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What is thermodynamics & hydrodynamics? 
什么是热力学和流体力学？



What is thermodynamics? 什么是热力学？

• Thermodynamics deals with homogeneous and equilibrium systems with large volume 
and number of particles (Boyle’s law, 1662).

The subject of thermodynamics is complicated because there are 
so many different ways of describing the same thing. 

— Richard Feynman
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TdS = dE + pdV − μdN

S(E, V, N)

Vdp = SdT + Ndμ

p(T, μ)
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What is hydrodynamics? 什么是流体力学？

• Hydrodynamics deals with a collection of inhomogeneous and nonequilibrium 
thermodynamics systems.
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x′￼

p(T′￼, μ′￼)

x

p(T, μ)

conserved quantities equilibrate via diffusion

point like GCE

∂t n = D∂2n (particle transfer: Fick, 1855)

∂t ⃗v = − ⃗v ⋅ ⃗∂ ⃗v − ⃗∂p + ν ⃗∂2 ⃗v (momentum transfer: Navier-Stokes, 1822)
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Why hydrodynamics? 为什么要研究流体力学？

• Hydrodynamics is a universal effective theory that

Take anything in the universe, throw a bunch of it in a box, and turn 
up the heat. Then it doesn’t matter what you started with, the motion 
of this substance will be governed by the equations of fluid dynamics. 

— David Tong
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• associates with conserved quantities (symmetries) dominating at large scales; 


• describes near equilibrium states approximated by small gradient expansion.

ℓmic ≪ L
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Universality of thermodynamics/hydrodynamics? 热力学/流体力学的普适性

• Thermodynamics/hydrodynamics describes systems across different scales: 
from big bang to small bang.
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Thermodynamics and hydrodynamics in HIC 重离子碰撞中的热力学和流体力学

• One of the triumphs of relativistic heavy-ion collisions experiments:

8



Newsroom Photos  Videos Fact Sheets Lab History News Categories

Secretary of Energy Samuel
Bodman

Dr. Raymond L. Orbach

Contact: Karen McNulty Walsh, (631) 344-8350, or Peter Genzer, (631)
344-3174 share: 

See All

     

xinan@ugent.bexinan@ugent.be

January 25, 2013 1:14

HYDRODYNAMIC MODELING OF HEAVY-ION COLLISIONS 19

LHC energies [20]. The agreement with experimental results from LHC shown in
Fig. 6 is particularly striking.
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Fig. 6. Left: Root-mean-square anisotropic flow coe�cients hv2ni1/2 in the IP-Glasma model [20],
computed as a function of centrality, compared to experimental data of vn{2}, n 2 {2, 3, 4},
by the ALICE collaboration [182] (points). Right: Root-mean-square anisotropic flow coe�cients
hv2ni1/2 as a function of transverse momentum, compared to experimental data by the ATLAS
collaboration using the event plane (EP) method [22] (points). Bands indicate statistical errors.

This agreement indicates that initial state fluctuations in the deposited energy
density, translated by hydrodynamic evolution into anisotropies in the particle pro-
duction, are the main ingredient to explain the measured flow coe�cients.

Because of this feature, some e↵ort has been concentrated on characterizing the
initial state in a way that ties it directly to the measured flow. The simplest way of
doing so is to compare the initial eccentricities of the system

"n =

p
hrn cos(n�)i2 + hrn sin(n�)i2

hrni (13)

to the final flow harmonics vn. However, in particular for v4 and higher harmonics,
the nonlinear nature of hydrodynamics becomes important [183] and more accurate
predictors for flow coe�cients involve both linear and nonlinear terms, e.g. v5 has
contributions from "5 and "2"3, and it was shown [184] that the nonlinear term
becomes more dominant with increasing viscosity.

The fact that linear terms are damped more by viscosity leads to a growing
correlation of di↵erent event planes

 n =
1

n
arctan

hsin(n�)i
hcos(n�)i , (14)

with increasing viscosity [184], a result that is in line with findings in a di↵erent
work [185], where experimental data on event plane correlations from the ATLAS
collaboration [186] was compared to hydrodynamic calculations in di↵erent scenar-
ios.

hydrodynamization

Gale et al, 1301.5893
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Figure 6: Measured hadron abundances divided by the spin degeneracy factor (2J + 1)
in comparison with thermal model calculations for the best fit to data [73] in central
Pb–Pb collisions at the LHC. For the model, plotted are the “total” yields, including
all contributions from high-mass resonances (for the Λ hyperon, the contribution from
the electromagnetic decay Σ0 → Λγ, which cannot be resolved experimentally, is also
included), and the (“primordial”) yields prior to decays.

(hyper)nuclei are droplets of quark matter [76] or if they form via nucleon (and hyperon)
coalescence.

The thermal model describes a snapshot of the collision, namely the chemical freeze-
out, which is assumed to be quasi-instantaneous. It provides a phenomenological link of
data to the QCD phase diagram, a link identified early on [3,81] and discussed extensively
more recently [78, 82–86].

The phenomenological phase diagram is shown in Fig. 7. Each point corresponds to a
fit of hadron yields in central Au–Au or Pb–Pb collisions at a given collision energy. The
agreement between the results from several independent analyses [64,78–80] is remarkable.
Note that in some cases [64,79,80] an additional fit parameter, the strangeness suppression
factor γs, is used to test possible departure from equilibrium of hadrons containing strange
quark(s). Values of γs (slightly) below unity are found. An approach with more non-
equilibrium parameters is also employed [87, 88], with somewhat different conclusions.
Fits considering a spread in T and µB were also performed [89].

A remarkable outcome of these fits is that T increases with increasing energy (decreas-
ing µB) from about 50 MeV to about 160 MeV, where it exhibits a saturation for µB !300
MeV. This saturation of T led to the connection to the QCD phase boundary, via the
conjecture that the chemical freeze-out temperature can be the hadronization tempera-
ture [78] and that the two regimes in the phase diagram, Fig. 7, that of approximately
constant T for small µB values and of the strong increase of T at large µB, can imply
the existence of a triple point in the QCD phase diagram [85] (see Ref. [90] for an earlier
discussion). Various criteria for the chemical freeze-out were proposed [91, 92].
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thermalization

Andronic, 1407.5003
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Unsolved problems in physics 未解决的物理学问题

• There are 102 unsolved problems in physics, 
including 4 in nuclear physics and 3 of them 
are directly relevant to this talk:

9xinan@ugent.bexinan@ugent.be

What are the phases of 
strongly interacting matter, 

and what roles do they play in 
the evolution of the cosmos? 
What is their relation to the 

nature of gravity/spacetime?Q1

Where is the onset of 
deconfinement 1) as a function 
of temperature and chemical 
potentials? 2) as a function of 
relativistic heavy-ion collision 

energy and system size?Q2

How does quark–gluon 
plasma form? Why does 

deconfined matter show ideal 
flow?

