Derivation of DSEs: QCD

-1 1
e Classical action: S = e—e + ’é—o 4 ewmwmwe 4+ ‘&ﬁ%‘ + ::g.gi

¢ Classical EoM » %
(Dirac equation) s . T4 4
for quark: o9

e Quantum EoM

for quark:

2
o QuarkDSE: 9L _ d
0PIV | 4 4 =0

dressed
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Easy!
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Derivation of DSEs: QCD

Classical action:

-1 -1
S=°—0+’é—‘+tmmo+ﬁé%+:§€%j;

Gluon: classical equation of motion (Maxwell equation)
S

Gluon: quantum equation of motion

g_g=(_»_)+é+{i}+§+@

Gluon DSE:

quark loop

5°r = < .

Ty = awow = oo
5A Aapap=0

sunset

Gernot Eichmann (Uni Graz)

s . D XD -

(ignoring prefactors & i’s)

(ignoring gauge fixing
= ghosts)

I
o

tadpole

+
dressed tree-level X m@m N m@” self-energy
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DSEs

Quantum equations of motion: Quark DSE
exact equations in QFT -
Roberts, Williams, Prog. Part. Nucl. Phys. 33 (1994),

Alkofer, Smekal, Phys. Rept. 353 (2001), ... 4 4 Q ,"O\ ﬂ%
P R v+ O + oy
Like Feynman diagrams, but ingredients Gluon DSE ~o”
are dressed = integral equations &W’% - ’
o€ %

Nonperturbative, return perturbation Three-gluon S
theory if coupling is small vertex DSE

B
Set of all n-point CFs determines QFT 3% - .@3‘% A A }5}&\
Lo,

e Each DSE contains higher n-point CFs

= infinitely coupled system . “ﬂ . ﬁ . é:i}

e But do we need to know every CF (e.g., 127-gluon vertex)
to make predictions? Higher n-point CFs are suppressed
by momentum powers, higher loops by propagators

L]
ey

e Similar: functional

= truncations: solve closed subset of equations renormalization group
by neglecting higher n-point CFs or using anséatze Berges, Tetradis, Wetterich,
. . Phys. Rept. 363 (2002),
= systematically improvable: can always enlarge system Pawlowski, Annals. Phys. 322 (2007),
to get closer to full tower of exact equations Dupuis et al., Phys. Rept. 910 (2021)
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Quark DSE

Quark DSE

e Quark propagator = two-point function,
basic object describing a quark in QCD:

Sap(p) = f d*xe (0] T o (x) Yp(0)| 0)

¢ In momentum space: 2 dressing functions
v quark mass function

S =A@ (ip+ M) e

1 —ip+MQpY)

= = (n? 5
= A(p?) p* + M(p?)? ipov(p?) +os(p7)

e Compare: propagator for free spin-1/2 particle

s="" o )=
p_p2+m2 P TP em?

Gernot Eichmann (Uni Graz)

. oy(ph) =

2
M(p)
10 T T T T
“constituent-
quark mass”
Q" L T
! N
10'F 3
107 F  Quark mass E
function [GeV]: 3 Mev § current-
quark
mass
10° — Charm E
— Strange
— Up/down
— Chiral limit

L0 S IR R

0?0t 10' 10’ 10°
p? [Gev?]

e Apparently, something drastic
must be happening here:
dynamical mass generation

m
P
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Quark DSE

Quark DSE M(p?)
—0— = — + “constituent-
quark mass”
¢ Remember chiral symmetry:

SUWNpv: W/ =¥y SUNpa: ¢ = r ey 10’

e If chiral symmetry in classical Lagrangian were preserved 107 E Quark mass ]
in QFT, all n-point CFs would be chirally symmetric function [GeV]: 3 Mev :‘J’a'fk“"
{50} =0 = AI(P2) =0 0E — !s:!h'::;e | mass
— Up/down
e This is true in perturbation theory: each diagram has ol = Chiral limit
odd # gamma matrices = Trace =0 = M(p?) =0 e e R

p? [GeV?]

So it must be a nonperturbative effect. Quark DSE:

R _ 42 dq . T
S(p)" =2 (ip +mg) + X(p)., I(p) = 3 Zr @y ' S(q) D" (k)T (L k)
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Quark DSE

Quark DSE

i 4¢? d'q . v v
4 P SN S =ZGp e+ X0, 2= -5z S i S@D L

e An illustrative model: gluon propagator = § distribution Munczek, Nemirovsky, Phys. Rev. D 28 (1983)

4. ¢ v 2 v -l 2 AP =1 27/\1
3 (2”)40"(1()-”\ Sk = S =iprmy+ A Y Sy = (p7) +A(p2)(p2+M(p2)2)‘
2A?
APIMP?) = mo +2M(P) 5
e Chiral limit (mo = 0): AW (p* + M)
Chirally symmetric solution: 2

2 A
A(p2)=%[1+ JH’%" M(p*) =0

Chiral-symmetry breaking solution:

APH =2, M@ = A - p?

¢ |n realistic DSE solution, no sharp
phase transition in chiral limit, | Qacb H Higgs
but otherwise similar

M(T)  Analogue:
magnetization
vs. temperature '
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Quark DSE

Quark DSE

P 4¢ d'q . 4y v
W, S =ZGp e+ X0, 2= -5z S i S@D L

¢ Renormalization:

() = ipEApD) +Iu(p?) = AP =22+ 2aP), )
M(PHAP?) = Zymo + Zu(p?)

Self-energy integrals are logarithmically UV-divergent
= regularize by integrating up to cutoff,

= renormalize by setting 2 boundary conditions:  A(?) = 1, M@ Em
_ 2 Divergences cancel in
Z=1-%4(u%), my = —”l‘ ;M(le)) ) AP?) = 1+Za(p?) = Za@?), subtraction!
T &~A

Renormalized A(p?) now
MEHAGP") = m+ Zu(p’) - Zwu) - 20ends o Bnomialze o
W
e DSE can be solved iteratively: Start with guess for A(p?), M(p?), e.g., set them to 1.

Calculate self-energy integrals & evaluate them at renormalization scale. Determine Z,.
Calculate A(p?), M(p?) again. Proceed until converged.
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Hadrons?

Resonances:

Baryon poles appear in elementary quark 6-point function: N(1440), N(1710), ..

o
X3 Vs 2 X3 V3
PP—emy?
o=t G b= R —— x2 HDECE vz
X3 Y1 X1 Y1
How to calculate this? In principle from DSEs:

— . m

EEEE G T @ R =2

Im 2

o

Re p?

