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° Motivation About Meson & Baryon ¢

* Meson — ubiquitous messengers

MESON BARYON

Light Meson SU(B)flavor 8 ® i |
Heavy Meson SU(4) figpor ---

* Baryon — cornerstone particles
Octet baryons
Decuplet baryons



° Motivation About Meson & Baryon ¢

Meson and Baryon in Flavor Physics

1956, Parity violation in weak interaction

1964, Observation of CP violation 1n

1973, Kobayashi-Maskawa mechanism

2004, Observation of direct CPV 1n
2019, Observation of direct CPV 1n

2025, Observation of direct CPV 1n

!

LHCb, Nature 643 8074 (2025), Theoretical: J.J Han, et.al. PRL 134 221801(2025)
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* Motivation About LCDA ¢

* One try to probe internal structure of nucleons = Inclusive beam-target collision




Motivation
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* Motivation About LCDA ¢

Asymptotic form | BT A\ G W (O VST (1977 - now)
Chernyak, Zhitnitsky, 1977; Lepage, Brodsky, 1979; br (%) bx ()
QCD Sum rules 300 '
1.25¢
Chernyak, Zhitnitsky, 1982; Braun, Filyanov, 1989; 1.00}
Dyson-Schwinger Equation el
0.50 ;
Chang, Cloet, et.al, 2013; Gao, Chang, et.al, 2014; 0.25.,'.
Global Fits 00
0.0
Cheng, et.al, 2020; Hua, Li, Lu, Wang, Xing, 2021;
Model
S Application: ooK
Arriola, Broniowski, 2002; Zhong, Zhu, et.al, 2021, o o4
L.B.Chen et.al g 03

Lattice QCD with OPE

& o
Braun, et al., 2016; RQCD collaboration, 2019, 2020; PLB 870 139886(2025) =

PRL 132 201901(2024), S

PRL 135 131903 (2025) o

Lattice QCD with LaMET
LP3, 2019;

0.0




- Motivation Lattice QCD ¢

is formulated as a Feynman path integral on a 4D Euclidean grid.

Simulations provide a stochastic computation follows QCD Lagrangian: = # . i ‘

= 1
L =p(iy*D, — m)y — ZGﬁvGa”w

y A

2 = s g i

w

* Gluon fields on links of a hypercube; gluon  quark

* Quark fields on sites: approaches to fermion discretization — Wilson, Staggered, Overlap;

w Discrete: lattice spacing a — UV regulator; box length L — IR regulator;

= Derivatives: discretization errors (a = 0); O(a) improved actions; ...... &5

w Finite volume (ML — c0): FV errors exponentially small for M L > 4; \ E EEE E/

= Chiral extrapolation (M;; — 135MeV); “Ei EE§ gfﬁ

= Numerical importance sampling of path integral: statistical errors. LN P 1

8




- Motivation Lattice QCD ¢

LOCD Observables:

e Building blocks: ensembles of gauge configurations; quark propagators

e Hadron & interactions put in as external probes: N-point correlation function

CD Methodolo

> Generate gauge configurations;
w Calculate quark propagators on the gauge configurations;

= Formulate operators that best probe the physics:

- Low energy effective operatots encapsulating SM/BSM physics;

w Construct hadronic correlation functions by the building blocks;
w Extract hadron ground states by reduction formula;

= Evaluate the hadronic matric elements.

9

coordinate color spin




- Motivation Lattice QCD ¢

Lattice V.s. Continuum

we simulate: we want:

& At finite lattice spacing a @ a-0
& In finite volume L3 & L - oo
& Euclidean space ) Minkowski space
& Lattice regularization Y Some continuum scheme
& Some bare input quark masses: @ mg“t = mghy

am;, amg, am,, amy

In general, m;?t # mghy

= Lost the real/time information!

= Need to control all limits: particularly simultaneously control FV and discretization

= Universality: different input parameters must give converge results.

10




> Motivation Lattice QCD ¢

Countries Count System Share (%) Rmax (GFlops)
TOp 500 { China 162 32.4 514,491,614
United States 127 254 2.122.791.370
Germany 34 6.8 219,253,860
coordinate color spin
Japan 31 b.2 624,251,300
112 : . 5 France 24 48 174 854 530
Millions of dimensions or even more ! .
3 2 2 6 United Kingdom 15 3 64,078,644
: * * *
eg' 32 64 2 3 Canada 10 Z 41 208 360
8 South Korea 8 1.6 88.682.560
S t Netherlands a8 16 33.959 120
uper Compu ers Braz 8 16 46,729,150

A A ZTEDIN

Southern Nuckear Science Computing Center




- Motivation Lattice QCD ¢

FLAG http://flag.unibe.ch/2024/

Flavour Lattice Averaging Group

> Hadron Structure and Distributions:

Contents * Proton mass, spin, and internal composition;
1. Introduction e Parton distribution functions (PDFs);
1. FLAG composition, guidelines and rules
2. Citation policy e Light-cone distribution amplitudes (LCDAs)

