fz—le—y;z
* Plaa) ™ T F@m
0.0 0.2 0.4 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

u" (23 []; €) = n§z®i (1 — 2)°3 (1 + afz?)

/ {at]i = 1,2,3}

Normalization
Free parameters

i ¢ '}{.
_ H# Ra *ﬂ‘}ﬁ
E; 0.2 ﬁ*ﬁ
i',**
'l.‘-
0.0L . . - . "'!'l--—
0.0 0.2 0.4 0.6 0.8 1.0

> Then, we proceed as follows:

1) Determine the best values a. via least-
squares fit to the data.

2) Generate new values a, distributed
randomly around the best fit.

3) Using the latter set, evaluate:

T [ﬂf aJ' — ;)2

!

\ Data point with error

M,.-

4) Accept a replica with probability:

P(x?;d) (LT g s
T ee——— J” Ii-f — ! o
PG TS Y

5) Evolve back to C H Repeat (2'5)-

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF: ASV analysis of E615 data

» Applying this algorithm to the ASV data yields:

Mean values (of moments) amd errors
:-l'.'l.b-I 2.75144 « 187 'l, (B J9Y9EEE, BLOAE4THAS |, (A 18680 O DOYIRA4E L CB.LAJHY5, B DEEHELE |,

0.4} ++ + B.187274, 0.0B680759 |, (8.0035168, 0, D5I2034), (8.066ETLL, 0, 0646506,
%+*§ * ++ ++* {0, 0517511, 9. 00400028 , (0, 0456496, 9. 00361841], (0. 8306354, 0. 00328509 |
< s
£ H,
::-]e: 0.2 ii
L]
"
‘-'_‘.'
D.D i I i i i ‘!-.-L
0.0 0.2 0.4 0.6 08 1.0
X

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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Pion PDF: ASV analysis of E615 data

» Applying this algorithm to the ASV data yields:

Mean values (of moment=) amd srrors
! B.5, 2.75144 ¢ 10 =l (B J99EEE, BLOAE4T04S |, (A 1RE8ET O DOVIhA4E L (B 142895, B DEEHELE |,

: ; : |
0.4} {' + B.187274, 0.08688759), (60835168, 0.DE512934), (0.066BTLL, B, 8046596,
+++ 'H *{l{. §,8547511, 8.60405026 , {6, 0456436, B.60361841], (0.3336394, 0,00320609)
h‘ + *HH' { ¥ Then, we can reconstruct the moments produced by
g 4 each replica, using the single-parameter Ansatz:
X,
“E 0.2} %i' .
™ - . 2 - .
1 u(xCy) = mpIn(1l 4+ 271 — 2)°/p*)
" _
‘._.. L] L3 T L L]
CSM T
D.D i i i s i ..-h-_ [ “-r‘.-" ."1"1-“. qsf(w)
0.0 02 04 06 08 1.0 / v
1.5¢ r — "
X A ipemmmem———— s,
Je25 e
"':"“ -
R //: \
v The produced moments are compatible with a =, ;."'/ o
symmetric PDF at the hadronic scale. Y . .
0.5} ;.r* :_.-‘ '-,1 11.
f; -"{ ‘.'-'. .19.'
v It seems it favors a soft end-point behavior just W ; i “'-,:1.‘*
like the CSM resuilt. 0.0l ; ; ; . A
0.0 0.2 0.4 0.6 0.8 1.0

Data from [Aicher et al. Phys. Rev. Lett. 105, 252003 (2010)]
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,z

iAol €)= n:f:r:“"f(l -~ :r)”’g(l + asz?)