2 N
Nr threshold /

Ga| = ... complicated structure & equations
for higher n-point functions,
el = more efficient: solve

Bethe-Salpeter equations
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Bethe-Salpeter equations

Write down inhomogeneous BSE:

T-matrix = connected,

/ amputated part of G

LRl INE

r\\ 2-body irreducible

kernel

Gernot Eichmann (Uni Graz)
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Bethe-Salpeter equations

Write down inhomogeneous BSE:

T-matrix = connected,

/ amputated part of G

LRl INE

’\\ 2-body irreducible

O
-4 4~
O

kernel
Analogy: geometric series
fl@)=1+=f(z)
=1+z+a2 f(x) = f(z) = e “non-perturbative”
=1+z+2%+2° f(a)
f@)~1+z+22+2%+.. onlyfor |z|<1 } “perturbative”

Gernot Eichmann (Uni Graz) 57/149



Bethe-Salpeter equations

Write down inhomogeneous BSE:

T-matrix = connected,

/ amputated part of G

N /
D

Gernot Eichmann (Uni Graz)

Homogeneous BSE at pole:

compare pole

/ residues
O
P?—e —m?
_— = |K
O

chiral symmetry constraints (V + AV WTI)

qq irreducible kernel

can be systematically derived from effective action,
depends on QCD’s n-point functions

o e b A W

Analogue of Schrédinger equation in QFT!
I' = Bethe-Salpeter amplitude
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Bethe-Salpeter equations

Write down inhomogeneous BSE:

T-matrix = connected,

/ amputated part of G

BSE = eigenvalue equation,
poleinT & eigenvalue =1

KGoI'y = A T

Xz Al >‘o

________________________ 1
-mi -m? -m} p?

Gernot Eichmann (Uni Graz)

Homogeneous BSE at pole:

compare pole

/ residues
— —m?

O
1o - ALD
O

Explicitly:

T(p, P) = [ ks Kanop (2,0, P)S(4) T(a, P) 8(a- s

Basis decomposition:

T'(p, P) = g Fi 5 B,P? ) 1i(, P)

= Coupled Lorentz-invariant equations
for the dressing functions f;
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Ch i ral Sym metry and the pion Maris, Roberts, Tandy, PLB 420 (1998)

e Bethe-Salpeter WF of pion: [i¥(p,P)l,s = f d*x e P (0| T () Yp(0) | P, ) D= = ::]}

¢ Axialvector and pseudoscalar currents: / pion electroweak decay constant

F5() = Za g0 iyys g, O A@IP) =01 50| Pye™” = ify Pre”
Js(X) = 222y () iys (%), O1jsx) Py =01 js(0)| Pye™” = rp e

‘ _ dp ~ d*p
= RP'=2D fW Tr{iysy"¥(p, P)} , I =ZoZy f(zT)" Tri{ys'¥(p, P)} @

* Now plug in PCAC relation from classical Lagrangian:
Bﬂfs’ =2mjs = f,,m,.‘: =2mry = if fr does not vanish in chiral limit, m, must be zero!

® How can one see this? From axialvector WTI (= PCAC for 3-point functions) in chiral limit:
£:T(p,0) = A(p) M(p*)ys  We know that M(p?) # 0 in chiral limit = fz # 0 = m, = 0. Goldstone theorem!

<W> M(p*)

. dp
Take trace with S(p)v5 S(p) = fatax = ; =27y Ne o )4 TeS(p) = 202y — Gr ) f A(pz) MR

Plug this back into PCAC relation = fZm2 = —2m(yy)/N;  Gell-Mann-Oakes-Renner relation
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Chiral symmetry and the pion

So far, everything exact = pion from BSE is automatically massless in chiral limit if

» BSE kernel respects axialvector WTI

» Chiral symmetry is dynamically broken such that M (p?) # 0 in chiral limit (automatic in DSE)

N7

quark self-energy

=N

g-g

BSE kernel

e Let’s try a gluon ladder kernel:

DED [I-E-EE-

free propagators
—ip+m
p2+m?

Gernot Eichmann (Uni Graz)

possible resonances
(but w.r.t. quarks)

... axialvector WTI

... vector WTI

° Im P?
°
bound states

—4m?

>

= BSE kernel and
quark propagator
must be related!

breaks chiral symmetry e

generates bound-state poles
in T, possibly also resonances

but also quark thresholds & cuts:
“hadrons” decay into quarks,
no confinement e

would be ok if elementary d.o.f. were
not quarks but hadrons ( —» EFTs)
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Chiral symmetry and the pion

e Better: rainbow-ladder 1000
Maris, Roberts, PRC 56 (1997), m, [MeV] 2
Maris, Tandy, PRC 60 (1999), 500 Re au(p*)
Qin, Chang et al,, PRC 84 (2011) — 7
600
= 400
my [MeV]
& 200 7[_{
dressed propagators % 2 4 & 8 10
from quark DSE mg [MeV]
1 —ip+ M(p?) » chiral symmetry automatic, » quark propagators do not
A(p?) p2+M(p?)? massless pion in develop real poles
chiral limit ‘/ = no quark thresholds ‘/
Kernel = effective gluon exchange
with effective interaction N
Im pP?
ol A " 2 3 ‘
. \ ak?) ® ° ® | Re P2
st N .
, N » but also no resonances, instead bound states
Y e : (need to go beyond rainbow-ladder)
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Chiral symmetry and the pion

2

Consider again our earlier model 4 2 25400 5
(gluon propagator = § distribution) 3 2n° D = A5

APH =2,
Munczek, Nemirovsky, Phys. Rev. D 28 (1983) R N "
M(p?) = \JA? = p?
e Quark condensate: A=1GeV
_ Ne (N 5 ,fAT=pT 2 N 3
(i) = —= dp* p? Y ——— = — A® ~ (220MeV)’ t bad!
Gy (27r)2\£ Ty 15 2np (220MeV)”  notba

e Meson BSE for P?=0 = P*=0 = pion amplitude has only 1 tensor: T(p) = fi(p®)ys

4g% d* itV 2
NOERS f ﬁ PS@T@S@iy DK — ~AN¥SP)T(P)S(p) ¥*

4A2 yes!

= 1= APy S(P)ys S(PY = NY'S(=p)S(p)y* = AP+ MG

BSE has eigenvalue 1

at P?=0 = massless
pion in chiral limit

¢ Pion decay constant: use fi(p?) = AP M)/ fx

2 NeZ 5 5 M(p?) 1 ( 5 P dM(rﬂ))
= —— d, — ———— |M(p") - — = ... Pagels-Stokar formula, PRD 20 (1979)
S 4n? f rp AP (p? + M(p)2)* P 4  dp?
i Ne A 2 32
Munczek-Nemirovsky model: fr= /5 7~ =97 MeV notbadl GMOR: m; = 5 Am ~2Am
A=1GeV
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Rainbow-ladder results

Rainbow-ladder has been
very useful tool, many calculations
over past > 25 years m [Gev]

Maris, Tandy, Nucl. Phys. B Proc. Suppl. 161 (2006),
Bashir, Chang, Cloet, El-Bennich, Liu, Roberts, Tandy,
Comm. Th. Phys. 58 (2012),

GE, Sanchis-Alepuz, Williams, Alkofer, Fischer,

Prog. Part. Nucl. Phys. 91 (2016),

¢ Pion electromagnetic form factor

10

IF=(@)]

v

* NA7
< JLab Fr-1
» JLab Fr-2

GE, Fischer,
Williams,
PRD 101
0.1 (2020)
-1 0 1 2 3 4
Q?[GeV?)

,\\ p pole: vector-meson dominance
comes out automatically!