3. General issues
4. References
. Quality criteria

. Quark masses > Lattice QCD under Extreme Conditions:
. Vud and V¢ Temperature

2
3
4
5. Low-energy constants * Quark and gluon condensates
6
7
8

* Three-dimensional structure:TMDs

. Kaon mixing
. D-meson decay constants and form factors * equation of state
. B-meson decay constants, mixing parameters, and form
factors
9. The strong co.upllng Qg and density &
10. Nucleon matrix elements

11. Glossary Q
12. Notes

10K
* QCD phase diagram at finite temperature

10'°g/cm®  Baryon
Magnetic field density

—— 12




LaMET Framework

Moments VS LaMET; Renormalization

02
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* Moments or LaMET o

Light-like correlators cannot be simulated on Euclidean lattice directly

14




* Moments or LaMET o

Light-like correlators cannot be simulated on Euclidean lattice directly

*  OPE moments : OPE moments = Gegenbauer moments

e=20-1 (€)= | do (20— 1) dx(on)

* OPE for light-cone operator (non-local — local):

(iz

n;) 3(0)v* s (iD+)"s(0) + higher-twist,

O(z) = q0) Y s W(0,27) 8(27), ey O(z7) =Y
n=0

Expansion at short z

* Moments of the kaon DA can relate to matrix elements of local operators:

(0(0)y 5(iD )" s(0)| K (P)) = i fic P ™D (€m) xc(u)

15




* Moments or LaMET o

The nonlocal operator can be defined as a generating function for

OPE moments = Gegenbauer moments
[ROCD collaboration, 2019]

y P 5 TN © Precise at low order moments
1.2 7 - \.\\ 1.2 / \\\
Lo /é,~ ‘Q\ o \"\.\\\\\ Operator mixing

/ . .
0.8 7 .. 4as X 0.8 / N ¢aS(:L.) X
sl /) 7 @) A\ il w A\ Convergence problem
0.4 // . o ¢$r1 ) (z) \\ 0.4 // — ¢ (@) \'\\\
021/ — () 3 02 v/ — ¢ () \\ Computational complexity
090 0.2 51 T 55 0.8 10 090 0.2 01 T 55 0.8 1.0

m 3/2
a? =0.101t2%  af = 0.002*7} aX = 005333 aX = 0090t ——— ¢r(z) =6z(l—z) ) _ a5, 2Cy ) (22 — 1)
n=1,2, -
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* Moments or LaMET o

Large momentum effective theory (LaMET):

Eff Match Y

N

7

z

LaMET expansion: ¢(y,ur) = /d(w,u) +0 ((y;z)z T ;)Pz]2>

Perturbative calculated Matching kernel

17




03 Precision Calculation of Meson DA
LCDA in LaMET; Precision check for meson LCDA

18




Meson LCDA Quasi -LF Non-perturbative Fourier Effective

in LaMET correlation renorm Transform match

» Pion LCDA: v' Calculate the bare quasi-LF correlation
h(z,a, P:) = (0[1(0)n - yy5U (0, 2)3ha(2) | m(P))
v Non-perturbative renormalization
h(z,a,P,) = Z(z,a)hg (2, a, P,)

v Take appropriate limits and do Fourier transform
dz

ifxdr (@, P.) = [ S " hr (2,0 =0, P)
v Matching to light clone
_ 1 1
¢(y, ur) = /dva(w,y, 1R, p)é(z, 1) + O ((sz)z, o y)Pz]2>

19




Meson LCDA - Quasi -LF -\Ion-perturbatiw- Fourier - Effective .
in LaMET

correlation renorm Transform match
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CF (2, B,t) = / d*ye PV (0fy (9, )1 U (5, § — 22 ) (3 — 22,8520, 021 (0, 0)[0)

—”
—
-
-
b LR S - -..-——————_

S

.'-—J‘—.
7

‘ Fl,rc = YzVs
9 ) kL = Ve
Pr (t)

Diger = o(z,y)

s (d)

time

CT(z, f’, t)
CI'(z=0,P,t)




Meson LCDA Quasi -LF Non-perturbative Fourier Effective

in LaMET correlation renorm Transform match

a * N IR cut — finite volume effects a MS
1
— UV cut — certain scheme
a
Lattice bare AT Physical
intermediate
results results

scheme

RI-MOM, Ratio, Self, Hybrid, ...

* 1) Renormalization requires the ability to eliminate the divergence caused by the lattice effect.

* 2) The converted scheme 1s well-defined for effective matching or running ...