Q3

QCD phases
quark-gluon plasma

hadron gas

QCD critical point

chemical potential

te
m

pe
ra

tu
re
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Relevant goals & status of HIC experiments  
重离子碰撞实验的相关目标和现状
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Understand QCD phase diagram 理解量子色动力学相图
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Is there a CP between QGP and hadron gas phases?

Q2: Is there phase coexistence, i.e., 1st order transition? Likely.

Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .
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QCD critical point 
(hadron-QGP)

Nuclear critical point 
(nuclear liquid-gas)

Pochodzalla et al, 1995

TBA

• Heavy-ion collisions → QCD phase diagram — very little is known yet.       

• Understanding the finite temperature and density regime is challenging (sign problem).
• A simpler task: search the landmark (critical point) where singularity occurs.
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• QCD thermodynamics

Is there a CP between QGP and hadron gas phases?

Q2: Is there phase coexistence, i.e., 1st order transition? Likely.

Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .
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Figure 12: First three derivatives (susceptibilities) of the baryon density n with respect to µ as a function of µ along three constant T lines (horizontal
dotted lines in the first row of plots – the density plots of the susceptibilities vs T and µ). Two temperatures are above (second row) and another
temperature is below (third row) the critical point. Red denotes region of negative and blue – of positive value of the susceptibilities. Only the
critical contribution to n and its derivatives dictated by the universality near the critical point is shown. The vertical range for two graphs of the
same quantity �n (i.e., in the same column) are the same, but is di↵erent across the columns.

is shown in the second row and one isothermal line traverses the first-order coexistence line with the corresponding
�k shown in the third row.

As we traverse the crossover region (panel (a) in Fig. 12) the density increases continuously with a steeper slope
for the case where the isothermal line is closer to the critical point. When we cross the first order line, the baryon
density, n, jumps, as expected. The baryon number cumulants, or susceptibilities, �k, being derivatives of the density
(see Eq. (51)), will be sensitive to the proximity of the critical point in the crossover region as the change of the
density n becomes steeper. This is illustrated in the panels (b) through (d) in Fig. 12, where we show the second
to fourth order susceptibilities. We see that, not surprisingly, the steeper increase in the density when traversing the
pseudo-critical region closer to the critical point is reflected in larger values of the cumulants. This di↵erence gets
more pronounced the higher the order of the susceptibility or cumulant. Furthermore, the sign changes of the various
cumulants shown in the contour plots can be easily understood as simply changes in the slope (for �2), curvature (for
�3) and higher derivatives of the density n in the first column. Finally, when crossing the first-order line (third row)
we find that away from the critical line the cumulants are only modestly changed. On the critical line, of course, they
are undefined due to a discontinuity. 19

This simple example qualitatively explains what happens near the critical point as discussed in section 4.5: The
higher the order of the cumulant the stronger is its dependence on the correlation length. As we get closer to the critical
point, where correlation length diverges, the transition gets sharper and the cumulants also diverge at the critical point.

As we have seen, the high-order cumulants show nontrivial dependence on T and µ in the crossover region.
This observation suggests that the measurement of net-baryon cumulants may also provide an avenue to establish
the existence of a cross-over transition at µB = 0, as predicted by lattice QCD [28]. As discussed in [91–94] in the
context of model as well as lattice QCD calculations, a cross-over transition results in negative sixth and eighth order

19The absence of visible discontinuity in even cumulants in Fig. 12 is a consequence of our simplification rT = 0.
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P(T, μ)

χ2 = ∂2P/∂μ2

χ3 = ∂3P/∂μ3

χ4 = ∂4P/∂μ4
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• Beam-energy scan: system with different beam energies freezes out at different 
thermodynamic state.

QCD critical point

Where on the QCD phase boundary is the CP?
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Theory vs BES-II data
(universal EOS) critical �n :

(irreducible correlations) FCn[Np] ⇠ �n (Pradeep, MS 2211.09142), !n ⌘ FCn/FC1

Bzdak et al review 1906.00936

Expected signatures: bump in !2 and !3, dip then bump in !4

for CP at µB > 420 MeV
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freezeout line
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RHIC STAR BES-II results 相对论重离子对撞机STAR BES-II 结果

• BES-II Data from RHIC STAR at BNL seem to advocate the intriguing hint of QCD 
critical point from BES-I based on equilibrium assumption, in a qualitative level.
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QCD critical point

Where on the QCD phase boundary is the CP?
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theory (thermodynamics)

experiment
STAR, 2504.00817; Stephanov, 2410.02861

non-monotonicity of cumulants
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Other experiment results 其它实验结果

• NA61/SHINE at CERN SPS

18

NA61/SHINE, 2503.22484; CERN 2024 report

• HADES at GSI
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FIG. 29. (Color online) Au+Au data: Evolution of the scaled cumulants Kn/K2 as a function of center-of-mass energy
p
sNN

for two centrality bins (0 – 10% or 0 – 5%, red symbols, and 30 – 40%, black symbols) and shown as �1 ⇥ � (left column) and
�2 ⇥ �2 (right column). STAR data [27, 33] is shown for a y0 ± 0.5 phase-space bite, HADES data for y0 ± 0.2 (top row) and
y0 ± 0.4 (bottom row), respectively. Vertical bars are statistical errors; full systematic errors are shown for the HADES data
as shaded bars and for the STAR data points as cups.

posed in the literature for stripping o↵ volume fluctua-
tions by including the higher-order correction terms re-
quired in the low-energy regime where HADES operates.
The resulting fully corrected proton cumulants and cor-
relators are presented and discussed as a function of cen-
trality and phase-space acceptance. When only a very
narrow rapidity bin is selected, we find that the observed
proton distributions are, as expected, close to Poisson.
However, this behavior changes dramatically when the
acceptance opens up and multi-particle correlations set
in. In particular, from the dependence of the correlators
on the number of emitted protons, we conclude that our
results are dominated by rather long-range (�ycorr � 1)
correlations, strongly positive in second and fourth or-
der, but negative in third order. Why and how these
correlations in momentum space at freeze-out build up

from spatial correlations in the initial state and/or ex-
pansion phase of the fireball, remains to be investigated
by theory. When joined with the STAR results [27, 33]
obtained in the first RHIC beam-energy scan, our data al-
low to extend the excitation function of net-proton cumu-
lants in central Au+Au collisions to low energies. While
the present data show a rather smooth trend for K3/K2

with
p
sNN , they indicate a distinctive change of sign

of K4/K2 when moving from RHIC to SIS18 energies.
Again, the interpretation of these observations requires
input from advanced quantitative calculations, e.g. hydro
or transport models including phase boundaries.