Gernot Eichmann (Uni Graz)

104

20

e Bottomonium spectrum
Fischer, Kubrak, Williams, EPJ A 51 (2015)

v . Xoi'
b e hy . X0
v * —_— Y(10) . .
W e * o ¥
v oo hy o1 _X’n_
0 .«
*
Y
o *
-
[ RS B | LS Rl R L S S S S
Pion — yy transition form factor
* Belle F(Qz.Q’z) 1
v cieo E
GE, Fischer,
Weil, Williams,

05

00

PLB 774 (2017)

[ DSE (asym)
- — - DSE (sym)

10 15 20

. [GeV?]
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Quark in complex plane

For BSE, we usually need quark propagator for complex momenta ( p° < C ).

- q- Img?

P o . . sampled on
P?=_M = total momentum parabola in
o P P* complex 2
P = «||K all r  — pr complex plane,
== 5 = quark momenta » Fo 7 limited by
= -~ ¢t also complex T ©%  nearest quark
. . singularities

How to do this?

e For some interactions (e.g., Maris-Tandy) easy: Reou(r")
put p® € C in quark DSE and “iterate once more”

£ -
_O_'] - .
4g> d*
Sy = ZaGip+mo) -5 7 f (27‘; 7S () D" (T (1K)

® |n general not possible: pole in gluon propagator
produces cuts in integration. Naive integration ~
over cuts yields nonsense

e Workaround: analytic continuation from real axis

e Solution: contour deformations or Cauchy method
Naive calculation Contour deformations
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Quark in complex plane

Contour deformations:
g _ﬁ fd“q . VT
o . ﬂ S = Zalip+mo) ——=Zr —(2")41)"S(q)l)“(k)l‘(l,k)
) A 1
® |ntegration: /d“q(.,.) —>/ dq2/ dz(...) = qisreal, z€[-11] p is complex
0 -1

. k2
e Gluon momentum: > = (p—q)> =p*> +¢* —2pgz = ¢* —2pgz+p* -k =0 = q:p(zii 1—22—1)—)

k* = 0 = circle in complex ¢ plane with openingat ¢ =p .

Imgq Imgq nearest
N P singularity
~.
\ £
Re q Req
cut cut

Im p?

If integrand is singular at k% = 0: Deform contour such that it passes through p. Can solve DSE in whole

circular branch cut after z integration, ~ Because DSE is integral equation, we need complex plane, up to angle

cannot integrate ¢ along real axis quark propagator from previous iteration for where one hits the first
these points in q = solve DSE along this path! dyn. generated singularity

Ensures that you will never cross a cut
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Quark in complex plane

Contour deformations:

Fermion, gluon, ghost propagators,
glueball correlator, rare pion decay,

p and o pole position, spectral functions,
quark-photon vertex, timelike pion

form factor, light-front wave functions,

Maris, PRD 52 (1995)

Alkofer, Detmold, Fischer, Maris, PRD 70 (2004)

GE, 0909.0703 [hep-ph]

Strauss, Fischer, Kellermann, PRL 109 (2012)
Windisch, Alkofer, Haase, Liebmann, CPC 184 (2013)
Windisch, Huber, Alkofer, PRD 87 (2013)

Weil, GE, Fischer, Williams, PRD 96 (2017)

Pawlowski, Strodthoff, Wink, PRD 98 (2018)

Williams, PLB 798 (2019)

Miramontes, Sanchis-Alepuz, EPJ A 55 (2019)

GE, Duarte, Pena, Stadler, PRD 100 (2019)

Fischer, Huber, PRD 102 (2020)

Santowsky, GE, Fischer, Wallbott, Williams, PRD 102 (2020)
Miramontes, Sanchis-Alepuz, Alkofer, PRD 103 (2021)
Santowsky, Fischer, EPJ C 82 (2022)

GE, Ferreira, Stadler, PRD 105 (2022)

e Scalar scattering equation:
direct access to 2nd sheet!

0-70 0

Cuts from K and G, in complex plane of integration variable:

| \

.

Gernot Eichmann (Uni Graz)
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Towards ab-initio

Go towards ab-initio calculations e Glueball spectrum agrees with lattice QCD
by calcu|ating h|gher n-point functions Huber, Fischer, Sanchis-Alepuz, EPJ C 80 (2020), EPJ C 81 (2021)
O B i
= K ? ;{ I ¢
o T L
3 IR | {
AN St ’
o e A &, - e
+ lattice (Momingstar, Peardon 1999)
*BSE | iico (Athenodorou, Teper 2020)

Various approaches on the market, e.g.: e o o e o o

e Gauging quark DSE yields

vertex equation = meson poles e Coupled Yang-Mills DSEs  Huber, PRD 101 (2020),
Chang, Roberts, PRL 103 (2009) GE, Pawlowski, Silva, PRD 104 (2021)
e Expansion of BSE kernel via B .. ... |

nPi effetive action w5 L PN
o = e 4wl o
Williams, Fischer, Heupel, PRD 93 (2016) o’
]
e Including mr decay channel . S f.i& Q ﬁ {i}
A}% A@;»% + AN + + + +

generates resonances
Santowsky et al., PRD 102 (2020)

Truncation error: [ 60% B 10% E 4%
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Towards ab-initio

Go towards ab-initio calculations
by calculating higher n-point functions

2nd sheet 1st sheet

D= > VD
N

Region 3 Region 2

o o A b ' <

3
o 0.4
. nn threshold
Various approaches on the market, e.g.: = | —7 |k
0.2
e Gauging quark DSE vyields Reglon 1
vertex equation = meson poles 0.0
Chang, Roberts, PRL 103 (2009) ) 0.1 0.0 0.1
e Expansion of BSE kernel via /2 [GeV]
nPI effective action
Williams, Fischer, Heupel, PRD 93 (2016) p resonance extracted from homogeneous BSE:
. Solve p-meson BSE for complex total momenta
¢ Including mmt decay channel on 1st sheet, analytically continue to 2nd sheet
generates resonances to determine pole resonance pole location

Santowsky et al., PRD 102 (2020)
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Towards precision

Markus Huber, ACHT 2025; Phys. Rept. 879 (2020) & PRD 101 (2020)

® Gluon propagator ® Ghost propagator

Decoupling

----- Scaling

PlGeV] P(GeV]

® Three-gluon vertex: lattice vs. FRG vs. DSE

g € -
“h: — FRG, Cyrol et al. (2016) } = 3-loop 3PI (SP)
2o — - N A semision |
® ¥ Sterbeck etal. 2017) °
A Pinto-Gomez et al. (2024) -os!
1 3 3 o 1 2 3 4 s
p(GeV] Vaiea)

Lattice: Pinto-Gomez, de Soto, Rodriguez-Quintero, PLB 838 (2023),
Sternbeck et al,, Pos LATTICE 2016; FRG: Cyrol et al., PRD 94 (2016);
DSE: Huber, PRD 101 (2020), Huber, Fischer, Sanchis-Alepuz, 2503.03821

Gernot Eichmann (Uni Graz)

® Ghost-gluon vertex

DV(S)

= 3PI, Huber (2020)
* Aguilar etal. (2024) |

p[GeV]

Lattice: Aguilar et al,, PLB 858 (2024)
DSE: Huber, PRD 101 (2020)
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Baryons

Three-quark BSE (Faddeev equation) for baryons:

GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

D-20-%D-1D+-ED
J\ / 3-body kernel:

Rainbow-ladder

2-body kernel: Leading diagram (3-gluon vertex)
fixed in meson sector vanishes by color trace, [
higher-order diagrams small (?)
[Gev] ' _— 2-quark correlations dominant?