Meson LCDA
in LaMET

linear divergence
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Meson LCDA - Quasi -LF -\Ion-perturbatiw- Fourier - Effective .
in LaMET Transform match

correlation renorm

+ RI/MOM RI/SMOM Scheme Pros Cons
Martinelli et.al, NPB (1994); Strict subtraction Not suitable for non-local
Alexandrou et.al, NPB (2017); Stewart, Zhao, PRD (2018) W?H establis.hed (e.g. Gauge dependence,
: Widely applied IR behavior large-z ...)
He et.al, PRD (2022); Bi et.al, PRD (2023)
Ratio Scheme Easy to use Extra IR behavior
Well subtraction at at large-z

Radyushkin et.al, PRD (2017)

short-distance

* Self Renormalization and Hybrid Scheme

Ji et.al, NPB (2021); Huo et.al, NPB (2021) —— The best match for the LaMET formalism




Meson LCDA - Quasi -LF -\Ion-perturbatiw- Fourier - Effective .
in LaMET Transform match

correlation renorm

Self renorm

mmm)  Multi-a, extract linear-divn =)  Match with perturbative MS

Linear divergence

0 Cl0 er_quark — 7=0.18fm
s 7=0,24fm

e = m— 7=0.30fm
e m— 7=0.36fm

<

i
+

m— 7=0.42fm
— 7=0.48fm
e 7=0.54fm
e 7=0.60fm
s 7=0.66fm
e 7=0.72fm
m— 7=0.78fm
e 7=0.84fm
m— 7=0,90fm
— 7=0,96fm

|
N
ol et o 8889

e Extract from multi Iqttice spacings of zero momentum matrix
v N -4
e Extract from matching with perturbative M S guasi

In[M(z, a)]
&

 Short distance: Ratio scheme g

e(z) +9(2)

1
a In(a/\QCD)

Hybrid scheme - |iddle region: Self renormalization
-10 /\QCD=0.2GeV

* Large distance: extrapolation

. 1.5 3.0 4.5 6.0
24 1/a (GeV)




Meson LCDA - Quasi -LF -\Ion-perturbativ- Fourier - Effective .
in LaMET

correlation renorm Transform

match

Self renorm

Linear divergence mmm)  Multi-a, extract linear-divn =)  Match with perturbative MS

iZP,

e 2 Hy(z),Bare Ratio scheme | self scheme
.0 1 + a=0.06fm izP,
1T T 2=0.09fm Re[eT Hy(2)]
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0.8 ~1 a-o0
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“ig | | Saggud o’
0.0 fommm=mmmmmmmmmmm o F R R R e —0.25
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Figure from(LPC) PRL 129,132001 (2022) — ) [ A=zP,
|

Three lattice spacings on MILC ensembles



Meson LCDA - Quasi -LF -\Ion perturbatlw- Fourier - Effective .
in LaMET .

correlation renorm Transform match

. . . . . . —I\T g IAT
Limited inverse discrete Fourier transform: g(A) = / dee™" f(z) — f(z) = ZA’\G (A)
izP,
Re[e7 Hy(2)]
T T e Zmax=0.96fm |
1.00¢t 85-93 : a -
0.75¢ ¢ = 10} / .;’;‘ﬁ =1. ]
$ i A 4\ T
0.25} | 8 Z 05
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R. Zhang et al, PRD 20/
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Meson LCDA - Quasi -LF -\Ion-perturbativ- Fourier Effective
in LaMET - .

correlation renorm Transform match

A maxr

—IAT 1 IAT
Limited inverse discrete Fourier transform: g(A) = / dze f(z) — f(z) = o > Axe™g())

/\min

»  Start from asymptotic behavior at x~0,1:  Y(x) ~ x%(1 — x)?

» Extrapolation form:  f(;, p,) = (‘fi\) +ei,\(f3/\2)b]e—;\%,
—IA)? )

D — ox™(1-x))", n1=1.13, n2=0.32 1.50 . , ‘
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Meson LCDA Quasi -LF -\Ion-perturbativ- Fourier - Effective .
in LaMET -

match

correlation renorm Transform

= T B ey

” - = ~ 1 1
\
LaMET expansion: ¢ (Y, R) = / dtC (z,y, pr, p)d(z, 1) + O > -
: WP [0 9P
Perturbative | O, 1 (%)
Matching kernel 1so]
(LPC) PRL 127,062002 (2021) — vector meson
(LPC) PRL 129,132001 (2022) — pseudoscalar meson ::
oo " Asymptotic
T —0.25 /NN | Sum rule

1
1.50( P 1.50(
! .
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o4 Advances on Baryon LCDA

From light meson to light baryon & heavy meson

29




correlation renorm

Il i N
Matching

| BT (R WOV (1983 - now)

Asymptotic form

Chernyak, Zhitnitsky, 1983 ; ......

QCD Sum rules

King, Sachrajda,1987; Stefanis, Bergmann, 1993; Braun,
et.al, 2000,2006; ......

Models parametrization

Bell, Feldmann, Wang, Matthew 2013; ......