An interesting avenue to follow next is to evaluate
fluctuations of bound protons by including nuclear
cluster production – foremost deuteron, triton, and He
isotopes – into the analysis. Indeed, in order to elucidate
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Figure 9: The energy dependence of ω2/(ω+1 +ω
→
1 ) (top), ω3/ω1 (middle), and ω4/ω2 (bottom) of net-charge distirbution

in the 1% most central 40Ar+45Sc interactions. Color triangles correspond to quantities obtained from corrected
distributions, while gray circles correspond to those obtained from uncorrected distributions (statistical uncertainties
not indicated). The error bars correspond to statistical uncertainties, while the color bands correspond to systematic
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in the system.
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“No clear critical point signatures either at SPS/GSI energies” 
(QM25 summary)

• Future experiments: CBM at FAIR (EU), MPD at NICA (RU), HIAF at IMP (CN), …

HADES 2002.08701

Next: “dynamical model calculations including the criticality needed to fully 
understand the data” (QM25 summary)
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Theory vs experiment 理论 vs 实验

19

Theoretical idealization

• Infinite time (equilibrium)

• Infinite size (thermodynamic limit)

• Finite time (non-equilibrium)

• Finite size (non-thermodynamics)

Experimental realization
QCD critical point

Where on the QCD phase boundary is the CP?
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XA and Spalinski, 2312.17237 and in progress
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Understand the thermalization of QGP 理解夸克胶子等离子体的热化

20

• Heavy-ion collisions → fast hydrodynamization/thermalization — very little is known yet.       

• Understanding the early-time physics is challenging (measurement only at freezeout).
• A simpler task: find the legacy of non-hydrodynamics.

Aleksas Mazeliauskas aleksas.eu

QCD thermalisation

2

High-energy limit αs≪1 of QCD 

Berges, Heller, AM, Venugopalan RMP (2021)

● Initial conditions: highly occupied gluons 5elds
● Intermediate times: quark and gluon quasi-particles 

Courtesy of A. Mazeliauskas
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for minimum bias and central d$ Au collisions, and for
p$ p collisions [6]. Only particles within j#j<0:7 are
included in the analysis. Ntrigger is the number of particles
within 4< pT!trig"< 6 GeV=c, referred to as trigger
particles. The distribution results from the correlation of
each trigger particle with all associated particles in the
same event having 2<pT < pT!trig", where " is the
tracking efficiency of the associated particles. The nor-
malization uncertainties are less than 5%.

The azimuthal distributions in d$ Au collisions in-
clude a nearside (!!% 0) peak similar to that seen in
p$ p and Au$ Au collisions [6] that is typical of jet
production, and a back-to-back (!!% $) peak similar to
that seen in p$ p and peripheral Au$ Au collisions [6]
that is typical of di-jet events. The azimuthal distributions
are characterized by a fit to the sum of nearside (first
term) and back-to-back (second term) Gaussian peaks
and a constant:
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Fit parameters are given in Table I. Their systematic
uncertainties are highly correlated between the data
sets, are less than 20% for %N , and are less than 10%
for all other parameters. The only large difference in the
azimuthal distributions in p$ p and d$ Au collisions is
the growth of the pedestal P. It increases with increasing
hNbini, but is not proportional to hNbini as might be ex-

pected for incoherent production. Both %N and %B exhibit
at most a small increase from p$ p to central d$ Au
collisions. A small growth in %B is expected to result
from initial-state multiple scattering [24,25]. The modest
reduction in the correlation strengths AN and AB from
p$ p to central d$ Au collisions is similar to that seen
previously for peripheral Au$ Au collisions [6].

Figure 4(b) shows the pedestal-subtracted azimuthal
distributions for p$ p and central d$ Au collisions.
The azimuthal distributions are shown also for central
Au$ Au collisions after subtraction of the elliptic flow
and pedestal contributions [6]. The nearside peak is simi-
lar in all three systems, while the back-to-back peak in
central Au$ Au shows a dramatic suppression relative to
p$ p and d$ Au.

The contrast between d$ Au and central Au$ Au
collisions in Figs. 3 and 4 indicates that the cause of the
strong high pT suppression observed previously is asso-
ciated with the medium produced in Au$ Au but not in
d$ Au collisions. The suppression of the inclusive hadron
yield at high pT in central Au$ Au collisions has been
discussed theoretically in various approaches (see [5] for
references). Measurements of central Au$ Au collisions
[5] are described both by pQCD calculations that incor-
porate shadowing, the Cronin effect, and partonic energy
loss in dense matter, and by a calculation extending the
saturation model to high momentum transfer. How-
ever, predictions of these models differ significantly for
d$ Au collisions. Because of the Cronin effect, pQCD
models predict that RAB!pT" > 1 within 2< pT <
6 GeV=c for minimum bias d$ Au collisions, with a
peak magnitude of 1.1–1.5 in the range 2:5< pT <
4 GeV=c [11]. The enhancement is expected to be larger
for central collisions [12]. The saturation model calcula-
tion in [7] predicts RAB!pT"< 1, with larger suppression
for more central events, achieving RAB!pT" % 0:75 for the
20% most-central collisions. In contrast, another satura-
tion model calculation [15] generates an enhancement in
RAB!pT", similar to the Cronin effect, for both d$ Au
and Au$ Au collisions. Figure 3 shows that RAB!pT" is
qualitatively different in d$ Au and central Au$ Au
collisions: in d$ Au, RAB!pT" significantly exceeds
unity. These results are consistent with expectations
from pQCD calculations but not the saturation model in
[7]. Scattering of the hadronic fragments of jets also may
contribute to the suppression of the inclusive yield [5,26].

TABLE I. Fit parameters from Eq. (3). Errors are statistical
only.

p$ p min. bias d$ Au min. bias d$ Au central

AN 0:081( 0:005 0:073( 0:003 0:067( 0:004
%N 0:18( 0:01 0:20( 0:01 0:22( 0:02
AB 0:119( 0:007 0:097( 0:004 0:098( 0:007
%B 0:45( 0:03 0:48( 0:02 0:51( 0:03
P 0:008( 0:001 0:039( 0:001 0:052( 0:002
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FIG. 4 (color online). (a) Efficiency corrected two-particle
azimuthal distributions for minimum bias and central d$ Au
collisions, and for p$ p collisions [6]. Curves are fits using
Eq. (3), with parameters given in Table I. (b) Comparison of
two-particle azimuthal distributions for central d$ Au colli-
sions to those seen in p$ p and central Au$ Au collisions [6].
The respective pedestals have been subtracted.
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LHC energies [20]. The agreement with experimental results from LHC shown in
Fig. 6 is particularly striking.
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Fig. 6. Left: Root-mean-square anisotropic flow coe�cients hv2ni1/2 in the IP-Glasma model [20],
computed as a function of centrality, compared to experimental data of vn{2}, n 2 {2, 3, 4},
by the ALICE collaboration [182] (points). Right: Root-mean-square anisotropic flow coe�cients
hv2ni1/2 as a function of transverse momentum, compared to experimental data by the ATLAS
collaboration using the event plane (EP) method [22] (points). Bands indicate statistical errors.