Pion’s free parameters: laSli = 1,2,3}

e

Kaon’s : 3 g

> Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u"/u” data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N

2 _ N (7 (g [aa]; G) — uy)°
X° = li
0]
=1
P{ﬁ,d] /D42
EP I S JIJ‘ [-f Sl ki / iy
4 F{Iﬁ “ﬂ'. ;I 11{0.'4‘1.-"2} 1 e

5) And for the kaon in terms of data for

o (oot 1. 0) = ¥ (@0t a3 agicli)
Kfm |\ %: | Qg | 165 ) NLIT
- (@i o)

6) Accept replicas with probabilities

‘P“Hv_— , Tuf\- e #PH;.;_;,TT-H:

7) Evolve back to (z7 and repeat (2-7)
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Kaon PDF

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K.t ¢ ¢ ¢ squares fit to the ASV data for the pion.
(o (:I?; [ﬂ:‘f_] ; {,) = Hﬁl’“l (1 — .’r)ﬁz (1 + n:'qj:‘g] 2) Use u"/u” data to fix the only free parameter
cr. ) for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
. randomly around the best fit parameters

Kaon’s : 3 4) With these values, evaluate for the pion:

(67 (s [ai)s Gs) — u5)°
o
. ':UEJU:’;Q diz—1 —y/2

Plyie) = Famy v e

-

[

I
=

=1

e R
B P{.::a_ ,aﬂ_l ‘
U Pxgid)

5) And for the kaon in terms of data for

a7 : L','F"_[.r: [ﬂ'{r'. ass, ﬂ!.'..-,’]: )
HK.-’*:r oy Ii'l.;"" l;:5 = 17 st oy
( [ ”f_ J T {.'11.. [ﬂl:.l]:l
6) Accept replicas with probabilities

1 " a L 1 i i " 1 L L i 1

00 02 04 06 08 1.0 Pu. . Pux = Pry,.Pu.

X
Data from [Badier et al. Phys. Lett. B 94, 354 (1980)]

7) Evolve back to (z7 and repeat (2-7)



Kaon PDF

17

> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:

K,m

iAol €)= nﬁ:.r“f(l — :,r:)“g{l + asz?)
Pion’s free parameters: laSli = 1,2,3}

o - ¢
Kaon’s : 0 g

o
N

00 02 04 06 08 1.0
X

Data from [Badier et al. Phys. Lett. B 94, 354 (1980)]

1) Determine the best values a. via least-
squares fit to the ASV data for the pion.

2) Use u"/u” data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

I:.:}E
=1 !

P(x%:d) (212 o g o
P=— Plyd) = ——y*/ i
= PG Y ] o

1'(d/2)
5) And for the kaon in terms of data for

Y2 = i (0™ (23 [ai): G) — u;)?

uf [ [G‘I ﬂﬁ u:n“éh] )

R (.L [uf':"' - _.';:rwl = <A
f P TAK | J)I' u"{.’l‘:[ﬂ'?d]]

6) Accept replicas with probabilities
‘Pn', , ‘I:I-up.; e #Pffh-__.rnp-un

7) Evolve back to (z7 and repeat (2-7)
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> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K.t ¢ ¢ ¢ 9 squares fit to the ASV data for the pion.
(o (:I?; [ﬂ:‘f_] ; {,) = Hﬁl’“l (1 — .’r)ﬁz (1 + Oz T ] 2) Use u"/u” data to fix the only free parameter
Iy for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
Kaon's - o randc_)mly around the best fit parameters_
' 3K 4) With these values, evaluate for the pion:
| ' 2 3 (u™ (213 [0s)s G5) — uj)?
# ‘*#‘ | Y P z r\;ﬂ
: =1 I
P — P{l}! ':” _: IJ(U d] i I:l-"'lliji Eyd,fz—le—y,fz

1'(d/2)
5) And for the kaon in terms of data for
uf (2 [af®, al®. a“éh] )

R (s [ai] 565) - :
J8) = D

6) Accept replicas with probabilities
‘Pn,, , ‘I:I-uh- e Pff;.;__rnp-u:

7) Evolve back to (z7 and repeat (2-7)

7" (% &r0) = oI [1+ (1 = %/}, | [1 2 yau(1 = 2]
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> Let us assume the data can be parameterized
with a certain functional form, i.e.:

K,m

u (z; [ag]; €)

= n$ o (1

Pion’s free parameters: {as|i = 1,2,3}

- :,r:)“g{l + asz?)