Lattice QCD with OPE

QCDSF, 2008, 2009; RQCD, 2016, 2019(2025) ......
Lattice QCD with LaMET

LPC, 2024,2025; ......
PRD 111, 034510, arXiv:2508.08971

W\ OSSN Different
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il [l e BN
LCDAs correlation Matching

renorm

J.J.Han, et.al. EPJC 82 8 (2022), 686PRL 134 221801(2025)
Limited for only few moments:

* First two moments for light mesons
* First moments for light baryons

* Inverse problem from moments to LCDA

High twist/moments are more important in Baryon

Soft contribution dominates in baryon decay , leading twist far from enough

———————— 0 e



e N TN .
LCDAs Matching

correlation renorm

* Definition of baryon LCDA:

mﬂ: xa=x)P? prd¢es Prdes . oo .o

h 1\ o +

! gb(xlam%lu) :/ ) 51 62 e( 181 428, P (I)(fl,SQ,,U)
e m . pt T 2T

'6 __"x2P+
* Leading twist for octet baryon LCDA

—fy®v(&n - P)PTysup = (01f" (&1n)(Cit)g(&2n) h(0)|B)

2fr®r(&mn - P)P ysup = (01f1 (§n)(iCoun")g(€en) v h(0)|B)

C.Han et.al. JHEP 07 019 (2024),
V.L.C & ILR.Z NPB 246 52(1984),
G.R.Farrar et.al. NPB 311 585(1989)
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o A R I
LCDAs I Matching

correlation renorm

/\ * Definition of baryon quasi-DA:

(1 - x13—x3)P” 2 z

h ®--» ~ P dZ P dZ — il 2102 z =

E— —————— > PZ ¢(£IZ‘1,332,,U) :/ 2T 1 2T : © stz (I)(Zl)ZQa:u)

* Matrix elements of quasi-DA:

— fv®v (2, P*) P ysup = (0| f" (21)(Cv")g(22) h(0)|B)

2rbr (s PP v = 017 (20) (5C117*]) 2) R0 B)

C.Han et.al. JHEP 07 019 (2024),




Baryon
LCDAs correlation renorm

» Definition of Meson Quasi-DAs:

1D >

0(%,t;2) =mh @&+ zn, Of,W (% + zn,, %, Onk(E, 1)

izP; izP;
Re[e= Hk* 7(2)] 020 Im[e= Hk+, 1(2)]
0 eag o a:0.06fm
®g 4 a:0.09fm 0151
0.8 1 A
@ a:0.12fm

0.6 1 © l "

] 0.05 -
m«»x%@%@i@ﬁ%mel} | %ﬁ
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2
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20 =T T 7T
o0 o LI - Eﬁw_gﬁ' -0101 o 5:0.06fm
50 o oad 2 .
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A=2zP, A=2zP,

LPC, PRL 127, 062002 (2021)

>4

1 Direction
2 Dimensional

Quasi -LF Non-perturbative 2D

Matching

» Definition of Baryon Quasi-DAs:

2D

|B(Pg, 1))

0y (%, t; 21, 25) = VW (00, + zyn,) f (& + 24y, 1)
-4 17 - i’ -
XTap W' (0,5 + 231, ) gg ( + 251,)
XW KK’ (00, )X’ (%, t)

Lambda hybrid renormalized quasi-DA Lambda hybrid renormalized quasi-DA
Real part central value at P, = 2.0 GeV o Imaginary part central value at P, = 2.0 GeV

0.8 075
0.6 0.50
0.4 0.25
o
& 0.2
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- -0.50
-0.4
- -0.75
-0.6
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A2 =2,P; A P,

LPC, arXiv:2508.08971 (2025)
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Quasi -LF

D

wore TN
LCDAs correlation renorm
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Baryon
LCDAs

Rhombus-shaped

/7
ZZ ’
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7/
g Z
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’ 1
\
\
\
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Quasi -LF

correlation

—0.25 1 1
—0.50 A
—0.75 1

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

renorm

D

vaehing T

From effective Wilson length — Signal to Noise Ratio

P=2.39GeV,_z1=0.105fm

1
1
1
1
.l =
| =
1 =
* 1
: - ¥ 4
x *
: [ __ kX
| : L P
R S
% !
| X X E
= L] {
¥ 5 : = 2
1
1
| Ratio_re :
¥ Ratio_im |
|

22(fm)

* It would take about nine years for computer performance
to increase by a factor of 64

30

Signal to Noise Ratio * 8 -> Statistics * 64

Totally 64*10*2

Scenario

Optimistic

Benchmark

Conservative

Time per Doubling

18 months (1.5

years)

24 months (2

years)

36 months (3

years)

Total Time for 6 Doubling Target Date (from 2025-07-8@)lanation

6% 1.5=9 years

6 x2 =12 years

6 x 3 =18 years

July 19, 2034

July 19, 2037

July 19, 2043

Based on the
classic
assumption
of Moore's
Law (rapid
technological

progress).

A common
estimate at
present
(balanced
model).

Recent trend
(Moore's
Law has

sionicanty |

slowed

down). |



correlation renorm

o A R I
LCDAs I Matching

CLQCD Ensembles

O 4 lattice spacings for a — 0 limit & renormalization

O 4 momentums for P, — oo limit

0 More pion masses to physical mass limit sI]E;tctillcneg

Pion mass

H48P32 G36P29 F32P30 (C24P29

@ @ @ @ F32P30 0.0775fm 300 MeV 777 *4 src *8 it0

C24P29 0.1052 fm 292 MeV 864 *4 src *9 it0

F32P21 C32P23 H48P32 0.0520 fm 317 MeV 550 *6 src *9 1t0
O O G36P29 0.0689 fm 297 MeV 656 *6 src *8 1t0
C48P14