This agreement indicates that initial state fluctuations in the deposited energy
density, translated by hydrodynamic evolution into anisotropies in the particle pro-
duction, are the main ingredient to explain the measured flow coe�cients.

Because of this feature, some e↵ort has been concentrated on characterizing the
initial state in a way that ties it directly to the measured flow. The simplest way of
doing so is to compare the initial eccentricities of the system

"n =

p
hrn cos(n�)i2 + hrn sin(n�)i2

hrni (13)

to the final flow harmonics vn. However, in particular for v4 and higher harmonics,
the nonlinear nature of hydrodynamics becomes important [183] and more accurate
predictors for flow coe�cients involve both linear and nonlinear terms, e.g. v5 has
contributions from "5 and "2"3, and it was shown [184] that the nonlinear term
becomes more dominant with increasing viscosity.

The fact that linear terms are damped more by viscosity leads to a growing
correlation of di↵erent event planes

 n =
1

n
arctan

hsin(n�)i
hcos(n�)i , (14)

with increasing viscosity [184], a result that is in line with findings in a di↵erent
work [185], where experimental data on event plane correlations from the ATLAS
collaboration [186] was compared to hydrodynamic calculations in di↵erent scenar-
ios.

Soft probe: collectivity
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p$ p collisions [6]. Only particles within j#j<0:7 are
included in the analysis. Ntrigger is the number of particles
within 4< pT!trig"< 6 GeV=c, referred to as trigger
particles. The distribution results from the correlation of
each trigger particle with all associated particles in the
same event having 2<pT < pT!trig", where " is the
tracking efficiency of the associated particles. The nor-
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The azimuthal distributions in d$ Au collisions in-
clude a nearside (!!% 0) peak similar to that seen in
p$ p and Au$ Au collisions [6] that is typical of jet
production, and a back-to-back (!!% $) peak similar to
that seen in p$ p and peripheral Au$ Au collisions [6]
that is typical of di-jet events. The azimuthal distributions
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Fit parameters are given in Table I. Their systematic
uncertainties are highly correlated between the data
sets, are less than 20% for %N , and are less than 10%
for all other parameters. The only large difference in the
azimuthal distributions in p$ p and d$ Au collisions is
the growth of the pedestal P. It increases with increasing
hNbini, but is not proportional to hNbini as might be ex-

pected for incoherent production. Both %N and %B exhibit
at most a small increase from p$ p to central d$ Au
collisions. A small growth in %B is expected to result
from initial-state multiple scattering [24,25]. The modest
reduction in the correlation strengths AN and AB from
p$ p to central d$ Au collisions is similar to that seen
previously for peripheral Au$ Au collisions [6].

Figure 4(b) shows the pedestal-subtracted azimuthal
distributions for p$ p and central d$ Au collisions.
The azimuthal distributions are shown also for central
Au$ Au collisions after subtraction of the elliptic flow
and pedestal contributions [6]. The nearside peak is simi-
lar in all three systems, while the back-to-back peak in
central Au$ Au shows a dramatic suppression relative to
p$ p and d$ Au.

The contrast between d$ Au and central Au$ Au
collisions in Figs. 3 and 4 indicates that the cause of the
strong high pT suppression observed previously is asso-
ciated with the medium produced in Au$ Au but not in
d$ Au collisions. The suppression of the inclusive hadron
yield at high pT in central Au$ Au collisions has been
discussed theoretically in various approaches (see [5] for
references). Measurements of central Au$ Au collisions
[5] are described both by pQCD calculations that incor-
porate shadowing, the Cronin effect, and partonic energy
loss in dense matter, and by a calculation extending the
saturation model to high momentum transfer. How-
ever, predictions of these models differ significantly for
d$ Au collisions. Because of the Cronin effect, pQCD
models predict that RAB!pT" > 1 within 2< pT <
6 GeV=c for minimum bias d$ Au collisions, with a
peak magnitude of 1.1–1.5 in the range 2:5< pT <
4 GeV=c [11]. The enhancement is expected to be larger
for central collisions [12]. The saturation model calcula-
tion in [7] predicts RAB!pT"< 1, with larger suppression
for more central events, achieving RAB!pT" % 0:75 for the
20% most-central collisions. In contrast, another satura-
tion model calculation [15] generates an enhancement in
RAB!pT", similar to the Cronin effect, for both d$ Au
and Au$ Au collisions. Figure 3 shows that RAB!pT" is
qualitatively different in d$ Au and central Au$ Au
collisions: in d$ Au, RAB!pT" significantly exceeds
unity. These results are consistent with expectations
from pQCD calculations but not the saturation model in
[7]. Scattering of the hadronic fragments of jets also may
contribute to the suppression of the inclusive yield [5,26].

TABLE I. Fit parameters from Eq. (3). Errors are statistical
only.
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有限尺度下的非热力学
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Thermodynamic potentials 热力学势

• Partition function from ensembles summation to continuous limit, with various 
choices of thermodynamic potential

22

Landau potential Planck potential 

Ω = S(ψ) − J ψ

Ω(t, x, N) = S(E, V, N) − tE − xVΩ(t, V, y) = S(E, V, N) − tE + yN

t ≡ 1/T, x ≡ P/T, y ≡ μ/T

Is there a CP between QGP and hadron gas phases?

Q2: Is there phase coexistence, i.e., 1st order transition? Likely.

Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .
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The Phases of QCD

1st Order Phase Transition
Critical
Point?

But 1st order transition (and thus C.P.) is ubiquitous in models of QCD:
NJL, RM, Holography, Strong coupl. Lattice QCD, . . .