Kaon'’s : o

1.5} '
T
LAY
X 1.0¢
% ; /‘/'

0.5 g5 (i Car) = 82 (; ¢

- DSE/BSE
0-0 et 1 L 1 L ]
0.0 0.2 0.4 0.6 0.8 1.0
X

7" (% &r0) = oI [1+ (1 = %/}, | [1 2 yau(1 = 2]

> Then, we proceed as follows:

1) Determine the best values a. via least-

squares fit to the ASV data for the pion.

2) Use u"/u” data to fix the only free parameter
for the kaon

3) Generate new values a,, distributed

randomly around the best fit parameters
4) With these values, evaluate for the pion:

N T ) g 2
2 _ (2 ol ) — ;)
X = z 52 :
=1 l

SPT
B P{.::a_ ..af_l 1
" Plagid)

5) And for the kaon in terms of data for
uf (2 [af®, al®. ﬂl“ih] )

R (0] 15) - :
&) = o]

6) Accept replicas with probabilities
‘Pn,, , ‘I:I-u. K Pff;.;__.rnp-un

7) Evolve back to (z7 and repeat (2-7)

d/2
i (1};"2) X Hd;ﬁ—le—y.ﬁﬁ
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> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K.t ) ¢ ¢ ¢ 9 squares fit to the ASV data for the pion.
u (::r‘:; [!'-}Z'ji_] : tf,) = Hﬁm“‘ (1 — .’r)ﬂz (1 + gl ] 2) Use u*/u” data to fix the only free parameter
| ‘. ) for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
Kaon's - ¢ randomly around the best fit parameters
aons Q3K 4) With these values, evaluate for the pion:
N - ;
0.5[ ' ' ' ' s 2 v (07 (e [aal; G5) — uy)?
I
0.4 I_; /2
fana
- P — P{l ! ':” IJ(,U: ff:l i I:lf Ej Hd;’?—le—yﬁ
s T PGgid)’ T T T I(df2)
E" 0.2 5) And for the kaon in terms of data for
u¥ (z; [af®, a8, ali];)
R | @; | o 5 — £ ks
0.1 . ( : [ m H G5 ; (@ [0%))
0.0 6) Accept replicas with probabilities
0.0 0.2 0.4 0.6 0.8 1.0 Po. » Paw™ PRy Pr,

X

Capitalizing on 3%(x; &m) = u*(1 — x;4%). , antiquark DF
can be derived for each replica and be evolved up again

7) Evolve back to (z7 and repeat (2-7)
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> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K, ] ¢ ¢ ¢ 9 squares fit to the ASV data for the pion.
u (::r‘:; [!'-}Z'ji_] : tf,) = Hﬁm”‘ (1 — .’r)ﬁz (1 + gl jl 2) Use u*/u” data to fix the only free parameter
' i ) for the kaon
Pion’s free parameters: {ﬂ:? i =1,2,3} 3) Generate new values a,, distributed
Kaon's - ¢ randomly around the best fit parameters
aon's - X3k 4) With these values, evaluate for the pion:
:"'t'- A 3
0.5 | | ' | : - (2 ol ) — ;)
e f‘]:f
0.4 =
IE E.d 1/2 di2 a
En . !.P]r }{lg :I _IJ“__J' ff:l 5 I: 1-" djlll yd.aﬁ—le—.y.aﬁ
X ] ! {Iﬂ I( /2)
& 0.2 5) And for the kaon in terms of data for
> g &3
u’ (z; [of, of’, a¥i];)
REin | 75 | o, 5 — s Bk
ﬂ1 : ( ’ [ ”': E‘ ,ar E!.u[1.1 i'&':,]]
0.0 6) Accept replicas with probabilities
0.0 0.2 0.4 0.6 0.8 1.0 Pur » Pux = PRi)nPun

X
Capitalizing on " (x; {#) = u™(1 — x;{#)., antiquark DF
can be derived for each replica and be evolved up again

7) Evolve back to (z7 and repeat (2-7)
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Kaon PDF: glue and quark singlet