Physical
point

Latt spacing
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o A R I
LCDAs I Matching

correlation renorm

Kinematically-enhance:

O Standard interpolator: N, = etk ( sz Cs gj)hy  for astatic baryon states
(O|N, |N(P)) = Au(P)

O Enhanced interpolator : N, = €7*(f Cs7, gj)hy better overlap with boosted states

(O[Nao,, [N (P)) = aLyu(P) + Byuu(P) af 1o,
PM —E't 1.2
— — SNR(CQPt (t — OO)) X ﬁle '
0 S
glO' %@ %% %% %% %% %% %&% M i
* Dynamic enhance: SNR 200% improve (eff 400%) ! 0.8
* Coding in Pyquda: Computing efficiency 800% !
X.Y.Jiang, arXiv: 2411.08461 °° | | | |

38 I 2 4 t(a) 6 8 [
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LCDAs i Matching

correlation renorm

Hybrid scheme: Use suitable schemes for different regions

* 1) Short-distance region

MM_S (251, 22707 Pz?:u’)
MM_S (21, 22 07 O’ ,LL)

- Sshort (Zla 2’2)

- 2) Long-distance region

MM_S (Zl, 22 07 Pz? ,Ll,)
My (sign(z1)zs, sign(z2)2z2, 0,0, u)

’ Slong(zl ) 22)

* 3) Mixing regions

MMS (Zl,Zg,O Pz):u')
MM— (21,sign(z2)2zs,0, 0, )

025 — [21])0(] 22| — 225)

- 39




Baryon
LCDAs

Bare Matrix
Element

Mg

Divergence?
/

—
\

ratio scheme

Mg

0.7 4

0.6 1

0.5 1

0.4 1

0.3

0.2 1

0.1 4

0.0

1.0 A

0.9

0.8 |

0.7 1

0.6 1

Quasi -LF

correlation

Bare results for Lambda quasi-DA, P, = 0.5 GeV, fix z,=0.250 fm ( A;=0.631)

Short-distance region

» L]

Mixing region + 2 )

Long-distance region * L e ¢
} Bare, a=0.1053 fm . *
¢ Bare,a=0.0775fm ¢ 4

L]
¢ Bare, a=0.0519 fm )
L R =
b o
+ . L] ’
. ¢
} ’
. t y
* . 1] +
B b +
+ + » . . ‘ +
b . )

[} ’ ° .
] -~ .

»

° * *

—ZI.O —]'.AS —1I.0 —(5.5 O.IO 0.'5 1.I0 1:5 2:0
A2 =2,P;

Ratio scheme for Lambda quasi-DA, P, =0.5 GeV, fix z,=0.250 fm ( A;=0.631)

Short-distance region
Mixing region
Long-distance region
Ratio, a=0.1053 fm
Ratio, a=0.0775 fm
Ratio, a=0.0519 fm

“““HI&M f

le

—

Large
distance

|1
WHH,WI

T . T
-0.5 0.0 0.5
A2 =2,P;

Non-perturbative

renorm

Self scheme

1.4 4

1.2 4

Ms

1.0 1

0.8

HY brid scheme

40

2D
Matching

Self scheme for Lambda quasi-DA, P, =0.5 GeV, fix z,=0.250 fm (A;=0.631)

Short-distance region
Mixing region
Long-distance region
Self, a=0.1053 fm
Self,a=0.0775 fm
Self, a=0.0519 fm

“HHU‘ E

by

-0.5 0.0 0.5 1.0 15 2.0
A2 =2,P;

-2.0 -1.5 -1.0

Hybrid scheme for Lambda quasi-DA, P,= 0.5 GeV, fix z2;=0.250 fm ( A;=0.631)

Short-distance region
Mixing region

] ‘ by, ot voen
} 3 }  Hybrid, a=0.0775 fm
b ‘ '

Hybrid, a=0.0519 fm

Well
done

7

-0.5 0.0 0.5 1.0 1.5 2.0
A2 =2,P;

=15 -1.0



el e N I
LCDAs I Matching

correlation renorm

* Hybrid renormalized large momentium baryon quasi-DA ( PZ = 2.0GeV)

A quasi-DA Proton quasi-DA
Re Im Re Im

Lambda hybrid renormalized quasi-DA Lambda hybrid renormalized quasi-DA Proton hybrid renormalized quasi-DA Prpton hybrid renormalized quasi-DA
Real part central value at P, = 2.0 GeV Imaginary part central value at P, = 2.0 GeV Real part central value at P, =2.0 GeV Imaginary part central value at P, = 2.0 GeV

1.0
1.0
6 ) 0.75 6
4 ) 0.50 4 05
2 d 0.25 2
a
I . 0.0
0 0.00 0 !
~<
-2 -025 -2 o5
-4 -0.50 -4
: ~1.0]|
-6 -0.75 -6
-6 -4 -2 k =ozp 2 4 6 2 4 6 -6 -4 =2 0 2 4 6
2=27P; zsz Ay =22P; Ay =2:P,

well-defined and smooth 1n all regions
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Baryon
LCDAs