M. Stephanov QCD Critical Point ASU 2020 10 / 36

Is there a CP between QGP and hadron gas phases?Q2: Is there phase coexistence, i.e., 1st order transition? Likely.
Unfortunately, lattice QCD cannot reach beyond µB ⇠ 2T .
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Z(J) = ∑
i

e− J ψi ⟶ Z(J) = ∫ dψ eΩ(J,ψ)
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Extended vdW with multiple CPs 多临界点的推广型范德瓦尔斯方程

• The partition function for extended vdW:

23

ZN(t, x) ∼ ∫
∞

b
dv eNψ(v) = ∫

∞

b
dv eN(s(v)−tϵ(v)−xv)

s(v) = log(v − b)

ϵ(v) = −
5

∑
k=1

ak+1

kvk

P(v, T) =
T

v − b
−

6

∑
k=2

ak

vk
EOS

nuclear CP:




QCD CP: 




spinodal boundary:


Tc = 20 MeV, nc = 0.06 fm−3

Tc = 100 MeV, nc = 0.48 fm−3

T = 0 MeV, nL = 0.42 fm−3, nR = 0.53 fm−3

where configuration entropy, kinetic part irrelevant 

virial expansion, multi-particle interactions

We choose

XA, F. Giglio and G. Landolfi, 2503.15719, submitted to PRL
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Cumulant density plot 累积矩密度图

• Observable can be calculated via

24

density plot of cumulants κm = ⟨(n − ⟨n⟩)m⟩c

⟨O⟩ =
1
ZN ∫

∞

b
dv eNψ(t,x;v)O(v)

• Cumulant density plot in the global QCD phase diagram:

cf. Sorensen-Koch, 2011.06635
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Numerics at finite N 有限N下的数值结果

• The nth cumulant  as function of pressure  and 
temperature  at different particle number :

κn ≡ ⟨δn…⟩ = ⟨δv−1…⟩ x ≡ P/T
t ≡ 1/T N

25

smearing singularity, shifted location, stronger magnitude at smaller N
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PDE for partition function 配分函数的偏微分方程

• Partition function satisfies a linear PDE that are integrable (i.e., exactly solvable):

26

∂m
x ∂t +

m

∑
j=1

(−N) j+1aj+1

j
∂m−j

x ZN(t, x) = 0

For the conventional vdW model it reduces to  

(Klein–Gordon equation)(∂x∂t + N2a2) ZN(t, x) = 0

NB: given Cauchy initial conditions at , thermodynamics at any  is inferred. (t0, x0) (t, x)

t ≡ 1/T ∼
x ≡ P/T ∼

time
space
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• PDE for Gibbs free energy GN

27

PDE for free energy and order parameter 自由能和序参量的偏微分方程

• PDE for order parameter  with :vN(t, x) ≡ ∂xGN(t, x) ϵN(t, x) ≡ ∂tGN(t, x)

∂tv = ∂xϵ(v) = − ∂x ( a2

v ) (inviscid Burgers equation)

BK∂tGN +
K

∑
j=1

BK−j [(K
j ) ∂ j

x∂tGN +
(−N) jaj+1

j ] = 0, Bn ≡ Bn(∂xGN, …, ∂n
xGN)

∂tvN = ∂x [ϵN(vN) +
1

2N
∂xϵN(vN) + O(1/N2)] (viscous Burgers equation)

For the conventional vdW model  it reduces to  (N → ∞)

Bell polynomial

Gradient

catastrophe

initial time
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Critical EOS at finite N 有限N下的临界方程

• The universal scaling EOS near critical point at finite N: Dubrovin et al, 2018

28

vN(t, x) = vc +
γ

N1/4
U ( Δx − ϵ′￼(v)Δt

αN−3/4
,

Δt
βN−1/4 ) + O(1/N1/2)

Δt = t − tc, Δx = x − xc, U(r1, r2) = − 2∂r1
log∫

∞

−∞
dr e− 1

8 (r4−2r2r2+4rr1)where (Pearcey integral)

α, β, γ : determined by thermodynamics
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QCD phase diagram at finite N 有限N下的QCD相图

• The volume density plot (“phase diagram”) at finite N

29

volume density at N=50 near the HG-QGP transition region

max of cv (N → 50)

max of κ (N → 50)

coex. ( )N → ∞

cross. ( )N → ∞

• No sharp singularity/boundary: 
1st order line and critical point 
turn to crossover

• Phase boundary shift, and matters 
even in the presence of strong 
finite-time effect

• Ambiguity to identify the remnant 
of phase boundary at finite N

Can we really see the critical point?
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Non-hydro I: hydro with fluctuations 
非流体力学 I：流体和涨落



Why fluctuations? 为什么研究涨落？

• Fluctuations are ubiquitous phenomena emerging on all length scales.

31

Nobel Prize in Physics 2021

Manabe, Hasselmann, Parisi

xinan@ugent.be

CMB                          Atmosphere           Quantum fluctuations

• Fluctuations are important at small  (central limit theorem ) and 
develop large deviation from Gaussian.

N δ ∼ 1/ N

N ∼ 102 − 104 N ∼ L3/ξ3
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Scales hierarchy 尺度序列

• Hydrodynamics + fluctuation & noise (source):

32

Top-down:

e.g., Schwinger-Keldysh

Bottom-up:

e.g., Langevin / Fokker-Planck

integrating out 

UV DOFs

emergence of: 
short-range


stochastic noises

&


long-range 
conserved quantities

UV

IR
The scale hierarchy ensures: 

1) thermalization ( ); 

2) hydrodynamization ( ).

ℓmic ≪ b
ℓmic ≪ L

p(T, μ)

L

b

ℓmic
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Variant theoretical approaches 不同的理论方法

• Fluctuating hydro can be formulated in variant approaches, to list a few:

Stochastic Navier-Stokes

Deterministic equations

Metropolis algorithm

Schwinger-Keldysh formalism  

·ψi = Fi + ξi,
⟨ξi(t)ξj(t′￼)⟩ = Mijδtt′￼

·ψi = − MijH, j + ξi,

P[ψ] = e−H[ψ]

·ψi = Fi + Fi, jkGjk + … 𝕃(ψR , ψA) = E(ψR)ψA + iψAM(ψR)−1ψA

ti tf
ψF

ψB

infinite/multiplicative noise; unstable & acausal stable; need renormalized quantities

analytic; so far hydro regime field-theoretical, top-down

ξΔt

Txx
0 t

t

33
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Deterministic approach 确定性方法

• Partition function from classical fields to thermodynamic variables (infinite time):

34

• Deterministic approach describes systems only via averaged quantities

Z(J) = ∫ dψ P(ψ) e− J ψ ⟶ Z[J; t] = ∫ 𝒟ψ P(ψ, t) e− J ψ
ψ → ψ(t, x)

⟨…⟩ = ∫ 𝒟ψ … P[ψ; t] (Fokker-Planck)∂t P = (−Fi P + (Mij P), j ), iwhere

• Correlation functions

Gi1…in ≡ ⟨ψi1…ψin⟩ = (−1)n δ(n) ln Z
δJi1…δJin J=0
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Deterministic equations 确定性方程

• Diagrammatic form and truncations:

∂tψi = Fi + Fi,jkGjk + 𝒪(G3)

35

∂t Gij = 2Fi,kGkj + 2Mij + Fi,kℓGkℓj + Mij,kℓGkℓ + 𝒪(G4)
perm.