Z-N. Xu et al., arXiv:2411.15376v2
> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K.t ) ¢ ¢ ¢ 9 squares fit to the ASV data for the pion.
u (::r‘:; [!'-}Z'ji_] : tf,) = ﬂﬁm”‘ (] — .’r)ﬁz (1 + gl jl 2) Use u*/u” data to fix the only free parameter
| cr. ) for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
Kaon's - Is randomly around the best fit parameters
aons - Q3K 4) With these values, evaluate for the pion:
:"'t'- T A ¥
, 2 o (g [aali G5) — uy)*
2.5 - g0 = u Y= o
20! = A = I'
= . P(x%d 0D o
aal c B B d) <& )| Pyd) = WD aia-1muia
x5 P(x3;d I'(d/2)
E 1.0} 5) And for the kaon in terms of data for
‘ ‘ u¥ (z; [af®, a8, ali];)
Ry | x| cC ) = il 28 bl !
0.5} ' ( '[lm b / u{x; [a;7])
0. DL ———— 6) Accept replicas with probabilities
0.001 0.01 0.1 1.0 P . Puw— PRy P

X

.. and, similarly, glue and sea-quark DFs can be also
obtained, at different empirical scales!

7) Evolve back to (z7 and repeat (2-7)
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Kaon PDF: glue and quark singlet

Z-N. Xu et al., arXiv:2411.15376v2
> Let us assume the data can be parameterized » Then, we proceed as follows:

with a certain functional form, i.e.:
1) Determine the best values a. via least-

K, ) ¢ ¢ ¢ 9 squares fit to the ASV data for the pion.
u (::r‘:; [!'-}Z'ji_] : tf,) = ﬂﬁm”‘ (] — .’r)ﬁz (1 + gl jl 2) Use u*/u” data to fix the only free parameter
| ‘. ) for the kaon
Pion’s free parameters: 1¢; [t = 1,2,3} 3) Generate new values a,, distributed
Kaon's - ¢ randomly around the best fit parameters
aons - X3k 4) With these values, evaluate for the pion:
Y
:"'t'- T A ¥
. u™ (ol G — wy)®
2.5 - i) - 4 Xﬁ - (1" (g [ i};;aj i
2.0 | = I'
- ' 2 fond/2
E 1 P — P{l ! E” IJ(U: ff:l g I:lf Ej[ Hd;’?—le—y,ﬁ'i
5:1‘5 | v j}{xﬁ G 11{{1{.‘,-"2;] .
‘e \ J
RN 5) And for the kaon in terms of data for
o Bs 5 o3
\ uf (z; [off, of, a5 ];)
Ry |z ,.-1' 1 -1 L Ak
0.5 2 ('L' [um kit u{x; [a;7])
0.0 6) Accept replicas with probabilities
0.001 0.01 0.1 1.0 Po. » Paw™ PRy Pr,

X

.. and, similarly, glue and sea-quark DFs can be also
obtained, at different empirical scales!

7) Evolve back to (z7 and repeat (2-7)



Kaon PDF: Momentum fractions and

comparisons
(0 g W O (x5

{2
w | 023006)(10)  0.028(2) 0.241{5)(10)
d 0 0.028(2) 0.241(5)(10)
s | 0.252(6)(11) 0.026(1)
¢ 0 0.008(1)
b 0 0
g 0.428(18)
{s
w | 0.197(5)(9) 0.036(2) 0.207(4)(9)
d 0 0.036(2) 0.207(4)(9)
5 0.216(5)(9) 0.034(2)
€ 0 0.019(1)
b 0 0.003(1)
g 0.461(20)

empirical [32, 1QCD]
M m K T K
[ | 0.538(15) 0.286(12) | 0.499(55) 0.317(19)
s | 0.026(01) 0.278(13) | 0.036(15) 0.339(11)
¢ | 0.008(01) 0.008(01) | 0.013(16) 0.028(21)
g | 0.572(15) 0.572(18) | 0.575(79) 0.683(50)
g | 0.428(18) 0428(18) | 0.402(53) 0.422(67)