Quasi -LF

correlation

(1, k9, u, P*) at P* =3.02 GeV

B 2 =0.25
T =0.5
1 =0.75

O.OM -------- L -

3.5
3.0 1
2.5 1
2.0 1
1.5
1.0
0.5 1
0.5 1
1.0 .
—0.50  —0.25
1.50
1.25
1.00
0.75
S 0.50

0.25

0.00

-0.25

—-0.50

0.00 0.25 0.50 0.75 1.00 1.25

T2

¢(x1, 9, P* = limit)

1.50

3.0

Matching
e

LCDA

Non-perturbative 2D
renorm Matching
¢(z1,22)

Large Pz

3.0 1

2.5 1

P? =258 GeV
P7=3.02 GeV
P* =3.52 GeV
P? =limit

LP(Q

limit

PRD 111, 034510 (2025)

_1.0 T T T T
B 050 -0.25 0.00 0.25 0.50

[ L2

0.75

1.00

1.25

150
I




05 Review on Advances of LCDA

From light meson to heavy meson & light baryon
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C Advances of Framework ®

Large momentum effective theory (LaMET):

Eff Match Y

N

7

z

LaMET factorization:

_ 1 1
¢(y; wr) = /dwC(w,y, pr, p)B(2, ) + O < WP 11— y)Pz]2>

44




C Advances of Framework ®

LUOAEVIYH (2021-)

Hybrid & Self renormalization Linear divergence
LPC NPB 964 115311, 969 115443(2021)... l

Renormalon resummation (LRR)

NPB 993 116282(2023)... . . .
Multi-a, extract linear-div

RGR & Threshold resummation
NPB 993, JHEP 03 045(2025)... l

Two loop matching . R
Match with perturbative M.S
arXiv:2504.09367 ...

Power correction estimation Renormalon in perturbative results

PRD 110 094038(2025), 112 016013(2025)...

45




Advances Matching

Resummation Resummation Correction

Self renorm & Renormalon resum

Linear divergence

mmm)  Multi-a, extract linear-divn =)  Match with perturbative MS

LRR+RGR

* Extract from multi Iqttice spacings of zero momentum matrix

\ 4

 Extract from matching with perturbative MS quasi

— $(x)

o : — ¢(x) W/ LRR
Renormalon ambiguity occurs _ — ¢(x) w/ LRR+RGR

A LRR guarantee a more comprehensive
self renormalization x

46




Framework LRR

Advances

Resummation

RGR & TR

Resummation

RGR & Threshold resummation

NNLO

Matching

Power

Correction

1 1 2t LRR+RGR
¢(y, “R) - /diL’C(iB,y, /.LR,/.L)Q‘;(:B,,U.) + @ < ) ) . ]
(yP?)* (1 —y)P?)" =10
O 0.8- B
‘E i — ¢(x)
e Scale of x; RGR <26 — ¢(x) W/ LRR
S04 — ¢(x) w/ LRR+RGR
* Sum log in kernel: TR,/
80" 02 04 08 08 10
X
200 © Wy
RGR+TR
- DeE 1.5:— ----- Quasi
0.25 4 -+++ This Letter Y\ —NLO
; —-= Asymptotic T — NLO+RGR
0.00 """"""'"_" T =2 — NLO+RGR+TR
00 02 02 06 o8 10 Towardssmallx region
control ! Proposed in PDF )
LPC PRL 129,132001 ‘2022= Slmllar in LCD A ~~~~~~~~~~~~

A7 =g

02 04




Advances i i Matching i

Resummation Resummation Correction

NNLO corrections:

m2 Adep
(2, P) D CE— Momentum space:
Pz)2 , (Pz)2
Matching kernel 1.4 1

____________
- S

Coordinate space: , —2Gev, 2 =0.2 fm

T T T T T T T T T T T T T T T T T T T T T

~— NLO |
~ NLO + NNLO l

0.10

0.05

—_— Quési-DA
LCDA (NLO)

0.00}
- “ LCDA (NNLO)

-0.05F i
0.0

0 10 20 30 “n ~~ 02 04 06 08 10
A A high precision matching X
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Advances . . .

Matching

Resummation Resummation Correction

Power corrections in LaMET:

A CD . iy : Match with OPE
¢r (z,P*) = / dyC (w Y, == |or(Y, 1 ) ;’z (P2)2 "

2
. Aoco
(P72

: Estimated by renormalons

Towards precision calculation on

updated framework. How ?




* Advances of Precision Calculationze

LUOAEVIYH (2021-)

Kinematically-enhance

PRD 112 L051502(2025)
Precision check for meson LCDA > Precision
.. JHW et.al.
Inverse Fourier transform
arXiv:2505.14619, arXiv:2506.16689...
& Pyquda
, arXiv: 2411.08461...