Gn ∼ ϵn−1, ϵ ∼
1
N

XA et al, 2009.10742 (PRL)

Power counting gives rise to leading diagrams trees:

diagram 
toolbox1-pt

2-pt

(CLT) complementary to stochastic 
approaches in Landau-Lifshitz
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Schwinger-Keldysh formalism 施温格-凯尔迪什方法

• Starting from a bare action to an effective action (top-down)

Schwinger, 1961; Keldysh, 1965

ψR = ψ =
1
2

(ψF + ψB)

𝕊[ψR, ψA] = 𝕊[ψ̃R, ψ̃A] ⟹

ψ̃R(−t) = ψR(t), ψ̃A(−t) = ψA(t) + iβ0
·ψR(t)

ti tf
ψF

ψB

Z = ∫ 𝒟ψF𝒟ψB ∫ 𝒟χF𝒟χB ei(𝕊0[ψF,χF]−𝕊0[ψB,χB]) = ∫ 𝒟ψF𝒟ψBei𝕊[ψF,ψB] = ∫ 𝒟ψR𝒟ψAei𝕊[ψR,ψA]

ψA = ψ̃ = ψF − ψB

slow (IR) fast (UV)

Kubo-Martin-Schwinger Z(2) symmetry:

ρ(ti)
Glorioso et al, 1805.09331

36

Martin et al, 1973

𝕊*[ψR, ψA] = − 𝕊[ψR, − ψA], 𝕊[ψR, ψA = 0] = 0, Im 𝕊[ψR, ψA] ≥ 0Unitarity:

𝕊0[ψ, χ]

𝕊[ψ]

Integrate 
out χ
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Relation of variant approaches 不同方法之间的联系

Z = ∫ 𝒟ψR𝒟ψA e i ∫t 𝕃, 𝕃(ψR , ψA) = (F − ·ψR)Q−1ψA + iψAQ−1ψA

Z = P[ψ] = ∫ψr=ψ(t)
𝒟ψR 𝒟ψA J(ψR) ei ∫t

−∞ dτ 𝕃

·ψ = F [ψ] + ξ

Z = ∫ 𝒟ψR𝒟ηδ(F − ·ψR + ξ)e− ∫t ξQ−1ξ

HS transform 

ψA → ξ

Interpret  as 
probability 

Z

Fokker-PlankLangevin

Path-integral

37

∂t P = (−Fi P + (Mij P), j ), i
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Why covariance? 为什么需要协变性？

• Covariance is a fundamental requirement of physics.

38

• Convenient for ultra-relativistic processes.

The requirement of general covariance takes away from 
space and time the last remnant of physical objectivity.

Einstein

• Covariance admits the choice of local rest frame (albeit ambiguous), where 
thermodynamics become simpler.

γ =
1

1 − v2
→ ∞

Tds = dϵ − μdn − v ⋅ dπ → Tds = dϵ − μdn

observer
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Relativistic dynamics: 1-pt function 相对论动力学：1点函数

• Goal 1: deal with relativity/covariance as if one knows nothing about relativity 
(i.e., like how one deals with non-relativistic theories in the lab).

• 1-pt function:

39

XA et al, 2212.14029 and working in progress

LRF of 

 (comoving “lab” of ) 

uμ
ŭμ

uμ
ŭμ

γ
fluctuating 

surface

equal-time surface

connections

• Goal 2: deal with stochastic process as if one knows nothing about randomness 
(i.e., like how one deals with non-fluctuating theories).

averaged 
surface
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• n-pt: relative motion to the midpoint needs to be described by 1-pt-like EOM.

40

x1 x2
x =

x1 + xn

2

mid-point

Relativistic dynamics: n-pt function 相对论动力学：n点函数

more connections

consider 2-pt for illustration purpose 

XA et al, 2212.14029 and working in progress
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• Confluent -pt Wigner transform between 3-vectors  and  (as if you are dealing 
with non-relativistic theories). 

n ya qa

Wn(x; qa
1 , …, qa

n) = ∫
n

∏
i=1

(d3ya
i e−iqiaya

i ) δ(3) ( 1
n

n

∑
i=1

ya
i )

x independent integration kernal

Ḡn(x + eaya
1

x1

, …, x + eaya
n

xn

)

41

Relativistic dynamics: Wigner function 相对论动力学：魏格纳函数演化方程

(u ⋅ ∇̄ + f ⋅ ∇q)WL(q1, q2) = − γLq2 (WL −
T
E )

phonons

kinetic equation for phonons

this is one equation among about 100 equations to be solved
XA et al, 2212.14029 and working in progress

mailto:xinan@ugent.be


xinan@ugent.be

Renormalization and dynamic feedback 重整化和动力学反馈

• Solutions in wavenumber space

42

one-loop tadpole

UVIR

t−3/2 ≫ e−t, t → ∞

⟨δuδu⟩
⟨δnδn⟩

Kovtun-Yaffe, 0303010

XA et al, 1912.13456

Hohenberg-Halperin, 1977

XA et al, 1912.13456
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Fluctuations as non-hydrodynamic modes 涨落和非流体模式

• Dynamic feedback demonstrates the relaxation of fluctuations slows down near CP:

43

ξ  ~ω-3

Hydro

Hydro+

Hydro++

ξ  ~ω-2 ξ  ~ω-1

T

μ

relaxation rate  γ ∼ ξz, ξ → ∞

closer to CP, more and more modes becomes non-hydrodynamic

XA, 2003.02828

Du, XA, Heinz, 2107.02302 


cf Y. Shen, 2404.02397

Π (ω)
Π (0)

nμ (ω)
nμ (0)

πμν (ω)
πμν (0)

(ξT)-3 (ξT)-2 1
ω/T
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Various non-hydro modes 不同的非流体模式

• Analytic structures of retarded Green functions differ beyond hydro regime.

44

Hydro modes: governed by symmetries associated with conservation laws.


Non-hydro modes: no such manifest symmetries to associate with. We argue that, 
there are symmetries hidden behind, in theories involving non-hydro sectors such as 
extended hydro, kinetic theory, and holography.

non-hydro poles

hydro pole−iDk2

2πT(−i ± 1)n

ω

holography

non-hydro cut

hydro pole
−i/τ

−iDk2

ω

kinetic theory

non-hydro pole

hydro pole

−i/τ

−iDk2

ω

extended hydro (IS)
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非流体力学 2：流体和吸引子
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Attractor 吸引子

• An attractor is a set of states toward which a dynamic system tends to evolve, for a 
wide variety of initial conditions. 