Y s 2
K [GeV?)

Scale set by f,

shape parameter - bands
Maris, Tandy, PRC 60 (1999)

e Analogous results for many form factors

Review: GE, Sanchis-Alepuz, Williams, Alkofer, Fischer,
Prog. Part. Nucl. Phys. 91 (2016)

e Relativistically, nucleon also has p waves!  seealso:
| Qin, Roberts, Schmidt,

L=0 L=1 PRD 97 (2018)

00 01 02 03 o4 05
m,? [GeV?)
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Baryons

Baryon’'s Faddeev amplitude:
GE, Alkofer, Nicmorus, Krassnigg, PRL 104 (2010)

Vapys(p,0, P) =3 fi(#*,4*,p- 0,p- P,q- P) 73(p,q, P)apys © Flavor @ Color
1

P3 v
P
P2 B 5 -
p1 o«
s 1Ty
1/ o 191 S waves
| oo | vev ®)
|1 | 1eltpad) e
2 1 18p )
2 1 184
ol | reriiledl
|1 | Hers
I T 7
| 1| 3Ged-don-Yrev(hd]
V2| 1| 3p@l-%i0¥p
% 1 3¢@1-7 07 ¢
2| 2 | 3pep-viey,  dwaves
v | 2 | pepr240i-viey, 20
Y2 2 | pog+dep
o2 | deldpl-1 el p)
|2 | pelpdl-ivr el 4]

Lorentz-invariant Dirac-Lorentz group theory

dressing functions tensors: (same as before)
64 forJ =1/2,
/ 128 for J = 3/2
Tij(ArysC®Ay) Positive-energy

projector: A,u=1u

(r5s®ys) Tij (ArysC®Ay)

e can be arranged into eigenstates of S and L
in baryon’s rest frame: s, p, d, f, .... waves

ot T-in
STt -2ty [ [t -2un

e nonrel. quark model: I
only 2 survive (1 =0)
o Relativistically, nucleon also has p waves!

S waves p waves I

Gernot Eichmann (Uni Graz)
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Diquark correlations

e Quark-diquark (two-body) equation

Oettel et al,, PRC 58 (1998), GE et al., Ann. Phys. 323 (2008), Cloet et al.,

D-22D - 10T

e Three-quark and quark-diquark results very similar
GE, Fischer, Sanchis-Alepuz, PRD 94 (2016)

1+ 1= 3+ 3~
M [GeV] 2 2 2 2
20
) 7 N(1

. N(1880) 2 N(1895) 2 N(1900) l N(1875)

zz N(1710) |, N(1650) 22 N(1720) = N(1700)
16

= “% N(1535) == N(1520)
4 == N(1440)
12
Y == N(940)

Gernot Eichmann (Uni Graz)

FBS 46 (2009), Segovia etal., PRL 115 (2015)

Diquark clustering in baryons?
Barabanov et al., Prog. Part. Nucl. Phys. 116 (2021)

© @ __ @ @

(a

3+ 3= 1+ 1=
2 2 2 2
B 2(1940)
= A(1920) & an010) ™ a(1900)
- 1700 —
) W@ A(1700) = A(1620)
72, A(1600)
1 9aq
= . adq
~== A(1232) PDG **
PDG

7z, PDG ****
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Diquarks 101

D Wave function:

Flavor: 202=1,®3s
303=3,496g

Dynamics ® Flavor & Color =
— — 3@3=3 ©6

424=645 10g

A, S

[us], [ds]
[uc], [de], [sc]

A e

{uu}, {ud}, {dd}
{us}, {ds}, {ss}

attractive

1=0

{uc}, {de}, {sc}, {cc} 1=1/2

“good” “pad”
Quark content q-dq Isospin contributes to

sss s {ss} 0 Q
cce c {cc} 0 Qc
uud u [ud] 1/2 p

u {ud} 1/2, 3/2 p, A*

d {uu} 1/2, 3/2 p, A*
nns n [ns] 0,1 Az
/Q n {ns} 0,1 AZ

n=ud s [nn] 0 A
s {nn} 1 z

Gernot Eichmann (Uni Graz)

* Nucleon has “good”
and “bad” diquarks,
Delta only “bad”

e A: n[ns], n{ns}, s [nn]
2: n[ns], n{ns}, s {nn}
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Diquarks 101

D Wave function:

Total wave function:

p(/t) (¢, P)

Gernot Eichmann (Uni Graz)

Dynamics ® Flavor & Color
Nt AN

A, S

L] 750,

o YHC, ...

« C, ..

o YysC,

Dressing functions
calculated from BSE

LA
A,S A
scalar A: (150)T = —45C = “good”
axialvector S: (O)F =4*C < “bad”
pseudoscalar A
“ugly”
vector A
Z/ ¢*.q-P,P*=-m?) 7% (q,P) ® Flavor ® Color
— ——
Lorentz/Dirac
tensors
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Diquark correlations

Mesons and diquarks are closely related: - Mesons miceyy  Diauarks
attractive attractive -
323=1®8 3©3=3 &6 = .
i
In BSE this comes out naturally: maris, Fes 32 (2002) " P " &
] —
05 05
.= K - B o
D . [EE
0.0 00
0t 0 1" 1 ) 1 () 1 1
Lowest-lying diquarks are dominant for 7\ ,i —
ground-state octet & decuplet baryons ugly
“good”  “bad”
pseudoscalar mesons < scalar diquarks (~0.8 GeV)
vector mesons <  axialvector diquarks (~1 GeV)
Higher-lying diquarks are subleading, In AL, these are too strongly bound:
but contribute to excited states & remaining channels A 9 !
simulate beyond-RL effects
by (one) strength parameter ¢
scalar mesons &  pseudoscalar diquarks (~1.2 GeV) Rie(rts chzng Cloe!gRobzts FBS 51 (2011)
axialvector mesons & vector diquarks (~1.3 GeV) GE, Fischer, Sanchis-Alepuz, PRD 94 (2016)
74/149
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Diquark correlations

Light baryon spectrum
GE, Fischer, Sanchis-Alepuz, PRD 94 (2016)

1+ 1-
M(GeV] z z
20 n n
6 -
. NO7TI0) M Nieso)
f
M N(1535)

» 2 N(1440)

= N(940)

Diquark content:
Barabanov et al., PPNP 116 (2021)

M [GeV]

20 1

18

" W N(1535)

1ol mllaz N(1440)

12

T M0 N0

el
T

B N(1900)
N(1720)

ol - n(1900)

B N(1875)

& N(1700)

= N(1520)