Signal Improve

... Gradient flow

JHEP 06 210 (2024), arXiv:2507.18233...
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ERe T - Kinematically - Precision - Inverse
A ISELEE meson LCDA FT

enhance

Kinematically-enhance:

C;(z, }3’ t) - /d3ye_iP.ﬂ<0|‘Z1(3—/’a t)FlU(gy y— z2)¢2(:¢_j — 22, t)z,zz (07 O)Fﬂpl(o? 0)|0>
Sink Src

kaon,sink:gzg5,Pz=1.76GeV

2.2 -
Decomposition in light-cone limit :

PLB 545,345 (2002), EPJC 33, 75(2004) ol = v %

el
1-8-":":'""""""';";"'{"}"'}E R

1.6 A
Can be further extended in baryon case. T sink:gzgSsrc:gs
14 T sink:gzg5src:gzg5
' ¥ sink:gzg5src:g5gt
$ Combine
1 step towards precision calculation 2 4 6 8 10 12 14

ol




ERe T - Kinematically - Precision - Inverse
Advances meson LCDA FT

enhance

Moments tension:

1
LaMET LPC | (¢7) = / dz (27 — 1)" ¢ (z, u2) | ©
2022 0
(2022) 0.303(29)
HOPE TMR = —
(2022)
HOPE Mom [ <
\ Zhang et al. | : e
i \ } (2020) h
0.25 ! ——- DSE |
B 4 <+++ This Letter N Bali et al
s —-= Asymptotic y all et al. [ ——
0.00F-—==========-&=1 Sumrule -~ s==——————————— (2019)
= OPE
00 02 04 06 08 10 A e
XPRL 129,132001 (2022) (2011) | | -
. L. . . Del Debbio et al. | | o
* High precision under going in LaMET (2003) b
0.2 0.3

e  Moments tension between LAMET &OPE remain
<&?2>(u=2GeV)

o2




ERe T - Kinematically - Precision - Inverse _
Advances meson LCDA FT

enhance

* OPE: Local moments

1 _ 1 '
E=2r -1, (E"k(p) = /0 dz (22 — 1)" ¢px (z, p) (2, P.) ~ /0 daz "2 g ()

1
~ 1
[x] DO000000 1D O rid3 000000 ®(z,P,) = / dr [1 +i(2z — 1)P,z — 5(2w _ 1)2Pz2z2 + - | ()
JNn

Consistent moments from local and non-local

104 @ non-local operator a=0.121 K: é.'Z 101 K*- €2 @ non-local operator a=0.121
@ non-local operator a=0.088 L @ non-local operator a=0.088
@ non-local operator a=0.057 @ non-local operator a=0.057

0.8 4 @ local operator 0.8 - @ local operator

0.6 1

Non-local moment

0.4

Local moment

0.0 0.1 0.2 0;3 2 0.4 0.5 0.6 53 ' ' ' ' -
Hreee The first precision check in LaMET, then ?



ERe T - Kinematically - Precision - Inverse
A ISELEE meson LCDA FT

enhance

Quasi from coordinate to momentum space:

ReleTHn(2)]
mam 1.00 '_g_g_&g o ] ::(—)..gﬁfm‘
g(A) = / dre " f(z) — f(=) = 5~ ZA)\e’)‘x (A) o e P somin
Anin 0.25 ‘3'
o LT
Coordinite space:

0.0 2.5 5.0 75 100 125 15.0

LPC NPB 964 115311(2021);,—hybrid scheme Extrapolation A=2zP,
H.Dutrieux et.al, arXiv: 2504.17706, — inverse problem exist

T
Quasi

JW.Chen et.al. arXiv: 2505.14619; — can be circumvented 12 o, Lightcone
1.00

A.S. Xiong et.al. arXiv: 2506.16689;, — can be addressed 075
0.50

0.25 I .
0.00 ===~ i
—0.50—-0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

N Momentum sBace:
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Inverse

Kinematically Precision

Precision
Advances

FT

enhance meson LCDA

Limited discrete Fourier transform:

e Tikhonov regularization
* Backus-Gilbert
* Bayesian approach

> Artificial neurons network

Regulator method

Inverse method give

Tikhonov Regularization

e asupport plan for extrapolation
e asafer error estimate

e Maybe more ...

Backus-Gilbert

Tikhonov Regularization Backus-Gilbert 3.0 75 ot ristin !
- - roe I
1.50 4 - 1‘:.:;.‘::“ Regularization 1.4 4 o) 2.5 :
1.25- 2.01 E
1
1.00 2 1.5 H
=
x 075 1.0
=
0.50 0.5 1
0.25 1 0.0
0.00 f===== = -0.5
T T T T T T T T T T T T T T
—0.25 .0 -2.0 -1.5 -1.0 -0.5 0.0 05 1.0 15 -2.0 -1.5 -1.0 -0.5 0.0 05 1.0 15
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 X X
x X Bayesian Approach ANN
Bayesian Approach Lso 3.0 -t i A 30z 5 E
-1 —felX] . i
e I Bapesan Apprsch 2.5 i n :
2 \\\ 1
1.251 ’ 1.25 2.0 1 E N i i
/ 1/ \‘\ H i 1
vor / e 2151 N !
— 7 — - ] o |
X 0.759 / < 0.75 1.0 i’ \
= ! =
0504/ 0.50 0.5 ,:‘1
e N F P :
| 0.25 1 0.25 0.0 Fo=mm e
0.00 f=mmm—————————————————————— A 0.00 -2.0 -1.5 -1.0 =0.5 0.0 05 1.0 15 -2.0 -1.5 -1.0 =0.5 0.0 0.5 1.0 1.5_
T T T T
0.0 0.2 0.4 0.6 0.8 1.0 X X
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Advances meson LCDA baryon LCDA