46

Examples:


1. Aristotle’s law of motion, albeit wrong, implies a 
dissipative attractor.


2. Inflation of the Universe at its early time implies a 
slow-roll attractor.

x

·ϕ

ϕ

v
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Hydro attractor and transseries 流体吸引子和跨级数

• Hydrodynamic attractor in heavy-ion collisions

47

3

-2

-1.5

-1

-0.5

 0

 0.1  1  10

Cη=1
Cπ =5
Cλ =0

τ T

rBRSSS

0th order hydro
1st order hydro
2nd order hydro

 0.1  1

Cη=0.08
Cπ =0.4
Cλ =0.71

τ T

Boltzmann

numerical
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 ∂
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 ε

τ T

AdS/CFT

FIG. 1. Numerical results for energy density evolution as a function of inverse gradient strength ⌧T for conformal Bjorken
flow in three di↵erent microscopic theories. Note that for Boltzmann and AdS/CFT, the numerical solutions shown are low
dimensional projections from an infinite dimensional space of initial conditions. See text for details.

such that the ambiguity in the Borel transform of the
transseries part with m = m0 is exactly canceled by
⌦m0+1(⌧T ) for the part with m = m0 + 1. This pro-
gram has successfully been performed for rBRSSS in
Ref. [15, 34]. The final result for the Borel trans-
form of ⌧@⌧ ln ✏ can be written in the form ⌧@⌧ ln ✏ =
(⌧@⌧ ln ✏)att + (⌧@⌧ ln ✏)non�hydro, consisting of a non-
analytic “attractor” solution defined for arbitrary ⌧T
to which the non-hydrodynamic part decays to on a
timescale ⌧T ' z�1

0 .

Note that obtaining non-analytic solutions from diver-
gent perturbative series’ has recently generated consider-
able interest under the name of “resurgence” [15, 16, 34].

Finding Hydrodynamic Attractors Identifying
the hydrodynamic attractor solution from the Borel re-
summation program of the hydrodynamic gradient series
is possible, but somewhat tedious. Fortunately, it is pos-
sible to obtain the same attractor solution more directly
from the equations of motion via the analogue of a slow-
roll approximation, cf. Refs. [15, 35] (see Supplemental
Material for details). In Fig. 1, results from solving the
rBRSSS equations of motions for a range of initial con-
ditions (“numerical”) are as shown together with zeroth,
first and second order hydrodynamic gradient series re-
sults from Eq. (2). It can be observed that the numerical
solutions converge to the hydrodynamic results for mod-
erate gradient strength. One also observes from Fig. 1
that the numerical results trend to the unique attractor

solution even before matching the gradient series results.
This attractor solution is nothing else but the result of
the Borel transformation of the divergent transseries as
reported in Ref. [15].
Hydrodynamic Attractor in Kinetic Theory It

is tempting to look for hydrodynamic attractors in other
microscopic theories, such as kinetic theory in the relax-
ation time approximation. This theory is defined by a
single particle distribution function f(t,x,p) obeying

pµ@µf � ��
µ⌫p

µp⌫
@

@p�
f = �f � f eq

⌧⇡
, (3)

where here ��
µ⌫ are the Christo↵el symbols associated

with the Bjorken flow geometry and the equilibrium dis-
tribution function may be taken to be f eq = ep

µuµ/T .
Here uµ is again the time-like eigenvector of hTµ⌫i =R d3p

(2⇡)3
pµp⌫

p f(x, p) and T is the non-equilibrium tempera-

ture defined from the time-like eigenvalue of hTµ⌫i, which

for a single massless Boltzmann particle is T =
⇣

⇡2✏
6

⌘1/4
.

Note that for a conformal system one can again write
⌧⇡ = C⇡T�1 with C⇡ a constant. Solving Eq. (3) nu-
merically, representative results for ⌧@⌧ ln ✏ are shown in
Fig. 1 (note that ⌧@⌧ ln ✏  �1 because the e↵ective lon-
gitudinal pressure PL = ✏ (1 + ⌧@⌧ ln ✏) in kinetic theory
can never be negative for f > 0).
One observes the same basic structure as in rBRSSS,

indicating the presence of a hydrodynamic attractor at

Florkowski et al, 1707.02282, Romatschke, 1712.05815

Dissipative attractor:

lost of initial information 

at later time

Slow-roll attractor:

onset of 

hydrodynamization at 
early time

geometry-driven 
 (fast longitudinal expansion) equilibration-driven

Central lemma of non-equilibrium fluid dynamics: 
Attractor offers a valid and quantitatively reliable description of the non-equilibrium systems (via 
resummation) as long as the contribution from all non-hydrodynamic modes can be neglected.
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Non-hydro perturbations 非流体微扰

• Consider non-hydro modes as perturbations

48

∂νTμν = ∂ν(Tμν
attractor + δTμν) = 0 ⟶ {

∂νT
μν
attractor = 0,

∂νδTμν = Jμ .
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0 2 4 6 8
0.00
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0.12

v2 from perturbations

flow jet wake

XA-Spalinski, 2312.17237 and in progress

• From semi-analytic calculations we find
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Israel-Stewart (IS) theory 伊斯雷尔-斯图尔特理论

• Conventional diffusion

50

∂t n + ⃗∂ ⋅ ⃗J = 0

τ∂t ⃗J = − ( ⃗J + D ⃗∂ n)

• Treating current  as dynamic DOF with relaxation time ⃗J τ

It is unclear how ’s role in UV regularization relates to any underlying symmetry.τ

Maxwell 1867, Cattaneo 1948

Y. Ahn et al, 2506.00926

⃗J = − D ⃗∂n

∂t n + ⃗∂ ⋅ ⃗J = 0

hydro pole−iDk2

ω

non-hydro pole

( unstable/acausal )

hydro pole

i
γv2D

⃗v ⋅ ⃗k − iDk2γ−1(1 − ( ⃗v ⋅ ̂k)2)

ω

boost

⃗v

hydro pole−iDk2

ω

non-hydro pole

( stable&causal if  )τ > D

hydro pole
i

γ(v2D − τ)
⃗v ⋅ ⃗k − iDk2γ−1(1 − ( ⃗v ⋅ ̂k)2)

ω

boost

⃗v
−i/τ non-hydro pole

mailto:xinan@ugent.be


xinan@ugent.be

Diffusion near critical point 临界点附近的扩散

51

• Away from the critical point (gapped modes are transient)

fast relaxation slow diffusion

∂t n + ⃗∂ ⋅ ⃗J = 0 ⃗J = − D ⃗∂n

• Near the critical point (critical slowing down )τ∂t ≫ 1

τ∂t ⃗J = − ( ⃗J + D ⃗∂ n)∂t n + ⃗∂ ⋅ ⃗J = 0

slow relaxation & diffusion

time

non-hydro pole
hydro pole

−i/τ

−iDk2

ω

non-hydro pole
hydro pole

−i/τ
−iDk2

ω

Hydro+
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Finite-time effect near critical point 临界点附近的有限时间效应

• Evolution near QCD critical point

52

              with N. Abbasi and S. Wu, in progress, see also 2312.17237

(1 + τ∂t)∂t W(q) = − Dq2(W(q) − (1 + τ∂t)Tχ) W(q) ≡ ⟨n(x + y/2)n(x − y/2)⟩W.T.