[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]
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comparisons
g g & £
{I}qﬂ_’ {I}S:.‘ {I}HI {x}qr T T T T T T T T T T T T
{a i B Empirical T 1
u | 0.230(6)(10) 0.028(2) 0.241(5)(10) 2 e CSM ]
d 0 0.028(2) 0.241(5)(10) g +‘ l i
s | 0.252(6)(11)  0.026(1) L i
¢ 0 0.008(1) 0.8} -
b 0 0 I *
g 0.428(18) 0.6} _ i
{s C f . * # ]
w | 0.197(5)9) 0.036(2) 0207(4)9) 04 - .gl % - :
d 0 0.036(2) 0.207(4)9)  ,,f x ) - e
s | 0.216(5)9) 0.034(2) “F 'f% ' oy :
& 0 {]'{}lg[l} 0 : 1 i L L L 1 1 1 1 1 1 L ]
b 0 0.003(1) Tt T e Koy Ky Kz Koy K5y Kgo 1Ky mKap ks,
g 0.461(20) . .
Mij = D ux [ ) m

empirical [32, 1QCD] K9 = (XY g /(X)) k
M T K T K LX) ‘ s . Is
[ | 0.538(15) 0.286(12) | 0.499(55) 0.317(19) K = g [(x7) x
s | 0.026(01) 0278(13) | 0.036(15) 0.339(11)
¢ | 0.008(01) 0.008(01) | 0.013(16) 0.028(21) CSM = Z-F Cui, et al., Eur. Phys. J. C80 (2020) 1064.
g | 0.572(15) 0.572(18) | 0.575(79) 0.683(50)
g | 0.428(18) 0.428(18) | 0.402(53) 0.422(67) Lattice = C. Alexandrou, et al., Phys. Rev. D 103 (1) (2021)

[32] Alexandrou, et al., arXiv:2405.08529 [hep-lat]

014508; Phys. Rev. D 104 (5) (2021) 054504.



Proton PDF: from CSM (DSEs) to the experiment .

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]




Proton PDF: from CSM (DSEs) to the experiment .

An analogous symmetry-preserving DSE
computation of the valence-quark PDFs within
a proton, based on diquark-quark approach:
[L. Chang et al., Phys.Lett.B, arXiv:2201.07870]

Producing an isovector distribution in fair
agreement with lattice results
[H-W. Lin et al., arXiv:2011.14791]
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Proton PDF: pion and proton in counterpoint

19

A B " .

= I | & - =

% 0.8 I = . lx |

:F” 0.4 E?'T ] ?ﬁj |

._H- : . %:Jn 0. | E-".‘l_ L
0.0 - 1oL 0.0 “ 0.0}

2001 a.01 g1 0.001 0.01 0.1 1™ 0,001 0.01 0.1 1
X

pion u" dr q" S s S; S
()% 24.0(1.1) 24.0(1.1) 41.0(1.2) 3.3(3) 3.3(3) 2.65(22) 1.33(5)
{x7yé 9.5(7N 9.5(7) 3.7(1) 0.27(1) 0.27(1) 0.21(1) 0.092(2)
(xye 4,7(4) 4.7(4) 0.92(6) 0.057(1) 0.057(1) 0.044(0) 0.018(1)
()% 22.1(1.0) 22.1(1.0) 42.9(1.0) 3.703) 3.7(3) 3.002) 1.83(6)
(x2)és 8.4(6) 8.4(6) 3.5(1) 0.27(1) 0.27(1) 0.22(1) 0.120(3)
(x)% 4.0(3) 4.0(3) 0.82(5) 0.056(0) 0.056(0) 0.044(0) 0.022(1)
proton ut dr q" Sy S S, S¢
(X} 32.9(1.4) 15.0(0.7) 40.9(1.1) 2.9(2) 3.7(3) 2.64(22) 1.32(5)
2y 8.7(6) 3.6(2) 2.4(1) 0.14¢1) 0.21(1) 0.13(0) 0.039(2)
() 2.9(3) 1.1(1) 0.39(2) 0.019(0) 0.030(1) 0.019(0) 0.008(0)
(X} 30.4(1.3) 13.8(0.6) 42.8(1.0) 3.3(3) 4.1(3) 3.0(2) 1.82(6)
(x2)e 7.7(5) 3.2(2) 2.2(1) 0.15(1) 0.21(1) 0.14(0) 0.075(2)
() 2.5(2) 0.9(1) 0.35(2) 0.019(0) 0.028(0) 0.019(0) 0.010(1)







Summary

~ The EHM is argued to be intimately connected to a Pl effective charge which enters a conformal

regime, below a given momentum scale, where gluons acquiring a dynamical mass decouple from
interaction.