AL naers)

alla No7io) g N(i650) B no720) ] w700y

all - N(1520)

ok
T

ks

o=
+

Z si920) B ' A(1910)
- A(1700)
A(1600) —
= a(1232) BN odq
PDG**
Z PDG ***
PDG ****
EI“ A(1920) Elu A(1910)

EL. ss00) I A(1700)
III_ A(1232)

scav ps v

A(1620)

L
EL. 4(1620)
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Diquark correlations

Light baryon spectrum
GE, Fischer, Sanchis-Alepuz, PRD 94 (2016)

1+ 1= 3t
M[GeV] 2 2 2
20
u A L) B N(1900)
18 -
N(1710) N(1720)

M n(1650)
ML N(1535)
» 2 N(1440)

= N(940)

RL, all diquarks:
“N(1535)” too low

sc,av, ps
e Level ordering

determined by
diquark dynamics

e Diquarks are not
pointlike, also here
rich spectrum!

l N(1875) -

‘s N(1700) -

= N(1520)

ok

ks

o=
+

wzza PoG

“Beyond RL":
N(1535), N(1650)

sc, av
35% ps.

a(1920) M ' o1y ®
A(1700)
A(1600) — B A(1620)
A(1232) 1 oo
PDG**
pzzZ2 poG*

RL, sc+av only:
“N(1650)” too high

sc,av

Barabanov et al,, PPNP 116 (2021)

MiGev]

o 12

MiGev]

Tio 12
MiGev]

i
10 12 1 18 1o 12
MiGev] MiGev]
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Relativistic effects

Orbital angular momentum: clear traces of nonrelativistic quark model,
but strong relativistic effects (in some cases even dominant)

M [GeV]

20 -cln
4 ~ n9oo) il neiars) —all. sro20) w= ato10)

. sl N(1710) [l N(1650) _all. N(1720) gy N(1700) ) alla_ a(1700) I A(1620)
all. N(1535) . N(1520)

1o | HI. N(1440)

12 b a¢232) l .

1 B neao)

o
©
a

+

ol
ol
T

T

1
2

3
2

J = 3/2 ground states

Relativistic contributions

Quark model:

L=0
L=1
L=2

GE, FBS 58 (2017)

J = 3/2 first excitations

even up to bottom baryons!
Qin, Roberts, Schmidt, PRD 97 (2018)

Weight [%]
Weight [%]

s P D F 0 S
Partial Wave

P D F
Partial Wave

Gernot Eichmann (Uni Graz)
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Strange baryons

1+
i
224
204 i
184
]
4 Z(1
164 (1660)
144
12 e £(1190)
224
204 §
18 -, A(1810)
»
164 ] A(1600)
144
124
= A(1115)

2 x(1750)

= 5(1385)

E % A(1890)

m A(1soo)
& A(1670)

-

— A(1405)

s

i =090
-

2 5(1670)

)>

[
-
.- A(1690)
u

A(1520)

A

244

204

1+ 1- 3t 3-
2 2 2 2
u -
. -
= 2(1530)
o
w— E(1320) -

.— Q(2250)?

= 0(1672)

Q

GE, Fischer, FBS 60 (2019), Fischer, GE, PoS Hadron 2017
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Strange baryons

= £(1940)
=) !

== x(1670)

Z x(1750)

)>

=)
.::)% A(1890)
|

New states from Bonn-Gatchina
Sarantsev, Matveev, Nikonov, Anisovich, Thoma,
EPJA 55 (2019)

GE, Fischer, FBS 60 (2019), Fischer, GE, PoS Hadron 2017

Gernot Eichmann (Uni Graz)
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Heavy baryons

Quark content q-dq Isospin contributes to
nnc n [nc] 0,1 A, Z¢
/Q n {nc} 0,1 Ac,Zc
n=ud ¢ [nn] 0 Ac
c {nn} 1 PR

Sometimes these are assumed as dominant components,
= A¢ nincl,ni{nc}, c[nn] <~ e.g.J-PARC charm baryon spectroscopy program (high-p)
Xa (n[nc],n{nc}, | c{nn} Kim, Hosaka, Kim, Noumi, Shirotori, PTEP 2014 (2014), 10, 103D01,
Shim, Hosaka, Kim, PTEP 2020 (2020) 5, 053D01
[
o & LG i~ 5} D Sy

PN

¢
—— u } 5 A% 1= Decay of p mode — St
Decay of A mode — pD

»

acc

spin-spin
interaction

p mode
Assumptions
on spectrum &
production rates

. ... _Amode
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Heavy baryons

Quark-diquark BSE would not work under this assumption, e.g., X.:

‘(',‘ o {nn)D
c
[ne] =
N n j}
{nc}
n j}

2
©

Results: wave function contributions Torcato, Arriaga, GE, Peia, FBS 64 (2023)

+ +
v ] 03]
60%
50%
40%
30% —
20% —

10% —
]

SC[nn] AV{nn} SC[nc] AV {nc} SC[nn] AV{nn} SC[nc] AV {nc}

Gernot Eichmann (Uni Graz)

but c{nn}

Analogous for Ac
and hyperons

n[nc], n{nc} necessary,
otherwise no equation.
Presumably these are
also dominant: cannot
switch off n[nc], n{nc},
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Heavy baryons

Quark-diquark BSE would not work under this assumption, e.g., X.:

. L | oy D
G G
2 c

"D
n
D
n
Results: spectrum

Torcato, Arriaga, GE, Peia,
FBS 64 (2023)

Gernot Eichmann (Uni Graz)

M[MeV]

gelhe

gelie

3500

3000

2500

2000

B =h]
—

A (2256)

Be(2155)

&

>
_j}_

s 3rd Excited
mm——2nd Excited
m— st Excited
" Ground

[ Experiment

n[nc], n{nc} necessary,
otherwise no equation.
Presumably these are

also dominant: cannot
switch off n[nc], n{nc},

but c{nn}

Analogous for Ac
and hyperons

see also:

Yin, Chen, Krein,
Roberts, Segovia,
PRD 100 (2019)
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Form factors

Many form factor calculations in qqq or q(qq) approaches available:

Nucleon electromagnetic FFs Roper em. transition FFs A-baryon em. transition FFs
GE, PRD 84 (2011) Segovia et al, PRL 115 (2015) GE, Nicmorus, PRD 85 (2012)

»aear

QS hamsuryan 09

0 1 2 3 4 5 6 5
- 00 02 o4 06 08 10 12
2y 7 3 o s x=Q?%/mj; 0% [GeV?)
Qo*/m?