Dashed: τ ∼ 1 fm
Solid: τ = 0 fm

     equilibrium      finite q  (τ = 0)
XA,  2209.15005

non-hydro pole

hydro pole

−i/τ

−iDq2

ω ω

oscillating modes

increase q
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Nickel-Son (NS) theory 尼克尔-谭青山理论

• Constructed to describe the emergence of hydro in holographic liquid

53

• DOFs: Goldstone  + gauge field  (massive )ϕ Aμ Aμ

charge hidden UV(1) × UA(1) ⟶ Udiag(1)(δV = δA)

ℒϕ =
1
2

f2 (∂tϕ − Vt + At)2 −
1
2

g2( ⃗∂ϕ − ⃗V + ⃗A )2

decaying constant
Higgs mass

conductivity

f ∼
g ∼
λ ∼

ℒ = ℒϕ[ϕ; A, V] + ℒdiss[A]

Nickel-Son, 1009.3094

dynamical Aμ external Vμ

ℒdiss[A] ℒϕ[ϕ; A, V ]

ℒdiss[A] → ⃗Jdiss = λ(∂t
⃗A − ⃗∂At)

ϕ

ϕ → ϕ + λA − λV

Aμ → Aμ − ∂μλA

Vμ → Vμ − ∂μλV

Ohm’s lawStueckelberg-Proca

environment

(black hole)
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Duality between NS and IS NS理论和IS理论之间的对偶

• The duality suggests non-hydro can be described by hidden but breaking symmetry.

54

• The saddle point of NS action is equivalent to IS with the matching

 f2 = χ =
λ
D

, g2 =
λ
τ

Goldstone 

hidden gauge field  

J0 ≡ n = f2(∂tϕ − Vt + At)

Ji = − g2( ⃗∂ϕ − ⃗V + ⃗A )

Udiag(1) → ∂t J0 + ∂i Ji = 0 UA(1) → τ∂t ⃗J = − ( ⃗J + D ⃗∂ J0)

ϕ

A

 u2 =
g2

f 2
=

D
τ

≤ 1Causality constraint
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Fields and action with HLS 满足隐藏对称性的场和作用量

• Introducing hidden local symmetries (HLS)  with extra layers labelled by 
, assuming gauge field  only couple with the nearest neighbor  

through Goldstone .

Un
diag(1)

n = 1,2,…, K An An±1

ϕn

55

ℒ = ∑
n

ℒn
ϕ[ϕn; An, An+1] + ℒn

kin[A
n] + ℒn

diss[A
n], n = 1,…, K

ℒn
ϕ =

1
2

f2
n(∂tϕn − An+1

t + An
t )2 −

1
2

g2
n( ⃗∂ϕn − ⃗A n+1 + ⃗A n)2

ℒn
diss[A

n] → ⃗Jn
diss = − λnFn

0iℒn,kin[An] =
1
2

[ ϵn(Fn
0i)

2 − κn (Fn
ij)

2] ,

where permittivity

permeability

ϵ ∼
κ−1 ∼

A1

ϕ1 ϕ2 ϕK

A2 AK AK+1 ≡ V

Analogy: vector meson abundance due to breaking hidden local SU(2)

 hidden massive photons propagating in mediumK

Son-Stephanov, 0304182
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Quasi-normal modes as massive photons 有质量光子的准简正模

• Bottom-up holography: QNM by tuning   (at ) :fn, gn k = 0

56
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Christmas tree QNM and level crossing

One Goldstone corresponds to hydro mode while the other hidden Goldstones coupled 
to hidden plasmon (massive hidden photon in medium).
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Continuum limit 连续极限

• The 5th dimension can be deconstructed with a large number of gauge fields.

57

•  labels lattice site of 5th coordinate 


• Gauge field , Goldstone field 


•  specify the metric

n na → r

An
μ → Aμ(r) ϕn/a → Ar(r)

fn, gn → f(r), g(r)

g2
n( ⃗∂ϕn − ⃗A n+1 + ⃗A n)2 ⟶ g2(r)FriFri ∼ hrrhiiFriFri ⟶ gMM′￼gNN′￼FMNFM′￼N′￼

external fieldAμ(r → ∞) = Vμ ∼

Arkani-Hamed et al, 0104005

dissipative current (membrane paradigm)∂tAμ(r → 0) ∼

BH horizon AdS boundary

A1

ϕ1 ϕ2 ϕK

A2 AK AK+1 ≡ V

r

cutof
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General framework of non-equilibrium EFT 非平衡有效场论的一般架构

58

UV

bare action

IR

effective action

top-down:

integrating out 


UV DOFs

bottom-up:

restoring 

UV DOFs

BH horizon

AdS boundary

A1

ϕ1

ϕ2

ϕK

A2

AK

AK+1 ≡ V

r

cutof

emergence 
of non-hydro

x

cutof

fluct hydro

emergence 
of noise

5th coordinate

spatial coordinate               with R. Brants, M. Heller and Y. Yin, to appear
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Discussion and application 讨论与应用

• In high-frequency regime, relevant fields are infinite Goldstones, HLS theory 
matches to collision-less kinetic theory.

59

Delacretaz et al, 2203.05004 

York et al, 0811.0729

−
1
4 ∫ d5x −ggMM′￼gNN′￼FMNFM′￼N′￼

⟶ (∂t + ̂n ⋅ ⃗∂)δ ̂f + ⃗F ⋅ ̂n = 0
px

py

θ

Fermi surface

U(1) phase

• HLS modes dominate early-time (high frequency) 
attractor behavior. Attractor is related to 
symmetry of theory, not that of geometry.

Z = ∫ 𝒟ψr 𝒟ψa exp[i∫x
− φa(∂ ⋅ J) − Vμ

a Eμ + iσVaμVμ
a ]

• Bottom-up SK: the idea of MSR formalism

hydro  EOM: ∂ ⋅ J(ψr) = 0 non-hydro EOM: Eμ(ψr) = 0

θ ϕ+

ϕ−

   attractor from IS equations      
XA et al, 2312.17237

mailto:xinan@ugent.be


Recap 总结
• Non-thermodynamics (finite-size effect) smears and change critical point signature.


• Non-hydro behavior emerges at different scenarios. Hidden symmetry can describe 
diverse non-hydro behavior in one and the same conceptual framework.


• Towards understanding of non-hydrodynamic behaviors at fundamental level. 

system non-hydro modes emergence mechanism

with fluctuation correlation function critical lowing down

with attractor dissipative tensor resummation

with hidden symmetries Goldstone boson Dim. deconstruction



Outlook 展望

Thank You

• Non-thermodynamics and observables in experiments.


• A unified framework for everything and for far-from equilibrium regime.


• AI?

流体力学

远平衡态场论

动理学