~ Capitalizing on the latter, two main ideas emerge: (1) the identification of that decoupling with a
hadronic scale at which the structure of hadrons can be expressed only in terms of valence dressed
partons; and (ii) the reliability of an all-orders evolution scheme to describe the splitting of valence
into more partons, generating thus the glue and sea, when the resolution scale decreases.

- Key implications stemming from both ideas have been derived and tested for the pion PDFs.
Grounding on them, Lattice QCD and experimental data have been shown to confirm CSM results.

> The robustness of the approach based on all-orders evolution from hadronic to experimental scale
has been proved with its application to the pion, kaon and proton cases. A model featuring massless
evolution for quark flavors activated after a hard-wall threshold and accounrting for Pauli blocking has
been solved analytically, and seen to expose some of the main results implied by the approach.

I just reed
e man idas

To be continued...
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QCD effective charge

vl | "0 JLabEG4 (2022)
e | : m JLab E97110 (2022)
[ ' J» JLab EG1idvcs
0.8} ® Hall AICLAS
@ JLab CLAS (2008)
5 JLab CLAS (2014)
E 06F 4 DESYHERMES
T | v CERNCOMPASS
§ | « CERNSMC
| » CERNOPAL
@ SLAC E142/E143
0.2 ®m SLAC E154/E155
W JLab RSS
L Fermilab e
n.ﬂ-ﬁ' ermila |T
0 0.05 0.1 1
q [GeV]
Then, we define:
i1 Y
al k) T a(0) = 0.97(4)
I |:—g— : : ]
00D
where

M(k* = AQQCD) = mg = 0.331(2) GeV

defines the screening mass and an associated
wavelength, such that larger gluon modes
decouple.

Then, we identify: (g := mq(1 £0.1)

a(k®)I

5 0.4

Modern continuum & lattice QCD analysis in the gauge
sector delivers an analogue “Gell-Mann-Low” running
charge, from which one obtains a process-independent,
parameter-free prediction for the low-momentum
saturation

* No landau pole

* Below a given mass scale, the interaction become scale-
independent and QCD practically conformal again (as in
the lagrangian).

1.0 — |

os 4
[ Saturation
0.6+

uv fall

. Hadron Scale
02 Cm .
0.0t . .. i
0.01 ] 1 10




QCD effective charge

1.0t
0.8}
[ Saturation
0.61
0.41
0.2}

0.0t

a(k®)/

A

Hadron Scale

CH

The strength of the charge defines
de input for the evolution

2In [If,'f_.l".-'!;q.:‘n]

UV fall |

.

0.01 0.1

k / GeV

10

S(Cat, Cr) = £ dta(t)

In ({y /Agep)

(@(G)); = gexp (—g=5(Cu &) ) =020



QCD effective charge

1.0
0.8

Saturation

The strength of the charge defines
de input for the evolution

0.6

0.4
. Hadron Scale
0.2 Cr

0.0t e ,

a(k®)/

UV fall

0.01 0.1 1
k / GeV

Then, the glue, valence- and sea-quark DFs can
be predicted, with no tuned parameter, on the
ground of the effective charge definition, from the
LFWEF (or, equivalentely, from a symmetry-
preserving DSE/BSE computation of the valence-
guarks Mellin moments

[M. Ding et al, CPC44(2020)3,031002]

10 [z-F. Cuietal, EPJA57(2021)1,5]

G.E ii = X 5y [a 5]
i - K gnl: )

0.4 11 - Kl g5}
'5,4‘ — Latlice CS

0.3

0.2

. 2In(¢y/Aqep)
(¢ = | ita(t)
2

In ({y /Agep)

! T ]' 3 ) 1 .
{#(¢s))] = 5 exp (——_r-‘?f_i;f- Ea!) =|0.20(2)

[Z-F. Cui et al, EPJC80(2020)11,1064] i

0.0 0.2 0.4 0.6 0.8 1.0
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