Timelike em. strangeness FFs Timelike pion FF dynamically develops p pole with 7w decay channel
Ramalho, Pena, PRD 101 (2020) Miramontes, Sanchis-Alepuz, Alkofer, PRD 103 (2021)

8 s GE, Fischer, Wil

. 5 4 BELLE , Fischer, Williams,
1F=(@1 IF(@1 7 e PRD 101 (2020),

= DESY
< JLab Fret
> Jab Fr-2

04 1 DSE

10 i0 1520 25 30 ol . .
471GV 06 -05 -04 4 0 1 2 3 "
Q?[GeV?) Q2 [Gevy)
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Lecture notes “QCD and hadron physics?
https://particle.uni-graz.at/en/quarks-hadrons-and-nuclei

GE, “Hadron physics with functional methods’,
arXiv: 2503.10397 (for Encyclopedia of Particle Physics)

Burkert, GE, Klempt, “The impact of yN and y*N
interactions on our understanding of nucleon
excitations’ arXiv:2506.16482

GE, Sanchis-Alepuz, Williams, Alkofer, Fischer,
“Baryons as relativistic three-quark bound states”,
Prog. Part. Nucl. Phys. 91 (2016), arXiv: 1606.09602

Barabanov, Bedolla, Brooks, Cates, Chen et al.,
“Diquark correlations in hadron physics: Origin,

impact and evidence’, Prog. Part. Nucl. Phys. 116 (2021),
arXiv: 2008.07630

6. n-point functions & tensor bases
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Correlation functions

. T /" Three-point functions
/ Two-point functions . ! \ g e

: —— Qe { /3\ Aﬁ% SO Higher n-point functions
4 quark gluon ;o 4 '
et e e we S W LT LE -
9 9 gluon gluon | :
\ T i . S R y ’ ! four- quark quark ;
"""""""""" Tl g 1 gluon 4-point  6-point ;

""" o \ vertex function function y

Classical action of QCD: SR P T D Y

mesons  baryons tetraquarks

Gernot Eichmann (Uni Graz) 83/149



Correlation functions

P e LA A

g quark gluon 1 {
propagator  propagator / ! quark-  three-
2 \ gluon gluon

_add ’ N vertex vertex

Information is contained in Lorentz-invariant
dressing functions:

N
Gog(pryopa) = 3 filwhi P, ) Tapry - PR)GG

Kinematics?  Tensor bases?

What can we learn from symmetries?
e Lorentz & parity invariance
e Crossing symmetry, charge conjugation
e Gauge invariance

Gernot Eichmann (Uni Graz)

. ,'/ Three-point functions

el T 1

:. four- quark quark
\ gluon 4-point 6-point
v vertex  function function

Bethe-Salpeter amplitudes ‘

DD D -

mesons  baryons tetraquarks

/" Higher n-point functions
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1. Example: 2—2 scattering
2. Euclidean metric

3. QCD’s n-point functions
4. Tensor bases

5. Kinematics

Gernot Eichmann (Uni Graz) 85/149



2-2 scattering (1)

e Scalar = only one function I'(p;, ki, s, ks)

ks ke * 4 momenta + momentum conservation = 3 independent momenta

Gernot Eichmann (Uni Graz) 86/149



2-2 scattering (1)

’/k\‘ e Scalar = only one function I'(p;, ki, s, ks)
kg ki e 4 momenta + momentum conservation = 3 independent momenta,
define:
l" p="20 g Mth o g=pi—pi=ki—ks
pr pi o pi— _q b ot @
\;]/ g N 3 = pi+ ki =pg+ ks
pr=p+, ki=k-—3

Gernot Eichmann (Uni Graz) 86/149



2-2 scattering (1)

’/k\‘ e Scalar = only one function I'(p;, ki, s, ks)
kg ki e 4 momenta + momentum conservation = 3 independent momenta,
define: o otk
l" p=PP, k=Nt g=pr—pi=ki—ky

P S q q
> p=p—5 ki=k+ =

\;]/4 * g N 3 = pi+ ki =pg+ ks
pr=p+,; kr=k-—3

e 3 momenta = 6 Lorentz invariants:
»”, ¢ K, p-q kg pk
* Assume all particles are onshell: p} =p} = M’ ki =k} =m’

2

pi=p+%-pa=M
2

p=p'+ G +pg=M

2

pg=0, P=M-%

li:'»3-=li:3+§+k~q=m2

2
k’=k’+§—k~q=m’ } k-q=0, Ig2=mz_4zT

Gernot Eichmann (Uni Graz) 86/149



2-2 scattering (1)

’/k\‘ e Scalar = only one function I'(p;, ki, s, ks)
kg ki e 4 momenta + momentum conservation = 3 independent momenta,
define: o otk
l" p="0R,  p="TE  g=ps—pi=ki—ky
P S q q
=> i =D — = ki=k+ =
NS pe=p : ' 2 s pitki=pptks
P pf=p+5; kr=k-3
e 3 momenta = 6 Lorentz invariants:
& )P w4 k4 pek
* Assume all particles are onshell: p} =p} = M’ ki =k} =m’
= 2 variables left: P=p+% —pqg=M gm0, P
2 5 - 2 p-qg=0, = 73
=l Pi=p"+T+pq=M
4M2 kz — kz qz k — 2
)‘_p_k P = +Tz+ g=m k-g=0 k2=m2—£
— M2 B=+%-kq=m? ? 4

Gernot Eichmann (Uni Graz) 86/149



2-2 scattering (2)

k e 3independent momenta, 2 Lorentz invariants:
N , . . .
ky ki Pi=p—, ki=k+3 T=—pE p-g=0, Pz:M_f
pr=p+3 kf=k—1 A=2k kog=0, R=m?—2%
lq
pr pi
A

Gernot Eichmann (Uni Graz) 87/149



2-2 scattering (2)

k e 3independent momenta, 2 Lorentz invariants:
N q q e 2 &
K, k. pi=p—35 ki=k+j T=—as  P4=0 p2=M—f
pr=p+?i kp=k-1 A=2k k-q=0, K=m2-%
lq
ps i e Define , ,
" A M2—m?2 = m?=M?(1-2)
LA 2
» € 2M2 > P+ =M>+m? - =2M*(1+7—¢)
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2-2 scattering (2)

k ¢ 3independent momenta, 2 Lorentz invariants
¥\
. f p=p—%  k=k+i  r=—gm pa=0, pP=-%
f i k 2
pr=p+3 kf=k—} A= k-q=0, K=m?-%
lq
Py i e Define , ,
" A _ MP-m? = m?=M?(1-2)
’ €= Tome 5 PR =M 4mi— % — M1 4+7—¢)
e Mandelstam variables:
s=(pi+ki)? = (ps+ks)?=(p+k)? =p?+k*+2p-k =2M*(1+7+X—¢)
u=(pi—kys)? = (ps—ki)? = (p—k)* = p*+k*—2p-k = 2M?(14+7—A—¢)
t=(py —p0)? = (ks — ky)? = ¢* = M7
=M +2m?