OPE
LaMET

B meson LCDA cannot be directly determined

The most important input in heavy flavor physics

* Only models for heavy meson LCDAs
Grozin, Neubert, 1997; Braun, lvanov, Korchemsky, 2004; Beneke, Braun, Ji, Wei, 2018...
* Only models for heavy meson SF
Korchemsky, Sterman, 1994; Bauer, Luke, Mannel, 2001; Neubert, 2005; Lee, Ligeti,
Stewart, Tackmann, 2006; ......
A new approach from Lattice ?

Xuli et.al , PRD 2020, 2022, EPJC 2024...
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Advances meson LCDA baryon LCDA

B meson LCDA cannot be directly determined

The most important input in heavy flavor physics

* QCD LCDA: quark distribution in final-state heavy mesons B — D4v:

* HQET LCDA: quark distribution in initial-state heavy mesons B — D¥v

——Cusp divergence =2 Moments forbidden

Only solution: Two step matching

XJ.SZ et.al. 2020
Boosted




© Summary & Outlook C

* We have done:
O LPC, PRD 111, 034510, validated the concept of lattice calculation of baryon LCDA from LaMET
O arXiv: 2508.08971, successfully adopted the Hybrid renormalization on baryon matrix element

*  We now proceeding:
O Continuum & physical mass extrapolation
OO0 More strategies to enhance lattice simulation

O Methods for limited FT, inverse & matching schemes

* Following:

[0 Please stay tuned our results for all leading twists LCDAs of Proton and Lambda !

D8




© Summary & Outiook ©

LCDA
Precision Calculation

Thanks for Your Attention !
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References of Collins-Soper Kernel:

P. Shanahan, M. Wagman and Y. Zhao (SWZ), Phys. Rev. D 102, no.1, 014511 (2020).

QAZ, et al. (LPC), Phys. Rev. Lett. 125, no.19, 192001 (2020).

M. Schlemmer, A. Vladimirov, C. Zimmermann, M. Engelhardt and A. Schafer (SVZES), JHEP 08, 004 (2021).

P. Shanahan, M. Wagman and Y. Zhao (SWZ), Phys. Rev. D 104, no.11, 114502 (2021).
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M. H. Chu, et al. (LPC), JHEP 08, 172 (2023).
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074519 (2023).

A. Avkhadiev, P. Shanahan, M. Wagman and Y. Zhao (ASWZ), Phys. Rev. D 108, no.11, 114505 (2023).

A. Avkhadiev, P. Shanahan, M. Wagman and Y. Zhao (ASWZ), Phys. Rev. Lett. 132, n0.23, 231901 (2024).

C. Alexandrou, S. Bacchio, K. Cichy, M. Constantinou, A. Sen, G. Spanoudes, F. Steffens and J. Tarello (ABC?S3T), arXiv:2509.26316 [hep-lat].

J. X. Tan, et al. (LPC), in preparition.
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References of Intrinsic Soft Function:

* QAZ, et al. (LPC), Phys. Rev. Lett. 125, no.19, 192001 (2020).

Y. Li, et al. (PKU/ETMC), Phys. Rev. Lett. 128, no.6, 062002 (2022).

M. H. Chu, et al. (LPC), JHEP 08, 172 (2023).

D. Bollweg, X. Gao, J. He, S. Mukherjee and Y. Zhao (BGHMZ), Phys. Rev. D 112, no.3, 034501 (2025).

C. Alexandrou, S. Bacchio, K. Cichy, M. Constantinou, A. Sen, G. Spanoudes, F. Steffens and J. Tarello (ABC?S3T), arXiv:2509.26316 [hep-lat].

References of TMDs:

* J. He, et al. (LPC), Phys. Rev. D. 109, no.11, 114513 (2024).

L. Ma, et al. (LPC), JHEP 08, 086 (2025).

D. Bollweg, X. Gao, J. He, S. Mukherjee and Y. Zhao (BGHMZ), Phys. Rev. D 112, no.3, 034501 (2025).
L. Walter, et al. (LPC), Phys. Rev. D 111, no.9, 094507 (2025).

M. H. Chu, et al. (LPC), Phys. Rev. D 109, no.9, L091503 (2024).
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We can also take start from the light-cone decomposition. We start from some convention on light-
cone

v =1/v/2 (7°+£~3) or onlattice=1//2 (¢ +iv?) (4)

Pr=(1/2)y% 7+
Y=vi+¢_, =Py

For a quark bilinears constructed with only ¢, components describe the leading Fock states of
mesons:

ul ysdi=v2a7475d (5)

Here, we have used
PyysPy=v27 75 (6)

It will be trival for a leading twist contribution of a pseudoscalar meson should be v ;v 5 and
v t+iv# on lattice