= st+t+u=4M3(1-¢)

87/149
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2-2 scattering (2)

k e 3independent momenta, 2 Lorentz invariants:
P/—\\ pi= 7 k,-::k+5 T= i p-g=0. p2=M2-—£
ks k; t 2 2 g ’ 1
pr=p+3 kf=k—} A=22 k-q=0, K=m?-%
lq
ps P e Define Y
" A _ MP-m? = m?=M?(1-2)
v €= o = pP+k2=M2+m? ——_2M2(1+T £)
e Mandelstam variables:
s=(pi+ki)? = (ps+ks)?=(p+k)? =p?+k*+2p-k =2M*(1+7+X—¢)
u=(pi—ks)? = (ps—k:)? = (p—k)* = p?+k*>—2p-k = 2M>(1+7—A—¢)
t=(ps —m:)* = (ki —ks)® = ¢ = —4M>7
= s+t+u=4M3(1—¢)=2M?+2m? v
= F(Pi,ki,Pf,kf) +
= Momentum transfer: 7=—-° =% _ 14,
= f(s) tyu) am am
=f(\7) Crossing variable: A=0n

Gernot Eichmann (Uni Graz) 87/149



Mandelstam plane

N t 7,
< ¢ ¢
s, chanhel N
. 7
t=4M?
=0
u s
channel channel
t st+u
T=—r= -1
o = LTE
A= 2-u
4M?

here: identical masses (¢ = 0)

Gernot Eichmann (Uni Graz)

e Different processes described by same amplitude,

but with different physical domains:

4 2

1

s channel:
1+2-3+4

Nzt — Nxt

4

2

t channel:
1+43-52+4

NN - n—rnt

e Dressing functions are
determined by (all) their singularities:

]:[ = >T<+Z|:+\R + cuts + (...)

4 2

3 1

u channel:
1+44-52+3

Nr~ -7~ N

o

0.g. N scattering
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Mandelstam plane

Amplitudes are Lorentz-invariant,

. S no need to go into specific frame
N2 t <) . ; i .
&, s & unless to relate with experiments:
2., 4
t=4m e CM Frame:
- 2
A= 5 = 5 [ (U conton) + VDRVt
2
k2
u s 7= —(1—cosbcm _ (veETE
channel channel ZMZ( ) b= ( uie! )
—6cm
e Lab Frame: . (\/—Alve\/-'>
T—_L—3+u_1+5 A= =4 k 0
= TaMmE T oame R lab, Ylab
__ 8—u
A=

\ A and 7 are the same in any frame!
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But ...

Twves Tapos e

e Amplitudes are offshell:

— complicated kinematic phase space (here: 6 variables)
— how to find most convenient set of Lorentz invariants?

e Amplitudes have Dirac and/or Lorentz structure
— complicated tensor bases
— many dressing functions
— complicates problem both algebraically and numerically

— use symmetries to find efficient tensor bases:
gauge invariance & permutation symmetries

After all that, we can
(crossing symmetry, charge conjugation)

talk about dynamics!

Gernot Eichmann (Uni Graz)
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2. Euclidean metric
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Euclidean conventions

Why Euclidean?

e We're often dealing with spacelike momenta
(virtual particles)

* Loop momenta are spacelike

e Minkowski metric (+, —, —, —) is inconvenient:
upper & lower indices, cumbersome to write code

e QFT is already “Euclidean”:
To make QFT well-defined, one needs
imaginary-time boundary conditions:

oo(1—i€) 00(1-+ie)
/d‘x:/daz/dzo & /d‘p:/d:’p/dpo
—oo(1—ie) —oo(1+i€)

As long as amplitudes fall off fast enough
at complex infinity, this is equivalent to
Euclidean QFT!

Gernot Eichmann (Uni Graz)

S

electron

S

== proton

F@Q%)

Corresponds to i€ prescription
in Feynman propagator:

0
/dﬁoﬁ = pi=p+m?—ie
S p2—m2+ie

Im py

Re py

Po integration

-
Wick K P4 integration

rotation
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Euclidean conventions

So, let's employ a Euclidean metric (+, +, +, +):

b_|a
agp [i%] =

To preserve meaning of slash ¢ = a%" —a - v,
we must redefine v matrices:

ap-bp= —a-b
% = —a?

() =1
%= ()

dp=0ap YE=if

; Y 5 5
iy = [ ] 1= =
e {7}y = 26"

Gy

= Euclidean action is non-negative,
defines probability measure:

e‘S=m<p[i/¢‘x~Z(w-m)¢] —ep [—/d‘zmmsmw] s

Resonances

timelike

)2
Im 2

Re p?

spacelike

Lorentz invariants only pick up minus signs,
Mandelstam planes don't change!

Disclaimer: This does not mean A Imp,
you can simply close your eyes

when computing loop integrals... o
if there are cuts in the way, you
must still deform the integration
contour (also in Euclidean)!

> Rep,

Gernot Eichmann (Uni Graz)

Minkowski Euclidean
a-b —a-b
a” a"
Mz i
s s

—id
g _gn
a'b” a'b”
*7"] -]
[l .4l
[ 7" d] i,y d]
[4.P] —ld.¥]
emvoag, ighveaga
cmaBa by _ jehvaBgaps
B g, by e iehaBY gapB ey
ehvaB, vy _envalqans
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Euclidean conventions

From now on, | will use Euclidean conventions:

e No distinction between upper & lower indices

e p? >0 means spacelike, p? <0 timelike

* For an onshell momentum in the rest frame, we write Im p?
Resonances
[ ]
0 .
P= 0 = P2=_M? 0O Re p?
0 Bound
iM states ‘
timelike spacelike
e For a general four momentum (e.g. loop momenta) R
V1—22\/1—y2sine \\
-V V1-—22\/1—y2cos®p When people say
p Vi-22y “We need to go to Minkowski space’;
2 what they usually mean is:

We need to go to the timelike region!

e Easy to code!
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3. QCD’s n-point functions
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Correlation functions in QCD

e Quark propagator
—ip+M(p?)

—=_1 "V e
O 5() = AP?) PP+M(p?)? 8
e S(p)™ = AW?)(ip + M(P)) 65

quark j

mass

function /

color

| TIOWT - D(Q) = G (2@ T8+ EL8) b
a Q b
gluon dressing
Tgv =0 - Q;?v transverse &
v longitudinal
Lﬁ” = Q;:Q projectors
e Ghost propagator
aQ?
LT De@ ==
’ N
if (+) here, then also (+)

in ghost-gluon vertex

Gernot Eichmann (Uni Graz)

1 momentum,
2 Dirac indices = 1,

2
Sa,a ()= Z fi (P2) "i(}’)ap
=1

1 momentum,
2 Lorentz indices = §HV, Q*Q”

2
DM(Q) =Y (@) (@)™

i=1
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Correlation functions in QCD

e Ghost-gluon vertex

Ql 2 momenta,
P @ 1 Lorentz index = p*, Q*

e Quark-gluon vertex

2 momenta,
1 Lorentz index,
2 Dirac indices

T (5,@) = —igose [(1+ A%, p- @, @2) a
’ +B@2,p Q.09 Q] T4k, Q) =dgta3 £ilk% k- Q, Q)7 (K, Q)

e Three-gluon vertex

2 momenta,
Py 5Pz 3 Lorentz indices

* Four-gluon vertex

3 momenta,

4 Lorentz indices,

5 color tensors

Gernot Eichmann (Uni Graz)

!
14 °
Thg” (p1,p2,P8) = g fabe Y, fi(0}, 23, 03) 7 (p1, P2, p3)

i=1
n
136 5 0
T4e® (p1, 02, p3,04) = =9 35 D fig---) 7% (01,92, 08,04) Tapea
i=1 j=1
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Fermion-vector vertex

Let’s consider a general fermion-vector vertex:
quark-gluon vertex,
quark-photon vertex,

12
T (k,Q) =1 Z fi(R* k- Q,Q%) 7 (k, Q) e——/ nucleon-photon verte, ...
i=1

2 independent momenta: k4,k_ or (simpler in practice) k,Q
kr=k+x9 o k=0t Q—k, —k

12 linearly independent tensors:
ok R ER }

This is a complete basis.
But is it also the best choice?

ke kE S RQ KMEQ
Q' QY QR

The vertex has a charge-conjugation symmetry:
T(k,Q) = — CT#(—k, Q)T C7,
where C = %42 is the charge-conjugation matrix and satisfies

cT=ct=Cct=-C, OCffCT=v, CyICT=-y,.
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Fermion-vector vertex (2)

P EE RQ Q@ T#(k, Q) = — CT*(—k,Q)T CT
k¢ kEE KRQ KHEQ T =Ct=0"1=_0,

I3 13 12 I3
Q" Q" Q@ QMEQ CVECT = s, CYICT = —,

Gernot Eichmann (Uni Graz) 97/149



Fermion-vector vertex (2)

Tk R EQ T#(k,Q) = — CT#(~k, Q)T CT
k# kHE k+Q kFEQ cr=ct=0c-1=-¢,

o Qn ” "
Q" Q*F Q'@ Q@ CAECT =5, CATCT =,

a k B But not all tensors satisfy this constraint:
Y - —CyECT=q, VvV
AT —C(—k“)Cﬂ"= ko \/ /> leads to symmetry relations

between dressing functions

Q" - -0Q*CT=-Q" X
1@ - —CQTHICT = QOyICT = - Qru=m@—2Q* X
\C’PC=1
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Fermion-vector vertex (2)

Tk R EQ T#(k,Q) = — CT*(—k,Q)T CT
ke kPE K@ KHEQ cr=ct=c-1=-¢C,
I 1 1 1
Q" Q*F Q'@ Q@ CAECT =5, CATCT =,
a k B But not all tensors satisfy this constraint:
Y - —CyECT=q, VvV
) —C(—k“)Cﬂ" = k¢ \/ 7 leads to symmetry relations

between dressing functions

Q" - -0Q*CT=-Q" X
1@ - —CQTHICT = QOyICT = - Qru=m@—2Q* X
\c”0=1

Simpler: implement symmetry directly for the basis elements
k-QQr > +k-QCQUCT=k-QQ* vV
[714) Q] - —C [QT)'YE]C{T: _[CQTC{T»C'YEC{I‘] = _[Q3 7}4] = [7[“ Q] V

In short: use commutators & attach factors k- Q where necessary
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Fermion-vector vertex (3)

Abbreviating w = k- Q , we arrive at the new basis

v wheB @) bR@ PR
ikt kg wkkQ ik“[k, @] [4,B,C] = [4,B]C +[B,C| A+[C, A| B

wQF  wQHE Q@ WQ”[& @] < ifactors make all dressing functions real

!

Now all tensors satisfy the constraint T*(k,Q) = — CT*(—k, Q)T CT
individually, so their dressing functions must be even in w,
can only depend on w?:
12
Th(k,Q) =i Y fik?, w?, Q) (K, Q)
=1

This also simplifies their momentum dependence:

0 0

Mathematically speaking, we have arranged the tensors and
dressing functions into singlets of the permutation group S,!
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Fermion-vector vertex (4)

Amplitudes with gluon or photon legs are subject to gauge invariance,
e.g. Ward-Takahashi identity (WTI) for quark-photon vertex:

QHTH(k, Q) = S~ (ky) — S~ (k=) — fixes longitudinal part of vertex

We could split the vertex into transverse and longitudinal part:
T4k, Q) =T{" T (k,Q) + LY T” (k, Q)
=T4(kQ)+ & [S7Hke) — S72(k-))
N\

But this has a kinematic singularity at Q2 = 0, violates Ward identity:

ds(k)~*
4 (k,0) = W7

= Constructing tensor bases with T + L projectors is dangerous
if we are interested in kinematic limits...

= Must work out transverse part of vertex without introducing
kinematic singularities
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Fermion-vector vertex (5)

Simpler example: scalar vertex

TH(k,Q) = c1k* + caw@Q* — has correct permutation symmetry

Ward-Takahashi identity:

Q*T*(k,Q) = D~%(k4) — D~ (k-) Careful: don't use
er=—cs.
Let’s first work out the transverse part: 7
which would introduce
QM[‘M(k, Q) =w (cl +c Q2) é 0 > g =-—c Q2 kinematic singularity!

= TH(kQ) = —c2 (Q%k* —w@¥)

= —c (Q%™ — QUQV) K — No 1/Q? terms here!
H/—/

. v
=110q

Full vertex — we solved for ¢;, so we must put back k#:

TH(k, Q) = g k¥ + futhig b
> “minimal basis”: no kinematic singularities,
tensors are ordered with powers of momenta
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Fermion-vector vertex (5)

Now we can work out the
Ward-Takahashi identity:

Q“T¥#(k,Q) =D7*(ky) — D (k-) = 1w

Define
D (ky) — D~} (k=) @
A=W B=FP+5TxkQ = K-kB=2%Q=2
= g1=2A

=

Full vertex — we solved for ¢;, so we must put back k#:

TH(k,Q) = g1 k* + fitgo k”
> “minimal basis”: no kinematic singularities,
tensors are ordered with powers of momenta
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Fermion-vector vertex (6)

Final result for scalar vertex:

D7 (ky) = D7 (k=)

Tk, Q) = 28 k* + fitgy kY A= o

Satisfies WTI and Ward identity:
dD™'(k dD™(k
Te(k,0) = 28 k¢ =208 gpu — 4P7H)

In this way, we eliminated all kinematic effects from tensor basis:
Dressing functions are free of kinematic constraints at k=0 or Q=10
(kinematically independent), no kinematic singularities or zeros:
their only singularities are physical poles and cuts!

h Also: tensors with higher momentum

" powers are suppressed at low momenta
Q = ordering principle!

20 KK+ frtgo k¥
AN AN
important less important
kR
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Fermion-vector vertex (7)

The same can be done for fermion-vector vertex:

4
T4(k, Q) = i[zng;wi fﬂ}"]
j=1 j=1

Gauge part: Transverse part,

constrained by STI carries dynamics
Y —
s e ik N\
k1 ‘32, s K tho kU
ikH 2 ['Y“, [} wt“k v
“"% [, H %[’Y“» K, @l 6';: ;[’Y yk]
. Alks) +A(k-)
For quark-photon vertex: Ball-Chiu vertex Bp=— 5
Ball, Chiu, PRD 22 (1980) A, Al) —AG)
</ A= k ki

=X =2A =-2A =0
91 A 92 A g3 B 94 BU2) = AGR)M(2)

Everything else is dynamics! Quark-photon vertex can be calculated
from BSE, f; must have physical vector-meson poles at timelike momenta
Maris, Tandy, PRC 61 (2000)
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